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Abstract. It is well known that the degree of a 2m-variable bent func-
tion is at most m. However, the case in homogeneous bent functions
is not clear. In this paper, it is proved that there is no homogeneous
bent functions of degree m in 2m variables when m > 3; there is no
homogenous bent function of degree m — 1 in 2m variables when m > 4;
Generally, for any nonnegative integer k, there exists a positive integer
N such that when m > N, there is no homogeneous bent functions of de-
gree m — k in 2m variables. In other words, we get a tighter upper bound
on the degree of homogeneous bent functions. A conjecture is proposed
that for any positive integer k > 1, there exists a positive integer IV such
that when m > N, there exists homogeneous bent function of degree k
in 2m variables.
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1 Introduction

Boolean functions have been of great interest in many fields of engineering and
science, especially in cryptography. Boolean functions with highest possible non-
linearity are called bent functions, which was first proposed in [11] by Rothaus.
As bent function has equal Hamming distance to all affine functions, it plays
an important role in cryptography (in stream-ciphers, for instance), error cor-
recting coding, and communication (modified into sequence used in CDMA[6]).
Many works[5,11, 1,2, 13, 14] have been done in construction of bent functions
and classification of bent functions.

Recently, several papers [10, 4, 12] on homogeneous functions have been pub-
lished. Qu, Seberry and Pieprzyk discussed homogeneous bent functions of de-
gree 3 in [10]. For 6-variable Boolean functions, there are 20 monomials of degree
3, so there are homogeneous Boolean functions of degree 3. It is easy to check
each one of all these functions to see if they are bent functions. Using this method
the authors gave all 30 homogeneous bent functions of degree 3. The authors also
pointed out that the identified homogenous bent functions exhibited interesting
combinatorial structure. From the paper [10], the following problems arise nat-
urally: is there 8-variable and 10-variable homogeneous bent function of degree
3?7 The upper bound on the degree of 2m-variable bent functions is m, which
is a well-known result by Rothaus in [11]. Is it still true in homogeneous bent
functions case? These two problems were solved in papers[4, 12]. In [4] by estab-
lishing the connection between invariant theory and the theory of bent function,



Charnes, Rotteler and Beth gave some homogeneous bent functions of degree 3
in 8,10 and 12 variables with prescribed symmetry group action. And thus they
proved the existence of homogeneous bent functions of degree 3 in 2m variables
when m > 2. In [12] using difference sets it was proved that there exists no
homogeneous bent function of degree m in 2m variables when m > 3. In other
words, the upper bound on the degree of homogeneous bent function is at most
m — 1 . But we don’t know whether or not that bound is a tight bound. Also
we don’t know whether or not there exist homogenous bent functions of other
degree.

In this paper, the nonexistence of several kinds of homogeneous bent func-
tions are proved and thus we get a tighter bound on the degree of homogeneous
bent functions than the result in [12]. We first describe the relationship between
the Walsh spectra of a Boolean function at partial points and the Walsh spec-
tra of its sub-functions, and then describe a method to calculate the Hamming
weight of the truth table of a homogenous Boolean function. Based on the just
mentioned relationship and method, it is proved that there exists no homoge-
neous bent function of degree m in 2m variables when m > 3; there is no homo-
geneous bent function of degree m — 1 in 2m variables when m > 4; Generally
for any nonnegative k, there exists a positive integer N such that when m > N,
there is no homogeneous bent function of degree m — k in 2m variables. And the
relationship among the parameters k, N, m is given too. In other words, we get
a tighter bound on the degree of homogeneous bent functions. To the problem
that whether or not there exist homogeneous bent functions of other degree, we
propose a conjecture that for any integer k£ > 1, there exists a positive integer
N such that when m > N, there exist homogeneous bent functions of degree k
in 2m variables.

The rest of the paper is organized as follows: in section 2 some basic defi-
nitions and notations is described. In section 3 the main results are given and
finally a short conclusion is made in section 4.

2 Preliminary

For each subset s C {1,2,---,n}, there exists a corresponding vector s =
(81,82, ,8,) of dimension n by letting s; = 1 if element 7 is in s else letting
s; = 0. And a vector (s1, 82, -, s,) can be denoted by a integer s whose 2-adic
expansion is just the vector (s1, 2, -+, $n), where s; take value 0 or 1. Obviously,
the set, the vector and the integer are isomorphic. So in this paper, if confusion
is not caused, we will use the three notations for description convenience. Denote
by F the Galois field with two elements {0, 1} and denote by F3' the vector space
over Fy. Denote by p, = Fo[tn, 1, ", 21]/(®2 — 2y, -, 2% — 1) the algebra
of all functions F3' — Fy. For each subset s C {1,2,---,n}, denote [[,c, =i € pn
by x®. The algebraic normal form of a Boolean function F3' — F; can be written

as f(x) = Zi:gl asz®, where ag € Fy. The degree of f(z) is defined by

H(s),

max
s€{0,1,---,2" —1},as#0



where H(s) is the Hamming weight of vector s. For simplicity, the Hamming
weight of the truth table of a Boolean function is called the Hamming weight of
the Boolean function. .

A function f(x) = Zizal asz®, where as = 0 if H(s) # r, is called a homo-
geneous function of degree r.

Definition 1[11]. Let f(z),z € F3 be a Boolean function, where z =
(T X1, 5 21), W = (Wp, Wp—1, -+, w1). And w -z = wyx) + 2w + -+ +
Tpwy, € Fy is the dot production of w and x. Define

spw)= Y fl@) (=)

wEFy

be the Walsh spectrum of f(z) at point w.
The transform is called the Walsh transform.
Definition 2[11]. Let f(z),z € F3 be a Boolean function. If for any w €
Fr, |Z$6F;(fl)f(z)(fl)w'z| = 2"/2 then f(x) is called a bent function.
By definition 1 and 2, it is easy to get that f(x) is a bent function if and only
if
5p(0) = 22 £ 27271 s i (w) = £2V271 for  w #0.

3 The bound on the degree of homogeneous bent
functions

Lemma 1 [7]. Let

2k -1
f(xnaxnflv T axl) = Z 5111‘ (:C’)fi(l'//),
=0
Where J’J = (xnaxn—:h e ,mn—k+l)7 '/E” = (mn—kvxn—k—la e ax1)7 fi('r”) : F2’Vl—k -
Fy,i = 0,1,---,2% — 1, the integer representation of a; € F¥ is i, J,,(2') =
1,a; =2
{07 a £ then
[sf(aOv w//)7 sf(al, U)/I), T Sf(a2k—17 w//)]T
= Hy, [Sfo (w/l)’ S (’UJN)7 S fok (w/,)}T7 (1)

where w = (w',w"),w” € Fy~F.
Remark: especially, in formula (1), let w” = 0, then

[Sf(a‘070)’ Sf(a1, 0)7 Tty Sf(GQkfla 0)]T

= H[s5,(0), 57,(0), -+ 57, (0)]7 (2)

The spectrum s (a;,0) is the Walsh spectrum of f(x) at the point (a;,0), while
st,(0) is the Hamming weight of the sub-function f;(z”)(here f;(z") is called
the sub-function of f(z)). The idea of this lemma can be found in several other
papers [5,1, 3] in different forms.



3.1 The nonexistence of homogeneous bent function of degree m in
2m variables when m > 3

Theorem 1[8]. Let n = 2m be an even integer. When m > 3, there exists no
homogeneous bent function of degree m in n variables.

This result can also be found in [12], but the method in [8] is completely
different from [12]. Furthermore, with the method in [8], some profounder re-
sults can be obtained easily in the following parts. Here we list the result for
completeness on upper bound of homogenous bent functions.

3.2 The nonexistence of homogeneous bent function of degree
m — 1 in 2m variables when m > 4

Lemma 2. If f(x) is an n-variable homogeneous function of degree n — 2, then
the Hamming weight of the function is at most n(n —1)/2 +n + 1.

Proof: For an n-variable homogenous Boolean function, it can be written into
the following form

n(n—1)/2
f(xn7xn717"'axl) = Z Cigi(x)7

i=1

where ¢; € Fy and {g;(z)|i = 1,2,---,n(n — 1)/2} is the set of all monomials
of degree n — 2 in n variables. Among the set {0,1,---,2" — 1} from which x
takes value, there are C" 2 = n(n — 1)/2 elements with Hamming weight equal
to n — 2, and there are C"~! + C" = n + 1 elements with Hamming weight
above n — 2. Now let x take values whose Hamming weight > n — 2, compute
the value of function f(x). It is easy to see the Hamming weight of an n-variable
homogeneous function of degree n — 2 is at most n(n —1)/2 +n + 1.

Lemma 3[9]. There exists no homogeneous bent function of degree 4 in 10
variables.

The proof of this lemma is omitted here for brevity.

Theorem 2. Let n = 2m be an even integer. When m > 4, there exists no
homogeneous bent function of degree m — 1.

Proof: On one hand, in formula (2), let k¥ = m — 1, the function f(x) is
divided into 2™~! sub-functions of m + 1 variables. When

s¢(ag,0) = 2™ —2n/271

and
Sf(aiyo) = _271/2*171' = 172a o '72m71 - 17

the spectrum

om—1l_1
1 _
sf0<0) = om—1 Z Sf(ai70) =2m~!
=0

is the minimum value, which is also the minimum Hamming weight of the first
sub-function by the remark of lemma 1.



On the other hand, by lemma 2, the Hamming weight of any m + 1-variable
homogeneous function of degree m — 1 is at most m(m+1)/2+m+ 2. It is easy
to see that when m > 5 the following inequality holds:

2t > m(m+1)/24+m +2. (3)

That is, when m > 5, all homogeneous functions of degree m — 1 in m + 1
variables cannot satisfy the necessary condition of a bent function. By lemma
3, there exists no homogeneous bent function of degree 4 in 10 variables. So the
theorem is proved. End.

A more general result is described in the following theorem.

Theorem 3. For any nonnegative integer k, there exists a positive integer N
such that when m > N, there exists no 2m-variable homogeneous bent function
of degree m — k.

Proof: On one hand, in formula (2) a 2m-variable function can be divided
into 2™~1 sub-functions in m + 1 variables. Similar to the case in theorem 2, the
Hamming weight of the first sub-function of a bent function is at least 2™~1.

On the other hand, for any a m + 1-variable homogeneous Boolean function
of degree m — k, it can be written into

m—k
Cm+1

i=1

where ¢; € Fy and {g;(x)]i = C’m+1 is the set of all monomials of
degree m —k in m+1 variables Among the set {0,1,---,2"™ — 1} from which z
takes value, there are C" F mr1 elements with Hamming Welght equal to m —k, and
there are C) +f ticom +f+2 +C 1 elements with Hamming weight above
m — k. Now let = takes the values whose Hamming weight > m — k, compute
the value of function f(x). It is easy to see the hamming weight of homogeneous

functions of degree m — k in m + 1 variables is at most

m—Fk m k
Cm-‘rl + Cm+1+1 C’m—tll CO m+1 + C1m+1 + - Cmill'
When
2" > Cpyy + Cpgr + - + Oy, (4)

there exists no homogenous bent function. For any given nonnegative integer
k, it is easy to prove that there exists an integer N such that when m > N,
the formula (4) holds. That is, all homogeneous functions cannot satisfy the
necessary condition of a bent function. End.

Remark:

1). Let k = 2, there exists N = 8, such that when m > 8, there exists no
2m-variable homogeneous bent function of degree m — 2. Similarly k can take
values 3,4, - --. Obviously, in the case of homogeneous bent function, the upper
bound of degree is not fixed, but varies according to the number of variables.
That is, the degree bound of homogeneous bent function is more complex than
the case of bent functions.



2). We also should notice that the parameter N obtained by formula (4) is
not tight. This can be seen from the following fact: for k¥ = 1, by formula (4), we
get N = 5, but by theorem 2, we get N = 4. Thus other method, like the method
in [9], is needed if we want to obtain a tight bound. Naturally or intuitively, we
conjecture that for any integer k > 1, there exists an integer N such that when
m > N, there exist 2m-variable homogeneous bent functions of degree k.

4 Conclusion

In this paper, we get several results on the nonexistence of homogeneous bent
functions of special kinds. In other words, we get tighter bound on the degree
of homogenous bent functions than the result in paper [12]. However the exact
upper bound is still under research. Intuitively we proposed a conjecture that
for any integer k > 1, there exists a positive integer N such that when m > N,
there exist homogeneous bent functions of degree k in 2m variables. To prove
this conjecture, we plan to construct a homogeneous bent function of degree 4
first and then to prove the conjecture.
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