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$EVWUDFW�
&U\SWRJUDSKLF�VROXWLRQV�VKRXOG�EH�FU\SWDQDO\VLV�WROHUDQW��L�H��DYRLG�GHSHQGHQF\�RQ�

WKH�DVVXPHG�VHFXULW\�RI�D�VLQJOH�FU\SWRJUDSKLF�IXQFWLRQ���:H�SUHVHQW�WKH�����
FRPSRVLWLRQ��D�FU\SWDQDO\VLV�WROHUDQW�GHVLJQ�IRU�FRPPLWPHQW�VFKHPHV�DQG�

FU\SWRJUDSKLF�KDVK�IXQFWLRQV��3UHYLRXV�FU\SWDQDO\VLV�WROHUDQW�VROXWLRQV�SURYLGHG�
HLWKHU�FRQILGHQWLDOLW\�RU�ELQGLQJ�SURSHUWLHV��WKH�����FRPSRVLWLRQ�SURYLGHV�ERWK�

SURSHUWLHV��7KH�����FRPSRVLWLRQ�LV�VLPSOH�DQG�HIILFLHQW��DQG�DSSURSULDWH�IRU�SUDFWLFDO�
DSSOLFDWLRQV��HLWKHU�WR�FRPSRVH�H[LVWLQJ�IXQFWLRQV�RU�WR�GHVLJQ�QHZ�IXQFWLRQV���

�
.H\ZRUGV��FU\SWRJUDSKLF�IXQFWLRQV��KDVK�IXQFWLRQV��RQH�ZD\�IXQFWLRQV��FROOLVLRQ�
UHVLVWDQFH��FRPPLWPHQW�VFKHPHV�

���,QWURGXFWLRQ�
0RVW�FU\SWRJUDSKLF�IXQFWLRQV�GR�QRW�KDYH�DQ�XQFRQGLWLRQDO�SURRI�RI�VHFXULW\��7KH�
FODVVLFDO�PHWKRG�WR�HVWDEOLVK�VHFXULW\�LV�E\�FU\SWDQDO\VLV��L�H��DFFXPXODWHG�HYLGHQFH�RI�
IDLOXUH�RI�H[SHUWV�WR�ILQG�ZHDNQHVVHV�LQ�WKH�IXQFWLRQ��+RZHYHU��FU\SWDQDO\VLV�LV�DQ�
H[SHQVLYH��WLPH�FRQVXPLQJ�DQG�IDOOLEOH�SURFHVV��,Q�SDUWLFXODU��VLQFH�D�VHHPLQJO\�
PLQRU�FKDQJH�LQ�D�FU\SWRJUDSKLF�IXQFWLRQ�PD\�DOORZ�DQ�DWWDFN�ZKLFK�ZDV�SUHYLRXVO\�
LPSRVVLEOH��FU\SWDQDO\VLV�DOORZV�RQO\�YDOLGDWLRQ�RI�VSHFLILF�IXQFWLRQV�DQG�
GHYHORSPHQW�RI�HQJLQHHULQJ�SULQFLSOHV��UDWKHU�WKDQ�SURYLGH�D�WKHRU\�IRU�GHVLJQLQJ�
FU\SWRJUDSKLF�IXQFWLRQV��,QGHHG��LW�LPSRVVLEOH�WR�SUHGLFW�WKH�UDWH�RU�LPSDFW�RI�IXWXUH�
FU\SWDQDO\VLV�HIIRUWV��D�PHFKDQLVP�ZKLFK�ZDV�DWWDFNHG�XQVXFFHVVIXOO\�IRU�\HDUV�PD\�
DEUXSWO\�EH�EURNHQ�E\�D�QHZ�DWWDFN��+HQFH��LW�LV�GHVLUDEOH�WR�GHVLJQ�V\VWHPV�WR�EH�
FU\SWDQDO\VLV�WROHUDQW��QDPHO\�VR�WKH�V\VWHP�UHPDLQV�VHFXUH�IROORZLQJ�VXFFHVVIXO�
FU\SWDQDO\VLV�RI�RQH�RU�IHZ�FU\SWRJUDSKLF�PHFKDQLVPV��&U\SWDQDO\VLV�WROHUDQFH�ZRXOG�
KRSHIXOO\�SURYLGH�VXIILFLHQW�WLPH�WR�UHSODFH�WKH�EURNHQ�FU\SWRJUDSKLF�IXQFWLRQV����
�
7KHUH�DUH�WZR�EDVLF�DSSURDFKHV�WR�DFKLHYLQJ��SURYHQ��FU\SWDQDO\VLV�WROHUDQFH��7KH�
ILUVW�DSSURDFK�LV�WR�FRQVWUXFW�FRPSOH[�FU\SWRJUDSKLF�PHFKDQLVPV�IURP�VLPSOHU��
FU\SWDQDO\VLV�WROHUDQW�IXQFWLRQV��)RU�H[DPSOH��PDQ\�ZRUNV�FRQVWUXFW�GLIIHUHQW�
FU\SWRJUDSKLF�PHFKDQLVPV��H�J��SVHXGR�UDQGRP�JHQHUDWRUV�>*R���+,//��@�DQG�
VLJQDWXUH�VFKHPHV�>1<��@��IURP�RQH�ZD\�IXQFWLRQV��2QH�ZD\�IXQFWLRQV�KDYH�D�WULYLDO�
FU\SWDQDO\VLV�WROHUDQW�FRPSRVLWLRQ��QDPHO\�WKH�SDUDOOHO�FRPSRVLWLRQ�I�[ � __[ � � I � �
�[ � �__I � �[ � ��LV�D�RQH�ZD\�IXQFWLRQ�DV�ORQJ�DV�HLWKHU�I � RU�I� �LV�D�RQH�ZD\�IXQFWLRQ��
7KHUHIRUH��E\�XVLQJ�D�FRPSRVLWLRQ�RI�PXOWLSOH�IXQFWLRQV�DVVXPHG�WR�EH�RQH�ZD\��WKH�
PHFKDQLVPV�UHWDLQ�WKH�SURYHQ�VHFXULW\�SURSHUWLHV�HYHQ�LI�RQH�RI�WKH�IXQFWLRQV�LV�QRW�D�
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RQH�ZD\�IXQFWLRQ��+RZHYHU��VXFK�FRQVWUXFWLRQV�DUH�RIWHQ�LQHIILFLHQW��DQG�RIWHQ�DOVR�
LQYROYH�XQDFFHSWDEOH�GHJUDGDWLRQ�LQ�VHFXULW\�SDUDPHWHUV��H�J���UHTXLUH�DEVXUG�NH\�
DQG�RU�EORFN�VL]HV���VHH�TXDQWLWDWLYH�FRQFUHWH�VHFXULW\�DQDO\VLV�>+/���%.5��@��2QO\�
UHODWLYHO\�IHZ�FRQVWUXFWLRQV�DUH�VXIILFLHQWO\�VLPSOH�DQG�HIILFLHQW��ZKLOH�SUHVHUYLQJ�
FRQFUHWH�VHFXULW\��WR�EH�RI�SUDFWLFDO�XVH��0DQ\�RI�WKHVH�WUDQVIRUP�D�FU\SWRJUDSKLF�
IXQFWLRQ�ZLWK�OLPLWHG�GRPDLQ��W\SLFDOO\�)L[HG�,QSXW�/HQJWK��),/���LQWR�D�IXQFWLRQ�
�PHHWLQJ�WKH�VDPH�JRDO��ZLWK�H[WHQGHG�GRPDLQ��W\SLFDOO\�9DULDEOH�,QSXW�/HQJWK��9,/���
7KH�GHVLJQ�DQG�FU\SWRDQDO\WLFDO�YHULILFDWLRQ�RI�),/�IXQFWLRQV�LV�PXFK�HDVLHU�WKDQ�WKDW�
RI�9,/�IXQFWLRQV��WKHUHIRUH�WKHVH�FRQVWUXFWLRQV�DUH�YHU\�XVHIXO�LQ�SUDFWLFH��,PSRUWDQW�
H[WHQVLRQV�IURP�),/�WR�9,/�LQFOXGH�&LSKHU�%ORFN�&KDLQLQJ��&%&��>%.5���%'-5��@��
H[WHQGLQJ�SVHXGR�UDQGRP�SHUPXWDWLRQV��FLSKHUV��DQG�0$&�IXQFWLRQV��DQG�WKH�
0HUNOH�'DPJnUG�FDVFDGH��H[WHQGLQJ�SVHXGR�UDQGRP�IXQFWLRQV�>%&.��)@�DQG�RIWHQ�
XVHG�WR�H[WHQG�FROOLVLRQ�UHVLVWDQW�KDVK�IXQFWLRQV�>'D���0H���%5��@��
�
,Q�WKLV�SDSHU�ZH�IRFXV�RQ�WKH�RWKHU�DSSURDFK�IRU�DFKLHYLQJ��SURYHQ��FU\SWDQDO\VLV�
WROHUDQFH��QDPHO\�GLUHFW�FU\SWDQDO\VLV�WROHUDQW�GHVLJQ�E\�UHGXQGDQF\��5HGXQGDQF\�LV�
D�EDVLF�HQJLQHHULQJ�JRDO�IRU�UHOLDEOH�DQG�VHFXUH�V\VWHPV��HQVXULQJ�WROHUDQFH�WR�
IDLOXUHV��FRUUXSWLRQV�DQG�NH\�H[SRVXUHV��VHH�H�J��>&*+1���')���6K��@��)RU�
FU\SWDQDO\VLV�WROHUDQFH��ZH�GHVLJQ�FU\SWRJUDSKLF�IXQFWLRQ�I�VDWLVI\LQJ�VRPH�JRDO� ��
XVLQJ�WZR�RU�PRUH�FU\SWRJUDSKLF�IXQFWLRQV�I � �«I � ��VXFK�WKDW�LI�DW�OHDVW�W�RXW�RI�WKH�P�
IXQFWLRQV�VDWLVI\� ��WKHQ�I�DOVR�VDWLVILHV� ��5HGXQGDQF\�VKRXOG�EH�DSSOLHG�LQ�WKH�
LQWHUQDO�GHVLJQ�RI�FU\SWRJUDSKLF�IXQFWLRQV��RU�E\�DSSO\LQJ�WKH�FRPSRVLWLRQ�RI�VHYHUDO�
IXQFWLRQV���
�
:H�DUH�QRW�DZDUH�RI�FU\SWDQDO\VLV�WROHUDQFH�LGHQWLILHG�H[SOLFLWO\�DV�D�JHQHUDO�JRDO��RU�
JLYHQ�D�WHUP��LQ�SUHYLRXV�ZRUNV��+RZHYHU��WKHUH�DUH�DW�OHDVW�WZR�NQRZQ��VLPSOH�
FRPSRVLWLRQV��ZLGHO\�XVHG�LQ�DSSOLHG�FU\SWRJUDSK\�IRU�FU\SWDQDO\VLV�WROHUDQFH��7KH�
ILUVW�LV�WKH�FDVFDGH�RU�VHTXHQWLDO�FRPSRVLWLRQ��LQ�ZKLFK�D�QXPEHU�RI�FU\SWRJUDSKLF�
IXQFWLRQV�DUH�DSSOLHG�VHTXHQWLDOO\��,Q�SDUWLFXODU��WKH�ROGHVW�FRPSRVLWLRQ�RI�
FU\SWRJUDSKLF�IXQFWLRQ�LV�FDVFDGHG�HQFU\SWLRQ��ZKHUH�D�PHVVDJH�P�LV�HQFU\SWHG�XVLQJ�
( � �DQG�( � �E\�DSSO\LQJ�WKHP�VHTXHQWLDOO\��L�H��(>N � __N � @�P� ( � >N � @�(>N � @�P����7KH�
UHODWHG�SUREOHP�RI�FDVFDGH�RI�FLSKHUV��SVHXGR�UDQGRP�SHUPXWDWLRQV��ZDV�DQDO\]HG�E\�
>$%&9����(*���00��@��DQG�LQ�IDFW�FDVFDGLQJ�LV�ZLGHO\�XVHG�LQ�WKH�LQWHUQDO�GHVLJQ�
RI�FLSKHUV�DV�ZHOO�DV�LQ�WKHLU�DSSOLFDWLRQ��&DVFDGLQJ�SURYLGHV�FU\SWDQDO\VLV�WROHUDQFH�
IRU�VRPH�FRQILGHQWLDOLW\�SURSHUWLHV��VXFK�DV�FLSKHUV�DQG�RQH�ZD\�SHUPXWDWLRQV��DQG�
DSSURSULDWH�GHILQLWLRQV�RI�HQFU\SWLRQ�VFKHPHV��KRZHYHU��QRW�IRU�DOO�FRQILGHQWLDOLW\�
IXQFWLRQV��H�J��QRW�IRU�RQH�ZD\�IXQFWLRQV��
�
7KH�RWKHU�VLPSOH�DQG�ZLGHO\�XVHG�FRPSRVLWLRQ�IRU�FU\SWDQDO\VLV�WROHUDQFH�LV�WKH�
SDUDOOHO�FRPSRVLWLRQ��:H�PHQWLRQHG�WKDW�WKH�SDUDOOHO�FRPSRVLWLRQ�RI�WZR�FDQGLGDWH�
RQH�ZD\�IXQFWLRQV�I � �[ � ��DQG�I � �[ � ��ZLWK�LQGHSHQGHQW�LQSXWV�[ � �DQG�[ � ��QDPHO\�
I � �[ � �__I � �[ � ���LV�D�RQH�ZD\�IXQFWLRQ�DV�ORQJ�DV�HLWKHU�I � �RU�I � LV�D�RQH�ZD\�IXQFWLRQ��
KRZHYHU��WKLV�LV�QRW�UHDOO\�D�JRRG�FRPSRVLWLRQ��DV�LW�UHTXLUHV�D�ORQJHU�EORFN��&OHDUO\��
WKH�UHODWHG�SDUDOOHO�LQSXW�FRPSRVLWLRQ��L�H��I�[� �I � �[�__I � �[���LV�QRW�FU\SWDQDO\VLV�
WROHUDQW��LQ�IDFW�HYHQ�LI�I � DQG�I � DUH�RQH�ZD\�IXQFWLRQV��I � �[�__I � �[��PD\�QRW�EH�D�RQH�
ZD\�IXQFWLRQ���
�
+RZHYHU��WKH�SDUDOOHO�LQSXW�FRPSRVLWLRQ�SURYLGHV�JRRG�FU\SWDQDO\VLV�WROHUDQFH�IRU�
VRPH�LQWHJULW\�SURSHUWLHV��)RU�H[DPSOH��D�FROOLVLRQ�IRU�I�[� I � �[�__I � �[��LPSOLHV�D�
FROOLVLRQ�IRU�ERWK�I � �DQG�I � ��,QGHHG�WKH�SDUDOOHO�FRPSRVLWLRQV�RI�FROOLVLRQ�UHVLVWDQW�KDVK�
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IXQFWLRQV��0HVVDJH�$XWKHQWLFDWLRQ�&RGHV��0$&��DQG�GLJLWDO�VLJQDWXUHV�DUH�DOO�
FU\SWDQDO\VLV�WROHUDQW��ZKLOH�WKH�FDVFDGH�RI�WKHVH�IXQFWLRQV�LV�FOHDUO\�QRW�
FU\SWDQDO\VLV�WROHUDQW����
�
+RZHYHU��VHYHUDO�LPSRUWDQW�FU\SWRJUDSKLF�SULPLWLYHV�FRPELQH�FRQILGHQWLDOLW\�DQG�
LQWHJULW\�SURSHUWLHV��WKHVH�SULPLWLYHV�DUH�RIWHQ�FULWLFDO�IRU�LPSRUWDQW�DSSOLFDWLRQV�DQG�
SURWRFROV��6RPH�H[DPSOHV�LQFOXGH��

�� *HQHUDO�SXUSRVH��VWDQGDUG�FU\SWRJUDSKLF�KDVK�IXQFWLRQV�VXFK�DV�0'��>5��@��
6+$���>),3���@�DQG�5,3(0'�����>3%'��@��DVVXPHG�WR�EH��DPRQJ�RWKHU�
WKLQJV��FROOLVLRQ�UHVLVWDQW�DQG�RQH�ZD\���

�� 5LJRU�GHILQLWLRQV�RI�KDVK�IXQFWLRQV�FRPELQLQJ�FRQILGHQWLDOLW\�DQG�LQWHJULW\�
SURSHUWLHV��H�J��2UDFOH�+DVKLQJ�>&��@��3HUIHFWO\�2QH�:D\��32:��KDVKLQJ�
>&05��@���

�� &RPPLWPHQW�VFKHPHV�VHH�H�J��>'33����'33����+0��@���
�
8QIRUWXQDWHO\��WKH�CFODVVLFDOC�FDVFDGH�DQG�SDUDOOHO�FRPSRVLWLRQV�GR�QRW�VHHP�WR�DSSO\�
ZKHQ�ERWK�FRQILGHQWLDOLW\�DQG�LQWHJULW\�SURSHUWLHV�DUH�LQYROYHG��7KH�UHDGHU�PD\�ILQG�LW�
XVHIXO�WR�FRQVWUXFW�FRXQWHU�H[DPSOHV�±�LW�LV�TXLWH�HDV\��:H�ZLOO�SLFN�DV�DQ�H[DPSOH�WKH�
LQWHUQDO�GHVLJQ�RI�VWDQGDUG�KDVK�IXQFWLRQ��7KHVH�IXQFWLRQV�DOO�XVH�WKH�0HUNOH�
'DPJnUG�FDVFDGH�WR�WUDQVIRUP�D�),/�KDVK�IXQFWLRQ��XVXDOO\�FDOOHG�D�FRPSUHVVLRQ�
IXQFWLRQ��LQWR�D�9,/�KDVK�IXQFWLRQ��,W�LV�HDV\�WR�VHH�WKDW�LI�WKH�FRPSUHVVLRQ�IXQFWLRQ�LV�
RQH�ZD\�DQG�VWURQJO\�FROOLVLRQ�UHVLVWDQW��WKDQ�VR�LV�KDVK�IXQFWLRQ�REWDLQHG�E\�WKH�
0HUNOH�'DPJnUG�FRQVWUXFWLRQ��+RZHYHU��OHW�XV�FRQVLGHU�QRZ�WKH�FRQVWUXFWLRQ�RI�WKH�
FRPSUHVVLRQ�IXQFWLRQ�LWVHOI��IRFXVLQJ�RQ�0'��IRU�H[DPSOH��$V�LOOXVWUDWHG�LQ�)LJXUH����
WKH�0'��FRPSUHVVLRQ�IXQFWLRQ�KDV�WZR�LQSXWV��WKH�FXUUHQW�EORFN�WR�EH�FRPSUHVVHG�
[>L@��DQG�WKH�CVWDWHC�V>L@��7KH�IXQFWLRQ�DSSOLHV��VHTXHQWLDOO\��IRXU�CFDQGLGDWH�
FRPSUHVVLRQ�IXQFWLRQVC�F � �«F � �WR�WKH�FXUUHQW�EORFN��ZKHUH�HDFK�DSSOLFDWLRQ�XVHV�WKH�
VWDWH�DV�WKH�UHVXOW�IURP�WKH�SUHYLRXV�DSSOLFDWLRQ���
�

F � F� F � F �
[>L@
V>L@ V>L��@

�
)LJXUH����'HVLJQ�RI�WKH�&RPSUHVVLRQ�)XQFWLRQ�RI�0'��

8VHUV�RI�VXFK�FRPSRVLWLRQV�PD\�KRSH�WKDW�WKH�FRPSRVLWLRQ�HQVXUHV�FU\SWDQDO\VLV�
WROHUDQFH��,Q�SDUWLFXODU��WKH\�PD\�KRSH�WKDW�LW�VXIILFHV�IRU�RQH�RI�WKH�F � �«F � �WR�EH�RQH�
ZD\�DQG�FROOLVLRQ�UHVLVWDQW�IXQFWLRQ��IRU�WKH�FRPSRVLWH�FRPSUHVVLRQ�IXQFWLRQ�WR�EH�
RQH�ZD\�DQG�FROOLVLRQ�UHVLVWDQW��:H�FDXWLRQ�WKDW�IRU�DQ�DUELWUDU\�FKRLFH�RI�F � �«F � ��WKLV�
KRSH�PD\�QRW�EH�MXVWLILHG��$V�D�WULYLDO�H[DPSOH��LI�F � �RXWSXWV�WKH�VDPH�YDOXH�UHJDUGOHVV�
RI�LWV�LQSXW��WKHQ�FOHDUO\�WKH�FRPSRVLWH�IXQFWLRQ�LV�QHLWKHU�FROOLVLRQ�UHVLVWDQW�QRU�RQH�
ZD\�±�UHJDUGOHVV�RI�F � �«F � ��,W�LV�HDV\�WR�FRPH�XS�ZLWK�OHVV�WULYLDO�H[DPSOHV�DV�ZHOO���
�
2I�FRXUVH��VXFK�H[DPSOHV�GR�QRW�LPSO\�WKDW�WKH�VSHFLILF�FRPSUHVVLRQ�IXQFWLRQV�DUH�QRW�
VHFXUH��WKH\�PHUHO\�SRLQW�RXW�WKDW�WKH�FRPSRVLWLRQ�GRHV�QRW�HQVXUH�FU\SWDQDO\VLV�
WROHUDQFH��,Q�SDUWLFXODU��DV�ORQJ�DV�WKH�HQWLUH�FRPSUHVVLRQ�IXQFWLRQ�LV�QRW�
FU\SWDQDO\]HG�VXFFHVVIXOO\��RQH�PD\�XVH�LW�LQ�WKH�KRSH�WKDW�LW�LV�VHFXUH�HQRXJK��
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VLPLODUO\�WR�WKH�QDwYH�XVDJH�RI�HQFU\SWLRQ�VFKHPHV��DFWXDOO\��VLQFH�FLSKHUV�DUH�
FU\SWDQDO\VLV�WROHUDQW��XVHUV�FDQ�IHHO�VDIHU�UHO\LQJ�RQ�WKH�IDFW�WKDW�RQO\�IHZ�URXQGV�RI�
WKH�FLSKHU�ZHUH�EURNHQ���+RZHYHU�ZH�FDXWLRQ�WKDW�LW�LV�QRW�FOHDU�KRZ�PXFK�
FU\SWDQDO\VLV�HIIRUWV�ZHUH�GLUHFWHG�DW�VXFK�IXQFWLRQV��DQG�WKHUHIRUH�WKH�OLPLWHG�QXPEHU�
RI�SXEOLVKHG�DWWDFNV�PD\�QRW�QHFHVVDULO\�PHDQ�WKDW�WKH�VFKHPHV�DUH�VXIILFLHQWO\�VHFXUH�
IRU�D�SDUWLFXODU�DSSOLFDWLRQ��1RWLFH�LQ�SDUWLFXODU�WKDW�SXEOLVKHG�DWWDFNV�VHHP�WR�KDYH�
XVHG�YHU\�OLPLWHG�UHVRXUFHV�DQG�ZHUH�SXEOLVKHG�E\�UHODWLYHO\�IHZ�FU\SWDQDO\VWV��VHH�
H�J��>'R��@����
�
2XU�FRQWULEXWLRQV��:H�SURYLGH�WKH�ILUVW�FU\SWDQDO\VLV�WROHUDQW�FRPSRVLWLRQV�IRU�
FU\SWRJUDSKLF�SULPLWLYHV�SURYLGLQJ�ERWK�FRQILGHQWLDOLW\�DQG�LQWHJULW\��7KH�PDLQ�
SULPLWLYH�LV�D�QHZ�IRUP�RI�D�KDVK�IXQFWLRQ�ZH�GHILQH�DQG�FDOO�FRPPLW�KDVK�IXQFWLRQ���
$�FRPPLW�KDVK�IXQFWLRQ�VDWLVILHV�VHYHUDO�SURSHUWLHV�UHTXLUHG�IURP�CSUDFWLFDOC�
FU\SWRJUDSKLF�KDVK�IXQFWLRQV��VXFK�DV�FROOLVLRQ�UHVLVWDQFH�DQG�RQH�ZD\��LQSXW�KLGLQJ����
)XUWKHUPRUH��XVLQJ�FRPPLW�KDVK�IXQFWLRQV��ZH�FDQ�SURYH�WKH�VHFXULW\�RI�WKH�CIRONORUHC�
FRPPLWPHQW�VFKHPH��FRPPLW�E\�VHQGLQJ�K�P�U��XVLQJ�CVWDQGDUGC�FU\SWR�KDVK�K�ZLWK�
UDQGRP�U��RSHQ�E\�VHQGLQJ�P�U����
�
:H�VKRZ�D�VLPSOH�FRPSRVLWLRQ�RI�WKUHH�FRPPLW�KDVK�IXQFWLRQV��FDOOHG�WKH�����
FRPSRVLWLRQ��ZKRVH�VHFXULW\�GRHV�QRW�GHSHQG�RQ�WKH�OHDVW�VHFXUH�RI�WKH�WKUHH�
IXQFWLRQV��L�H���LV�DERXW�DV�VHFXUH�DV�WKH�VHFRQG�EHVW�IXQFWLRQ���WKHUHIRUH�WKLV�
FRQVWUXFWLRQ�SURYLGHV�D�FU\SWDQDO\VLV�WROHUDQW�FRPSRVLWLRQ�IRU�FRPPLW�KDVK�IXQFWLRQV���
�
7KH�SUDFWLFDO�LPSOLFDWLRQ�RI�RXU�UHVXOW�LV�WKDW�FDQGLGDWH�FU\SWRJUDSKLF�KDVK�IXQFWLRQV�
PD\�EH�FU\SWDQDO\]HG�DJDLQVW�WKH�UHTXLUHPHQWV�DQG�SURSHUWLHV�RI�FRPPLW�KDVK�
IXQFWLRQ��7KHQ��WKUHH�FDQGLGDWH�IXQFWLRQV�PD\�EH�FRPSRVHG�XVLQJ�WKH�����
FRPSRVLWLRQ��FUHDWLQJ�D�VLPSOH��HIILFLHQW�DQG�SUDFWLFDO�K\EULG�FRPPLW�KDVK�IXQFWLRQ��
:H�FDQ�WKHQ�XVH�WKLV�IXQFWLRQ�IRU�PDQ\�DSSOLFDWLRQV�UHTXLULQJ�FU\SWRJUDSKLF�KDVK�
IXQFWLRQV��DQG�LQ�SDUWLFXODU�IRU�FRPPLWPHQW��7KH�FRQVWUXFWLRQ�PD\�QRW�JXDUDQWHH�
RWKHU�SURSHUWLHV�DVVRFLDWHG�ZLWK�FU\SWRJUDSKLF�KDVK�IXQFWLRQV��VXFK�DV�SVHXGR�UDQGRP�
RXWSXW���

���7KH�����&RPSRVLWLRQ�
,Q�WKLV�VHFWLRQ�ZH�SURYLGH�D�KLJK�OHYHO�RYHUYLHZ�RI�RXU�UHVXOWV���
�
:H�EHJLQ�ZLWK�D�KLJK�OHYHO�GHVFULSWLRQ�RI�WKH�����FRPSRVLWLRQ��SURYLGLQJ�LQWXLWLYH�
DUJXPHQWV�IRU�LWV�FU\SWDQDO\VLV�WROHUDQFH�IRU�WKH�FDVH�RI�CVWDQGDUGC�FU\SWRJUDSKLF�KDVK�
IXQFWLRQV��ZLWKRXW�DQ\�NH\�RU�RWKHU�LQSXW�H[FHSW�WKH�KDVKHG�VWULQJ����
�
:H�WKHQ�GLVFXVV�EULHIO\�WKH�FRPPLWPHQW�VFKHPHV�DQG�WKHLU�UHODWLRQV�WR�FU\SWRJUDSKLF�
KDVK�IXQFWLRQV��IRFXVLQJ�RQ�WKH�YDULDQWV�UHODWHG�WR�WKLV�SDSHU��:H�SUHVHQW�D�KLJK�OHYHO�
GHVFULSWLRQ�RQ�WKH�����FRPSRVLWLRQ�IRU�FRPPLWPHQW�VFKHPHV��DQG�GLVFXVV�WKH�
CVWDQGDUGC�FRQVWUXFWLRQ�RI�FRPPLWPHQW�VFKHPH�IURP�KDVK�IXQFWLRQ��)LQDOO\��ZH�
LQWURGXFH�FRPPLW�KDVK�IXQFWLRQV�DQG�VKRZ�KRZ�WKH\�FDQ�EH�XVHG�IRU�W\SLFDO�
DSSOLFDWLRQV�RI�FU\SWRJUDSKLF�KDVK�IXQFWLRQV��DV�ZHOO�DV�IRU�FRPPLWPHQWV��ZH�DOVR�
FRPSDUH�FRPPLW�KDVK�IXQFWLRQV�WR�WKH�UHODWHG�QRWLRQV�RI�RUDFOH�KDVKLQJ�DQG�3HUIHFWO\�
2QH�:D\��32:��KDVKLQJ����
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�����6LPSOLILHG�����&RPSRVLWLRQ�IRU�+DVK�)XQFWLRQV�
�
:H�ILUVW�SUHVHQW�D�VLPSOLILHG�YHUVLRQ�RI�WKH�����FRPSRVLWLRQ��LOOXVWUDWHG�LQ�)LJXUH����
+HUH��ZH�FRQVWUXFW�D�FRPSRVLWH�KDVK�IXQFWLRQ�K�IURP�WKUHH�FDQGLGDWH�CVWDQGDUGC�
FU\SWRJUDSKLF�KDVK�IXQFWLRQV��K � ��K � �DQG�K� ��$OO�RI�WKH�KDVK�IXQFWLRQV�KDYH�D�VLQJOH�
SDUDPHWHU��DQG�LQ�SDUWLFXODU�QR�NH\���DV�IRU�0'���6+$����5,3(0'�����DQG�PRVW�
RWKHU�VWDQGDUGV�IRU�FU\SWRJUDSKLF�KDVK�IXQFWLRQV��LQ�IDFW�RQH�FDQ�WKLQN�RI�HDFK�RI�WKH�
WKUHH�IXQFWLRQV�DV�EHLQJ�RQH�RI�WKHVH�WKUHH�VWDQGDUG�KDVK�IXQFWLRQV���
�
:KLOH�WKH�����FRPSRVLWLRQ�DV�LOOXVWUDWHG�LQ�)LJXUH���LV�QRW�DV�WULYLDO�DV�WKH�FDVFDGH�DQG�
SDUDOOHO�FRPSRVLWLRQV��LW�DOVR�KDV�D�SUHWW\�VLPSOH��ORJLFDO�VWUXFWXUH��5HFDOO�WKDW�RXU�JRDO�
LV�WR�SURYLGH�FU\SWDQDO\VLV�WROHUDQFH�IRU�ERWK�FRQILGHQWLDOLW\�DQG�FROOLVLRQ�UHVLVWDQFH�
�LQWHJULW\��SURSHUWLHV��&RQVLGHU�WKH�FRPSRVLWLRQ�DV�D�GLUHFWHG�JUDSK��LQWXLWLYHO\��ZH�
ZDQW�WKH�IROORZLQJ�SURSHUWLHV��ZKLFK�FDQ�EH�HDVLO\�IRUPDOL]HG�DV�SURSHUWLHV�RI�WKH�
JUDSK���

�� &RQILGHQWLDOLW\��HDFK�SDWK�IURP�WKH�PHVVDJH�P�WR�LWV�KDVK�K�P��PXVW�SDVV�
WKURXJK��DW�OHDVW��WZR�GLIIHUHQW�KDVK�IXQFWLRQV��WKHUHE\�DSSO\LQJ�WKH�WZR�
IXQFWLRQV�LQ�FDVFDGH��6LQFH�ZH�DVVXPH�WZR�RI�WKH�WKUHH�IXQFWLRQV�HQVXUH�
FRQILGHQWLDOLW\��WKLV�HQVXUHV�WKDW�HDFK�RXWSXW�LV�WKH�UHVXOW�RI�D�FDVFDGH�
LQYROYLQJ�DW�OHDVW�RQH�FRQILGHQWLDOLW\�SURWHFWLQJ�KDVK�IXQFWLRQ��+HQFH��IURP�
RXU�WUXVW�LQ�FDVFDGLQJ�RI�FRQILGHQWLDOLW\�SURWHFWLQJ�IXQFWLRQV��WKH�����
FRQVWUXFWLRQ�VHHPV�WR�SURWHFW�FRQILGHQWLDOLW\���

�� �&ROOLVLRQ�UHVLVWDQFH��LQWHJULW\���UHPRYLQJ�WKH�QRGHV�FRUUHVSRQGLQJ�WR�DQ\�RI�
WKH�WKUHH�IXQFWLRQV�GRHV�QRW�GLVFRQQHFW�WKH�JUDSK��+HQFH��VLQFH�ZH�DVVXPH�DW�
OHDVW�WZR�RI�WKH�WKUHH�IXQFWLRQV��VD\�K � ��K � �DUH�FROOLVLRQ�UHVLVWDQW��WKH�RXWSXW�
DOZD\V�FRQWDLQV�D�SDUW�ZKLFK�ZDV�FRPSXWHG�E\�D�SDWK�RI�FROOLVLRQ�UHVLVWDQW�
IXQFWLRQV��+HQFH��LI�ZH�KDYH�D�FROOLVLRQ�IRU�K��L�H��WZR�PHVVDJHV�P��P¶�VXFK�
WKDW�K�P� K�P¶���ZH�FDQ�DOZD\V�CWUDFHC�WKLV�FROOLVLRQ�EDFN�DORQJ�WKLV�SDWK�WR�
ILQG�D�FROOLVLRQ�IRU�DW�OHDVW�RQH�RI�WKH�FROOLVLRQ�UHVLVWDQW�IXQFWLRQV���

K 	 K 	
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P K�P�

�
)LJXUH����6LPSOLILHG�����&RPSRVLWLRQ�IRU�C6WDQGDUGC�+DVK�)XQFWLRQV�

:H�KRSH�WKDW�DERYH�DUJXPHQWV�ZLOO�KHOS�WKH�UHDGHUV�JDLQ�LQWXLWLRQ�IRU�WKH�����
FRPSRVLWLRQ�DQG�LWV�VHFXULW\��DV�ZHOO�DV�H[SORUH�VLPLODU�FRQVWUXFWLRQV�XVLQJ�WKH�VDPH�
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UHDVRQLQJ��H�J��JHQHUDOL]LQJ�WKH�VLPSOH�JUDSK�SURSHUWLHV�GLVFXVVHG���+RZHYHU��ZH�ZLVK�
WR�SRLQW�RXW�WKDW�WKHVH�DUJXPHQWV�DUH�LQVXIILFLHQW�DV�SURRIV�RI�VHFXULW\��6RPH�RI�WKH�
UHDVRQV�IRU�WKDW�LQFOXGH���

�� &RQILGHQWLDOLW\��LW�LV�YHU\�HDV\�WR�VHH�WKDW�HYHQ�LI�DOO�IXQFWLRQV��LQGHSHQGHQWO\��
DUH�RQH�ZD\�IXQFWLRQV��WKDQ�WKHLU�����FRPSRVLWLRQ�PD\�QRW�EH�RQH�ZD\��)RU�
H[DPSOH�VXSSRVH�WKDW�K � FRSLHV�WKH�ORZ�YDOXH�KDOI�RI�LWV�LQSXW�ELWV�DQG�VLPSO\�
RXWSXWV�WKHP�DV�WKH�KLJK�YDOXH�KDOI�RI�LWV�RXWSXW�ELWV��DQG�K� �GRHV�WKH�RSSRVLWH��
&OHDUO\��DQ\�LQSXW�LV�FRPSOHWHO\�UHYHDOHG�E\�WKH�RXWSXWV�RI�K � �DQG�K� ���

�� &ROOLVLRQ�UHVLVWDQFH��:H�GHPRQVWUDWH�WKH�SUREOHP�DVVXPLQJ�WKDW�WZR�RI�WKH�
IXQFWLRQV�DUH�ZHDNO\�FROOLVLRQ�UHVLVWDQW��L�H��LW�LV�KDUG�WR�ILQG�D�FROOLVLRQ�WR�D�
UDQGRP�LQSXW�YDOXH��DOVR�FDOOHG���� �SUH�LPDJH�UHVLVWDQFH���DV�WKH�VWDQGDUG�
VWURQJHU�GHILQLWLRQ�RI�FROOLVLRQ�UHVLVWDQFH�LV�LQDSSOLFDEOH�WR�XQNH\HG�KDVK�
IXQFWLRQV��6XSSRVH�K � �RXWSXWV�WKH�FRQVWDQW�RI�DOO�]HURV��%RWK�K � DQG�K � DUH�
ZHDNO\�FROOLVLRQ�UHVLVWDQW��EXW�KDYH�WKH�SURSHUW\�WKDW�IRU�WKH�VPDOO�JURXS�RI�
LQSXWV�ZKRVH�ORZHU�YDOXH�KDOI�LV�DOO�]HUR��WKH�RXWSXW�LV�DOVR�XQLIRUPO\�]HUR�
�QRWLFH�WKDW�VXFK�IXQFWLRQV�UHPDLQ�ZHDNO\�FROOLVLRQ�UHVLVWDQW���&OHDUO\�WKH�
RXWSXW�RI�K�LV�DOO�]HUR�IRU�DQ\�LQSXW���

�
7KH�UHDGHU�PD\�H[SHULPHQW�ZLWK�GLIIHUHQW�YDULDWLRQV�RQ�WKH�FROOLVLRQ�UHVLVWDQFH�DQG�
FRQILGHQWLDOLW\�SURSHUWLHV��ZH�GLG�QRW�FRPH�XS�ZLWK�VDWLVI\LQJ�GHILQLWLRQV�IRU�ZKLFK�
WKH�VLPSOLILHG�FRQVWUXFWLRQ�RI�)LJXUH����ZLWK�GHWHUPLQLVWLF�KDVK�IXQFWLRQV��VHHPV�
VXIILFLHQW�WR�HQVXUH�FU\SWDQDO\VLV�UHVLOLHQF\��7KLV�LV�QRW�VXUSULVLQJ�DV�RWKHU�LPSRUWDQW�
SURSHUWLHV��VXFK�DV��VWURQJ�DQ\��FROOLVLRQ�UHVLVWDQFH��DUH�LPSRVVLEOH�IRU�VXFK�CVWDQGDUGC�
KDVK�IXQFWLRQV��ZKLFK�KDV�RQO\�RQH�LQSXW��WKH�PHVVDJH���ZLWKRXW�UDQGRP�LQSXW�RU�NH\��
2XU�UHVXOWV�KROG�IRU�FRPPLW�KDVK�IXQFWLRQV��GHILQHG�ODWHU���ZKLFK�XVH�UDQGRP�LQSXW�
DQG��QRQ�VHFUHW��NH\���

�����6LPSOLILHG�����&RPSRVLWLRQ�IRU�&RPPLWPHQW�6FKHPHV�
&RPPLWPHQW�VFKHPHV��OLNH�FU\SWRJUDSKLF�KDVK�IXQFWLRQV��SURYLGH�ERWK�FRQILGHQWLDOLW\�
DQG�LQWHJULW\��ELQGLQJ��FROOLVLRQ�UHVLVWDQFH���:H�IRFXV�RQ�VLPSOH��QRQ�LQWHUDFWLYH�
FRPPLWPHQW�VFKHPHV��ZKLFK�ZH�GHVFULEH�DV�D�WULSOHW�RI�DOJRULWKPV�^&�'�9`��VWDQGLQJ�
IRU�&RPPLW��'HFRPPLW�DQG�9DOLGDWH�UHVSHFWLYHO\��)RU�SURYDEOH�VHFXULW\��ZH�DFWXDOO\�
FRQVLGHU�IDPLOLHV�RI�FRPPLWPHQW�VFKHPHV�^&>.@�'>.@�9>.@`��ZKHUH�D�SDUWLFXODU�
VFKHPH�LV�VHOHFWHG�E\�D�NH\�.��EXW�IRU�VLPSOLFLW\�RI�H[SRVLWLRQ��ZH�XVXDOO\�RPLW�.�
�H[FHSW�ZKHQ�LW�LV�UHOHYDQW�WR�WKH�GLVFXVVLRQ����
�
7R�FRPPLW�WR�D�PHVVDJH�P��WKH�VHQGHU�VHOHFWV�D�UDQGRP�VWULQJ�U�DQG�FRPSXWHV�
FRPPLWPHQW�F &�P�U��DQG�GHFRPPLWPHQW�G '�P�U���7KHQ�WKH�VHQGHU�VHQGV��RQO\��F�
WR�WKH�UHFHLYHU��7KH�FRQILGHQWLDOLW\�RI�WKH�FRPPLWPHQW�VFKHPH�HQVXUHV�WKDW�F�GRHV�QRW�
H[SRVH�DQ\�LQIRUPDWLRQ�DERXW�P��LQ�SDUWLFXODU�WKH�DGYHUVDU\�FDQQRW�GLVWLQJXLVK�
EHWZHHQ�WKH�FRPPLWPHQWV�RI�DQ\�WZR�PHVVDJHV�P��P¶�RI�LWV�FKRLFH��&�P�U�§&�P¶�U¶���
��
7KH�VHQGHU�VHQGV�WKH�GHFRPPLWPHQW�G�WR�CRSHQC�WKH�FRPPLWPHQW��WKH�UHFHLYHU�
YDOLGDWHV�DQG�UHFRYHUV�P�E\�FRPSXWLQJ�9�F�G���ZKLFK�UHWXUQV�P��RU�A�IRU�LQYDOLG�F�G���
7KH�LQWHJULW\��ELQGLQJ��FROOLVLRQ�UHVLVWDQFH��SURSHUW\�RI�WKH�FRPPLWPHQW�VFKHPH�
SUHYHQWV�ILQGLQJ�F�G�G¶�VXFK�WKDW�9�F�G� P���9�F�G¶� P¶�ZKHUH�P�DQG�P¶�DUH�GLVWLQFW�
DQG�GLIIHU�IURP�A��7KDW�LV��WKH�DGYHUVDU\�FDQQRW�ILQG�D�FRPPLWPHQW�YDOXH�F�ZKLFK�LW�
FDQ�RSHQ�LQ�WZR�GLIIHUHQW�ZD\V��
�
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,Q�)LJXUH���ZH�SUHVHQW�D�VLPSOLILHG�����FRPSRVLWLRQ�IRU�FRPPLWPHQW�VFKHPHV��7KH�
LQWXLWLYH�DUJXPHQWV�IRU�LWV�VHFXULW\�DUH�VLPLODU�WR�WKHVH�SUHVHQWHG�IRU�KDVK�IXQFWLRQV���
�
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�
)LJXUH����6LPSOLILHG�����&RPSRVLWLRQ�IRU�1RQ�,QWHUDFWLYH�&RPPLWPHQW�6FKHPHV�

�����&RPPLW�+DVK�)XQFWLRQV�DQG�WKHLU�����&RPSRVLWLRQ��
7KH�SUHYLRXV�VXEVHFWLRQV�KLJKOLJKWHG�WKH�VLPLODULW\�LQ�WKH�JRDOV�RI�FU\SWRJUDSKLF�KDVK�
IXQFWLRQV�DQG�RI�FRPPLWPHQW�VFKHPHV��DV�ZHOO�DV�LQ�WKH��VLPSOLILHG������FRPSRVLWLRQV�
IRU�WKH�WZR�SULPLWLYHV��,Q�IDFW��LQWXLWLYHO\�LW�VHHPV�WKDW�WR�FRPPLW�ZH�FDQ�MXVW�VHQG�
K�P__U���QDPHO\�KDVK�RI�WKH�PHVVDJH�FRQFDWHQDWHG�ZLWK�D�UDQGRP�VWULQJ�U��ZKLFK�ZH�
VHQG�ZLWK�P�WR�GHFRPPLW���WKLV�LV�GRQH�LQ�VHYHUDO�DSSOLFDWLRQV��7KLV�FRQVWUXFWLRQ�LV�
FOHDUO\�QRW�VHFXUH�ZKHQ�XVLQJ�DQ�DUELWUDU\�FROOLVLRQ�UHVLVWDQW��DQG�RQH�ZD\��KDVK�
IXQFWLRQ��H�J���WKH�ILUVW�IHZ�ELWV�RI�P�PD\�EH�H[SRVHG��HYHQ�ZKHQ�K�LV�D�RQH�ZD\�
IXQFWLRQ��7KH�FRQVWUXFWLRQ�LV�VHFXUH�ZKHQ�XVLQJ�3HUIHFWO\�2QH�:D\��32:��KDVK�
IXQFWLRQV�>&05��@��VLQFH�WKH�DGGLWLRQ�RI�WKH�UDQGRPL]HU�U�HQVXUHV�WKDW�WKH�WRWDO�LQSXW�
P__U�KDV�VXIILFLHQW�HQWURS\��+RZHYHU��WKLV�LV�D�ZDVWHIXO�VROXWLRQ��DV�LW�SURWHFWV�D�
UDQGRP�VWULQJ��U��LQ�WKH�VDPH�ZD\�WKDW�LW�SURWHFWV�WKH�PHVVDJH��P���QRWLFH�WKDW�32:�
KDVK�IXQFWLRQV�DOVR�XVH�LQWHUQDO�UDQGRPL]DWLRQ��LQ�DGGLWLRQ�WR�U�����
�
)RU�RXU�SXUSRVHV��LW�VHHPV�EHWWHU�WR�GLVWLQJXLVK�EHWZHHQ�WKH�PHVVDJH�P�DQG�WKH�
UDQGRPL]HU�U��E\�FRQVLGHULQJ�WKHP�DV�GLVWLQFW�SDUDPHWHUV�WR�WKH�KDVK�IXQFWLRQ��)RU�
VLPSOLFLW\�ZH�DVVXPH�WKDW�WKH�ERWK�WKH�UDQGRPL]HU�DQG�WKH��QRQ�VHFUHW��NH\�KDYH�
OHQJWK�N��WKH�CVHFXULW\�SDUDPHWHUC���
�
'HILQLWLRQ��$��9DULDEOH�,QSXW�/HQJWK��FRPPLW�KDVK�IXQFWLRQ�LV�D�GHWHUPLQLVWLF�
IXQFWLRQ�&>.@�P�U���^���` � �u�^���` � �u�^���`� �Æ�^���` � ��$�)L[HG�,QSXW�/HQJWK��),/��
FRPPLW�KDVK�IXQFWLRQ�LV�D�GHWHUPLQLVWLF�IXQFWLRQ�&>.@�P�U���^���`

�
�u�^���` � �u�^���`

�
�

Æ�^���`
�
��ZLWK�0!O���

�
:KHQ�WKH�YDOXH�RI�WKH�NH\�.�LV�IL[HG��ZH�VRPHWLPHV�RPLW�LW�DQG�ZULWH�VLPSO\�&�P�U���
�
7KH�UDQGRP�LQSXW�U�DOORZV�FRPPLW�KDVK�IXQFWLRQV�WR�EH�XVHG�IRU�FRPPLWPHQW��
VSHFLILFDOO\��FRPPLW�E\�VHQGLQJ�&�P�U��DQG�RSHQ�WKH�FRPPLWPHQW�E\�VHQGLQJ�P��U���
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7KH�FRQILGHQWLDOLW\�RI�FRPPLW�KDVK�HQVXUHV�WKDW�F�GRHV�QRW�H[SRVH�DQ\�LQIRUPDWLRQ�
DERXW�P��LQ�SDUWLFXODU�WKH�DGYHUVDU\�FDQQRW�GLVWLQJXLVK�EHWZHHQ�WKH�FRPPLWPHQWV�RI�
DQ\�WZR�PHVVDJHV�P��P¶�RI�LWV�FKRLFH��&�P�U�§&�P¶�U¶���'HFRPPLWPHQW�LV�E\�VHQGLQJ�
�P�U���DQG�YDOLGDWLRQ�LV�E\�FRPSDULQJ�WKH�UHFHLYHG�FRPPLWPHQW�WR�WKH�FRPSXWHG�
FRPPLWPHQW�&�P�U���DQG�RXWSXWWLQJ�P�LI�LGHQWLFDO��DQG�A�LI�QRW����
�
:H�VD\�WKDW�D�FRPPLW�KDVK�&�P�U��LV�FROOLVLRQ�UHVLVWDQW�LI�LW�LV�LQIHDVLEOH�WR�ILQG�P¶�
GLVWLQFW�IURP�P��DQG�DQ\�U�U¶��VXFK�WKDW�&�P�U� �&�P¶�U¶���7ULYLDOO\��LI�D�FRPPLW�KDVK�
&�LV�FROOLVLRQ�UHVLVWDQW��WKHQ�WKH�FRPPLWPHQW�VFKHPH�GHILQHG�E\�LW��DV�DERYH��LV�DOVR�
FROOLVLRQ�UHVLVWDQW���
��
7KH�����FRQVWUXFWLRQ�IRU�&RPPLW�+DVK�)XQFWLRQV�LV�LOOXVWUDWHG�LQ�)LJXUH�����1RWLFH�
WKDW�IRU�FRPSOHWHQHVV��LQ�WKLV�ILJXUH��DQG�WKH�GHILQLWLRQ��ZH�H[SOLFLWO\�LQFOXGHG�WKH�
�QRQ�VHFUHW��NH\�VHOHFWLQJ�WKH�IXQFWLRQ��7KH�FRQVWUXFWLRQ�LV�SUHVHQWHG�IRU�
FRPSRVLWLRQV�RI�9,/�FRPPLW�KDVK�IXQFWLRQV��)RU�FRPSRVLQJ�),/�IXQFWLRQV�& � �P�U���
^���`� �u�^���`� �Æ�^���`� ��ZLWK�0!�O��DGG�DUELWUDU\�0��O�ELWV�WR�WKH�LQSXWV�RI�WKH�
VHFRQG�FROXPQ���
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)LJXUH����7KH�����&RPPLW�+DVK�&RPSRVLWLRQ�

'HILQLWLRQ�RI�WKH�����FRPPLW�KDVK�FRPSRVLWLRQ� @&> &'( ��)RU�L �������OHW�& �EH�9,/�
FRPPLW�KDVK�IXQFWLRQV��/HW�U ^U � ) ` * � � � � �,+ ) * � � � �^���` - ���. ^. � ) ` * ��� ��� ��+ ) * � � � �^���` - ��/HW�
WKH�����FRPSRVLWLRQ�RI�^& `��GHQRWHG� @&> &'( ��EH�WKH�9,/�FRPPLW�KDVK�IXQFWLRQ�&�
GHILQHG�E\�WKH�IROORZLQJ�SURFHVV���
3URFHVV�&>.@�P�U����
� )RU�L� ������GR�F � � � & >. � � @�P�U � � `��
� )RU�L� ������GR�F � � � & >. � � @�F .0/ �2143 � � __F .65 �2143 � � �U � � ���
� UHWXUQ��F � � � __F ��� � __F� � � ����
�
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7KH�FRPSRVLWH�FRPPLW�KDVK�IXQFWLRQ�&>.@�P�U��FDQ�EH�XVHG�DV�GHVFULEHG�DERYH�IRU�
FRPPLWPHQW��FRPPLW�E\�VHQGLQJ�&�P�U��IRU�UDQGRP�U�7 ^���` - ��RSHQ�WKH�FRPPLWPHQW�
E\�VHQGLQJ�P�U��DQG�YDOLGDWH�E\�FRPSDULQJ�WKH�UHFHLYHG�FRPPLWPHQW�F�WR�WKH�
FRPSXWHG�&�P�U���1RWLFH�WKLV�SURFHVV�UHOLHV�RQ�DOO�SDUWLHV�NQRZLQJ�.��DQG�RQ�&�EHLQJ�
GHWHUPLQLVWLF���

���6HFXULW\�RI�&RPPLW�+DVK�)XQFWLRQV�DQG�WKHLU�����
&RPSRVLWLRQ��

,Q�WKLV�VHFWLRQ�ZH�GHILQH�WKH�VHFXULW\�SURSHUWLHV�IRU�FRPPLW�KDVK�IXQFWLRQV��DQG�VKRZ�
WKDW�WKH�����FRPSRVLWLRQ�SURYLGHV�FU\SWDQDO\VLV�WROHUDQFH�IRU�WKHVH�SURSHUWLHV��LQ�WKH�
VHQVH�WKDW�WKH�VHFXULW\�SURSHUWLHV�RI�WKH�FRPSRVLWLRQ�DUH�SURYDEO\�DOPRVW�DV�ZHOO�DV�WKH�
FRUUHVSRQGLQJ�VHFXULW\�SURSHUWLHV�RI�WKH��8:9 �EHVW�RI�WKH�FRPSRVHG�IXQFWLRQV�
�UHJDUGOHVV�RI�KRZ�ZHDN�WKH�WKLUG�IXQFWLRQ�LV���
�
:H�EHJLQ�E\�GHILQLQJ��DQG�WKHQ�DQDO\]LQJ��WKH�FRQILGHQWLDOLW\�SURSHUWLHV��7KHQ�ZH�
GHILQH�DQG�SURYH�WKH�LQWHJULW\��FROOLVLRQ�UHVLVWDQFH��SURSHUWLHV����
�����'HILQLQJ�&RQILGHQWLDOLW\�RI�&RPPLW�+DVK�)XQFWLRQV�

:H�EHJLQ�E\�GHILQLQJ�WKH�FRQILGHQWLDOLW\�SURSHUW\�IRU�FRPPLW�KDVK�IXQFWLRQV�DQG�
FRPPLWPHQW�VFKHPHV��&RQILGHQWLDOLW\�UHODWHV�RQO\�WR�WKH�FRPPLW�IXQFWLRQ�&�RI�WKH�
FRPPLWPHQW�VFKHPH��KHQFH�IRU�WKLV�GLVFXVVLRQ�WKHUH�LV�QR�GLIIHUHQFH�EHWZHHQ�FRPPLW�
KDVK�IXQFWLRQV�DQG�WKH�FRUUHVSRQGLQJ�FRPPLWPHQW�VFKHPH��)RU�VLPSOLFLW\�ZH�IRFXV�
RQ�9,/�FRPPLW�KDVK�IXQFWLRQV��WKH�H[WHQVLRQV�WR�),/�IXQFWLRQV�DUH�REYLRXV���
�
:H�UHTXLUH�WKH�FRPPLW�KDVK�IXQFWLRQ�WR�SUHYHQW�DQ�DGYHUVDU\�IURP�GLVWLQJXLVKLQJ�
EHWZHHQ�WKH�RXWSXWV�SURGXFHG�ZKHQ�WKH�LQSXWV�DUH�FKRVHQ�IURP�RQH�RI�WZR�
GLVWULEXWLRQV�FKRVHQ�E\�WKH�DGYHUVDU\��7KLV�LV�D�VWURQJHU�UHTXLUHPHQW�WKDQ�WKH�VWDQGDUG�
GHILQLWLRQV�RI�LQGLVWLQJXLVKDELOLW\�IRU�HQFU\SWLRQ�VFKHPHV��DV�GHILQHG�E\�
>%'-5���*R��@��ZKLFK�DOORZV�WKH�DGYHUVDU\�CRQO\C�WR�VHOHFW�WZR�VSHFLILF�PHVVDJHV�
DQG�GLVWLQJXLVK�WKH�GLVWULEXWLRQV�UHVXOWLQJ�IURP�HQFU\SWLRQV�RI�WKHVH�PHVVDJHV��2XU�
GHILQLWLRQV�DUH�DJDLQVW�D�FRPSXWDWLRQDOO\�ERXQGHG�DGYHUVDU\��VRPH�GHILQLWLRQV�RI�
FRPPLWPHQW�VFKHPHV��H�J��>'33���'33���+0��@��HQVXUH�FRQILGHQWLDOLW\�HYHQ�
DJDLQVW�FRPSXWDWLRQDOO\�XQERXQGHG�DGYHUVDU\����
�
,Q�RUGHU�WR�DOORZ�DQDO\VLV�RI�FRPSRVLWLRQV�RI�IXQFWLRQV��ZH�IRXQG�LW�KHOSIXO�WR�
FRQVLGHU�DGYHUVDULHV�ZLWK�DUELWUDU\�DX[LOLDU\�LQSXW��DQG�ERXQG�WKH�H[WUD�LQIRUPDWLRQ�
WKDW�WKH�DGYHUVDU\�FDQ�OHDUQ�IURP�WKH�FRPPLW�KDVK�IXQFWLRQ��RYHU�WKH�LQIRUPDWLRQ�WKH�
DGYHUVDU\�FDQ�OHDUQ�RQO\�IURP�WKH�DX[LOLDU\�LQSXW��7KH�XVH�RI�DX[LOLDU\�LQSXW�LV�
UHPLQLVFHQW�RI�GHILQLWLRQV�RI�=HUR�.QRZOHGJH�ZLWK�UHVSHFW�WR�DX[LOLDU\�LQSXWV��XVHG�WR�
DOORZ�VHTXHQWLDO�FRPSRVLWLRQ�RI�SURRIV�>*����VHFWLRQ������@���
�
$�GLVWLQJXLVKLQJ�DGYHUVDU\�ZLWK�DX[LOLDU\�LQSXW�$X[LOLDU\ ; �IRU�9,/�FRPPLW�KDVK�
IXQFWLRQ�&�LV�D�SURJUDP�ZLWK�DFFHVV�WR���

��� 2UDFOH�&RPPLW < � =>� � ; �DV�GHILQHG�EHORZ��WR�ZKLFK�WKH�DGYHUVDU\�SURYLGHV�
D�SDLU�RI�SRO\�WLPH�VDPSOLQJ�DOJRULWKPV��6 � ��6 � ��DQG�WKH�OHQJWK�RI�WKH�
VDPSOH��LQ�XQDU\��� ���

��� $Q�RUDFOH�$X[LOLDU\ ; �ZLWK�DUELWUDU\�LQSXW�RXWSXW�EHKDYLRU��DQG�DFFHVV�
WR�ELW�E���
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7KH�RUDFOH�&RPPLW ?A@ B>@ @ C �UHWXUQV�D�FRPPLWPHQW��XVLQJ�NH\�.��WR�D�YDOXH�VDPSOHG�IURP�
VDPSOLQJ�DOJRULWKP�6 C ��7KH�DGYHUVDU\�PXVW�DOVR�VSHFLI\��LQ�HDFK�TXHU\��WKH�OHQJWK�Q�RI�
WKH�VDPSOH��LQ�XQDU\���ZKLFK�LV�SURYLGHG�WR�WKH�VDPSOLQJ�DOJRULWKP��WKH�RXWSXW�RI�WKH�
VDPSOLQJ�DOJRULWKPV�PXVW�DOZD\V�EH�RI�OHQJWK�0��7KH�RSHUDWLRQ�RI�WKH�RUDFOH�
&RPPLW ?A@ B>@ @ C �LV�GHILQHG�DV�IROORZV���
�
2UDFOH�&RPPLW ?D@ B>@ @ C �6 E �6 F �� G ��
� V� 6 C �� G ���V¶� 6 CIH F �� G ���
� ,I�_V¶_ 0�RU�_V_ 0�WKHQ�UHWXUQ�A������$GYHUVDU\�SURYLGHG�CFKHDWLQJC�6 E �6 F ��

U� UDQGRP�HOHPHQW�LQ�^���`
J
���

� UHWXUQ�&B �V�U���
�
'HILQLWLRQ�RI�JXHVV�ZLWK�DX[LOLDU\�LQSXW��/HW�&�EH�D�9,/�FRPPLW�KDVK�IXQFWLRQ��DQG�
OHW�$�EH�D�GLVWLQJXLVKLQJ�DGYHUVDU\�IRU�&�ZLWK�DX[LOLDU\�LQSXW�$X[LOLDU\ C ��7KH�
IROORZLQJ�SURFHVV�LV�FDOOHG�D�JXHVV���
3URFHVV�*XHVV ?K@ LA@ LNM�O,P Q P R�S T �E��
� .� UDQGRP�HOHPHQW�LQ�^���` J ��
� UHWXUQ�WKH�RXWSXW�RI��$�.��ZLWK�DFFHVV�WR�RUDFOHV�&RPPLWBN@ C �DQG�$X[LOLDU\ C ��
�
7KH�H[SRVXUH�DGYDQWDJH�RI�$�IRU�FRPPLW�KDVK�IXQFWLRQ�&�XVLQJ�$X[LOLDU\�LV��
� ([S ?A@ LU@ LNM�O � �3U>*XHVV ?K@ LU@ LNM�O,P Q P R�S T ��� �@�±�3U>*XHVV ?A@ LA@ LNM�O,P Q P R�S T ��� �@�
�
/HW�$¶�EH�D�SURJUDP�ZLWK�DFFHVV�WR�$X[LOLDU\��'HILQH����
3URFHVV�*XHVVLWV @ L>M�O,P Q P R�S T �E��
� UHWXUQ�WKH�RXWSXW�RI��$¶�ZLWK�DFFHVV�WR�RUDFOH�$X[LOLDU\ C ��
7KH�H[SRVXUH�DGYDQWDJH�RI�$¶�XVLQJ�$X[LOLDU\�LV��
� $GYLXV @ LNM�O � �3U>*XHVVLWV @ LNM�O,P Q P R�S T ��� �@�±�3U>*XHVVLXV @ LNM�O,P Q P R�S T ��� �@�
�
)RU�DQ\�W�T� �ZH�GHILQH�WKH�H[WUD�H[SRVXUH�RI�&�RYHU�$X[LOLDU\�DV��
� ([WUD ?K@ LNM�O,P Q P R�S T �W�T� �� �PD[L �^�$GY ?K@ LU@ L>M�O:P Q P R�S T `�±�PD[LXV �^�$GYLXV @ LNM�O,P Q P R,S T `�
:KHUH�WKH�PD[LPXP�LV�RYHU�DOO�DGYHUVDULHV�$��$¶�KDYLQJ�WLPH�FRPSOH[LW\�W��PDNLQJ�DW�
PRVW�T�TXHULHV�WR�WKH�RUDFOH��WKH�VXP�RI�ZKRVH�OHQJWKV�LV�DW�PRVW� �ELWV��,Q�WKH�UHVW�RI�
RXU�GLVFXVVLRQ�ZH�RPLW�WKH�SDUDPHWHUV�W�T� ��LQ�RXU�DQDO\VLV�DQG�UHGXFWLRQV��WKHVH�
SDUDPHWHUV�DUH�FKDQJHG�RQO\�PLQLPDOO\�RU�QRW�DW�DOO���
�
2XU�DVVXPSWLRQ�LV�WKDW�JRRG�FRPPLW�KDVK�IXQFWLRQV�&�ZRXOG�DOZD\V�DGG�YHU\�VPDOO�
DGYDQWDJH��LI�DW�DOO���FRPSDUHG�WR�DQ\�$X[LOLDU\�LQSXWV��LQFOXGLQJ�QRQH���7KHUHIRUH�ZH�
GHILQH�WKH�PD[LPDO�H[SRVXUH�GXH�WR�FRPPLW�KDVK�IXQFWLRQ�&�DV��
� YAZ$[\]YAZ$[] PD[([WUD{ �

�����&RQILGHQWLDOLW\�RI�����&RPPLW�+DVK�&RPSRVLWLRQ�
�
7KH�����FRPSRVLWLRQ�SURYLGHV�D�FRPPLW�KDVK�IXQFWLRQ�ZKRVH�PD[LPDO�H[SRVXUH�LV�QR�
PRUH�WKDQ�IRXU�WLPHV�WKDW�RI�WKH�� ^,_ �EHVW�RI�WKH�WKUHH�FRPSRQHQW�FRPPLW�KDVK�
IXQFWLRQV��:LWKRXW�ORVV�RI�JHQHUDOLW\��DVVXPH ` �WKDW� abc ddd /d/d/ ��:H�SURYH���
�
������������������������������ ������������������e �)RU�VLPSOLFLW\��DVVXPH�WKH�VDPH�RUGHU� fghgig jkjkj �KROGV�IRU�DOO�UHOHYDQW�YDOXHV�RI�W�T� ���
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7KHRUHP����/HW�& lmnmoppql @&> r �EH�WKH�����FRPSRVLWLRQ�RI�FRPPLW�KDVK�IXQFWLRQV�
^& s �& t �&u `��ZLWK�FRUUHVSRQGLQJ�PD[LPDO�H[SRVXUHV� vwx yyy /d/d/ ��7KHQ�

z{{ �/d/ ��
:H�EHJLQ�RXU�DQDO\VLV�E\�VKRZLQJ�WKDW�WKH�PD[LPDO�DGYDQWDJH�FRQWULEXWHG�E\�D�
SDUDOOHO�FRPSRVLWLRQ�RI�FRPPLW�KDVK�IXQFWLRQV�LV�DW�PRVW�WKH�VXP�RI�WKH�PD[LPDO�
DGYDQWDJH�FRQWULEXWHG�E\�WKH�WZR�IXQFWLRQV��7KHUHIRUH�ZH�FDQ�ERXQG�WKH�H[SRVXUH�GXH�
WR�SDUDOOHO�FRPSRVLWLRQ�RI�FRPPLW�KDVK�IXQFWLRQV���
�
/HPPD����3DUDOOHO�FRPSRVLWLRQ���/HW�& | >N�N¶@�[�U�U¶� &>N@�[�U�__&¶>N¶@�[�U¶���7KHQ�

} | �� } �� }�~ ���
3URRI��&RQVLGHU�DQ�DUELWUDU\�DX[LOLDU\�$X[��DQG�FRQVLGHU�WKH�PD[LPDO�DGYDQWDJH�LW�
PD\�SURYLGH�WRJHWKHU�ZLWK�&����
PD[� �^�$GY }K� �U� �>��� `� �PD[� �^�$GY�A� �N��� �`��([WUD }K� �N��� �W�T� ���

���PD[� �^�$GY�A� �N��� �`��� } �
�
&RQVLGHU�QRZ�WKH�FRPELQDWLRQ�RI�$X[�DQG�&�DV�D�QHZ�DX[LOLDU\�$X[¶��QDPHO\��

PD[� �^�$GY�U� �>���U~` �PD[� �^�$GY }K� �A� �N��� `���PD[� �^�$GY�U� �>��� �`��� } ��
�

&RQVLGHU�WKH�PD[LPDO�DGYDQWDJH�RI�$X[¶�WRJHWKHU�ZLWK�&¶��L�H��RI�$X[�ZLWK�&��&¶���
PD[� �^�$GY }�~ � �U� �>���U~ ` �PD[� �^�$GY�A� �N���U~ �`��([WUD }X~ � �N���U~�W�T� ��

���PD[� �^�$GY�A� �N��� �`�� } �� }�~ ���
�

�
)URP�WKLV�/HPPD��ZH�LPPHGLDWHO\�GHGXFH�WKDW�ZH�FDQ�FRQVLGHU��IRU�WKH�DQDO\VLV�RI�
WKH�H[SRVXUH��D�VLPSOLILHG�FRPSRVLWLRQ�ZKHUH�ZH�UHSODFH�WKH�ILUVW�WZR�DSSOLFDWLRQV�RI�
& t �DQG�& s �E\�D�VLQJOH�FRPPLW�KDVK�IXQFWLRQ�FRUUHVSRQGLQJ�WR�WKHLU�SDUDOOHO�
FRPSRVLWLRQ��)XUWKHUPRUH��QRWLFH�WKDW�WKH�/HPPD�GRHV�QRW�GHSHQG�RQ�WKH�IDFW�WKDW�WKH�
LQSXW�WR�WKH�WZR�FRPSRVHG�IXQFWLRQV�LV�H[DFWO\�LGHQWLFDO��WKHUHIRUH�ZH�FDQ�DOVR�
FRPSRVH�WKH�DSSOLFDWLRQV�RI�& t �DQG�& s LQ�WKH�VHFRQG�FROXPQ��:H�FDQ�WKHUHIRUH�
DQDO\]H�FRQILGHQWLDOLW\��H[SRVXUH��FRQVLGHULQJ�RQO\�WKH�VLPSOLILHG�FRPSRVLWLRQ�RI�&u �
DQG�&¶��ZKHUH�&¶�LV�WKH�SDUDOOHO�FRPSRVLWLRQ�RI�& t �DQG�& s ��DV�LOOXVWUDWHG�LQ�)LJXUH�����

&¶

& �

& �

&¶
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F � � �
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�
)LJXUH����6LPSOLILHG�&RPPLW�+DVK�&RPSRVLWLRQ�IRU�([SRVXUH�$QDO\VLV��
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7KH�QH[W�/HPPD�VKRZV�WKDW��OLNH�RWKHU�FRQILGHQWLDOLW\�SULPLWLYHV��D�FDVFDGH�RI�
FRPPLW�KDVK�IXQFWLRQV�H[SRVHV�DV�OLWWOH�DV�WKH�OHDVW�H[SRVLQJ�IXQFWLRQ�LQ�WKH�FDVFDGH��
7KLV�DOORZV�XV�WR�FRPSOHWHO\�LJQRUH�WKH�DSSOLFDWLRQV�RI�&u ��WKH�FRPPLW�KDVK�ZLWK�WKH�
JUHDWHU�H[SRVXUH��LQ�RXU�FRPSRVLWLRQ���
�
/HPPD����&DVFDGH���/HW�&>N t �Nu @�[�U t �Uu � & u >N u @�& t >N t @�[�U t ��U u ���7KHQ��

`�PLQ^ ������ //d/ ��
3URRI��VNHWFK���:H�ILUVW�VKRZ�WKDW ��� /d/ ��/HW�$��$X[�EH�WKH�DGYHUVDU\�DQG�
DX[LOLDU\�LQSXW�DFKLHYLQJ�H[WUD�H[SRVXUH�DGYDQWDJH� � �IRU�&��'HILQH�DGYHUVDU\�$ t �IRU�
& t �DV�IROORZV��$ t �DSSOLHV�DGYHUVDU\�$��LPSOHPHQWLQJ�WKH�&RPPLW�RUDFOH�IRU�$�DV�
IROORZV��ZKHQHYHU�$�FDOOV�&RPPLW��WKHQ�$¶�FDOOV�&RPPLW�IRU�& t ��ZLWK�WKH�VDPH�LQSXWV�
DV�$��LQ�SDUWLFXODU�WKH�VDPH�LQSXW�GLVWULEXWLRQV�6 s �6 t ���DQG�ZKHQ�UHFHLYLQJ�WKH�RXWSXW�F��
$ t ��UHWXUQV�WR�$�WKH�UHVXOW�RI�&u >Nu @�F�Uu ���ZKHUH�N u ��Uu �DUH�VHOHFWHG�UDQGRPO\��E\�$ t ���
&OHDUO\�$ t �DFKLHYHV�WKH�VDPH�DGYDQWDJH�DV�$��DQG�WKHUHIRUH� ��� /d/ ��
7KH�SURRI�WKDW� ��� /d/ IROORZV�VLPLODUO\��H[FHSW�WKDW�KHUH�$ u �VSHFLILHV�VDPSOLQJ�
DOJRULWKPV�6¶ s �6¶ t ��E\�DSSO\LQJ�& t �WR�WKH�RXWSXW�RI�6 s �6 t �FRUUHVSRQGLQJO\��QDPHO\�
6¶ s �� � � & t >N t @�6 s �� � ��U t ���ZKHUH�N t ��U t �DUH�VHOHFWHG�UDQGRPO\��E\�$ u ��� �
�
%\�DSSO\LQJ�/HPPD���WR�WKH�VLPSOLILHG�FRPSRVLWLRQ�RI�)LJXUH����ZH�JHW�D�SDUDOOHO�
FRPSRVLWLRQ�RI�WZR�LQYRFDWLRQV�RI�&¶��WR�ZKLFK�ZH�DSSO\�/HPPD����ZKLFK�FRPSOHWHV�
WKH�SURRI�RI�7KHRUHP���� �

�����&ROOLVLRQ�UHVLVWDQFH�RI�����&RPPLW�+DVK�&RPSRVLWLRQ�
:H�QRZ�GHILQH�WKH�LQWHJULW\�SURSHUW\�RI�FRPPLW�KDVK�IXQFWLRQV��QDPHO\�FROOLVLRQ�
UHVLVWDQFH��$JDLQ��IRU�VLPSOLFLW\��ZH�IRFXV�RQ�9,/�FRPPLW�KDVK�IXQFWLRQV��:H�
VOLJKWO\�PRGLI\�WKH�GHILQLWLRQV�RI�DQ\�FROOLVLRQ�UHVLVWDQFH�IURP�>%5��@�DQG�FROOLVLRQ�
UHVLVWDQFH�RI�>'D��@��WR�DFFRPPRGDWH�WKH�DGGLWLRQDO�LQSXW�RI�D�UDQGRPL]HU�WR�FRPPLW�
KDVK�IXQFWLRQV��1DPHO\��D�FROOLVLRQ�IRU�FRPPLW�KDVK�IXQFWLRQ�&�ZLWK�NH\�.�LV�D�VHW�RI�
WZR�SDLUV��^�P�U!���P¶�U¶!`�VXFK�WKDW�P P¶�DQG�&>.@�P��U� &>.@�P¶��U¶���1RWLFH�
WKDW�WKH�YDOXHV�RI�WKH�UDQGRPL]HUV�U��U¶�DUH�LUUHOHYDQW�WR�D�FROOLVLRQ��7KH�FUX[�RI�WKH�
FROOLVLRQ�UHVLVWDQFH�SURSHUW\�RI�WKH�����FRPSRVLWLRQ�IROORZV�IURP�WKH�IROORZLQJ�VLPSOH�
/HPPD��)RU�VLPSOLFLW\�ZH�FRXQW�FRPSXWDWLRQV�RI�WKH�FRPSRQHQW�FRPPLW�KDVK�
IXQFWLRQV�DV�RQH�FRPSXWHU�RSHUDWLRQ����
�
/HPPD����/HW�& ��������� @&> � �EH�WKH�����FRPSRVLWLRQ�RI�FRPPLW�KDVK�IXQFWLRQV�
^& s �& t �&u `��6XSSRVH�P P¶�EXW�&>.@�P�U� &>.@�P¶�U¶��IRU�VRPH�U�U¶��7KHUH�LV�DQ�
DOJRULWKP�WKDW��JLYHQ�P�P¶�U�U¶�DQG�.��RXWSXWV��LQ����RSHUDWLRQV��D�FROOLVLRQ�IRU�& � �ZLWK�
NH\�N t � � �RU�Nu,� � ���IRU�DW�OHDVW�WZR�RI�L�^�����`��
3URRI��7KH�DOJRULWKP�VLPSO\�FRPSXWHV�DOO�WKH�LQWHUQDO�YDOXHV�RI�WKH�FRPSRVLWLRQ�IRU�
ERWK��P�U��DQG��P¶�U¶��DQG�ORRNV�IRU�D�FROOLVLRQ��&OHDUO\�WKLV�WDNHV�OHVV�WKDQ����
FRPSXWHU�RSHUDWLRQV��FRQVLGHULQJ�DQ�HYDOXDWLRQ�RI�HDFK�IXQFWLRQ�DV�RQH�RSHUDWLRQ���,W�
UHPDLQV�WR�VKRZ�WKDW�WKLV�SURYLGHV�WKH�UHTXLUHG�FROOLVLRQ���
�
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:H�XVH�WKH�QRWDWLRQV�LQ�)LJXUH����DGGLQJ�DQ�DSRVWURSKH�ZKHQ�UHIHUULQJ�WR�FRPSXWDWLRQ�
RI�&>.@�P¶�U¶���6LQFH�P P¶�LW�IROORZV�WKDW�Fu,� s  �F¶ u,� s ��L�H��& s >Nu,� s @�F t � t __F t�� u �U u,� s ��
 & s >Nu,� s @�F¶ t � t __F¶ t�� u �U¶ u,� s ����
�
,I�F t � t __F t � u  F¶ t�� t __F¶ t�� u ��WKHUH�LV�D�FROOLVLRQ�IRU�ERWK�& t �DQG�&u ��$VVXPH�RWKHUZLVH��L�H��
F t�� t __F t � u F¶ t � t __F¶ t � u ���WKLV�JLYHV�D�FROOLVLRQ�IRU�& s ��
�
5HSHDW�WKLV�DQDO\VLV��QRZ�EHJLQQLQJ�ZLWK�WKH�IDFW�WKDW�F u,� t  �F¶u,� t ��L�H��
& t >N u�� t @�F t�� t __F t � s �Uu,� t �� & t >N u,� t @�F¶ t � t __F¶ t � s �U¶ u,� t ���)URP�WKH�VDPH�DUJXPHQWV��ZH�VKRZ�
WKDW�HLWKHU�WKHUH�LV�D�FROOLVLRQ�IRU�ERWK�& s �DQG�& u ��RU�WKHUH�LV�D�FROOLVLRQ�IRU�& t ��,Q�WRWDO�
ZH�VKRZHG�FROOLVLRQV�IRU�DW�OHDVW�WZR�RI�WKH�IXQFWLRQV��� �
�
$Q�DGYHUVDU\�$�LV�VDLG�WR�ILQG�FROOLVLRQV�LQ�FRPPLW�KDVK�IXQFWLRQ�&�ZLWK�SUREDELOLW\� ��
XVLQJ�WLPH�W��LI�LWV�UXQQLQJ�WLPH�LV�DW�PRVW�W�DQG�WKH�SUREDELOLW\�WKDW��JLYHQ�.�� ^���` � ��
$�RXWSXWV�D�FROOLVLRQ�IRU�&�ZLWK�NH\�.��LV�DW�PRVW� ��7KH�SUREDELOLW\�LV�WDNHQ�RYHU�.�
DQG�RYHU�$¶V�FRLQ�IOLSV���
�
$�FRPPLW�KDVK�IXQFWLRQ�&�LV�VDLG�WR�EH� �W��FROOLVLRQ�UHVLVWDQW�LI�IRU�HYHU\� ��W��QR�
DGYHUVDU\�$�FDQ�ILQG�FROOLVLRQV�LQ�&�ZLWK�SUREDELOLW\� �XVLQJ�WLPH�W���
�
:H�FDQ�QRZ�SURYH�WKDW�WKH�����FRPSRVLWLRQ�SURYLGHV�FU\SWDQDO\VLV�WROHUDQFH�IRU�WKH�
FROOLVLRQ�UHVLVWDQFH�SURSHUW\��)RU�VLPSOLFLW\�ZH�DVVXPH�WKDW�JHQHUDWLRQ�RI�D�UDQGRP�
QXPEHU�WDNHV�D�VLQJOH�FRPSXWHU�RSHUDWLRQ���
7KHRUHP����/HW�& �� �¡¢¢£� @&> ¤ �EH�WKH�����FRPSRVLWLRQ�RI�FRPPLW�KDVK�IXQFWLRQV�
^& s �& t �&u `��,I�WZR�RI�^& s �& t �&u `�DUH� �W��FROOLVLRQ�UHVLVWDQW��WKHQ�&�LV� ���W�¥ ¦ �H �
FROOLVLRQ�UHVLVWDQW���
3URRI��6WDQGDUG�UHGXFWLRQ�DUJXPHQW��*LYHQ�DQ�DGYHUVDU\�$�ZKLFK�ILQG�FROOLVLRQV�LQ�
FRPPLW�KDVK�IXQFWLRQ�&�ZLWK�SUREDELOLW\� ¶�W���ZH�LQYRNH�LW��VHOHFWLQJ�UDQGRP�NH\V�
DQG�UDQGRPL]HUV�IRU�DOO�WKH�IXQFWLRQV��WKLV�UHTXLUHV�DW�PRVW����RSHUDWLRQV���:KHQHYHU�
$�ILQGV�D�FROOLVLRQ��ZH�XVH�/HPPD����WR�ILQG�FROOLVLRQV�IRU�DW�OHDVW�WZR�RI�^& s �& t �&u `�
�ZLWK�DW�PRVW����DGGLWLRQDO�RSHUDWLRQV���7KHUHIRUH��ZH�IRXQG�D�FROOLVLRQ�IRU�RQH�RI�WKH�
WZR� �W��FROOLVLRQ�UHVLVWDQW�FRPPLWPHQW�KDVK�IXQFWLRQV�� �
7RJHWKHU�ZLWK�7KHRUHP����WKLV�SURYHV���
�
7KHRUHP����7KH�����FRPPLW�KDVK�FRPSRVLWLRQ�HQVXUHV�FU\SWDQDO\VLV�WROHUDQFH���

���&RQFOXVLRQV�DQG�4XHVWLRQV�
:H�SUHVHQWHG�FRPPLW�KDVK�IXQFWLRQV��D�KDVK�IXQFWLRQ�ZKLFK�LV�WULYLDO�WR�XVH�IRU�
FRPPLWPHQW�VFKHPHV��:H�DOVR�VKRZHG�WKH�����FRPSRVLWLRQ�SURYLGHV�FU\SWDQDO\VLV�
WROHUDQFH�IRU�FRPPLW�KDVK�IXQFWLRQV���
�
7KHUH�DUH�PDQ\�GLUHFWLRQV�IRU�IXUWKHU�UHVHDUFK�EDVHG�RQ�WKH�FXUUHQW�ZRUN��VRPH�PD\�
EH�WULYLDO�H[WHQVLRQV�DQG�RWKHUV�PD\�EH�PRUH�FKDOOHQJLQJ��,Q�SDUWLFXODU����

��� ,PSOHPHQWDWLRQ�RI�&RPPLW�KDVK�IXQFWLRQV�IURP�VLPSOHU�SULPLWLYHV��
H�J��FDQ�ZH�FRQVWUXFW�WKHP�IURP�RQH�ZD\�IXQFWLRQV��ZLWKRXW�ORVLQJ�WRR�
PXFK�VHFXULW\�"�2QH�QDWXUDO�FDQGLGDWH�LV�WR�LPSOHPHQW�FRPPLW�KDVK�
IURP�3HUIHFWO\�2QH�:D\��32:��KDVK�IXQFWLRQV��ZKLFK�FDQ�EH�



$PLU�+HU]EHUJ� 3DJH���� ����������

FRQVWUXFWHG�IURP�ZHDN�FU\SWRJUDSKLF�SULPLWLYHV��H�J��IURP�DQ\�RQH�
ZD\�SHUPXWDWLRQ�>&05��@����

��� &DQ�ZH�XVH�FRPPLW�KDVK�IXQFWLRQV�WR�FRQVWUXFW�VHFUHW�NH\�
FU\SWRJUDSKLF�IXQFWLRQV��LQ�SDUWLFXODU�0$&��IROORZLQJ�SUHYLRXV�ZRUNV�
RQ�FRQVWUXFWLQJ�0$&�IXQFWLRQV�IURP�KDVK�IXQFWLRQV��LQ�SDUWLFXODU�WKH�
+0$&�DQG�10$&�FRQVWUXFWLRQV�RI�>%&.��@"��

��� 'RHV�WKH�����FRPSRVLWLRQ��RU�YDULDWLRQ�RI�LW��KROG�IRU�RWKHU�YDULDQWV�RI�
FRPPLWPHQW�VFKHPHV��LQ�SDUWLFXODU�QRQ�PDOOHDEOH�FRPPLWPHQW�
VFKHPHV�>''1��@�DQG�8&�FRPPLWPHQW�VFKHPHV�>&)��@"�

��� &DQ�ZH�SURYLGH�EHWWHU�FU\SWDQDO\VLV�WROHUDQW�FRPSRVLWLRQV�IRU�KDVK�
IXQFWLRQV�DQG�FRPPLWPHQW�VFKHPHV"�2I�SDUWLFXODU�LQWHUHVW�LV�ZKHWKHU�LW�
LV�SRVVLEOH�WR�FUHDWH�D�C��RXW�RI��C�FRQVWUXFWLRQ��2I�FRXUVH��D�C��RXW�RI�
�C�FRPSRVLWLRQ�LV�WULYLDO«��

5HIHUHQFHV��
>$%&9��@�%��$LHOOR��0��%HOODUH��*��'L�&UHVFHQ]R��DQG�5��9HQNDWHVDQ��6HFXULW\�DPSOLILFDWLRQ�E\�
FRPSRVLWLRQ��WKH�FDVH�RI�GRXEO\�LWHUDWHG��LGHDO�FLSKHUV��3URF��RI�&5<372������
�
>$'5��@�-HH�+HD�$Q��<HYJHQL\�'RGLV�DQG�7DO�5DELQ��2Q�WKH�6HFXULW\�RI�-RLQW�6LJQDWXUH�DQG�
(QFU\SWLRQ��LQ�7KHRU\�DQG�$SSOLFDWLRQ�RI�&U\SWRJUDSKLF�7HFKQLTXHV��SS������������������
�
>%&.��@�%HOODUH��0���&DQHWWL��5���DQG�.UDZF]\N��+����.H\HG�+DVK�)XQFWLRQV�IRU�0HVVDJH�
$XWKHQWLFDWLRQ���$GYDQFHV�LQ�&U\SWRORJ\����&5<372a���3URFHHGLQJV��/HFWXUH�1RWHV�LQ�&RPSXWHU�
6FLHQFH��6SULQJHU�9HUODJ�9RO��������1��.REOLW]��HG��������SS��������
�
>%&.��)@�0��%HOODUH��5��&DQHWWL��DQG�+��.UDZF]\N��3VHXGRUDQGRP�IXQFWLRQV�UHYLVLWHG��7KH�FDVFDGH�
FRQVWUXFWLRQ�DQG�LWV�FRQFUHWH�VHFXULW\��3URFHHGLQJV���WK�$QQXDO�6\PSRVLXP�RQ�WKH�)RXQGDWLRQV�RI�
&RPSXWHU�6FLHQFH��,(((��������
�
>%'-5��@�0�%HOODUH��$�'HVDL��(�-RNLSLL��3�5RJDZD\��$�&RQFUHWH�6HFXULW\�7UHDWPHQW�RI�6\PPHWULF�
(QFU\SWLRQ��3URFHHGLQJV�RI�WKH���WK�,(((�6\PSRVLXP�RQ�)RXQGDWLRQV�RI�&RPSXWHU�6FLHQFH��)2&6���
SS������������������5HYLVHG�YHUVLRQ�DW�KWWS���ZZZ�FVH�XFVG�HGX�XVHUV�PLKLU�SDSHUV�V\P�HQF�KWPO���
�
>%.5��@�0��%HOODUH��-��.LOLDQ�DQG�3��5RJDZD\���³7KH�VHFXULW\�RI�FLSKHU�EORFN�FKDLQLQJ´��-RXUQDO�RI�
&RPSXWHU�DQG�6\VWHP�6FLHQFHV��9RO������1R�����'HF�������SS������������([WHQGHG�DEVWUDFW�LQ�
$GYDQFHV�LQ�&U\SWRORJ\���&U\SWR����3URFHHGLQJV��/HFWXUH�1RWHV�LQ�&RPSXWHU�6FLHQFH�9RO�������<��
'HVPHGW�HG��6SULQJHU�9HUODJ��������
�
>%5��@�0LKLU�%HOODUH�DQG�3KLOOLS�5RJDZD\��&ROOLVLRQ�5HVLVWDQW�+DVKLQJ��7RZDUGV�0DNLQJ�82:+)V�
3UDFWLFDO��([WHQGHG�DEVWUDFW�ZDV�LQ�$GYDQFHV�LQ�&U\SWRORJ\��&U\SWR����3URFHHGLQJV��/HFWXUH�1RWHV�LQ�
&RPSXWHU�6FLHQFH�9RO��������%��.DOLVNL�HG��6SULQJHU�9HUODJ��������)XOO�SDSHU�DYDLODEOH�DW�
KWWS���ZZZ�FV�XFVG�HGX�XVHUV�PLKLU�SDSHUV�WFU�KDVK�KWPO���
��
>&��@�5DQ�&DQHWWL��³7RZDUGV�5HDOL]LQJ�5DQGRP�2UDFOHV��+DVK�)XQFWLRQV�7KDW�+LGH�$OO�3DUWLDO�
,QIRUPDWLRQ´��$GYDQFHV�LQ�&U\SWRORJ\�±�&U\SWR����3URFHHGLQJV��SS������������������
�
>&)��@�5DQ�&DQHWWL�DQG�0DUF�)LVFKOLQ��8QLYHUVDOO\�FRPSRVDEOH�FRPPLWPHQWV��,Q�-��.LOLDQ��HGLWRU��
$GYDQFHV�LQ�&U\SWRORJ\���&U\SWR�������SDJHV��������%HUOLQ��������6SULQJHU�9HUODJ��/HFWXUH�1RWHV�LQ�
&RPSXWHU�6FLHQFH�9ROXPH�������
�
>&*+1��@�5DQ�&DQHWWL��5RVDULR�*HQQDUR��$PLU�+HU]EHUJ�DQG�'DOLW�1DRU��3URDFWLYH�6HFXULW\��/RQJ�
WHUP�3URWHFWLRQ�$JDLQVW�%UHDN�LQV��56$�&U\SWR%\WHV��9ROXPH����1R�����������
�
>&05��@�5��&DQHWWL��'��0LFFLDQFLR�DQG�2��5HLQJROG���3HUIHFWO\�2QH�:D\�3UREDELOLVWLF�+DVK�
)XQFWLRQV���3URFHHGLQJV�RI���WK�672&��������
>'D��@�,YDQ�%��'DPJnUG��$�GHVLJQ�SULQFLSOH�IRU�KDVK�IXQFWLRQV��$GYDQFHV�LQ�&U\SWRORJ\�±�SURF��RI�



$PLU�+HU]EHUJ� 3DJH���� ����������

&U\SWR�
����/HFWXUH�1RWHV�LQ�&RPSXWHU�6FLHQFH��9ROXPH������6SULQJHU�9HUODJ��1HZ�<RUN��������SS��
����������
>''1��@�'DQQ\�'ROHY��&\QWKLD�'ZRUN��DQG�0RQL�1DRU��1RQ�PDOOHDEOH�FU\SWRJUDSK\��,Q�3URFHHGLQJV�
RI�WKH���UG�6\PSRVLXP�RQ�7KHRU\�RI�&RPSXWLQJ��$&0�672&��������
�
>')��@�<��'HVPHGW�DQG�<��)UDQNHO��7KUHVKROG�FU\SWRV\VWHPV��,Q�$GYDQFHV�LQ�&U\SWRORJ\��&U\SWR�
����
SDJHV�����������������
�
>'R��@�+DQV�'REEHUWLQ��&U\SWDQDO\VLV�RI�0'���-RXUQDO�RI�&U\SWRORJ\��9ROXPH�����1XPEHU������������
�
>'33��@�,YDQ�%��'DPJnUG��7RUEHQ�3��3HGHUVHQ��%LUJLW�3ILW]PDQQ��2Q�WKH�([LVWHQFH�RI�6WDWLVWLFDOO\�
+LGLQJ�%LW�&RPPLWPHQW�6FKHPHV�DQG�)DLO�6WRS�6LJQDWXUHV��&U\SWR�
����/1&6������6SULQJHU�9HUODJ��
%HUOLQ����������������
�
>'33��@�,YDQ�%��'DPJnUG��7RUEHQ�3��3HGHUVHQ��%LUJLW�3ILW]PDQQ��6WDWLVWLFDO�6HFUHF\�DQG�0XOWL�%LW�
&RPPLWPHQWV��,(((�7UDQVDFWLRQV�RQ�,QIRUPDWLRQ�7KHRU\������������������������
�
>(*��@�6��(YHQ�DQG�2��*ROGUHLFK��2Q�WKH�3RZHU�RI�&DVFDGH�&LSKHUV��$&0�7UDQVDFWLRQV�RQ�&RPSXWHU�
6\VWHPV��9RO�����������SS�����������
�
>),3���@�1DWLRQDO�,QVWLWXWH�RI�6WDQGDUGV�DQG�7HFKQRORJ\��)HGHUDO�,QIRUPDWLRQ�3URFHVVLQJ�6WDQGDUGV�
3XEOLFDWLRQ��),36�3XE��������6HFXUH�+DVK�6WDQGDUG��6+$�����$SULO����������������SDJHV��
�
>*R��@�2GHG�*ROGUHLFK��7KH�)RXQGDWLRQV�RI�&U\SWRJUDSK\��9ROXPH����%DVLF�7RROV���,6%1�������
���������&DPEULGJH�8QLYHUVLW\�3UHVV��-XQH�������
�
>*R��@�2GHG�*ROGUHLFK��)UDJPHQWV�RI�D�&KDSWHU�RQ�(QFU\SWLRQV�6FKHPHV��([WUDFWV�IURP�ZRUNLQJ�
GUDIWV�RI�9ROXPH����7KH�)RXQGDWLRQV�RI�&U\SWRJUDSK\���
�
>*,/��@�2��*ROGUHLFK��5��,PSDJOLD]]R��/��/HYLQ��5��9HQNDWHVHQ��'��=XFNHUPDQ���6HFXULW\�SUHVHUYLQJ�
DPSOLILFDWLRQ�RI�UDQGRPQHVV�����VW�$QQXDO�6\PSRVLXP�RQ�)RXQGDWLRQV�RI�&RPSXWHU�6FLHQFH��,(((�
&RPSXWHU�6RFLHW\�3UHVV�������������������
�
>+��E@�$PLU�+HU]EHUJ��,QWURGXFWLRQ�WR�6HFXUH�&RPPXQLFDWLRQ�DQG�&RPPHUFH�XVLQJ�&U\SWRJUDSK\��
&KDSWHU���±�&U\SWRJUDSKLF�IXQFWLRQV�ZLWKRXW�VHFUHW�NH\��GUDIW�RI�ERRN�WR�EH�SXEOLVKHG�E\�3UHQWLFH�+DOO��
DYDLODEOH�RQOLQH�DW�KWWS���DPLU�KHU]EHUJ�QDPH�ERRN�KWPO���
�
>+,//��@�-RKDQ�+DVWDG��5XGLFK�,PSDJOLD]]R��/HRQLG�$��/HYLQ��DQG�0LNH�/XE\��&RQVWUXFWLRQ�RI�D�
3VHXGRUDQGRP�*HQHUDWRU�IURP�DQ\�2QH�:D\�)XQFWLRQ��6,$0�-RXUQDO�RQ�&RPSXWLQJ��9RO������1R�����
SS��������������������
�
>+/��@�+HU]EHUJ��$���/XE\��0����3XEOLF�5DQGRPQHVV�LQ�&U\SWRJUDSK\���SURFHHGLQJV�RI�&5<372�
������,&6,�WHFKQLFDO�UHSRUW�75���������2FWREHU��������
�
>+0��@�6��+DOHYL�DQG�6��0LFDOL���3UDFWLFDO�DQG�3URYDEO\�6HFXUH�&RPPLWPHQW�6FKHPHV�IURP�&ROOLVLRQ�
)UHH�+DVKLQJ���LQ�$GYDQFHV�LQ�&U\SWRORJ\���&5<372����/HFWXUH�1RWHV�LQ�&RPSXWHU�6FLHQFH�������
6SULQJHU�9HUODJ��������SS������������
�
>0H��@�5�&��0HUNOH��2QH�ZD\�KDVK�IXQFWLRQV�DQG�'(6��$GYDQFHV�LQ�&U\SWRORJ\�±�SURF��RI�&U\SWR�
����
/HFWXUH�1RWHV�LQ�&RPSXWHU�6FLHQFH��9ROXPH������6SULQJHU�9HUODJ��1HZ�<RUN��������SS�����²�����
EDVHG�RQ�3K�'��WKHVLV��6WDQIRUG���������
�
>00��@�8�0��0DXUHU�DQG�-�/��0DVVH\��&DVFDGH�FLSKHUV��WKH�LPSRUWDQFH�RI�EHLQJ�ILUVW��-RXUQDO�RI�
&U\SWRORJ\��9RO�����1R�����SS����������������
�
>1<��@�0RQL�1DRU��0RWL�<XQJ��8QLYHUVDO�2QH�ZD\�+DVK�)XQFWLRQV�DQG�WKHLU�&U\SWRJUDSKLF�
$SSOLFDWLRQV���� § ¨ �6\PSRVLXP�RQ�7KHRU\�RI�&RPSXWLQJ��672&���������$&0��1HZ�<RUN��SS���������
�
>3%'��@�%DUW�3UHQHHO��$QWRRQ�%RVVHODHUV��DQG�+DQV�'REEHUWLQ��7KH�FU\SWRJUDSKLF�KDVK�IXQFWLRQ�
5,3(0'������56$�/DERUDWRULHV�&U\SWR%\WHV�QHZVOHWWHU�������������$XWXPQ��������$OVR�VHH�$��



$PLU�+HU]EHUJ� 3DJH���� ����������

%RVVHODHUV��+��'REEHUWLQ��%��3UHQHHO���7KH�5,3(0'�����FU\SWRJUDSKLF�KDVK�IXQFWLRQ���'U��'REE
V�
-RXUQDO��9RO������1R�����-DQXDU\�������SS����������
�
>5��@�5RQDOG�5LYHVW���7KH�0'��PHVVDJH�GLJHVW�DOJRULWKP���,QWHUQHW�5)&�������������
KWWS���WKHRU\�OFV�PLW�HGX�ULYHVW�5LYHVW�0'��W[W��
�
>6K��@�$GL�6KDPLU��+RZ�WR�6KDUH�D�6HFUHW��&RPPXQLFDWLRQV�RI�WKH�$&0�����������SS������������
�


