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Abstract

This paper presents a new model of ordinary elliptic curves with
fast arithmetic over field of characteristic two. In addition, we propose
two isomorphism maps between new curves and Weierstrass curves.
This paper proposes new explicit addition law for new binary curves
and prove the addition law corresponds to the usual addition law
on Weierstrass curves. This paper also presents fast unified addition
formulae and doubling formulae for these curves. The unified addition
formulae cost 12M + 2D, where M is the cost of a field multiplication,
and D is the cost of multiplying by a curve parameter. These formulae
are more efficient than other formulae in literature. Finally, this paper
presents explicit formulae for w-coordinates differential addition. In a
basic step of Montgomery ladder, the cost of a projective differential
addition and doubling are 5M and 1M + 1D respectively, and the cost
of mixed w-coordinates differential addition is 4M.

Keywords: Elliptic curve, binary field, scalar multiplication, unified
addition law, differential addition, cryptography



1 Introduction

An elliptic curve over a field K is a smooth algebraic curve of genus 1 having a
specified basepoint. Every elliptic curve can be written as the locus in P? of a
Weierstrass cubic equation with one infinity point (0 : 1 : 0). There are many
other ways to represent elliptic curves such as Legendre equation, Jacobi
quartic equations and intersection of two quadratic surfaces. Several forms
of elliptic curves over finite fields with different coordinate systems have been
studied to improve the computation efficiency of the scalar multiplications. In
2007, a family of special curve named Edwards curves introduced by Edwards
in [6]. Berstein and Lange proposed a general Edwards curves in [2]. In
[4], Berstein, Lange and Farashahi study the Edwards curves over binary
field. Recently, Joye, Tibouchi and VergnaudlIt [10] study the Huff’s curve
introduced by Huff in [7]. Wu and Feng in [20] present a general Huff form.
One of the main operations and challenges in elliptic curve cryptosystem
is the scalar multiplication. The speed of scalar multiplication plays an
important role in the efficiency of the whole system. Therefore, it is an
interesting problem to explore new elliptic curves form with fast group law.
In this paper, we mainly talk about elliptic curves over binary fields.

For a field K with characteristic two, every ordinary elliptic curve an be
written as E : v? + uv = u? + agu + ag with ag # 0. The neutral element
of the general addition law is the point (0 : 1 : 0) and negation is defined as
—(uy,v1) = (u1,u; +vy1). For point (x1,y;) and (29, y2) on curve E, whenever
defined, (z1,y1) + (2, v2) = (x3,¥3), where 13 = A\ + X\ + 21 + 75 + as and
ys = Mx1+z3)+x3+y, A= (yo+y1)/(xa+x1) if 21 # 29, 0r A = 21 +y1 /21
if x; = x9. In [4], Bernstein et al. introduced the binary Edwards curves
over field K. If dy,dy € K with dy # 0,dy # d? + dy, the binary Edwards
curve with coefficients dy, dy is the affine curve

Epayay + di(2 +y) + do(2® + y?) = 2y + ay(z +y) + 2%y,

The addition law is given by (x1,y1) + (z2,v2) = (x3,y3), where

di(x1 + x2) + da(z1 + 1) (22 + y2) + (21 + 23) (@2 (ys + y2 + 1) + v1y2)

I‘ g
3 di + (x1 + 23) (22 + ¥2)

di(yr + y2) + do(@r + y1) (@2 + y2) + (Y1 + yi) (ya(@r + 22 + 1) + z122)

di+ (y1 + vi) (22 + yo)

)



This paper explore a new model of binary elliptic curves
S, 2’y +xy? +tey +x+y=0.

Define (1,1,0) as the neutral element, then —(z,y) = (y,z). The unified
addition law is defined by

(w3,y3) = (w1,51) + (T2, 92),

where
S (122 + 1192) (Y1 + y2) + tyaya (1 + 2172)
3 - )
(122 + 11y2) (1 + y1y2)
s = (122 + y1y2) (@1 + 22) + ta122(1 + y192)
- .

(1]11'2 + y1y2)<1 + Z’lxg)

If we define (0,0, 1) as the neutral element, then the unified addition law
is defined by

(w122 + y1y2) (1 + y132)
(122 + 112) (1 + 12) + tyrp(1 + 2122)

rs =

(122 + 11y2) (1 + 2129)
(T122 4+ th1y2) (@1 + 22) + te1za(1 4+ y1y2)

Ys =

Here we give some notations. The trace function Tr: Fom — s is defined
by

2'm71

aata’t-+a

Note that Tr(a) = Tr(a?) for all @ € Fam. The quadratic equation x? + x +
a = 0 has solution in Fym if and only if Tr(«) = 0.

2 Special Binary Curve

Let K denote a field of characteristic 2. Consider the set of projective points
(X :Y : Z) € P(K) satisfying the equation

Se: XY + XY?2+tXYZ+XZ*P+YZ* =0 (1)

where t € K and t # 0. The tangent line at (1:1:0)is X +Y +tZ =
0 , which intersects the curve with multiplicity 3, so that (1 : 1 : 0) is
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an inflection point of S;. The partial derivatives of the curve equation are
Y2 +tYZ + Z?, X? +tXZ + Z? and tXY. A singular point (X; : Yy : Z)
must have Y? + Y12, + 77 = X2 +tX 1 Z, + Z? = tX,Y; = 0, and therefore
X, =Y, = Z; = 0since t # 0. Therefore, S; is nonsingular. The affine form
of the curve is

Sy 2’y +ay? +tey+a+y=0.

We can denote S;(K) for a field K as
Si(K) = {(x,y) € K?|v*y+ay*+toy+o+y = 0} U{(l :0:0),(0:1:0),(1:1:0)}

by a light abuse notation.

Note that the variant form z?y + zy* + azy + b(x + y) = 0 is isomor-
phic to 2%y + xy? + tzy + (x +y) = 0 via the change of variables (z,y) —
(ax/v/b,ay/v/b) with t = a/v/b. The curves z%y + zy> + zy + b(z +y) = 0
isomorphic to %y + xy? + txy + (x +y) = 0 by (x,y) — (2/vb,y/Vb) and
t=1/Vb.

The curve z%y + xy* + zy + b(x + y) = 0 look similar to binary Edwards
curve Ep 4, 4, - di(z+y) +da(2?+y?) = xy+zy(z+y)+2*y? without quartic
item with d; = b and dy = 0.

The generalized form S, : 2%y + zy? + azy + (v + y) + b(z* + y?) = 0 of
Sy curve isomorphic to v? +uv = u® + (b/a)u® + a~*(1 + ab). We can change
Sap to the form dy(z 4 y) + d2(2? + y*) = 2y +zy(z +y), then it look similar
is the binary Edwards curve of eliminated quartic item.

2.1 First isomorphism
Let S; : 2%y + xy? + tzy + x + y = 0 defined over finite field Fom, then S; is

isomorphic to the Weierstrass elliptic curve

2 _ .3
v't+uv =u" + I
over Fom via the change of variables ¢(z,y) = (u,v), where
x4y r+y+tir+t
- v = :
2z +y+1t) t(x+y+1)

u =

The inverse maps is 1(u,v) = (x,y), where

thv+1 tHu+v) +1
T = LY = ——
t3u+t tBu+t
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In projective coordinates, the correspondence projective transformations
from
XY+ XY +IXYZ+XZ*+YZ*=0

to
1
VW +UVW = U? + t—8W3

is (X,Y,Z) — (U,V,W) where

U = t3(X+Y),
V = X+Y +2X +t7,
W = t{X+Y +t2).

The inverse transformations is (U, V, W) — (X, Y, Z) where

X = t'V+w,
Y = U+ V)+W,
Z = U +tW.

The above change of variables map the element (1,1,0) on S; to the
identity element (0,1,0) on Weierstrass curve.

Note that curves 22y+zy?+zy+b(z+y) = 0 isomorphic to v2+uv = u3+b*
via the change of variables

v+ b u+ v+ b

_ D =
u+b’ u-+b

Lemma 2.1. An elliptic curve E defined over Faom satisfies 4|4E(Fam) if and
only if E isomorphic to a elliptic curve form x®y + zy? + tovy +x +y = 0.

Proof. Since for any a € 3., there exist a ¢ such that S; : 2%y +xy? + try +
x +y = 0 isomorphic to v? +uv = u3 + a. We need only to prove an elliptic
curve F defined over Fom satisfies 4| £ (Fom) if and only if £ isomorphic to
a elliptic curve form W, : v? + uwv = u® + a.

Assuming that E isomorphic to W, : v? + uv = u® + a, we count the
number of W,. For any point P = (z,y) € S, with P # (0,1,0),(0,+/a),
then = # 0. Therefore, W, (Fom) = 2 + 28{t € Fom[t* +t = 2 + %,z # 0}.
The equation ¢* + ¢ = x + ¢ has solution if and only if TT(a: + %) =0, that
is Tr(x) = Tr(\/—a). Note that g{z € F5.|Tr(z) = T'r’( 2)} is an odd since

T — ﬁ is an involution on F3, with precisely one fixed point. Actually,

point (\/_ v/a) belongs W, and has order 4, hence 4|fE(Fam).
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Secondly, if 4|fF(Fym) then E is ordinary, it has an equation after a
suitable choice of coordinates E : y? + zy = 23 + r2? + a with r € Fom. We
can change v? +uv = v + a to a standard form E, : y> + 2y = 23 + b2? +a
with some b € Fom. E isomorphic to E, if and only if T'r(r) = Tr(b). If E is
not isomorphic to E,, then Tr(r) # Tr(b) and t = a, thus E is a quadratic
twist of E, and §F,(Fon) + §E(Fgm) = 2™t + 2 = 2( mod 4). O

2.2 Second isomorphism
Let S; : 2%y + xy* + towy + x + y = 0 defined over finite field Fom, then
Py+ay +tey+x+y=0

is isomorphic to Weierstrass elliptic curve

2 _ .3
vt uv =u” + &
over Fom via the change of variables ¢(z,y) = (u,v), where

r+y x+y+toy + 2y

u = , U= :
t2(x 4y + twy) tHx +y + try)

The inverse change is ¢¥(u,v) = (x,y), where

~ tPu+t thu +t

SRR y_t4(u+v)+1'

In projective coordinates, the correspondence projective transformations
from
XY + XY+ tXYZ+XZ?P+YZ* =0

to
1
VEW + UV = U + gW?
over Fom is (X,Y, Z) — (U, V,W) where

U = (X+Y)Z,
V = (X+Y)Z+tXY +t*YZ,
W = *(XZ+YZ+tXY).



The inverse change is (U, V, W) — (X, Y, Z) where

X = BU+tW)-t(U+V)+W),
Y = (BU+tW)- 'V +W),
Z = ((MU+V)+W) - (t*'V+W).

The above change of variables map the element (0,0, 1) on S; to the point
(0,1,0) on Weierstrass curve.

3 The addition law

Let C' be a nonsingular cubic curve defined over a field K, and let O be a
point on C(K). For any two points P and @, the line through P and @
meets the cubic curve C' at one more point, denoted by PQ. With a point
O as zero element and the chord-tangent composition PQ) we can define the
group law P+ @ by P+ @Q = O(PQ) on C(K) making C(K) into an abelian
group with O as zero element and —P = P(OO). If O be an inflection point
then —P = PO and OO = O.

Note that (1, 1,0) belong to the curve and is a inflection point. The third
point the line through (1,1,0) and (1,0,0) meets the curve is (0,1,0). The
third point the line through (1,1,0) and (0, 1,0) meets the curve is (1,0,0).
The third point the line through (1,1,0) and (0,0,1) meets the curve is
(0,0,1). The third point the line through (0,1,0) and (0,0,1) meets the
curve is (0, 1,0). The third point the line through (1, 0,0) and (0,0, 1) meets
the curve is (1,0,0).

The tangent line at (1,0,0) is Y = 0. The tangent line at (0,1,0) is
X = 0. The tangent line at (0,0,1) is X +Y = 0. The tangent line at
(1,1,0)is X +Y +¢Z = 0.

The third point the line through (z1,71) and (0,0) meets the curve
< (xl(t+x1 +y1) yit+ a1+ )

). The third point the line tangent at

ity ity
(x1,y1) meets the curve is
( t(1+y7) t(1+2?) )
ot +yi +oiyl 2y oyl ol oyt ety + el )

The third point the line through (x1,y;) and (z9,y) meets the curve is
(x3,y3) where
T+ Y1+ Ta + Yo + 212 + Yo + 1) + Topi (1 +y1 +H1)

LTa = s
’ (0 + v2) (@1 + v1 + 72 + )
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and

1+ + v+ ye F gz oy +t) F 2oy (v +yo + 1)
(1 + xa) (21 + Y1 + T2 + y2) '

Ys =

3.1 (1,1,0) as neutral element

Let P = (z1,y1) be a finite point on xy? + yx? + tzy + v +y = 0, then
—P = (y1, x1). After some algebra, we get 2P = (x3,y3) when 2% + y? +
zyi + *y; +yi # 0 and o7 + yF + afyf + %25 + xf # 0, where

t(1+ x2)
X = )
P R+ adyd + 2] + o o)
t(1+y7)
Ys =

ot +yi oty + 0yl
Let P = (x1,41) and Q = (z2,y2) be two finite points with P # (). Then
we can get the dedicated point addition formula. That is, whenever defined,
we get P+ @ = (x3,y3), where
T+ Y1+ To + Y2 + T1ya(T1 + Y1 + 1) + 2oy (T2 + Yo + 1)

i = )
’ (21 + z2) (21 + Y1 + 72 + 32)

(3)
- T+ Y1+ To + Yo + T1y2(T2 + Y2 + 1) + 2oy (21 + 41 + 1)
3 — .
(y1 + yo) (@1 + Y1 + T2 + y2)
In the projective coordinates, the dedicated law is (X7 : Y1 : Z1) + (Xo : Ya !
ZQ) = (X3 . 1/3 . Zg) where

Xs = NZ+YsZy)- (Z1Z§(X1 +Y)+ ZIQZQ(XQ +Y3)
+ XaYoZo(Xa + Y1 +t20) + XoViZi (X + Y + t2,)),

+ XiYVoZi(Xo + Yo +t25) + XoY1Z5( Xy + Y1 + t21)),

Zy = (X1Zy+ XoZy) Y12y + Yo Zy)(XeZo + Y125 + XoZy + Yo Zh).
(4)

We can delete t from the above dedicated addition formula and get the
following dedicated addition formula independence of the curve parameters.
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(y1 + y2) (122 + Y1)
y2(x1 + x2) (21 +y1 + T2+ y2)

()

(@1 4 22) (122 + You1)
r122(y1 + y2) (21 + v1 + T2 + y2)
Note that (y1 + y2)(v1xa + yox1) = iye(@r + 22) + T2y] + 2193, (v1 +
) (Y122 + Y2x1) = T122(y1 + Y2) + 21y2 + 23y1, and (y1 + y2) (Y122 + yow1) +
(1 + ma) (Y122 + Yox1) = (T1y2 + T2y1) (T1 + v1 + T2 + ya).

Ys =

The addition law for points P =
the following formulae.

(X :Y :Z) with XY Z = 0 are given by

_(07170) = (17070)7
—(1,0,0) = (0,1,0),
—(0,0,1) = (0,0,1),
2(0,1,0) = (0,0,1),
2(1,0,0) = (0,0,1),
2(0,0,1) = (1,1,0).
(0,1,0) + (1,0,0) = (1,1,0),
(0,1,0) + (0,0,1) = (0,1,0),
(1,0,0)+ (0,0,1) = (1,0,0),
(1,1,0) + (1,0,0) = (1,0,0),
(1,1,0)+ (0,1,0) = (0,1,0),
(17 15 O) + (07 Oa 1) (07 07 1)

N

Note that if (z1,51) on 2y + 2y +txy + = +y = 0 then so do (-, 1),
(x1,55), (57, 7) whenever defined. When x; # 0, we have (21, y1)+ (55, v1) =
(0,1,0). When y; # 0, we have (x1,y1) + (21, y—l) =(1,0,0).

When P = (z1,y;) is finite and @ is at infinity or (0,0,1), whenever

defined, we have

;

(1'17 yl) + (1’ 07 0)

(1, 3/1) + <O7 L, 0)

(551, yl) + <07 O? 1)

\

(yla
1

1

=)

1

(y_axl)a

1
($1y1 + tyr

X1

y L1 +t)



The following facts will be useful in later sections.

(wrom)+ () =26, = (& PR+ (14D +x%y%>)
’ x1 "1y te2(1+y?) il +a2d)
and
() — (. 1) = (0.0,1)
L1, — U )= U L)
1, Y1 '

After some algebra, we can get the following unified point addition for-
mula. Let (z1,y1) + (22,92) = (23,93), then

A (@122 + y192) (41 + y2) + tyaya(1 + 2122)
3 — )
(w122 + y1y2) (1 + y132)

(6)

(l’lﬂjg + ylyg)(iﬁl -+ :CQ) -+ tl'lxz(l + y1y2)
(122 + y172) (1 + 2122)

Y3

In the projective coordinates, the unified law is (X7 : Y7 : Z;) + (X2 : Ya :
Zy) = (X3 :Y3: Z3) where

X3 = (XiXo+ Z17) - (XnXo + YiYo)(YiZo + Yo Zy) + tY1Ya(Z1Z5 + X1 X3)),
Y5 = NMYa+ 212y (XaXe + V1Y2)(XaZo 4+ XoZy) +t X1 Xo(Z12Z2 + V1Y5)),

Zy = (XiXo+VY9)(XaXo + Z125) (V1Yo + 21 2). 0

7

We can prove that the addition law corresponds to the usual addition law

on an elliptic curve in Weierstrass form. That is, fix (1, y1), (22, y2), (z3,y3) €

Si(K). Assume that (1, y1)+ (22, 92) = (23,93). Then @(z1,y1)+¢(x2,y2) =

o(x3,y3). A lengthy but straightforward calculation can show it, here is the

corresponding Sage script:

Sage scrip to check P+ @) = R.

R.<t,x1,y1,x2,y2>=GF(2)[ |
S=R.quotient([

x1*y1"24yl*x1 " 2+t*x1*y14+x1+y1),
x2%y2" 24y2*x2" 24+t x2*y24+x2+y2),
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)
x3=(
X1*x2* (y14y2)+y1*y2* (t+yl4y2)+t*(x1*y1*x2*y2)
)/ (x1*x24y1*y2+y1"2%*y2" 24+x1*y1*x2*y2)
y3=(
y1Fy2* (x14x2) +x1*x2* (t+x1+x2)+(a+b)*(x1*y1*x2*y2)
)/ (x1*x24y1*y24x1"2%x2"24+-x1*y1*x2*y2)
ul=(x1+4y1)/(t"2*(x1+yl+t))
vi=(x14+yl+t"2*x1+t)/(t"4* (x1+y1l+t))
u2=(x2+y2)/(t"2*(x2+y2+t))
v2=(x2+y2+t"2*x2+a+b)/(t"4*(x2+y2+t))
u3=(x3+y3)/(t"3*(x3+y3+t))
v3=(x3+y3+t"3*x3+t)/(t"4*(x3+y3+t))
lam=(v14+v2)/(ul4u2)
ud=lam"2+lam=ul+u2
vd=vl+4lam*(ul+ud)+ud

==S(numerator(u3-u4))
0==S(numerator(v3-v4))

Completeness of the addition law
Let P = (z1,y1) and @Q = (22,92). Then (x1,41) + (22,y2) = (x3,y3), the
addition law is defined when the denominators (x1xs + y1y2)(1 + y1y2) and
(x129 + y192) (1 4+ z129) are non-zero.

If 14+y1y2 = 0, then yp = yil, thus Q € {(z1, yil), (é, y—ll)} If 142129 =0,
then z, = .-, thus Q € {(;;,v1), (57, 37}

10 y1
Lemma 3.1. Let P = (z1,y1) and Q = (x2,y2) on the curves Sy. If xqxq +
y1y2 =0, then Q = (=, 1) or Q = —P.

1’ Y1

Proof. If xyx9 + y1y2 = 0 then zi1x5 = y1yo. If 129 = y1y2 = 1, then

iy + x1yi + teay + 21+ y1 = 0, thus
1 1 t 1 1
3 5 + + —4+—=0
Ty 1Yy T1Y1 %
and
a? a? ta 1 1
57— + 5 T+ + —+—=0.
1Y 1Yy r1Yy1 T1 W
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Therefore,

1 a? 1 a? t ta
s— + —5—+ 5 + 5 + + =0.
iy Ty Ty;r Yy iy 1Y

Thus x, + a’xy +y1 + a’y; + toy, + taxy; = 0 and

t371y1
L 1+a
: triy
Since T+ B = ————:, therefore, r1Y1 = Q. From T1Ty = Y1Y2 = a and
1y + 1
r1y1 = a, we get xo = y; and y, = xy, that is Q = —P. ]

Note that P = (z1,y;) and Q € {(x—ll,yl), (x1, yil), (x—ll, i)}, then P+Q =

(0,1,0), P+ @ = (1,0,0) or P — @ = (0,0,1). Therefore, we have the
following theorem.

Theorem 3.2. Let elliptic curve Sy : 22y +xy? +toy+x+y = 0 defined over
Fom and let G C Sy(Fam) be a subgroup that does not contain points (0,1,0),
(1,0,0) or (0,0,1). Then the unified addition formulae is complete.

In particular, the addition formula is complete in a subgroup of odd order,
since (0,1,0), (1,0,0) and (0,0, 1) are all of even order.

3.2 (0,0,1) as neutral element

Let P = (x1,91) on 2%y + oy + tozy + v +y = 0, then —P = (y;, z1).
After some algebra, we get 2P = (3, y3) when 1+ y? # 0 and 1+ 22 # 0,
where
22 4+ yi + 2yd + 222 + 2]

S t(1+ 22) ’

(8)

o} + i + iyl + 7 +
t(1+y7) '
Let P = (x1,71) and Q = (x2,%2) be two finite points with P # Q.
Then we can get the dedicated point addition formula, whenever defined,

Ys =
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P+ Q = (z3,y3), where where

(x1 4+ z2) (21 + 11 + T2 + o)

Ty = ,
’ 1y + 22+ Yy + 21ye(2r + Y1 F ) + 2oy (T2 + Y2 + 1) o)
9
ys = (y1 + o) (1 + 31 + 22 + 10)
3 = .
T+ Y1+ o+ Yo + T1Y2(2 + Y2 + 1) + 2oys (21 +y1 + 1)
Similarly, then unified group law is defined as
. (122 + y1y2) (1 + y1y2)
3 )
(2122 + y192) (Y1 + Y2) + ty1ya (1 + 2129)
(10)
- (w122 + y1y2) (1 + 2122)
5 =

(T122 4+ t1y2) (@1 + 22) + te1za(1 4+ y1y2)

The addition law for points P = (X : Y : Z) with XY Z = 0 are given by
the following formulae.

_(0>170) = (071>0)7
~(1,0,0) = (1,0,0),
—(1,1,0) = (1,1,0),
2(0,1,0) = (1,1,0),
2(1,0,0) = (1,1,0),
2(1,1,0) = (0,0,1).
(0,1,0) + (1,0,0) = (0,0,1),
(0,1,0) + (0,0,1) = (0,1,0),
(1,0,0) + (0,0,1) = (1,0,0),
(1,1,0) + (1,0,0) = (0,1,0),
(17170)+(07170) = (17070)7
(1,1,0) + (0,0,1) = (0,0,1).

N

Note that if (z1,51) on 2y + 2y 4+ txy + 2 +y = 0 then so do (-, 1),
(z1, L), (&, ~) whenever defined. When x; # 0, we have (1, 3/1)—1-(1,—11, Y1) =

Ly 17 Y1

(1,0,0). When y; # 0, we have (z1,y1) + (21, yil) =(0,1,0).

13



When P = (z1,y;) is finite and @ is at infinity whenever defined, we have

( L4+ toy + 21 (14 toy + 2101)
:I; ) —"_ 17070 = ) )
(72, 0) ) < o1 (1 4+ 2191) 1+ 2

(xlay1)+(0,1,0) — (xl( + yl‘i_l'lyl) —+ y1+$1y1>

14z T (14 )

(1’1, yl) + (17 L, O) =

(yl(t +x1+y1) vt +x+ yl))

\ 1+ ’ 1+

1 1 1 yl(t—l—xl—l—yl) xl(t+xl+y1)
() = (0.1,0)+ (i 5) = , |
r1 1 T+ T+

The projective coordinates law is
(X3:Y3:Z3)=(X1:Y1:2))+ (Xse: Yy : Zy)

where

X3

NYo + Z12,) (X1 X2 + Y1Y5)
(X1 Xo + YY) (X1 Zs + XoZy) + t X0 Xo(Z1 25 + Y1Y5)),

Ys = (XiXo+ Z212:)(X1 X+ Y1Y5)
(XaXe + VY2)(YiZy + Yo Zy) + tY1Yo(Z1 25 + X1X5)),

Zs = (X1 Xo +1Y2)(X1Zy + XoZy) +t X1 Xo(Z1 22 4+ Y1Y3))
(Xa Xy +NY2) Y12y + Yo Zy) + V1Yo (21 25 + X1 X5)).

An inverted Edwards coordinates were introduced by Bernstein and Lange
in [3]. For a point We use three coordinates (X; : Y] : Z;) on Edwards curve
2?2+ y? =1+ day?, where (X? + Y272 = X2+ Y2 +dZ} and X Y17, # 0,
to represent the point (Z;/X;,Z1/Y1) on the Edwards curve, they refer to
these coordinates as inverted Edwards coordinates. It is easy to convert
from standard Edwards coordinates (X; : Y] : Z;) to inverted Edwards co-
ordinates, simply compute (Y17, : X17; : X;Y]) with three multiplications.
The same computation also performs the opposite conversion from inverted
Edwards coordinates to standard Edwards coordinates. Using the inverted
projective coordinates on Sy : 2%y + xy? + txy +x +y = 0, the point (1,1,0)
correspondence to (0,0, 1), and the group law use (1, 1,0) as neutral element
correspondence to group law use (0,0, 1) as neutral element.
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4 Explicit addition formulae

This section presents explicit formulae for affine addition, projective addition,
and mixed addition on S; curves.

4.1 (1,1,0) as neutral element

Affine addition. The following formulae, given (z1,y;) and (z9,y2) on the
curve S; : 2%y + xy? + try + v +y = 0, use formula (3) compute the sum
(3,93) = (¥1,y1) + (72, y2) if it is defined:

wy =r1+ Y1+, wy =22+ Yo +t, A=1x1Y0, B = 22Y1,
C=A-w, D=B-wy, E=(A+B)-(w +wy)+C+ D,
F=(@+x) (n+w) G=(@+x)’+F, H=(+p)’+F
xgz(w1+w2+C+D)/G, ygz(w1+w2+E)/H

These formulae cost 21 +8M + 2S5, where [ is the cost of a field inversion,
M is the cost of a field multiplication, S is the cost of a field squaring. We
will use D denote the cost of a field squaring and of a multiplication by a
curve parameter. One can replace 21 with 1/ + 3M using Montgomery’s
inversion trick, then the affine addition use 1/ + 11M. Note that the cost of
additions and squarings in Fom can be neglected.

The following algorithm use formula (6) compute the sum (z3,y3) =
(x1,y1) + (za,y2) if it is defined:

A=x1 29, B=y1-y2, C=(A+B)-(y1 +y2), D= (A+ B) - (z1 + x2),
E=A-B, F=B+FE, G=A+E, H=A+ B+ FE + B
J=A+B+E+ A% z3=(C+tF)/H, ys=(D+1tG)/J.

These formulae cost 21 +7M + 2D + 25 or 11 + 10M + 2D + 25, The
2D here are two multiplications by t.

Projective addition. The following formulas, given (X; : Y; : Z;) and

(X2 : Yy 1 Zy) on the curve Sy, use formula (4) compute the sum (X3 : Vs :
Z3) = (X1 :Y1:27) + (Xo: Yo : Zy) if it is defined:

15



A=X,-Zy, B=Xy-Z,, C=Y,-Zy, D=Yy-Zy, E=Z, - Zs,
F=X1Y, G=XyY,, H=EA+B+C+D), J=FA+C+1tE),
K=GB+D+tE), L= (F+G) (A+B+C+D)+J+K,

=(C+D)- (H+J+K), Ys=(A+B)-(H+1L),
Z3=(A+B)-(C+D)- (A+B+O+D).

These formulae cost 15M + D. The D here is one multiplication by ¢.

The following algorithm use unified formula (7) compute the sum (Xj :
Y Z3) (Xl Yi . Zl) (X2 Yé ZQ) if it is defined:

A=X1-Xy, B=Y1-Yy, C=12,- 2y,
D=(X1+27) (Xo+ Z3)+A+C,
E=M+2) Ya+Z2)+ B+C,
Xs=(A+0C)-(A+B)-E+tB-(A+(0)),
Ys=(B+C)-(A+B)-D+tA-(B+()),
=(A+B)-(A+C)-(B+0O).

These formulae cost 13M 42D. The 2D here are two multiplications by t.

Since the squarings in Fom can be neglected, so we have the following
algorithm,

=X1-Xo, B=Y1"Ys, C=12,-2,
(Xi+2y) - (Xa+2Z5)+A+C,

Y1+ Zy) - (YQ—FZQ)—l—B—l-C

=(A+C)? G=(B+C)*, H=A-(B+0),
=B-C, J= A2 K = B?,
s=J+H+I)-E+tB-F,

Yé (H+K+1)-D+tA-G,
Zy=(J+H+1)-(B+C).

XN“qubﬁ
[

These formulae cost 12M +4S5+2D. The 2D here are two multiplications
by t.

Mixed addition. Mixed addition is compute (X3 : Y3 : Z3) = (X7 : Y7 :
Z1) + (x2,y9) given (X7 : Y] : Zy) and (z3,y2) on the curve S;. From projec-

tive addition algorithm use formula (4) we can get the mixed addition can
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be computed use 12M + D since Z, = 1. However, use formula (7) compute
mixed addition cost 11M + 2D.

Comparison with previous work The following comparison shows that
our addition formulae are more efficient than binary Edwards curve and
Weierstrass curves.

The projective addition formulae of binary Edwards curves in [4] use
21M +15+4D, or 18 M +25+ 7D when the curve parameters are small. The
fastest formulae cost 16M + 15 + 4D when the parameters d; = ds of binary
Edwards curves. The best operation counts is 14M + 1S for Weierstrass
curves with projective coordinates reported in Explicit-Formulars Database
of [1]. Therefore, our formulae are more faster than the formulae in literature.

4.2 (0,0,1) as neutral element

The similarly analysis can be done as use (1,1,0) as neutral element, but
here we neglect the details.

5 Doubling

This section presents fast doubling formulae on S; in affine coordinates and
projective coordinates.

Affine doubling. Let (z1,y;) be a point on S;, and assume that the sum
2(z1,y1) is defined. From unified formula (6) with (1, 1,0) as neutral element,
we get

2(z4 yl) = ( t?/%(1+$1)2 t:v%(1+y1)2 )
’ (23 +yD) (L +y7)" (2% +yi) (1 +23)

Note that (1 +y1)(1+z1)(L+y1) = x1(1 +yf) + v (1 + 21)? + 27 + y2, we
have the following algorithm to compute 2P:

A=y -(1423), B=x1-(14+yi), D=(A+B+ai+yi)",
E:tD2, l’gIE'AQ, yng'B2.

These formulae cost 11 +4M +5S+ D. The 1D here is one multiplication
by t.
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From the formula (8) with (0,0, 1) as neutral element,

2(z1,31) = (

o+ yi 4 aiy; + et + o) ot 4y + iyl + Py + yi‘)
t(1+ 22) ’ t(1+13) '

a? + i + oty + 2y + oyt

We can divide
t(1+y7)

1 tyl 2
as —(x1+y;+-——)7, therefore
t (143 1+ y)

1

2(x1,11) = (;(33'1 + Y1+

il 2 1 tyl 2
, —(r1 +u + .
1—|—x1) t<1 s 1+y1)>

Note that y; (1+21) = yi+x1y1, 21 (1+y1) = z14+2191 and (1+21)(1+y;) =
1+ 21 + y1 + x1y1, we have the following algorithm to compute 2P:

A=xz1+y, B=zypy, D=t(1+a1+y +B)*,
x3 = (A+ (21 + B) - D)*/t, ys = (A+ (31 + B) - D)*/t.

These formulae cost 11 + 3M + 2S5 + 3D. The 3D here are three multi-
plications by ¢ and 1/t twice. Julio Lépez in [14] pointed out the following
algorithm with cost 17 4+3M + 28+ 2D by using v/t. The same optimization
applied in the first doubling formula by introduce the variable E = tD? is
also due to Julio Lépez. The 2D here are two multiplications by v/t and

1/t
A:I‘1—|—y1, B:xlyl, D:\/¥<1+ZC1+Z/1+B)_1,
E= A/t w3 =(E+ (x1+ B)-D)?, ys = (E+ (y1 + B) - D)*.

Projective doubling. Let P = (X3,Y}, 7)) and 2P = (X3,Y3, Z3), From
unified formula (6) with (1,1,0) as neutral element, we get

2P = (tY2(X?+ Z7)° X (Y2 4+ Z27)% (X7 + Y2) (X7 + Z3) (Y + Z27))
= (Y2(XP4+ 2% XP(Y2 + 272 (/) (XF + Y2 (X + Z7) (Y + 27)) .

Note that
(XPHYR)(XF+2) (YP+28) = (Vi(XF + Z0) + Xa (VP + Z0) + Zo(XF + V),
so we have the following algorithm

A=X} B=Y? C=2Z} D=Y,-(A+C), E=X,-(B+0O)
Xs=D* Ys=FE* Zy=(1/t)(D+ E+ Z - (A+ B)).
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These formulae cost 3M + 35 4+ 1D. The 1D here is one multiplications
by 1/t.

Comparison with previous work The following comparison shows that
our doubling formulae are competitive to binary Edwards curve and Weier-
strass curves.

The best projective doubling formulae on binary Edwards curves in [4]
use 2M + 6S + 3D, or 2M + 55 + 2D when the curve parameters d; = ds.
But in general for random curve the cost become 4M + 6S. According to a
summary in [4], The fastest inversion-free doubling formulae in Lapez-Dahab
coordinates cost 4M + 4S + 1D introduced by Lange in [9]. In [8] Kim and
Kim present doubling formulae for curves of the form v? 4+ uv = u? 4+ u? + ag
needing 2M +55+2D. Using the extended coordinates, the improve doubling
formula take 2M + 4S5 + 2D in [4]. Our projective doubling formulae cost
3M + 35 + 1D for general curve parameters, them are slightly slower than
binary Edwards curves or Weierstrass curves. But for random curves, take
1D = 1M then our formulae are have more advantages.

6 Differential addition

This section presents fast explicit formulas for w-coordinate differential ad-
dition on binary curves S; : x?y+zy? +try+1x+y = 0. We define w-function
in two ways. Here w(P) =z +y for P = (x,y), and w(P) = xy. Note that
w(—P) = w(P) and w(—P) = w(P) , since —(z,y) = (y,z). We propose ex-
plicit cost of differential addition and double for w-coordinates, and neglect
the details for w-coordinates.

Differential addition means computing () + P given P, (), — P or com-
puting 2P given P. A generally differential point addition consists in cal-
culating w(P + Q) from w(P), w(Q) and w(Q) — P) for some coordinate
function w. Montgomery in [16] developed a method, called Montgomery lad-
der, allowing faster scalar multiplication than usual methods. Montgomery
presented fast formulae for u-coordinate differential addition on non-binary
elliptic curves v? = u® 4+ asu? + u. The Montgomery ladder can fast com-
pute u(mP),u((m + 1)P) given u(P), and is one of most important meth-
ods to compute scalar multiplication. Bernstein et al. [4] used the idea of
Montgomery ladder present fast w-coordinate differential addition on binary
Edwards curves.
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More concretely, write Q@ — P = (z1,11), P = (22,%2), Q@ = (v3,y3),
2P = (x4,y4) and Q+ P = (x5, ys5). We will presents fast explicit formulae to
compute w(P+ Q) and w(2P) given w(P), w(Q) and w(Q — P), and presents
fast explicit formulae to compute w(P+Q) and w(2P) given w(P), w(Q) and
w(Q — P). Write w; = x; + y; and w; = z;y; for i = 0,1,2,3,4.

6.1 (1,1,0) as neutral element

Since the doubling formula is

ty2(1 2 tx?(1 2
2P =2(z,y) = y*(L+a7) ’ z*(1 +y°)
(@ +y2)(1+y?) (22 +y?)(1 +2?)
t 1 2,2
Let wy = w(P), then w(2P) = (L+2%) . Note that zy = &7
(I+22)(1+y?) r+y+atb

thus
t3
wy = w(2P) = :
1 = w(2P) 12 + 2w3 + w}
Similarly, we have
1+
Wy = W

By a lengthy but straightforward calculation, we can get, when defined,

t3

w; +ws = t+ ,
! > tQ —f- U)Q’U)g(t —|— U)Q)(t —f- w3)

tQ(’wg + ws —f- t)2

wLw = .
s t2 —|—w2w3(t+w2)(t—|—w3)
and )
L 1" Wows
wr +ws = 5,
(%5 + ws
- 1 + w3w3
wiws = =5 =9 -
w; + w3

Cost of affine w-coordinate differential addition and doubling. The
explicit formulae
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A:u?%, B:u?%, C:’lz)g’lzjg, D: (A+B)_1
ws = wy + t2C - D.
use 17 +2M + 25 + 1D, where the 1D is a multiplication by #2.
Doubling: The explicit formulae

A=w3, B=A? C=1t*A, D=C"
wy=(1+B)-D.
use 11 + 1M + 2S + 1D, where the 1D is a multiplication by #2.

Cost of projective w-coordinate differential addition and doubling.
Assume that @y, w9, w3 are given as fractions Wl/Zl, WQ/ZQ, Wg/Zg and that
W4, Ws are to be output as fractions W4/Z4, W5/Z5.

The explicit addition formulae

A=W, Zs, B=W;-Zy, C=(A+ B)?,
Ws=t*2,-A-B+W,-C, Zs = Z, - C.

use 6M + S + 1D, where the 1D is a multiplication by #2.
The explicit doubling formulae

A=W, B=A% C=272 D=C?
Wy=B+D, Zs =t?A-C.
use 1M + 4S5 + 1D, where the 1D is a multiplication by ¢
Here wyws formulas offer an interesting alternative. For example, the
explicit formulae
A=7Zy-Zs, B=W,-W;, C=(A+ B)?,
D=Wy+2,) - (Ws+Z3) + A+ B,
Wg,:Zl'C, Z5:W1'D2.
use bM + 25. If Z5 = 1 then cost of mixed w-coordinates differential
addition is 4M + 25.

6.2 (0,0,1) as neutral element
Similarly, we have the following formulae.

tws (t* + w3)
2 + t2w3 + wy’

wy = w(2P) =
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and 5 -
t w;

T I+ ad

Wy

t3
2 + wows (t + wo)(t + ws)’

wy +ws = t+

tz (’LUQ + w3)2

wiw .
e 12 ++ wows(t + ws) (t + ws)
and
— t2Watl3
w Wy = ———s—5
tees 1+ wlw?’
=2 w2
. w; + ws
wiw = —".
1 1+ 0wl

Cost of affine w-coordinate differential addition and doubling. The
explicit formulae

AZQDQUN)?” B:Az, D:(]_—I—B)il
@5:w1+t2A-D.

use 17 +2M + S + 1D, where the 1D is a multiplication by #2.
Doubling: The explicit formulae

A=w2 B=A% D=(1+B)"
Wy =t?A- D.
use 11 4+ 1M + 2S + 1D, where the 1D is a multiplication by #2.
Cost of projective w-coordinate differential addition and doubling.
Assume that wy, W, W3 are given as fractions W1 /2y, Wy /Z5, W3/Z3 and that

W4, Wy are to be output as fractions Wy)Zy, W/ Zs.
The explicit addition formulae

A=7Zy-Zs, B=W,-Ws, C=(A+B)*, D=A-B,
W5:tZZl'D—|—W1'C, Z5221'C.

use 6M + S + 1D, where the 1D is a multiplication by #2.
The explicit doubling formulae
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A=Wy, B=A% C=23, D=C?
Wy =1t*A-C, Zy = B+ D.

use 1M + 4S5 + 1D, where the 1D is a multiplication by #2.
Here w;w; formulas offer an interesting alternative. The explicit formulae

A=7Zy Zs, B=W,-Ws, C=(A+ B)?,
D=Wy+2Z2)- (Ws + Z3) + A+ B,
W5:Z1'D2, Z5:W1'O.
use M + 25. If Z5 = 1 then cost of mixed w-coordinates differential
addition is 4M + 2S.

7 Note on binary Huff model curve

Recently, a new model of elliptic curves named binary Huff model curves by
introduced in [10] without given detailed group laws. A binary Huff curve is
the set of projective points (X : Y : Z) € P?(Fym) satisfying the equation

E:aX(Y*+YZ+Z%) =bY(X?+ XZ + Z?)

where a,b € Fom and a # b. The affine model corresponding to the binary
Huff curve is
ar(y* +y+1) = by(z> +x + 1).

Define (0,0, 1) as the identity element, then

(b4 aziyn) yi(a+ bryyr)
_(:Cluyl) - 9
a—+ bxl/yl b"‘(ll‘lyl

and the unified addition formulae are defined by(whenever defined) (z1,y1) +
(72,92) = (w3,y3), where
b(x1 + x2)(1 4+ z1221192) + (a + b)x121(1 + Y192)

T3 = ;
’ b(1 + z121) (1 + 212291Y2)

a(yr + y2) (1 + z1zay1y2) + (@ + 0)yry1 (1 + x129)
a(l 4 y1y1) (1 + 212201 y2)

Ys
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But upon the completion of this paper, We know(from [12]) Julien De-
vigne and Marc Joye [11] have independently studied binary Huff curves
not only detailed group law but also differential addition, etc.. So we don’t
present the detail about binary Huff curves here, all interested people should
see [11] for details. The special binary curve S; : 2%y +2y* +toy+x+y =0
studied in this paper look similar to the variant forms of binary Huff curves.
But we can not get S; curves from binary Huff curve by simple linear trans-
formation over Fom otherwise some special a,b. In a word, S; is a sym-
metrical cubic shapes curves with good arithmetic. Its generalized form
Sap : (T +y) + b(2? + y?) = 2%y + xy® + axy look more similar to bi-
nary Edwards curves without quartic item. Note that the group law on
Syt 2%y + xy? + tay + 2 +y = 0 are faster than the group law on binary
Huff curves. The projective doubling and projective addition formulae in [11]
need 6M + 2D and 15M + 2D respectively. But we caution the reader that
the generalized binary huff curve cover all ordinary curves over binary field.

Let H,p: ax(y* +y + 1) = by(a? + z + 1) defined over Fom, then

az(y* +y+1) = by(a® +a + 1)
is isomorphic to elliptic curve

a*b*
(a+b)8

V4w =ud +ut+

over Fom via the change of variables ¢(z,y) = (u,v), where

u - ab(bx + ay)
~ (a+0b)%(ax + by + (a + b)zy)’
. ab(a?bx + a®y + ab(a + b)xy + (a + b)?)

(@t D) az + by + (a+ Bay)
The inverse change is 1(u,v) = (x,y), where

Cbla+bPutabla+b)  ala+b)Pu+ab?(a+0b)
 (a+bwHa? 7 (a+b)Hu+v) +a2h?

The above change of variables map the identity element (0,0,1) on H, to
a*b*
(a+0)%

the identity element (0, 1,0) on Weierstrass curve v?+uv = u3+u?+
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atbt

(a+b)8
y+ 1) = by(2? + x + 1) isomorphic to curves family y? + zy = 2% + 2% + ¢
over Fom with Tr(t) = 0.

Therefore, the binary Huff elliptic curves az(y* +y+1) = by(z* +z + 1)
only cover half of ordinary elliptic curves form v +uv = u? +u? +t over Fom
when m is odd. The elliptic curves S; : 2%y + xy* + tzy + x + y cover all the
ordinary elliptic curves form v? 4+ uv = u? + t over Fym when m is odd.

Let Hyp s :ax(y* + fy+ 1) = by(z? + fz + 1) defined over Fom, then

Note that Tr( ) = 0, Hence, binary Huff elliptic curves family ax(y*+

ax(y’ + fy+1) = by(2® + fz + 1)

is isomorphic to elliptic curve
a'b?
(a+b)3f®

over Fom via the change of variables ¥ (u,v) = (z,y), where

_ bla+0?fPu+a®b(a+bd)f  ala+0b)®fPu+ab’(a+Dd)f

(a+0b)*f*v+ a2 (@a+b)4f*(u+v) +a?b?

Note that H, s : ax(y* + fy + 1) = by(2* + fx + 1) cover all the ordinary
elliptic over Fom [11].

viruv =ud 4 A+
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