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Abstract: We give a lower bound on the number of homogeneous rotation symmetric
functions over finite field GF(p) by finding solutions of an equation system. Furthermore, we
give a formula to count homogeneous rotation symmetric functions with prime degree more
than 3, which partially solve the open problem in [7].
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1. Introduction

In [1], Pieprzyk and Qu studied some functions, which they called rotation symmetric (RotS), as
components in the rounds of a hashing algorithm. This class of functions is invariant under
circular translation of indices, and it is clear that this class of functions is very rich in terms of
many cryptographic properties such as nonlinearity and correlation immune. In[2-4], Stanica,
Maitra and Clark gave out many counting results of RotS Boolean functions. They also
investigated the correlation immune property of such functions. Dalai and Maitra studied RotS
bent function in [5]. Maximov, Hell and Maitra got many interesting results on plateaued RotS
functions in [6]. Yuan Li extended the concept of RotS from GF(2) to GF(p) , and got many results
about their cryptographic properties and enumeration [7]. In this paper, by studying RotS functions
over GF(p), we give a lower bound on the number of homogeneous RotS functions over GF(p),
and one of the open problems in [7] is partially solved.

2. Preliminaries

In this paper, p is a prime number. Let GF(p) be the finite field of p elements, and GF(p)" be the
vector space of dimension n over GF(p). An n-variable function f (X, X,,-+,X,) can be seen as a
multivariate polynomial over GF(p), that is,

p-1

FOGX X)) = D, o X x

Y1:Y2. Yn =0

where the coefficients ay vy is a constant in GF(p). This representation of f is called the

WY
algebraic normal form (ANF) of f . The number Yy, +Y, +---+ Y, will be defined as the degree
of erma, , . XX - - X" with nonzero coefficient a, y, ..y - The greatest degree of all the

terms of f is called the Algebraic degree, denoted by deg(f). If the degrees of all the terms of f are
equal, then we say f is homogeneous.
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If X, € GF(p) forl<i<n.and0<k <n-1, we define
p:(xi):{

Let X =(X,X,, **, X,) € GF(p)". Then we can extend the definition of p* on tuples and

X, Ifi+k<n

X if i+k>n

i+k-n

monomials as follows:

p:(XﬂXZ"“’Xn) = (p:(xl)’prlf(xz)”p:(xn))
and

Py (X%, %) = (3 (3))" (7 (%)) -+ (o5 (X,)) "

Definition 1 A function f (X, X,,---, X,) over GF(p)" is RotS if for each input

(X, Xy, X,) € GF(R)", f (o0 (X, X, %)) = F (X, %,,++, X, ) forany 0<k <n-1.

3. Enumeration of Homogeneous RotS Functions

In this section, we will do some enumeration on homogeneous RotS functions over GF(p). We
start with the definition of the minimal function. A function f (X, X,,-++, X,) is the minimal

function of monic monomial X" X,” -+ X " if f (X, X,,-+, X, ) has the form

f (X1| Xgl"'vxn) = Z:‘:_;prl: ()(1),1)(2),2 ”'Xnyn)
where N = #{pf (x %, ---x, ") |0 <k <n-1}.

Definition 2 A monic monomial X, X, --- X, over GF(p)" is analogous to X" X,” -+- X " if

{y1!yzi"'!yn}:{zl’ZZ!“"Zn}

Considering the equation system 2
Vit Y, oty =d
Q<0< yn < yn—lg'“S y2 < ylS p_l
y,eZ forall 1<i<n

Let the number of solutions of the equation system€2 is N, , and the solutions are

(yl(l)’ yz(l)’_,_, yn(1)) ’(yl(Z), y2(2),,_,’ yn(Z))’._, ’(yl(NQ)’ yZ(NQ)’,__, yn(NQ))z(ly,,_’]_’O,,,,’0)

d

Lemma 1 Letm!” (0 <i < p—1) be the number of times that i appears in{y,"”, y,"",---, y O},

N n!

then the number of monic monomials with degree d iszjfl DITOT or
m Y Im 1. mp

Proof. For a fixed j and corresponding solution (yl(j), yz“) XN yn(j)) , then the number of monic

. yl(i) yz(i) y (1,
monomials analogous to X, = X,”>  «+- X"



(i) -1 ()
[n J n-m”) n—E om n!
() j i T Im T m
m:” J{ m{P m{ m P Im;P 1.emil

Ng n!
i=L () 1y () iy
Pm Imy e mp

so the number of monic monomials with degree d is Z

Theorem 1 Let NUM ; be the number of n-variable homogeneous Rots functions over GF(p) with

yho_ (b
i D im0 1m(D
degreed,then NUM, > p Mg emD g

Proof. Let T, be the number of minimal functions with degree d. Note that a homogeneous Rots

function f (Xl, Xpyte, Xn) with degree d is a nonzero combination of degree d minimal function.
That is

f(xl’XZ"“’Xn) :Z:zlagmgm(xi’xﬂ.”’xn)

where &, €GF(p)", g,,(X,X,, "+, X,) are minimal functions with degree d.

Dx , then it has all the terms of the

.. . (§)]
If a minimal function has the term X~ X, .

set{p’ (lel(” Xzyz(j) ---Xny"“)) |0 <k <n-1}, Itis easy to show that

#{oh (¢

. . . N n! N n-1)!
monomlaI5W|thdegreed|SZ:J_31 GEPNOX (J.“,sonszj:l (i)l((i)|) oy
m 7 Im,” 1...m V1 m 7 Im,” 1...m V1

(i)

(1) .
X, 7 e x "Y0<k <n—1}<n.From lemma 1 we know the number of monic

ZNQ (n-1)!

j=1 ml(i)!mgj)!...mgj)! _l

Since the constant 0 function is not counted, we get NUM, > p O

(§)) (i)

Note that if n is a prime, then #{of (X" X,” --Xny"(j)) |0<k <n-1}=n forany

1< J< N, so we have the following Corollary.
Corollary 1 The lower bound in Theorem 1 can be reached if n is a prime number.

Theorem 2 If d is a prime number. The number of n-variable homogeneous Rots functions over
No-1 (n=1)! I (n-1y }
-1

= D im{D.m(D1 | (n—d)td!

GF(p) with degreed is p

Proof . Letm{? (0 <i < p —1) be the number of times that i appears in {y,"”,y,",---,y '},

We distinguish two case.

Case 1:
(i)

1S J S NQ _11 then#{p: ()(1y1 X2y2(j) "'Xnyn(j))lo S k S n_1}= n
Otherwise, if#{p (x" " x," ---x *")|0<k <n-T}=N <n
Then N [n, and p:, (lel(j)XZyz(j) --'Xny"(j)) _ Xiyl(j)Xzyz(j) "'Xnyn(j)



(1) (1) (1) (1 (1) (1) (1) (1) (1)
_— Y1 Yo .oy YN Yn-N+1 Ynon+2 L. Yo oy N Y2 .y O
XN +1 XN +2 Xn XZI. XZ XN - XZI. XZ Xn

N i 2N i n i
(5 _ () _ ... _ (1
= Zj:l Yo = Zj:N+l Yoo == Zj:n—N Y1

. N i N i . . . .
Itis clear tha'[Z:j=l yl(” #1 and ZH yl(‘) | d, This contradict the fact that d is a prime

number.
Ng n! ) . - .
There are z ) - . — monic monomials, so the number of minimal function
j=1 m(J) |m(J) |“.m(l) |
1 =2 - n -
(n=1)!

. d-1
5
J

DM @1

Case 2:

j=N,,, then(y, M), y,Ma) ...y Medy=(1 ...10,.--,0)
[S—

d
n!

(n—d-)!d!

We know there are degree d monic monomials,

. . . n . .
Ifd | n, Then there is only one minimal function has the H term monic monomials, the other

minimal functions have the n term monic monomials, the number of minimal functions is

1(”—!—§)+1=[MW

n (n-d)!d! (n—d)!d!
If d1n, then all minimal functions have the n term monic monomials, the number of minimal
n-1)!
functions is g
(n—d)!d!

- n-1)! n-1)!

so the total number of minimal functions is zd ' - ( - ) — + ( ) , then we
M mP 1. mP1 | (n—d)!d!

get the count. 0

Example 1 we count the number of homogeneous Rots functions with degree 5 over GF(p)
(p>6).
First, we solve the equation system
Yo+ Y+t Y, =5
Q:10< Yo SYoa S S, < Y, = p_l
y,eZ forall1<i<n
There are seven solutions: (5,0,---,0),(4,10,---,0),(3,2,0,---,0),
3,110,---,0), (2,2,1,0,---,0),(2,1,,1,0,---,0),(1,1,1,,1,0,---,0)
_ D! !
Then zd - (n. bt — + (=D
HEaDImi . m 1| (n—d)td!

_(n—1)!+(n—1)!+(n—1)!+ (n=1)! .\ (n=1)! .\
(h=1! (n=2)! (n=2)! 2i(n-3)! 2i(n-3)!




(n—1)! { (n—1)! 1

3In—4)! | 51(n—5)!
{(n —1)(n—2?\:,('n—3)(n—4)1+ (n —1)(n;'2)(n -3), (n —n+1)

So the number of homogeneous Rots functions with degree 5over GF(p) equals p'\’I —1, where

M =[(n ~D(n- 2)5('n -3)(n-4) w L (n=D(n ;'2)(n -3, (n? —n+1)

4. Conclusion

In this paper, we obtain some counting results about homogeneous rotation symmetric functions
over finite field GF(p). We get a lower bound by finding solutions of an equation system, we show
that this bound is tight when n is prime. We also partially solve the open problem in [7]. Besides,
for general d (not a prime number), it is still an open problem to count the homogeneous rotation
symmetric polynomials with degree d more than 3.
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