ON A COMBINATORIC CONJECTURE

T. W. CUSICK', YUAN LI?* AND PANTELIMON STANICA?

ABSTRACT. Recently, Tu and Deng [1] proposed a combinatorial conjecture on binary string,
on the premise that the conjecture is correct they obtain two classes of Boolean functions which
are both algebraic immunity optimal: the first class of functions are also bent. The second class
are balanced functions, which have optimal algebraic degree and the best nonlinearity up to
now. In this paper, from three different sides, we prove this conjecture is true in many cases
with different counting strategies. We also propose some problems about the weight equations
which is related to this conjecture. Because of the scattered distribution, we predict that a
general counting is difficult to obtain.

1. INTRODUCTION
In [1], Tu and Deng proposed the following conjecture.

Conjecture 1.1. S; = {(a,b)|a,b € Zox_j,a+b=1t (mod 2¥ — 1), w(a) +w(b) < k —1}, where
1<t<2F—2k>2. Then #S, <2F1

They validated the conjecture by computer when k£ < 29. Based on this conjecture, they
constructed many impressive Boolean functions with many optimal cryptographic properties.

In this paper, we try to attack this conjecture from different ways. We proved the conjecture
is true in many cases based on the binary weight of ¢. We found the distribution of the pairs in
St is very scattered. The counting complexity increase directly with the wight of t. On the other
hand, if we write ¢t as 2¥ — ¢/, the counting complexity increase directly with ¢. Besides, the
behavior is quite different according to ¢’ is even or odd. We also found the counting is heavily
dependent on the number of solutions of the equation. w(2% + 22 + ... + 2% + ) = r + w(z).

This paper is organized as follows. In Section 2, we introduce some notations and basic facts
about the binary weight functions which will be frequently used in the sequel. In Section 3, we
prove the conjecture is true when w(t) is 1 or 2. In Section 4 we prove the conjecture when
t=2F — ¢/ w(t') <2 and t'is even. In Section 5, we prove the conjecture when t = 2% — ¢/,
w(t') <4 and ¢’ is odd. In Section 6, we give some open questions about the number of solutions
of w(2 + 272 + .. + 2% 4+ z) =7+ w(x), where 0 <2 <2F — 1 and 0 <4y < ig... <iy <k — 1.

2. PRELIMINARIES

Let 2 be an nonnegative integer, if x = xg + 12 + 2922 + ..., where x; = 0, 1. Then we write
x = (zozi....). The nonzero number of x; will be called the weight of x and written as w(z).
Obviously, we have the following facts. For conveniences, we write them as lemmas.

Lemma 2.1. w(2F — 1) = k.
Lemma 2.2. If0 <2 <2F — 1, then w(2¥ —1 —2) = k — w(x).
Lemma 2.3. w(z +2°) < w(x) if ; = 1.
Key words and phrases. Boolean function, Binary String, Counting. MSC:14N10 06E30.
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Lemma 2.4. Triangle inequality, w(zx +y) < w(z) + w(y). The equation holds if and only if
;i +y; <1 for any 1.

Lemma 2.5. w(z) = w(x —1) —i+ 1, 2 =2° (mod 2°71), i =0,1,2,...

This lemma means w(z) = w(z — 1) + 1 if z is odd, w(z) = w(x — 1) if x = 2 (mod 4),
w(z) =w(r —1) —1if x =4 (mod 8) and etc. For two consecutive integers, the weight of the
even one is never greater than that of the odd one.

Lemma 2.6. Given a positive integer m, let
N = #r0<z<2m -1, w2 +2 +2)=r+w®)}, where 0 <i<j<m—1.
Then NT(W) =0ifr>3.

N2(i7j) — 2m72‘

Ur_1w@+%qaw_1+w@w¢{ zi=0 wj=1 zj1=0
’ or ;=1 z11=0 x;=0 (j>i+1)

Hence,

2m=2 4 9m=3 jil1<j=m—1
22 it l=j=m-1
M2 j4l<ji<m—2"
2m3 i+ 1=j<m—2

N

;=0 ;=1 zjp1=1 zj400=0F<m-1)
or ;=1 w1 =1 z40=0 z; =00 >i+2)
or ;=1 241 =0 z;=1 $J+1—0(j>2+1)
or x;=1 x;=1 zj;11=0 (j= )

Ifr=0wx+2'+2) =w() &

Hence,

am=3 pom=4 i1 2<ji=m—1
2m=3 4 2=j=m—1
M2 j4l=j=m-—1

N 2m=2 4 2<j=m—2

N ={ gm=3 pom—4 jyro—j=m_2
M2 4 l=j=m-—2

am=3 L om—4 192 < j=m—3
2m=3 4 2=j=m—3

[ 2742t it l=j=m—3

The proof of the above lemma is straightforward by considering the four possible values of x;,
xj. We omit it.

Since the b will be uniquely determined by a in S, we will count the number of a which satisfy
the conditions of the set S;. Actually, we have two different groups of a.

Groupl: a =0,1,..t, b=t — a.

GroupI:a=t+v,b=2F-1—0v,0v=1,2,.28 -t —2.

3.t=2" AND t =27 + 2
In this section, we prove the conjecture is true when ¢ = 2 and ¢t = 2° 4+ 27. We have
Theorem 3.1. #S, <21 +=2 0<i<k-—1.

Proof. Case A: 0<i<k—2 ‘
In Group I, 1 < v < 2F — 20 — 2, A
Y =w(a) + wb) =wt+v) + w2 —1-v) =w@ +v)+k—wl) <1+Ek.
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Y=k+1ew?2 +v)=1+ww) < v; =0. There are 2"~ many v between 0 and 2F — 1
with v; = 0. When v > 2% — 2/ — 1 then v; #£0.v= 2k — 21 — 1 and v = 0 are two solutions of
the above equation. Hence, there are 28~ — 2 many v (or a) such that ¥ =1 + k.

Y=k e w2 +v)=wk) < v; =1,v41 = 0. There are 2¥~2 many v between 0 and 2% — 1
such that ¥ = k. When v > 2¥ — 2" — 1, v;.; = 1. 0 is not a solution of the above equation. So,
all the v such that v; = 1 and v;11 = 0 must be between 1 and 2k — 21 _ 2. Hence, there are
25=2 many a such that ¥ = k.

In summary, there are exactly 2F — 2! — 2 — (281 —2) — 2k=2 — 2k=2 _ 90 many ¢ is S; in
Group II.

In Group I, a =0,1, ..., ¢t.

o =w(a) +wb) = wa) + w2 —a) = wa) +w?2 —1—(a—1)) =wla)+i—wla—1)

=i+1 a=1 (mod 2)

<i—1 a=0 (mod 2) sk-l

Combine these two groups. We get #5; = 282 — 20 4 20 4 1 = 2F=2 1 ] < k-1

Case B:i=Fk—1

In Group I, 1 < v < 2F-1 —2

Y = w2 +v) + k —w(v) = 1+ k, so, Group II makes no contributions to S;.

In Group 1

_ =k a=1 (mod 2)
k-1
o =w(a)tw(t—a) = w(a)+w(2 1—(a—1)) = w(a)+k—1—w(a—1) { <k-1 a=0 (mod2) °
So, #5;, =1+ % =14 2F-2 < 2F=1 We finish the proof of this theorem.

O

When the weight of ¢ is increased by 1, the counting complexity increases significantly.
Theorem 3.2. #S; <281 whent=2"+2,0<i<j<k—1, k>4

Proof. Group I: a =0,1,2...,t, t = 2" + 27.

GroupIL:a=t+v,b=2F-1—0v,0v=1,2,...,2F 27 — 20 _ 2

Case A: j< k-3

In Group II

Y=w2 4+ 2 +0) +w2F—1—-v)=w2+2 +v) +k—wh) <2+k

Y=2+ke w2 +2 4+0v)=2+w) v =uv;=0.

v=0and v=2F—2/ —2 —1 are two solutions. When v > 2¥ — 2/ — 2" — 1, then v; =1 or
v; = 1. Hence, we get 2¥=2 — 2 many v (or a) such that ¥ =2 + k.

UZ‘:O szl UjJrl:O

or vi=1 v41=0 v;=0 (j>i+1)
by Lemma 2.6. v = 0 is not a solution. v > 2¥ — 2/ — 2" — 1, then v does not satisfy any of the
above conditions. In other words, all solutions are between 1 and 2F — 27 — 2¢ — 2.

k=2 i
Hence, there are exactly { ;k,:g j i z i i

YS=1+4+ke w2 +2 4+v)=1+w(v) @{

many a such that ¥ =k 41

Y=ke w2 +2 +0v)=w) -
It is easy to check that v = 0 is not a solution and v > 2% — 2/ — 2/ — 1 do not satisfy any
/)

condition of Lemma 2.6 when r = 0. Hence, there are exactly N(gi’]
. k—3 .
Né”)z{ 2 ji>i+1

many v such that ¥ = k.

oh=3 | ok—1 j ;i1 . Hence, there are at most
ok 97 9t 9 (22 _92) —ok=2 k=3 51
ok —97 — 9t 2 (2k=2 _2) —2k=3 _ (k=3 Lok j—j41
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k=1 _oj _oi _ok—3 ;- s
{2 222 j>i+l many a such that ¥ < k£ — 1 in Group II. Group I has

k=1 _ 97 _9i _ok=4 45—
only t+1= 2}: —i— 2t —Z 13many a. So,
272 =270 41 g>i+1

#Stg{ b=l okt 41 j=i+1
Case A has been proved.
Case B: j =k —2
In Group II, v = 1,2,...,2F —2k=2 _ 21 _ 9,
Y=w22+2 tu)+k—w) <2+Ek.
¥ =2+ k, same to Case A, get exactly 2872 — 2 many a such that ¥ = 2 + k.

k=2 . _ ~
3 =14k, same to Case A, get exactly { gk—i’) : B ; i 1 i 1 many a such that ¥ =1+ k.

¥ =k, ie., w(2F72 421 +v) = w(v), From Lemma 2.6(m = k, r = 0), the number of solutions
of all the v between 0 and 2 — 1 is
k=2 4 2<j=k—-2
ok=3 L ok=4 4 9= 4=k —2 . All the v that satisfy the first condition in the Lemma
"2 4 l=j=k—2
2.6 are greater than 28 — 25=2 — 27 — 1. This means there are 2"~3(Please note Vjiy2 = v =0
always) many v should be excluded from the solution of ¥ = k. Hence, we get
263 4 2<k—2
2k=4 {4+ 2=k —2 many a such that ¥ = k.
263 i+ 1=k-2
In summary, the number of a that ¥ > k is

< 2k—1,

k=2 _ 9 4 9ok=2 4 9k=3 ;19 k2 k=1 _ 94 9k=3 ;19 < k—2
k=2 _ 94 ok=2 4 ok—4 ;19— 92 ={ okl _9 4okt ;90— _9
k=2 _ 9 4 ok=3 4 k=3 4 1=k -2 k=1 _9 4 1=k—-2

So, the number of a in Group II that ¥ <k —1 is
ok — 97 21 9 (2k=1 gy ok=3)y—ok=1 97 91 _9k=3 ;19 f 2
ok 27 —2i 9 (k"1 2 pok-d)y =kl __9f 9l k4 90— F 2
ok 97 28 9 (21 _2)=2F1 27 21 j41=k—2
In Group I, there are only t +1 =27 + 2 + 1 many a. Wheni+1 =4k — 2, let a = 2873 41,
we get w(a) +w(t — a) = k. Hence, combine all the a in two Groups, we get #5, < 2F~1.
We finish the proof of Case B.
Case C: j=k—1
In Group I, 1 < v < 2k-1 920 2,
Y=w@F 1+ 20+ )+ k—w(v) <2+ k.
¥ =2+ k, same to Case A, there are exactly 2872 — 2 many a such that ¥ = 2 + k.
Y=1+k<e w21 +2 +0v) =1+ w(). Check Lemma 2.6, we must have k —1 > i + 1
(Since vj = v—1 = 1 is impossible due to v < 2k 27 21 2 < 2)andv; =1 v;41 =0 vp_1 =0
(if k—1>i+1). v=0is not a solution. If v > 2F —2k=1 21 1 = (2k=1 —1) — 2% then v does
not satisfy v; = 1 v;41 = 0 vg_1 = 0. So, there are exactly k=3 many a such that ¥ =14k
(only if k —1>1i+1).
Y=ke w21 4+2 +v) =wl), 1 <v <281 -2 2 Check Lemma 2.6, it means
vi=1lvi 1 =10v40=0v_1=0(k—-1>4+2). v>2F1 -2 _1isimpossible. So, there
are exactly 2°=% many a such that ¥ = k (only if £ — 1 > i +2). So, the number such that
¥ > kis
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b2 24 ok=3 p okt 42 <k -1
262 _242k3 j42=f—1
2622 i4+1=k-1
In Group II, the number of a that makes ¥ < k — 1 is
ok=1 _2i 2 (2k=2 24 2k 3 L ohd)y =9kt 9l 12 < k-1
k=l 2t 2 (2F2_242F3) =0 i+2=k-1
k=1 2t 2 (22 _2)=0 i+1=Fk—1
In Group I
Case C1¢=0
o=w(a)+ w21 +1—-a)=wla)+k—1—w(a—2) =k when a =2,3 (mod 4). So, there
are at most 2¥72 + 2 many a between 0 and ¢t = 251 4 1 such that ¢ < k — 1. Combine with
the results in Group II, we get #S; < 2872 4 2 4 2k=4 _ 90 — 9k=2 4 9k=4 4 ] < 9k—1 Hence,
let’s assume 7 > 1.
Case C2: 1 >21,j=k—-1>i+2
o=w(a) +wt—a)=w(a)+w21+2 —a).
When 0 < a < 2°
oc=w(a)+1+w?2 —a)=wla)+1+i—w(a—1) <i+2 < k—1. So, this contributes 2 + 1
many a to St.
When 2/ +1 < q < 2~71 4 21
oc=wla) +w2F 1 -1-(a—2"-1)=wa)+k—-1—-wla—2"—1)
(Let r=a—2"—1,0<z <281 1)
=w@+2+1)+k—1-w() <1+k.
c=k+1swlx+2 +1=2+w(x), there are exactly 2¥~172 = 28=3 many z (or a).
oc=kowlx+2 +1=1+w(z), by Lemma 2.6, (m =k — 1)
{L‘():O .’/UZ':1 xi-i—l:O
{xo—l z1 =0 .Q?Z‘:O(’i>1)

k—3 < k —
2 1< S k 3 I—Ien(;e7 the number of a that

The number of solution of x (or a) is b4 | —j<k_3
268 1<i<k-3 22 1<i<k-3
<k _1is9k—1 _9k=3 _ = — > )
o<k—1is2 2 ok=4 | —j<k-3 {2“+2’<4 1=i<k-3

Totally, in Group I, the number of a in S is
2242041 1<i<k-3 k=24 2k 841 1<i<k-3 C
{ k=24 oh—d 9l 1=j<k—3 = { k=2 k=3 Lok—d g 1—j<k—3 O
bine these with the result in Group II, we get (in any case) #5; < 2F~1.
Case C3: j=k—1=i+1,ie,j=k—1landi=Fk—2
When 0 < a < 2F—2
o=w(a)+w@F1+2"2 —a)=wa)+1+w2F?2—-a)=w) +1+k—-2—wla—1) =
k' a=1 (mod 2)
{ <k—-1 a=0 (mod 2)
So, this contributes 1 + 273 many a to S;.
When 272 41 < q < 2F-1 4 2F=2
oc=w(a)+k—1—wla—22-1)
(Let z=a—2F2-1,0<x <281 1)
=w@+28 24+ 1) +k—1—-wx) <1+k.
o =k +1, there are 287172 = 28=3 many z (or a)
o=k, ie, w(x+b2+1)=1+w(x), same to Lemma 2.6(m = k — 1), we have
zo=0xp_9=1o0r
.’E():l:El:OCCk_Q:O
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The number of solutions is 2F73 + 284 1 < i =k — 2.

Hence, the number of @ in S; is 2F=1 — 2F=3 — (2k=3 . ok—4) —ok=3 4 ok—d | < | — | — 2,
Group I contributes 1 4 2573 4 2k=3 4 ok—4 — 9k=2 4 ok—4 4 7

Combine those in Group II, we have

#St < 2k—2 + 2k—4 + 14+ 2k—4 - 2z < 2k—1.

We complete the proof of this theorem. O

4. t=2F -2l AND t =2F — 27 — 21
In this section, we prove the conjecture is true when t = 28 — 2% and ¢t = 28 — 27 — 27,
Theorem 4.1. #5, <2F1 t=2F 2 1<i<k-1

Proof. Group I: a = 0,1...t.

GroupIl:a=t+1,...28 -2 ie,a=t+uv,b=2F—-1—0v,0v=1,2,.2" —2.

In Group II

¥ = w(a)+w(b) = wt+v) w2 —1-v) = w2k -214v)+k—w(v) = 2k—w (2 —v—1)—w(v) =
2k —i >k + 1. So, Group II makes no contributions to S;.

In Group I

If a is odd, then ¢ = w(a) + w(b) = w(a) + w(t — a) = w(a) + w2 — 2° — a) = w(a) + k —
w2 +a—1)>w(a)+k—(1+wa-1)) =k

Hence, there are at most 3¢ +1 = 2F=1 —20=1 + 1 < 2%=1 many a makes w(a) +w(b) < k—1,
ie., #8, < 2k-1

We are Done. O

Theorem 4.2. #8, <2kl t+=2F 2/ _ 2 1<i<j<k-1.

Proof. Group I: a =0, 1...t.

GroupI:a=t+uv,b=2F-1—0v,0v=1,2,..2 +20 — 2.

In Group II

Y =w(a) +wb) =wt+v) +w2k —1—-v)=w@k -2/ — 21 +v) +k —w) =2k —w(2/ +
20—y —1) —w(v)

Ifl1<ov<2 -1

Y=2k—-1-w2 -1-v)—w)=2k—1—i>k+1.

If2 <v <242 -2

Y =2k —-w®2 —1-(v—2)) —wk) =2k—j+wv—2")—wl) >2k—j+wh—2°) —
(w(v —2°) 4+ 1) =2k — j — 1 > k. So, Group II makes no contributions to S;.

In Group I

Case A:i=1

t=2F_—20—2=0F_1-2/-1

oc=w(a) +wt—a)=wa) +w?2"—1-2"-1—-a)=w(a) +k—w@+1+a)>k—2.

oc=k—2< w(l+2 +a) =2+ w(a), there are at most 2~2 many such a.

c=k—1<w(l+2 +a)=1+w(a), there are at most 2°~2 many such a by Lemma 2.6.

In summary, #S5; < 2F-1,

Case B:i>1land j <k —2.

o = w(a)+w(b) = w(a)+w(2F -2 -2'—a) = w(a)+k—w(2 +24-a—1) > w(a)+k—2—w(a—1).

Ifa=1 (mod 2)

oc>k—1.

c=k-1leow@@+2+a-1)=24+wa—-1)& (a—1);=(a—1); =0.

Since (a — 1)o = 0, there are at most 2¥~2 many a belongs to S;.

If a=2 (mod 4)

c>w(a)+k—-2—-wla—-1)=k—2
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c=k-2cw@+2+a-1)=24+wl—-1) <

(a—1)g=1,(a—1); =0,(a—1); =0,(a — 1); = 0, there are at most 2~* many such a.

c=k—1<w?®+2 +a—1)=1+w(a— 1), by Lemma 2.6, there are at most 2¥=* many
sucha (m=k z=a—-1,(a—1)g=1, (a—1); =0).

There are at most 2¥~2 many a such that a = 0 (mod 4), even if all of them belong to Sy, we
still get #8; < 2F=3 4 k=4 4 ok=4 | 9k=2 _ ok—1

Case C:i>land j=k—1

t=2k"1_ 2

o =w(a)+w(b) = w(a)+w21-2—a) = w(a) +k—1-w(2 +a—1) > w(a) +k—2—w(a—1).

When a =1 (mod 2)

oc>k-l,o=k-1ow?2+a-1)=1+wla—1)« (a—1) = (a—1); = 0. There are at
most 287172 = 25=3 many solutions.

When a =2 (mod 4)

oc>k-20=k-2cw2+a-1)=14+wla—-1) e (a—1)g=1,(a—1); =0, (a—1); = 1.
There are at most 257173 = 254 many solutions.

c=k-1ew?2+a-1)=wa-1)e (a—1)=0,(a—1);=1,(a—1); =1, (a—1);41 = 0.
There are at most 25~1=% = 25=5 many solutions.

There are at most 2°=2 many a = 0 (mod 4), even if all of them belong to S;, we still get
#St < 2k:—3 + 2k—4 4 2k:—5 4 2k:—2 < 2k—1'

O

5. t=2F -2 1 t=2F_-2 2 _ 1 ANDt=2F -2 21 — 21 1
Theorem 5.1. #S, <21 t=2F 20 1 0<i<k-—1.

Proof. Group I: 0 < a < t.

GroupI:a=t+uv,b=2F-1—0v,0v=1,..,20 —1.

In Group II

Y=w(t+v)+k—wh) = w2 —1-(2 —0v)+k—-wk) =2k w2 —v)—wk) =
2k —i+wlv—1)—ww) >2k—i—1>k.

In Group 1

oc=w(a) +wt—a)=w() +w?2 —1-(a+2)) =wla)+k—wla+2)>k—1

o =k—1% w(a+2") = 14+w(a), there are at most 2¥~! many such a. Hence, #5; < 2F~1. O

Theorem 5.2. #S; <21 t=2F 2/ — 2 1, 1<i<j<k-1.

Proof. Group I: 0 < a < t.

GroupIL:a=t+v,b=2F-1—0v,v=1,..,20 +2 — 1.

In Group II

When 1 < v < 2

Y =wt+v)+k—wk) =2k —w@ + 2 —0v) —wk) =2k — (1+ w2 —v) —wk) =
2k—1—-(i—wlv—-1)—wv)=2k—i—1+wlv—-1)—wwv)>2k—-i—-1-1>k.

When 20 +1<0v <2 +2' -1

Y =2k —w(2 +2 —v) —w) =2k —w(2 —1—(v—-2"-1)) —w(v)

(Letz=v—-2"—-1,0< 2 <2/ —2)

Y=2k—j+w) —wx+21+1)>2k—j—2

If j <k—2, then ¥ > k.

Ifj=k—1,then Y >k—-1,Y=k—1% wx+2 +1) =2+ w(x). There are at most
2972 = 2k=3 many such = (v or a).

In Group I

0<a<2F-27-20-1
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o=wl(a) +w@F -2 -2 —1—-a)=w(a) +k—w(2 +2"+a) >k —2.

Case A: j < k-2

oc=k—2< w2 +2" +a) =2+ wa), there are at most 2°=2 many such a.

oc=k—1< w2 +2 +a)=1+w(a), by Lemma 2.6, the number of such a is at most 2¥~2.
Hence, #S; < 0+ aF=2 4 2k=2 = ok—1,

Case B: j=k—1

o = k — 2, there are at most many such a.

c=k-1ow®+2 +a)=1+w(a) <

(Same to Lemma 2.6)

ai:0aj:ak_1:1aj+1:00rai:1ai+1:0aj:() (j>’L—|—1)

But j =k —1,t < 21 hence a; = 0. It means the first condition can not be satisfied. So,
there are at most 2°~3 many such a. Combine with Group II, we have #5; < 2F=342k=2 4 ok=3 —
25=1. Done. (]

2k—2

We need a lemma to prove our last theorem.

Lemma 5.3. N\ = #{2)0 <2 <2 — 1 w(2+2 + 2 +2) = r+w(z)}, where 0 < i < j <
l<m—1. Then
r=3, w(2i+2j—|—2l+x):3—|—w(:c)<:>xi:acj::cl:0
N(ZJI) 2m—3
r=2 w2 +2/ +2 +2)=2+w) <
2;=0x; =0z =121 =0
orz;i=0x;=1211=0x=0(1>j+1)
or:cl—lxz+1—0xj—0xl—0(j>z+)
2m=2 4 2<j+l<l=m—1
am=3 pom=4 1 2—j4+l<l=m—1
am=3 pom=4 1 2<j4l=1l=m—1
2m=3 4 2=j4+1=l=m-—1
om=3 L om=4 12 j4l<l<m—2
2m=3 4 2=j+1<l<m—2
2m=3 4 2<j+l=1<m—2
2mt 4 2=j+1=1<m-—2
r=1, w(2l+2f+2l+x)—1+w()<:>
—Ox]—Oxl—lle—leg—O(lgm—2)
or:ci:Oszlxj+1:1xj+220xl:0(l>j+2)

N2(Zv.77l) —

orzi=0z;=1x=12141 =0 (Il=j5+1)
Orx’i:]-xiJrl:]-xiJrQ:O:Cj:Oxl:O(j>7:+2)
orzi=1x;=0x11=0x=0 =i+ Ll>j+1)

orzi=0x;=1z01=0x =121 =0(>j+1)
orzi=1ai1=02;=0x =121 =0(j >i+1)
orzi=1lwip1=02;=12j41 =0 =0(>j+1,j>i+1)
Forl=m—1, we get
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om=3 L ogm=4 L om=5 i 4<ji42<l=m—1
am=3 pom—4 i 4—j12<]l=m—1
2m=3 L om=5 1 3=j+2<l=m—1
N am=3 4 om=t 44 <j+2=1=m—1
NI gm=3 L om=5 4 4—j42=]=m—1
2m=3 i 43=j+2=1l=m—1
gm=3 pom—4 L om=5 ;i3 jitl=l=m-—1
am=3 pom=4 i 13—j4+l=1l=m-—1
| 2m3 4 2=j+1=1l=m-—1
om=3 L ogm=4 L 9m=5 i 4<j42<]l=m—2
am=3 L om—4 44— 42<l=m—2
am=3 L om=4 43— 42<l=m—2
N 2m=3 4 om=4 4 A4<j42=1l=m—2
NI gm=3 L 9m=5 44 —j42=]=m—2
am=3 L om=5 13 =j4+2=[]=m—2
am=3 pom—4 43 <jtl=1l=m—2
am=3 L om=5 13 =j+1l=1l=m—2
\ 2m3 4 2=j+1=1=m—2
am=3 L om=4 4 <j+2<i<m-—3
2m=3 1 om=5 4 4=54+2<]l<m—3
2m=3 L 9m=5 43 =j4+2<I<m—3
N 2m=3 4 2m=5 44 <j42=1<m-3
N = 9m=3 j44=j42=1<m—3
2m=3 4 3=j+2=1<m—3
2m=3 L om=5 43 < j+1=1<m-—3
2m=3 4 3=j+1=1<m—3
[ 2771 4+2m70 i 2=+ 1=1<m—3

Again, we omit this straightforward and a little tedious proof.
Theorem 5.4. #S;, <21 t=2F 2l _ 927 921 1 1<i<j<I<k-1.

Proof. Group I: 0 < a < t.

GroupIL:a=t+v,b=2F-1—0v,v=1,2,...,20 + 27 + 20 — 1.

Case A: l<k—-3(k>14+3>j+4>i+05)

In Group II, ¥ = w(a)+w(b) = w(t+v)+w(2¥ —1—v) = w(2F —1—(2'4+-27 +2) +v) +k—w(v)

=2k —w(2' +27 + 2 —v) —w(v).

If1<ov<2

Y = 2k—(2+w(2—v))—w(v) = 2k—2—w((2°—1)—(v—1))~w(v) = 2k—2—i+w(v—1)—w(v) >
2k—2—i—-1>k+2.

If2 +1<v<2

Y=2k—(1+w@+2 —v)—wh)=2k—-1-w® —-1-(v-2"—1)) —w) =2k —1—
jrwrv—20—1)—w) >2k—-1-7—-2>k+1.

If 20 +1 <2/ 42

Y=2k—(1+w@+2 —v)—wh)=2k—-1-w2-1-(v—-2 —1)) —ww) =2k —-1-—
itwv—2—1)—wk)>2k—-1-i—-2>k+2.

If27 +204+1<2 429420 -1

Y=2k-w2 -1—(v-2/ -2 -1))—w(v) = 2k—l+w(v—2 —20 1) —w(v) > 2k—1—-3 > k.

Hence, Group II makes no contributions to S;.

In Group I, a =0,1, ..., ¢t.

o=w(a)+wt—a)=wla)+k—w2 +2+2" +a)>k-3.
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oc=k—3< w2 +2 +2 +a) =3+ w(a), there are at most 2~2 many such a.

oc=k—2c w2 +2 +2 +a) =2+ w(a), there are at most 28~ + 2¥=% many such a by
Lemma 5.3(Please note that m =k and | <k — 3, r = 2).

oc=k—1< w2 +2 +2 +a) =1+ wa), there are at most 28~ + 2¥=% many such a by
Lemma 5.3(r =1,1 <k — 3).

In summary, #S; < 2F=3 4 2k=3 4 gk—4 4 ok=3 4 gk—4 _ gk—1

Case B: l=k—-2(k=1+2>j+3>i+4)

In Group II, we check the proof of Case A, only if 27 + 2! +1 < 2! 427 42 — 1, there are some
a will make contributions to Sy. ¥ = w(a) +w(b) = 2k —w(2' —1— (v — 27 — 2! — 1)) —w(v) =
2k —l+wlv—2 —20 - 1) —wk) =2k -l +w(@) —wx+27 +20+1) >2k -1 -3 =Fk— 1,
Wherex:v—2j—2i—1,0§x§2l—2.

Y=k—1< w2 +2/ +2+2) =3+ w(x), there are at most 2!=3 = 2¥=5 many such a.

In Group I

o=w(a)+wt—a)=wla)+k—w2 +2+2" +a)>k-3.

o = k — 3, there are at most 2°~3 many such a.

o =k — 2, there are at most 2573 4 2¥=% many such a.

oc=k—-1s w2 +2 +2'4+4a) =1+ w(a), check Lemma 5.3, r = 1, m =k, | = k — 2, the
first condition z; =02z, =0 =121 =120 =0 2, =02, =02, 0 =124_1 =1
=z > 21 4+ 928=2 > ¢ 50, the number of solutions of o = k — 1 should not include this 2F~*
many, i.e., there are at most 273 + 2¥=® many «a such that ¢ = k — 1 by Lemma 5.3.

Combine Group I and II, #S; < 285 4 2k=3 4 9k=3 4 ok—4 4 ok=3 | 9k=5 — 9k—1 e finish
the proof of Case B.

Case C:l=k—-1(k=1l+1>j4+2>i+3)

In Group II, we check the proof in Case A, only if 20 +1 < v < 2/ or 27 42/ +1 < v <
2l 427 4+ 2 — 1, there are some a will make contributions to S;.

If2l4+1<v<2

Y=w(a)+wb) =2k—-1-j+wlv—-2"-1)—wlw)>2k—-1-j-2>k—1.

Y=k-1leowv-2-1)-2=wkw)and j=k—2. Let z=v—-2"-1,0< 2 <2 —20 — 1,
w(x 4+ 2 + 1) = 2+ w(z) has at most 2772 = 2¥=4 many solutions , so ¥ = k — 1 has at most
2k=4 many solutions if j = k — 2.

If2/ +204+1<v<20 4274201

Y =w(a)+wb) =2k—Il+wv—-2" —2'—1)—w(v) > k+1-3=k—2. Let v =v—27 -2/ — 1,
0<z<2l—2=2+1_2

If ¥ =k — 2 get at most (actually, exactly) many solutions.

Y=k—1owlx+2 +2°+1) =w(z)+2, by Lemma 5.3(m = k — 1), we get exactly NQ(O’Z’J)
many solutions since 2' — 1 is not a solution.
( 2k=3 2 <itl<j=k—2
k=4 L ok=5 9 —j41l<j=k—2
k=4 4 k5 9 il =j=k—2

2k:—1—3 — 2k—4

N(0id) k=4 2 =it 1=j=k-2
2 k=4 L ok=5 2 < it 1<j<k-3
k=1 2 =i4+1<j<k-3
k=1 2 <i4+1=4<k-3
{ 285 2=i+1=j<k-3

In Group I

oc=w(a)+wlt—a)=wla)+k—w2 +2+2" +a)>k-3.
o =k — 3, there are at most (In fact, exactly) 2¥=2 many solutions.
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oc=k—2c w2 +2/ +2 4+ a) = w(a) + 2, check the first condition of Lemma 5.3(r = 2),
ai:Oaj:Oal:1a1+1:O<:>ai:0aj:0ak_1:1:>a22k_1>t. This means 2F—3
many a should not be counted. So, the number of solutions of ¢ = k — 2 is at most

k=3 i1 2<j+l<i=k—-1
k=4 i42=j+1<i=k-1
k=4 iy 2<j+l=1=k—-1

0 i+2=j+1=l=k—-1

oc=k—1< w2 +2 +2 +a) =w(a)+ 1. Check Lemma 5.3(r = 1). The third condition
ai:0aj:1al:1al+1:O(l:j+1)<:>ai:0aj:1ak_1:1:>a>2k_1>t,so,there
are 2F=3 many a should not be counted for [ = j + 1.

The sixth condition < a; =0 a; =1 aj41 =0a,_1 =1 (I >j+1) = a > t. There are 2"~*
many a should not be counted for [ > j + 1.

The seventh condition < a; =1 a1 =0aj =0ap_1 =1 (j >i+1) = a>t. There are
25=4 many a should not be counted for j > i + 1. In summary, we get the number of solutions
of o =k —1is at most
(2F4 42k 4 <jr2<i=k—1

k=4 jtd=j+2<li=k-1
k=4 4 k=5 413 =j42<i=k—1
k=4 itd<j+2=1=k-1
k=5 itd=j+2=1=k-1
k=4 43 =j+2=1=k—-1
k=5 i+ 3<j+l=1=k—1
0 i+3=j+1=l=k—-1
0 i+2=j+1=l=k-1
Ifj#k—2je,j<k-3
#St S 2]{*4 € 2]{*4 4 2]975 € 2]{*3 € 2]{*3 4 2]974 4 2]975 —_ 2]{*1.
fj=kFk-2
#St S 2]{*4 € 2]{*4 4 2]973 € 2]{*3 € 2]{*4 4 2]975 — 2]972 € 2]{*3 € 2]974 4 2]975 < 2]{*1'
We complete the proof of this theorem. O

6. ON THE EQUATION w(2% + 22 4 .. + 2% 4+ 7) = 1 + w(x)

As we see, the counting heavily depends on the following number

Nfiizeis) o {z|0 <2 <2F — Lw(2 + 22 + .. + 25 +2) =r +w(z)}, where 0 < iy < iy <
... <ig < k—1. A general formula may be hard to obtain. We ask if the upper and lower bound
can be determined for given s and r. We also ask the relation of all the bounds among all the

r. Obviously, we have N2ets) i 5 50 We also have N8 — 0 4f p < .
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