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Abstract. In this article it’s discussed that the analytic property of ζ(s).
The popular opinion is denied.

1. Introduction

ζ(s) [1]is defined (by Riemann) as:

Γ(s)ζ(s) =
1

1− ei2πs

∫
C=C1+C2+C3

ts−1/(et − 1)dt

C1 = (−∞, r]e2iπ, C2 = reiθ, θ = (2π, 0], C3 = (r,∞), 0 < r < 2π

Most of people thinks this function is analytic except s = 1[1]. There still another
series for ζ(s) that ’s called the second definition in this article.

ζ(s) =
1

1− 21−s

∞∑
n=1

(−1)n+1n−s, R(s) > 0

This expression is analytic except s = 1, If the Riemann’s definition is also ana-
lytic they should be identical. In this article the analytic property in R(s) = 1 is
discussed.

2. Discussion

Theorem 2.1. The second definition of ζ(s) has divergent derivation at the place
near s = 0.

Proof.

Fm(s) :=
m∑

n=1

(−1)n+1n−s, R(s) > 0

Set s ∈ (0, 1).

F ′
m(s) =

∞∑
n>0,2|n+1

ln(n)(sn−s−1 − n−s−2s(s + 1)θ/2), 0 < θ < 1

F ′
m(s) >

1
2

∫ m−2

n=3

ln(n)n−s−1sdn−
∞∑

n>0,2|n+1

ln(n)n−s−2s(s + 1)θ/2

lim
m→∞

F ′
m(s) =

1
2

∫ ∞

3

s ln(x)x−s−1dx− C
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lim
m→∞

F ′
m(s) >

1
2

∫ ∞

ln(3)

sxe−sxdx− C

lim
m→∞

F ′
m(s) >

1
2

∫ ∞

ln(3)

sxe−sxd(sx)
s

− C

It’s easy to find when s → 0 this term approaches to infinity. �

There is coming up sharp controversy, as is commonly known the ζ(s) doesn’t
has infinity derivation in near s = 0. But in this article the opinion inclines to find
the fault of the Riemann’s definition. Though that, the calculation of Riemann’s
definition is still sound. The question is that though the every derivation exists, the
function still possible not analytic, the Taylor’s remainder term possibly does not
approach to zero. That’s to say some function seemed the algebraic of the complex
argument but is not Taylor expandable.

Theorem 2.2. ∫ b

a

f2(x)dx ·
∫ b

a

g2(x)dx > C(
∫ b

a

|f(x)g(x)|dx)2

C = 1 +
(
∫ c

a
|f(x)|dx

∫ b

c
|g(x)|dx−

∫ c

a
|g(x)|dx

∫ b

c
|f(x)|dx)2

(c− a)(b− c)(
∫ b

a
|f(x)g(x)|dx)2

f(x), g(x) is non-negative real functions, a < c < b.

Theorem 2.3.

lim
k→∞

∫ ∞

k2
lnk(x)/(ex − 1)dx → 0

Proof. ∫ ∞

k2
lnk(x)e−xdx

=
∫ ∞

k

lnk(x2)e−x2
dx2

<

∫ ∞

k

ln(x2)e−xdx2

�

Theorem 2.4.

Hn(s) :=
∫ ∞

1

lnn(x)xs−1

ex − 1

lim
n→∞

| Hn(1)
Hn−1(1)n

| → ∞

Proof. Consider

h(s) :=
∫ ∞

1

xs−1

ex − 1
=

∫ ∞

1

xs−1e−xdx
∞∑

n=1

n−s, 1 < s < 1.1

and note that
lim
s→1

h(s) →∞

Because

h(s + δ) =
∞∑

n=0

Hn(s)δn

n!
, 1 < s, s + δ < 1.1
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then

∃n∃δ(| Hn(s)δ
Hn−1(s)n

| > 0.9), 1 < s, s + δ < 1.1

∀N ∈ R∃n(lim
s→1

| Hn(s)
Hn−1(s)n

| > N)

In another way use the theorem 2.2 and choose c = e2, b = (n+1)2, exists for great
enough n:

| Hn+1(s)
Hn(s)(n + 1)

| > | Hn(s)
Hn−1(s)n

|

hence

lim
n→∞

| Hn(1)
Hn−1(1)n

| → ∞

�

Theorem 2.5.

C0

∫ b

a

lnk(x)
ex

dx <

∫ b

a

lnk(x)
ex − 1

dx < C1

∫ b

a

lnk(x)
ex

dx, b > a > 1

C0, C1 is positives depending on a, b.

Definition 2.6.

gk(x) :=
xk(cos(ax) + i sin(ax))ex

eex − 1
=: gk1(x) + igk2(x)

Gk(x) := lnk(x)/(ex − 1)

Theorem 2.7. ∫ ∞

0

|gk(x)|dx < O(
∫ ∞

1

Gk(x)dx)

Theorem 2.8.

|
∫ ∞

0

gk(x)dx| = O(
∫ ∞

0

|gk(x)|dx)

Proof. Because

|
∫

xk(cos(a(x + β)) + isin(a(x + β)))ex

eex − 1
dx| = |

∫
gk(x)dx|

make shift of β to set the point xm : k = xm ln(xm) meeting a(x+β) = k′π, k′ ∈ N.
On this case to calculating the integration.

Calculate to find for great enough k:

Gk(ex)ex

Gk(ex−π/a)ex−π/a
|ex<xm,x>ln(xm)/N > C > 3, N > 100

Gk(ex)ex

Gk(ex−π/(2a))ex−π/(2a)
|ex<xm,x>ln(xm)/N > C > 5, N > 100

Gk(ex)ex

Gk(ex+π/(2a))ex+π/(2a)
|ex>xm > C > 100

Gk(ex)ex

Gk(ex+π/(ra))ex+π/(ra)
|ex>xm

> C > 100, 1 ≤ r ≤ 100

�
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Considering the Γ(s)ζ(s) at s = ai + 1, a ∈ R, a 6= 0, the k-th order derivation
on s of the its part generated from integration in line C2 is of magnitude less than:
C ′′C ′kk!. From those previous theorems it can be found that

dk

(ds)k
Γ(s)ζ(s)|s=ia+1, a ∈ R

can’t be the coefficients of any convergent Taylor’s series at some area. More over

Γ(1 + s) = Γ(s)s

Substitute in to find the result on ζ(s).
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