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Abstract. Recently, balanced 15-variable Boolean functions with 
nonlinearity 16266 were obtained by suitably modifying unbalanced 
Patterson-Wiedemann (PW) functions, which possess nonlinearity      
2n–1–2(n–1)/2 + 20 = 16276. In this short paper, we present an idempotent 
(interpreted as rotation symmetric Boolean function) with nonlinearity 
16268 having 15 many zeroes in the Walsh spectrum, within the 
neighborhood of PW functions. Clearly this function can be 
transformed to balanced functions keeping the nonlinearity and 
autocorrelation distribution unchanged. The nonlinearity value of 16268 
is currently the best known for balanced 15-variable Boolean functions. 

1 Introduction 

The problem of constructing balanced Boolean functions on odd number of 
variables having nonlinearity greater than the bent concatenation bound of      
2n–1 – 2(n–1)/2, is an important open question in the related literature [7, 9, 10] 
and the references therein. Recently, in [9], balanced 15-variable Boolean 
functions with nonlinearity 215−1 – 2(15−1)/2 + 10 = 16266 were obtained by 
systematically modifying the structure of the PW functions in the space of 
rotation symmetric Boolean functions (RSBFs). Notice that the idempotents 
can be seen as RSBFs with proper choice of basis [1, 2]. Before [9], the 
structure of the PW functions had been modified using heuristic search to get 
balanced Boolean functions having nonlinearity 215−1 – 2(15−1)/2 + 6 = 16262 on 
15-variables [7, 10]. Here, we present a 15-variable Boolean function f : 
GF(2n) → GF(2), which is idempotent (i.e., f (α2) = f (α) for any α∈GF(2n)) 
with nonlinearity 215−1 – 2(15−1)/2 + 12 = 16268 and 15 many zeroes in its 
Walsh spectrum.  
    We use the steepest-descent like search strategy that first appeared in [5] 
and later modified for a search in the class of RSBFs [6]. We initialize the 
algorithm with PW functions, and find the function with nonlinearity 16268 
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and 15 many Walsh zeroes in the neighborhood of PW functions. Clearly this 
function can be transformed to balanced functions keeping the nonlinearity 
and autocorrelation distribution unchanged. The nonlinearity value of 16268 
is the best known till date for balanced 15-variable Boolean functions and 
improves the result in [9].  

2 Background 

Let f : GF(2n) → GF(2) be a Boolean function and ζ ∈ GF(2n) be a primitive 
element. The Patterson-Wiedemann construction [8] can be interpreted in 
terms of the interleaved sequence [3] obtained from the 2n−1 elements of the 
truth table of f organized in a specific way. The ordered sequence {f (1), f (ζ), 
f (ζ2), ..., f (ζ2n−2)} is called the sequence associated to f with respect to ζ. 
Conversely, if A={a0, a1, ..., am−1} where m=2n−1, the function f with f (ζi)=ai 
for i = 0, 1, ..., m−1 and f (0)=0, is called the function corresponding to the 
sequence A with respect to the primitive element ζ [3].  
 
Definition 1. Suppose m is a composite number such that m = d.k where d and 
k are both positive integers greater than 1, A is a binary sequence {a0, a1, ..., 
am−1} where ai ∈ {0, 1} for all i, then the (d, k)-interleaved sequence Ad,k 
corresponding to the binary sequence A is defined as  
 
 
 a0 a1 a2   ... a(d−1) 
 ad a1+d a2+d   ... a(d−1)+d 
 a2d a1+2d a2+2d        ... a(d−1)+2d  
Ad,k =    . . .    . . 
 . . .    . . 
 a(k−1)d a1+(k−1)d a2+(k−1)d   ... a(d−1)+(k−1)d 
 
 
    Let m = 2n−1 = d.k, then for any function f : GF(2n) → GF(2) and a 
primitive element ζ ∈ GF(2n), an interleaved sequence Ad,k can be constructed 
such that ai+λd = f (ζi+λd) for all i = 0, 1, 2, ..., d−1 and λ = 0, 1, 2, ..., k−1. This 
interleaved sequence is called the (d, k)-interleaved sequence corresponding to 
f with respect to ζ. The Patterson-Wiedemann construction is formally 
described as follows [3, 4]. 
 
Definition 2. Let n be a positive odd integer such that n = t.q where both t and 
q are primes and t > q. Let the product K = GF(2t)*.GF(2q)* be the cyclic 
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group of order k = (2t−1)(2q−1) in GF(2n). Let 〈φ2〉 be the group of Frobenius 
automorphisms where φ2 : GF(2n) → GF(2n) is defined by x → x2. We call a 
function f “Patterson-Wiedemann type” if it is invariant under the action of 
both K and 〈φ2〉. 
 
    Let {0, 1, 2, ..., d−1} be the set of column numbers of the (d, k)-interleaved 
sequence of a Boolean function. The equivalence relation between the 
columns i and j, denoted by ρd is defined as follows: 
 

i ρd j ⇔ there exists a positive integer s such that i ≡ j⋅2s mod d. 
 
    From Definition 2, it is deduced that (d, k)-interleaved sequence of a PW 
function consists of either all 0 or all 1 columns, since it is invariant under the 
action of K. Further, the columns in each equivalence class with respect to ρd 
have the same value because of the invariance of the PW function under the 
action of 〈φ2〉. 
    For n=15, as the PW functions can be described by (151, 217)-interleaved 
sequences [3]; partitioning the columns (0, 1, 2, ..., 150) with respect to the 
equivalence relation ρd, one obtains 11 equivalence classes. In the search 
space of size 211, there are four PW functions achieving the nonlinearity 
values of 16268 and 16276. For each nonlinearity, there exist exactly two PW 
functions which are not affine equivalent.   

3 The 15-variable Function 

    We refer to [6] for basic definitions of nonlinearity, Walsh spectrum, 
Rotation Symmetric Boolean Functions RSBFs and the search strategy. 
    We first apply change of bases to get RSBF forms of the PW functions as 
in [9], using the primitive polynomial p(x) = x15 + x + 1 over GF(2) and the 
normal basis of ζ(2i⋅29) mod (215−1)  for i = 0, 1, ..., 14 where ζ ∈ GF(215) is a 
primitive element. 
    We use our steepest-descent like search strategy adapted for a search in the 
class of RSBFs [6]. By setting the maximum iteration number to 60,000, we 
make four runs of the algorithm initialized with each of the four PW functions 
mentioned above. One of these runs has yielded a 15-variable RSBF having 
nonlinearity 16268 and 15 many Walsh zeroes at the 46,869th iteration step. 
Now we present this function after describing the initial PW function:  
    Let us denote the smallest column number in the j th equivalence class by l j, 
where j = 0, 1, ..., 10. Then, l j’s are obtained as (0, 1, 3, 5, 7, 11, 15, 17, 23, 
35, 37), for j = 0 to 10 as in [3]. Consider the PW function of nonlinearity 
16268 with truth table values (1, 0, 0, 1, 0, 1, 1, 0, 1, 0, 1) corresponding to 
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columns numbered (l0, l1, ..., l10). Notice that the PW functions do not contain 
any zeroes in the Walsh spectrum. We transform this function to an RSBF and 
use it to initialize the algorithm. The search strategy toggles the truth table of 
the PW function corresponding to the following 20 orbits, ranked in the order 
of increasing orbit leaders: 
 
(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) of size 1, 
(0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 1, 1, 1) of size 15, 
(0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 1, 1, 0, 1) of size 15, 
(0, 0, 0, 0, 1, 1, 0, 0, 1, 1, 1, 1, 1, 0, 1) of size 15, 
(0, 0, 0, 0, 1, 1, 1, 1, 1, 0, 1, 1, 1, 1, 1) of size 15, 
(0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1, 1) of size 15, 
(0, 0, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0, 1, 1, 1) of size 15, 
(0, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1, 0, 1, 1, 1) of size 15, 
(0, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 1) of size 15, 
(0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1) of size 5, 
(0, 0, 0, 1, 1, 0, 0, 1, 0, 0, 1, 1, 1, 1, 1) of size 15, 
(0, 0, 1, 0, 0, 1, 0, 0, 1, 1, 1, 0, 1, 1, 1) of size 15, 
(0, 0, 1, 0, 1, 0, 0, 1, 0, 1, 0, 0, 1, 0, 1) of size 5, 
(0, 0, 1, 0, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 1) of size 15, 
(0, 0, 1, 0, 1, 0, 1, 1, 1, 0, 0, 1, 0, 1, 1) of size 15, 
(0, 0, 1, 1, 1, 0, 0, 1, 1, 1, 0, 0, 1, 1, 1) of size 5, 
(0, 0, 1, 1, 1, 1, 1, 0, 1, 1, 0, 1, 0, 1, 1) of size 15, 
(0, 1, 0, 1, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 1) of size 5, 
(0, 1, 1, 1, 1, 0, 1, 1, 1, 1, 0, 1, 1, 1, 1) of size 5, 
(1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) of size 1. 
 
The resulting 15-variable RSBF (say f ) has nonlinearity 16268 and 15 many 
zeroes in its Walsh spectrum corresponding to the orbit represented by           
w = (0, 0, 0, 0, 1, 1, 1, 0, 1, 1, 0, 0, 1, 0, 1). Then f ′(x) = f (x) ⊕ u⋅x will be 
balanced, if u is an element of the orbit represented by w. The nonlinearity 
value of 16268 is the best known till date for balanced 15-variable Boolean 
functions and improves the nonlinearity result in [9]. The rotation symmetric 
truth table (RSTT) of the function f is given in the appendix. 
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Appendix                                                                                    
Rotation Symmetric Truth Table (RSTT) of the 15-variable 

Function with Nonlinearity 16268 and 15 many Walsh Zeroes 
 
 


