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,W�LV�ZHOO�NQRZQ�WKDW� ��0/ LV�D�JHRPHWULF��L�H���DWRPLVWLF�DQG�VXEPRGXODU��ODWWLFH�
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�1RWH� WKDW� IRU� HYHU\� ��� 0/%$ � WKH� HTXDOLW\� ���� LV� HTXLYDOHQW� WR� WKH� IROORZLQJ�
LPSOLFDWLRQ��VHH�>�@��&K��,9���� %$&%$&%&0/& �� ������ ������� �

$ PDWURLG� 0 LV� FDOOHG� VHFUHW� VKDULQJ� UHSUHVHQWDEOH� �VV�UHSUHVHQWDEOH� LI�
WKHUH�H[LVW�D�ILQLWH�VHW�4 RI�FDUGLQDOLW\� �tT DQG�D�VHW� Q46 � VXFK�WKDW�IRU�HYHU\�
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�,Q� WKLV� FDVH� 6 LV� VDLG� WR�EH� DQ� LGHDO� VHFUHW� VKDULQJ� VFKHPH� �,666� �RU� DQ�DOPRVW�DIILQH�FRGH� UHSUHVHQWLQJ�WKH�PDWURLG�0 �7KH�UHODWLRQ�EHWZHHQ�,666�DQG�PDWURLGV�ZDV�VWDWHG�E\�%ULNHOO�DQG�'DYHQSRUW�>�@��1RWH� WKDW� WKH�GHILQLWLRQ�RI� ,666�JLYHQ�DERYH� LV�HTXLYDOHQW� WR� LWV�ZHOO�NQRZQ�RUGLQDU\�GHILQLWLRQ��VHH�>����@�������
0DW~ã� >�@� KDV� LQWURGXFHG� DQG� VWXGLHG� UHSUHVHQWDWLRQV� RI� PDWURLGV� E\�SDUWLWLRQV��/HW¶V� GHQRWH� E\� ;3 WKH� SDUWLWLRQ� ODWWLFH� RI� D� ILQLWH� VHW� ; � :H� LGHQWLI\� D�

SDUWLWLRQ� ;3�U ZLWK�WKH�DVVRFLDWHG�HTXLYDOHQFH�UHODWLRQ�RQ� ; DQG�ZULWH� \[U LI�
[ DQG� \ DUH� LQ� WKH�VDPH�EORFN� �L�H��� HTXLYDOHQFH�FODVV��RI� U � )RU�D� HTXLYDOHQFH�
UHODWLRQ� �;�U OHW¶V� GHQRWH� E\� U�; WKH� VHW� RI� DOO� U �HTXLYDOHQFH� FODVVHV�� SXW�

������ U U ;Q �WKH� QXPEHU� RI� WKH� EORFNV� RI� WKH� SDUWLWLRQ� U ��� 7KH� NHUQHO� RI� D�
PDSSLQJ� <;I o� LV�WKH�HTXLYDOHQFH�UHODWLRQ��
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�VHH�>�@��&K��,,���7KH�JUHDWHVW�HOHPHQW�RI� ;3 LV� �� ;;  � :H�GHQRWH�E\� �� U�U
DQG� �� U�U UHVSHFWLYHO\� WKH� MRLQ� DQG� WKH� PHHW� RI� SDUWLWLRQV� ;3�UU ��� � 7KH�
UHODWLYH�SURGXFW�RI� �U DQG� �U LV�GHILQHG�DV�IROORZV���
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7KH�IROORZLQJ�VWDWHPHQW�LV�ZHOO�NQRZQ����/HPPD��/HW� ; EH�D�ILQLWH�VHW�DQG� ;3�UU ��� � 7KHQ��
���� UU UU $$ � ;3�UU �� $ � ���� U�U UU $ �

,Q�DGGLWLRQ� �U DQG� �U FRPPXWH� LII� IRU� HYHU\�EORFNV� ���� 888 RI� WKH� SDUWLWLRQV�
���� �� UUU�U UHVSHFWLYHO\�WKH�IROORZLQJ�FRQGLWLRQ�KROGV�

�z��� ����� 88888 �
��� 0DLQ� UHVXOWV�� 2QH� RI� WKH� RSHQ� SUREOHPV� RI� VHFUHW� VKDULQJ� LV� WKH�FKDUDFWHUL]DWLRQ�RI� VV�UHSUHVHQWDEOH�PDWURLGV� >��±��@�� ,W� LV�NQRZQ� WKDW� WKHUH� H[LVW�QRQ�VV�UHSUHVHQWDEOH�PDWURLGV� >��� �@� EXW� DOO� OLQHDUO\� UHSUHVHQWDEOH� PDWURLGV� �L�H���PDWURLGV� WKDW� FDQ� EH� UHSUHVHQWHG� E\� D� PDWUL[� RYHU� VRPH� ILQLWH� ILHOG�� DUH� VV�UHSUHVHQWDEOH�>�@���7KH� IROORZLQJ� WKHRUHP� SURYLGHV� D� QHFHVVDU\� DQG� VXIILFLHQW� FRQGLWLRQ� IRU� D�FRQQHFWHG�PDWURLG�WR�EH�VV�UHSUHVHQWDEOH���0DLQ� 7KHRUHP� �07��� 6XSSRVH� WKH� FRQQHFWHG� PDWURLG� 0 VDWLVILHV� WKH�FRQGLWLRQ� ����� 7KHQ� 0 LV� VV�UHSUHVHQWDEOH� LII� WKHUH� H[LVW� D� ILQLWH� VHW� ; DQG� D�LQMHFWLYH�PDSSLQJ�� ;0/ 3oM ��� VXFK�WKDW�IRU�DOO� ��� 0/%$ �
�D�� ������ %$%$ M�M �M �
�E�� ������ %$%$%$ MM �M�0 $ �
7KH�SURRI�LV�JLYHQ�LQ�6HFWLRQ�����,W� IROORZV� GLUHFWO\� IURP� �D��� �E�� WKDW� VV�UHSUHVHQWDEOH� PDUWRLGV� DUH� FORVHO\�UHODWHG�ZLWK�OLQHDU�ODWWLFHV��ZKLFK�KDV�EHHQ�H[WHQVLYHO\�VWXGLHG�VLQFH������>��±���@��$ ODWWLFH�LV�FDOOHG�OLQHDU�LI�LW�FDQ�EH�UHSUHVHQWHG�E\�D�ODWWLFH�RI�HTXLYDOHQFH�UHODWLRQV�WKDW�FRPPXWH�XQGHU�WKH�UHODWLYH�SURGXFW���/HW� / EH�D�ILQLWH�ODWWLFH�DQG� / EH�WKH�ODWWLFH�GXDO�WR� / � 7KHQ� / LV�OLQHDU�LI�WKHUH�H[LVWV�DQ�LQMHFWLRQ� ;/ 3oM � VXFK�WKDW�IRU�DOO� /%$ ��
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7KXV�� WKH� FODVV� RI� VV�UHSUHVHQWDEOH�PDWURLGV� FDQ� EH� UHJDUGHG� DV� DQ� H[WHQVLRQ� RI�
FHUWDLQ� VXEFODVV� RI� ODWWLFHV� GXDO� WR� OLQHDU� �VHH� �E�� DQG� �Ec���� ,W� LV� QRW� GLIILFXOW� WR�



�
SURYH� WKDW� LI� ��0/ LV� D� OLQHDU� ODWWLFH�� WKHQ� LW� LV� LVRPRUSKLF� WR� WKH� ODWWLFH� RI�
VXEVSDFHV�RI�D�ILQLWH�GLPHQVLRQDO�YHFWRU�VSDFH�RYHU�D�ILQLWH�ILHOG�DQG�WKH�PDWURLG�0 FDQ�EH�UHSUHVHQWHG�E\�WKH�SDULW\�FKHFN�PDWUL[�RI�WKH�+DPPLQJ�FRGH�RYHU�WKLV�ILHOG���������$Q� H[WHQVLYH� FODVV� RI� VHQWHQFHV� �ODWWLFH� LPSOLFDWLRQV� DQG� ODWWLFH� LGHQWLWLHV�YDOLG� LQ� DOO� OLQHDU� ODWWLFHV� LV� NQRZQ� >�� ±� ���� ���� ��@�� ,Q� PDQ\� FDVHV�� D� VOLJKW�PRGLILFDWLRQ�RI� WKHVH�VHQWHQFHV�DOORZV� WR�REWDLQ�VRPH�QHFHVVDU\�FRQGLWLRQV�IRU�D�FRQQHFWHG�PDWURLG�WR�EH�VV�UHSUHVHQWDEOH���([DPSOH����$�ODWWLFH�/ LV�FDOOHG�$UJXHVLDQ�LI�LW�VDWLVILHV���
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OLQHDU�ODWWLFH�LV�$UJXHVLDQ�>�����@�EXW�WKH�FRQYHUVH�LV�IDOVH�>��@���/HW� ��0//  � ��� 0/%E$D LLLL �  � ����� L � 7KHQ�WKH�GXDO�LPSOLFDWLRQ�
WR�����FDQ�EH�ZULWWHQ�DV�IROORZV������ � ���������� ��������� ���������� %%$$%$%$%$
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WKH�LPSOLFDWLRQ�����KROGV�7KH�SURRI� LV� VWUDLJKWIRUZDUG��E\�07�� LW� LV� VXIILFLHQW� WR�SURYH� WKDW�XQGHU� WKH�FRQGLWLRQ������ �������� ������ %$%$%$ �Md���M
LPSOLHV�� �� ����������������� ������������ %%$$%%$$%%$$ �������Md���M �
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�7KH�QH[W�VWDWHPHQW�FDQ�EH�SURYHG�LQ�WKH�VDPH�ZD\�DV�&RUROODU\����&RUROODU\����6XSSRVH�WKH�FRQQHFWHG�VV�UHSUHVHQWDEOH�PDWURLG�0 VDWLVILHV�WKH�

FRQGLWLRQ������7KHQ�IRU�DOO� ��� 0/%$ LL � VXFK�WKDW� LL %$0 � PL �� � �tP � WKH�
LQFOXVLRQ�����KROGV�7KH� OLVW� RI� VXFK� H[DPSOHV� FDQ� EH� FRQWLQXHG�� +DLPDQ� >��@� KDV� GHYHORSHG� D�SURRI�WKHRU\�IRU�LPSOLFDWLRQ�YDOLG�LQ�OLQHDU�ODWWLFHV�DQG�VKRZHG�KRZ�WR�FKDUDFWHUL]H�LW� E\� DQ� LQILQLWH� VHW� RI� XQLYHUVDO�+RUQ� VHQWHQFHV� �QRWH� WKDW� QR� ILQLWH� VHW� RI� VXFK�VHQWHQFHV�FDQ�FRPSOHWHO\�FKDUDFWHUL]H� OLQHDULW\� >��@���+DLPDQ¶V�SURRI� WKHRU\�ZDV�VLPSOLILHG�E\�)LQEHUJ��HW��DO� >��@��3RZHUIXO�PHWKRGV�IRU�REWDLQLQJ�LGHQWLWLHV�YDOLG�LQ�DOO��RU�VRPH��OLQHDU�ODWWLFHV�DUH�SURSRVHG�E\�0DLQHWWL�DQG�<DQ�>������@��,W�VHHPV�OLNHO\� WKDW� WKH� FRPSOHWH� ³LQWULQVLF´� FKDUDFWHUL]DWLRQ� RI� VV�UHSUHVHQWDEOH� PDWURLGV�FDQ�EH�REWDLQHG�E\�WKH�H[WHQVLRQ�RI�PHWKRGV�GHVFULEHG�LQ�>�������±���@�WR�WKH�FODVV�RI�ILQLWH�JHRPHWULF�ODWWLFHV�VDWLVILHV�WKH�FRQGLWLRQV�RI�07�����

���3URRI�RI�0DLQ�7KHRUHP��6XSSRVH�WKDW�WKH�PDWURLG�0 LV�VV�UHSUHVHQWDEOH�DQG� OHW¶V� GHQRWH� E\� 6 DQ� ,666� VDWLVI\LQJ� WKH� FRQGLWLRQ� ����� 7R� FRQVWUXFW� DQ�LQMHFWLRQ� ;0/ 3oM ��� ZLWK� WKH� SURSHUWLHV� �D��� �E�� OHW¶V� FRQVLGHU� WKH� SDUWLWLRQ�
UHSUHVHQWDWLRQ�RI��0 GHVFULEHG�LQ�>�@���3XW� 6;  �
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/HW� ��� 0/%$ � DQG� %$ S S � :H� FODLP� WKDW� %$  � ,QGHHG�� DVVXPH� WKDW�

WKHUH�H[LVWV� %$L ?� � WKHQ���
L$% S�S S � %L%L% S S�S S � `^ � ���� `^ %L% QQ S S � �

2Q�WKH�RWKHU�KDQG��� �
���`�^� � � %UL%U � TQTQ %%UL% ���� ���`^ S  S �� �

+HQFH�� %$ � DQG�E\�V\PPHWU\� %$  � ZKLFK�ZH�KDG�WR�SURYHG����
3XW����� ����� 0/$$ $ �S M �

,W� IROORZV�IURP�DERYH� WKDW� M LV�DQ�LQMHFWLYH�PDS�RI� ��0/ WR� ;3 VDWLVI\LQJ� WKH�
FRQGLWLRQ��D����/HW�QRZ� ��� %$ EH�D�PRGXODU�SDLU� LQ� WKH� ODWWLFH� ��0/ � /HW�XV�EH�SURYH�WKDW�

������ %$%$ MM �M $ � %\�/HPPD�DQG�WKH�LQFOXVLRQV��
�

���������� %$%$%$ MM�M�M��M $ �LQ� �; �
LW� LV� VXIILFLHQW� WR� SURYH� WKDW� IRU� DOO� EORFNV� ���� 888 RI� WKH� SDUWLWLRQV�

�������� %$%$ MM�M UHVSHFWLYHO\�WKH�IROORZLQJ�LPSOLFDWLRQ�KROGV���
� �z��� ����� 88888 �

7R�SURYH�WKLV�VWDWHPHQW�IL[�DQ\�EORFNV� ��88 RI�WKH�SDUWLWLRQV� ����� $%$ M�M
UHVSHFWLYHO\�DQG�OHW¶V�FDOFXODWH�WKH�QXPEHU� ��� �881 RI�WKH�EORFNV� ���� %;8 M�
VXFK�WKDW�� 88 �� DQG� �z� �� 88 � �����

�
2EVHUYH� WKDW� WKHUH� DUH� H[DFWO\� ���� %$U%UT1 �� EORFNV� ���� %;8 M�

FRQWDLQHG� LQ� 8 �VHH� 3URS�� �� LQ� >�@��� 2Q� WKH� RWKHU� KDQG�� WKHUH� LV� D� RQH�WR�RQH�FRUUHVSRQGHQFH� EHWZHHQ� WKH� EORFNV� ���� %;8 M� VDWLVI\LQJ� WKH� FRQGLWLRQ� �����
DQG�DOO�EORFNV� ���a %$;8 �M� FRQWDLQHG�LQ� �8 � 7KXV��LW�IROORZV�IURP�3URS����LQ�
>�@�DQG�WKH�HTXDOLW\�����WKDW��

�
1TT881 %$U%U$U%$U    ���� ������������ �

7KHUHIRUH��DOO�EORFNV� ���� %;8 M� FRQWDLQHG�LQ�8 VDWLVI\LQJ�WKH�FRQGLWLRQ�������
7KLV� FRPSOHWHV� WKH�SURRI�RI� WKH� ODVW� VWDWHPHQW� DQG�VR�DOVR� WKDW�RI�YDOLGLW\�RI� WKH�FRQGLWLRQ��E�����
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$VVXPH�QRZ�WKDW�WKHUH�H[LVWV�DQ�LQMHFWLRQ� ;0/ 3oM ��� ZLWK�WKH�SURSHUWLHV�

�D����E���/HW�XV�SURYH�WKDW�0 LV�D�VV�UHSUHVHQWDEOH�PDWURLG���3XW�� `�� L̂L M S � 3L� �
��$$ M S � 3$ � �

,W�LV�FOHDU�WKDW�
�SzS� � �����
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2EVHUYH� WKDW� `�^�� L$ � LV� D� PRGXODU� SDLU� IRU� DOO� 3$ � DQG� 3L� � 7KXV�� LW�

IROORZV�IURP��D����E��WKDW�����
$L$ S S � `^ � LI� $L� � �S SS L$ $ � LI� $L� � �����
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:H�PD\�DVVXPH��ZLWKRXW�ORVV�RI�JHQHUDOLW\��WKDW� ;� S� �LQ�WKH�RSSRVLWH�FDVH�ZH�
FDQ� UHSODFH� ; E\� D� EORFN� �S� �;8 WKDW� FRQWDLQV� WZR� RU�PRUH� EORFNV� RI� WKH�
SDUWLWLRQ� �S DQG� SXW� �8$$ �S S � �8LL �S S IRU� DOO� 3$ � � 3L� � WKH�
FRQGLWLRQV������������UHPDLQV�WUXH���7KXV��ZH�REWDLQ�IURP������������WKDW�����
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