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Abstract

In this paper, we present a new class of semi-bent quadratic Boolean func-

tions of the form f(x) =
∑⌊m−1

2
⌋

i=1 Trn1 (cix
1+4i) (ci ∈ F4,n = 2m). We first

characterize the semi-bentness of these quadratic Boolean functions. There
exists semi-bent functions only when m is odd. For the case: m = pr, where
p is an odd prime with some conditions, we enumerate the semi-bent func-
tions. Further, we give a simple characterization of semi-bentness for these
functions with linear properties of ci. In particular, for a special case of

p, any quadratic Boolean function f(x) =
∑ p−1

2
i=1 Tr2p1 (cix

1+4i) over F22p is a
semi-bent function.

Keywords: Semi-bent function, Boolean function, m-sequence, cyclotomic
polynomial, bent function

1. Introduction

A Boolean function is a function from Fn
2 to F2. Since finite fields have

many rich structures and properties, we often study Boolean functions as
functions from Fn

2 to F2n . Boolean functions with with low Walsh transform
are of great interest because of their wide applications in cryptography and
communications. For application in cryptography, these functions can resist
linear cryptanalysis on block ciphers [11] and the fast correlation attack on
stream ciphers [14]. As for application in communications, they can be used
to design m-sequnces with low cross-correlation [6, 7].

Two classes of Boolean functions with low Walsh transform are bent func-
tions and semi-bent functions. The maximum magnitude of the Walsh tran-
form of a Boolean function is at least 2n/2. When n is even, this lower bound
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can be reached. Such a Boolean function with this property is called a bent
function [17], and the value of the Walsh transform belongs to {2n/2,−2n/2}.
As for the odd n, the lower bound for the Walsh transform is still unknown
in general [15, 16]. However, for quadratic Boolean functions with odd n,
the lower bound is 2(n+1)/2 [13]. Such a Boolean function with the maximum
magnitude 2(n+1)/2 is called a semi-bent function, and the value of the Walsh
transform belongs to {0,±2(n+1)/2}. When n is even, a Boolean function
with the maximum magnitude 2(n+2)/2 is called a semi-bent function [3], and
the value of the Walsh transform belongs to {0,±2(n+2)/2}.

Gold [4] introduced the first family of m-sequences having low cross corre-
lation from the semi-bent function Trn1 (x

1+2i), where 2 - n and gcd(n, i) = 1.
Subsequently, Boztas and Kumar [2] proposed another class of semi-bent

functions of the form
∑n−1

2
i=1 Trn1 (x

1+2i).
Khoo, Gong and Stinson [9, 10] considered the quadratic Boolean function

of the form

f(x) =

n−1
2∑

i=1

ciTr
n
1 (x

1+2i),

where n is odd, Trn1 (x) is the trace function from GF (2n) to GF (2) and
ci ∈ GF (2). They proved that f(x) is semi-bent if and only if

gcd(c(x), xn + 1) = x+ 1,

where c(x) =
∑n−1

2
i=1 ci(x

i + xn−i).
Charpin, Pasalic and Tavernier [3] generalized Khoo et al.’s results to

even n and considered quadratic functions of the form

f(x) =

⌊n−1
2

⌋∑
i=1

ciTr
n
1 (x

1+2i), ci ∈ GF (2).

When n is even, they proved that f(x) is semi-bent if and only if

gcd(c(x), xn + 1) = x2 + 1,

where c(x) =
∑n−2

2
i=1 ci(x

i+xn−i). For odd n, they investigated the conditions
for the semi-bent functions of f(x) with three and four trace terms.
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For further generalization, Ma, Lee and Zhang [12] applied techniques
from [10] and considered the quadratic Boolean functions of the form

f(x) =

n−2
2∑

i=1

ciTr
n
1 (x

1+2i) + Tr
n/2
1 (x1+2

n
2 ), (1)

where ci ∈ GF (2) and Tr
n/2
1 (x) is the trace function from GF (2

n
2 ) to GF (2).

They proved that f(x) is a bent function if and only if

gcd(c(x), xn + 1) = 1,

where c(x) =
∑n−2

2
i=1 ci(x

i + xn−i) + xn/2. For some special cases of n, Yu and
Gong [21] considered the concrete constructions of bent functions of the form
(1) and presented some enumeration results.

Hu and Feng [5] generalized results of Ma, Lee and Zhang [12] and studied
the quadratic Boolean functions of the form

f(x) =

m−2
2∑

i=1

ciTr
n
1 (βx

1+2ei) + Tr
n/2
1 (βx1+2

n
2 ), (2)

where ci ∈ GF (2), n = em, m is even and β ∈ GF (2e). They obtained that
f(x) is bent if and only if

gcd(c(x), xm + 1) = 1,

where c(x) =
∑m−2

2
i=1 ci(x

i + xm−i) + xm/2. Further, they presented the enu-
merations of bent functions for some specified m. Note that β ∈ GF (2e),
then (β2e−1

)1+2ei = β2e = β. The function f(x) of the form (2) satisfies that

f(x) =

m−2
2∑

i=1

ciTr
n
1 ((β

2e−1

x)1+2ei) + Tr
n/2
1 ((β2e−1

x)1+2
n
2 ),

where ci ∈ GF (2). From the transformation x 7−→ β2e−1
x, a bent function

of the form (2) is changed into a bent function of the form (1). Actually, (2)
does not introduce new bent functions.
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In [19], we generalized quadratic Boolean functions in [5, 12] and study
Boolean functions of the form

f(x) =

m
2
−1∑

i=1

Trn1 (cix
1+2ei) + Tr

n/2
1 (cm/2x

1+2n/2

) (3)

where n = em, m is even and ci ∈ GF (2e). And we proved that f(x) is bent

if and only if gcd(cf (x), x
m + 1) = 1, where cf (x) =

∑m
2
−1

i=1 ci(x + xm−i) +
cm/2x

m/2. Then we presented enumerations of bent functions of the form (3)
for the case m = 2v0pr and gcd(e, p−1) = 1, where v0 > 0, r > 0, p is an odd
prime satisfying ordp(2) = p− 1 or ordp(2) = (p− 1)/2 ((p− 1)/2 is odd).

In this paper, we consider quadratic Boolean functions of the form

f(x) =

⌊m−1
2

⌋∑
i=1

Trn1 (cix
1+4i), ci ∈ F4 (4)

where n = 2m. Then f(x) is semi-bent if and only if gcd(cf (x), x
m + 1) =

x+1, where cf (x) =
∑⌊m−1

2
⌋

i=1 ci(x
i+xm−i). Further, for even m, f(x) is not a

semi-bent function. We give the enumeration of semi-bent functions for the
case m = 2vpr, where p is not a Wieferich prime, p ≡ 3 mod 4, ordp(2) =
p − 1 or p−1

2
. The semi-bentness of f(x) is characterized by conditions of

coefficients ci. In particular, any nonzero f(x) is a semi-bent function for the
case m = p, where p is an odd prime, p ≡ 3 mod 4, ordp(2) = p− 1 or p−1

2
.

This paper is organized as follows. Section 2 introduces some notations
and basic knowledge. Section 3 presents the class of semi-bent functions,
enumerates the number of semi-bent functions and characterizes the semi-
bentness for some cases. Section 4 concludes for this paper.

2. Preliminaries

In this section, some notations are given first. Let GF (2n) be the finite
field with 2n elements. Let GF (2n)∗ be the multiplicative group of GF (2n).
Let e|n, the trace function Trne (x) from GF (2n) to GF (2e) is defined by

Trne (x) = x+ x2e + · · ·+ x2e(n/e−1)

, x ∈ GF (2n).

The trace function satisfies that
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(1) Trne (x
2e) = Trne (x), where x ∈ GF (2n).

(2) Trne (ax + by) = aTrne (x) + bTrne (y), where x, y ∈ GF (2n) and a, b ∈
GF (2e).

The Walsh transform of a Boolean function f(x) is defined by

f̂(λ) =
∑
x∈F2n

(−1)f(x)+Trn1 (λx), λ ∈ F2n . (5)

The distribution of values of the Walsh transform can define bent functions
and semi-bent functions.

Definition 2.1. A Boolean function f : F2n −→ F2 is called a bent function
if f̂(λ) = ±2

n
2 for all λ ∈ F2n .

Obviously, bent functions do not exist for odd n.
Semi-bent functions are defined below for even n and odd n.

Definition 2.2. Let n be even. A Boolean function f : F2n −→ F2 is called
a semi-bent function if f̂(λ) ∈ {0,±2

n+2
2 } for all λ ∈ F2n .

Definition 2.3. Let n be odd. A Boolean function f : F2n −→ F2 is called
a semi-bent function if f̂(λ) ∈ {0,±2

n+1
2 } for all λ ∈ F2n .

A quadratic Boolean function can be represented by trace functions.
When n is even, a quadratic Boolean function from GF (2n) to GF (2) can
be represented by

f(x) =

n
2
−1∑

i=0

Trn1 (cix
1+2i) + Tr

n/2
1 (cn/2x

1+2n/2

), (6)

where ci ∈ GF (2n) for 0 ≤ i ≤ n
2
and cn/2 ∈ GF (2

n
2 ).

When n is odd, f(x) can be represented by

f(x) =

n−1
2∑

i=0

Trn1 (cix
1+2i), (7)

where ci ∈ GF (2n).
For a quadratic Boolean function f(x) of the form (6) or (7), the distri-

bution of the Walsh transform can be described by the bilinear form

Qf (x, y) = f(x+ y) + f(x) + f(y). (8)
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For the quadratic form Qf , define

Kf = {x ∈ GF (2n) : Qf (x, y) = 0,∀y ∈ GF (2n)} (9)

and kf = dimGF (2)(Kf ). Then 2|(n − kf ). The distribution of the Walsh

transform values of f̂(λ) is given in the following theorem [7].

Theorem 2.4. Let f(x) be a quadratic Boolean function of the form (6) or
(7) and kf = dimGF (2)(Kf ), where Kf is defined in (11). The distribution of
the Walsh transform values of f(x) is given by

f̂(λ) =


0, 2n − 2n−kf times

2
n+kf

2 , 2n−kf−1 + 2
n−kf

2
−1 times

−2
n+kf

2 , 2n−kf−1 − 2
n−kf

2
−1 times.

Corollary 2.5. When n is even, a quadratic function f(x) is a bent function
if and only if kf = 0, and f(x) is a semi-bent function if and only if kf = 2;
When n is odd, f(x) is a semi-bent function if and only if kf = 1.

The set Kf can also be described by the derivatives of f .

Definition 2.6. Let f(x) be a Boolean function from F2n to F2. Let z ∈ F2n .
The derivative of f(x) with respect to z is the function Dzf(x) defined by
Dzf(x) = f(x+ z) + f(x).

z is called a linear structure of f(x) if Dzf(x) is constant. The set of all
the linear structures is called the linear space of f . Precisely, Kf is exact the
linear space of f(x).

3. A new class of semi-bent quadratic Boolean functions

Let n = 2m. We consider quadratic Boolean functions of the form

f(x) =

⌊m−1
2

⌋∑
i=1

Trn1 (cix
4i+1), ci ∈ F4, (c1, · · · , cm−1

2
) ̸= (0, · · · , 0). (10)

Let Qm be the set of all the functions of the form (10). Let SBm be the set
of all the semi-bent functions in Qm.
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3.1. Semi-bent quadratic Boolean functions

For a quadratic Boolean function defined by (10), the derivative with
respect to z ∈ F2n is

Dzf(x) =

⌊m−1
2

⌋∑
i=1

Trn1 (ci((x+ z)4
i+1 + x4i+1))

=

⌊m−1
2

⌋∑
i=1

Trn1 (ci(z
4i + z4

m−i

)x) +

⌊m−1
2

⌋∑
i=1

Trn1 (ciz
4i+1).

Then z is a linear structure of f(x) if and only if
∑⌊m−1

2
⌋

i=1 ci(z
4i + z4

m−i
) = 0.

We call
∑⌊m−1

2
⌋

i=1 ci(x
4i + x4m−i

) the adjoint linear transformation of f(x),
which is denoted by Lf (x). Then

Kf = {x ∈ Kf : Lf (x) = 0} = Ker(Lf (x)). (11)

The following theorem presents the characterization of the semi-bentness of
quadratic Boolean functions defined by (10).

Theorem 3.1. Let n = 2m. A Boolean function defined by (10) is a semi-
bent function if and only if gcd(cf (x), x

m + 1) = x+ 1, where

cf (x) =

⌊m−1
2

⌋∑
i=1

ci(x
i + xm−i). (12)

In particular, for even m, there is no semi-bent function of the form (10),
that is, SBm = ∅.

Proof. The adjoint linear transformation of f(x) defined by (10) is

Lf (x) =

⌊m−1
2

⌋∑
i=1

ci(x
4i + x4m−i

).

Then Lf (x) can be seen as a linear transformation from F2n to F2n over F4.
Take a regular element α of F2n over F4, that is, α, α

4, · · · , α4m−1
is a basis
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of F2n over F4. The corresponding matrix of the linear transformation Lf (x)
under this basis is

Mf =


0 c1 c2 · · · cm−1

cm−1 0 c1 · · · cm−2

cm−2 cm−1 0 · · · cm−3
...

...
... · · · ...

c1 c2 c3 · · · 0


where cm−i = ci for (1 ≤ i ≤ ⌊m−1

2
⌋) and cm/2 = 0 for even m. From

Corollary 2.5 and Kf in (11), f(x) is semi-bent if and only if the dimen-
sion of the kernel Ker(Lf (x)) over F2 is dimF2(Ker(Lf (x))) = 2. Since
Lf (x) is also a linear transformation over F4, dimF2(Ker(Lf (x))) = 2 if
and only if dimF4(Ker(Lf (x))) = 1 or the rank of Mf is Rank(Mf ) =
m − 1. Note that Mf is the generator matrix of a cyclic code over F4 with
length m and generator polynomial cf (x). From theories of cyclic codes,
Rank(Mf ) = m − deg(gcd(cf (x), x

m + 1)). Hence f(x) is semi-bent if and
only if deg(gcd(cf (x), x

m +1)) = 1. Obviously deg(gcd(cf (x), x
m +1)) = 1 if

and only if gcd(cf (x), x
m + 1) = x+ 1.

When m is even,

cf (x) =

⌊m−1
2

⌋∑
i=1

ci(x
i + xm−i) =

⌊m−1
2

⌋∑
i=1

cix
i(1 + x

m
2
−i)2,

xm + 1 =(x
m
2 + 1)2,

We obtain that (x+ 1)2|gcd(cf (x), xm + 1) and f(x) is not semi-bent.
Hence, this theorem follows.

From Theorem 3.1, we just consider quadratic Boolean functions for odd
m.

Corollary 3.2. Let n = 2m, where m is odd. The quadratic Boolean function

f(x) = Trn1 (cx
4i+1), c ∈ F∗

4

is semi-bent if and only if gcd(i,m) = 1.

Proof. Note that cf (x) = c(xi + cm−i). Then

gcd(c(xi + xm−i), xm + 1) = gcd(x2i + 1, xm + 1) = xgcd(2i,m) + 1.

Since m is odd, then gcd(2i,m) = gcd(i,m). From Theorem 3.1, f(x) is
semi-bent if and only if gcd(i,m) = 1.
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3.2. The enumeration for semi-bent functions

For the enumeration of semi-bent functions, some notations are given
first.

Definition 3.3. Let N be a positive integer and a be a positive integer
coprime to N . The positive integer k is called the order of a module N if k is
the least positive integer such that N |(ak−1). And k is denoted by ordN(a).

Lemma 3.4. Let p be an odd prime. Then
(1) Let ordp(4) = s and p - 4s−1

p
, then ordpk(4) = sk = pk−1s.

(2) ordp(4) ̸= p−1. Further, ordp(4) =
p−1
2

if and only if ordp(2) = p−1

or ordp(2) =
p−1
2

(p−1
2

is odd).

Proof. (1) This can be obtained in [8].

(2) If ordp(4) = p − 1, then ordp(2) = p − 1 and ordp(4) =
ordp(2)

gcd(2,ordp(2))
=

p−1
2
, which gives a contradiction. Hence ordp(4) ̸= p− 1.

If ordp(2) = p−1 or ordp(2) =
p−1
2

(p−1
2

is odd), then ordp(4) =
ordp(2)

gcd(2,ordp(2))

and ordp(4) = p−1
2
. If ordp(4) = p−1

2
, then ordp(2) = p − 1 or p−1

2
. When

ordp(2) =
p−1
2
, gcd(2, ordp(2)) = 1, that is, p−1

2
is odd.

If p is not a Wieferich prime, then p satisfies p - 4s−1
p

. The definition of a
Wieferich prime is given below.

Definition 3.5. Let p be a prime. Then p is called a Wieferich prime if
p|2p−1−1

p
[20].

Wieferich primes are rare. Between 1 and 17 × 1015, there are only two
Wieferich primes 1093 and 3511. Silverman [18] proved that there are infinite
Wieferich primes if the abc conjecture holds.

The polynomial cf (x) for determining semi-bent functions has a close
relation with self-reciprocal polynomials.

Definition 3.6. The reciprocal polynomial of a polynomial h(x) of degree d
is xdh( 1

x
), denoted by h∗(x). The polynomial h(x) is called a self-reciprocal

polynomial if h∗(x) = h(x), that is, h(x) =
∑d

i=0 aix
i with ai = ad−i.

Some results on self-reciprocal polynomials are given below.
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Lemma 3.7. (1) Let A(x) =
∑n1

i=0 aix
i be a self-reciprocal polynomial of de-

gree n1. Let B(x) =
∑n2

i=0 bix
i be a polynomial of degree n2. Then A(x)B(x)

is a self-reciprocal polynomial of degree n1 + n2 if and only if B(x) is a self-
reciprocal polynomial.

(2) Let A(x), g(x) ∈ F4[x]. Let A(x) be self-reciprocal and g(x) be ir-
reducible. Let g(x)|A(x). Then g∗(x)|A(x), where g∗(x) is the reciprocal
polynomial of g(x). Further, if g(x) is not self-reciprocal, then g̃(x)|A(x),
where g̃(x) = g(x)g∗(x).

Proof. (1) The reciprocal polynomial ofA(x)B(x) is (A(x)B(x))∗ = A∗(x)B∗(x).
Since A(x) is self-reciprocal, then A(x) = A∗(X). Hence A∗(x)B∗(x) =
A(x)B(x) if and only if B∗(x) = B(x).

(2) Since g(x)|A(x), then g∗(x)|A∗(x). Since A(x) is self-reciprocal, then
g∗(x)|A(x).

Suppose g(x) is not self-reciprocal. Since g(x) is irreducible, g∗(x) is also
irreducible and gcd(g(x), g∗(x)) = 1. Then g(x)g∗(x)|A(x).

Two important classes of self-reciprocal polynomials are xN +1 and d-th
cyclotomic polynomials Qd(x) [1, 8]. The d-th cyclotomic polynomial Qd(x),
whose roots are primitive d-th roots of unity, is a monic polynomial of degree
ϕ(d), where ϕ(·) is Euler-totient function. The following lemma gives the
factorization of cyclotomic polynomials.

Lemma 3.8. Let p be an odd prime. Then

(1) Let ordpk(4) = sk and tk = pk−pk−1

sk
, The pk-th cyclotomic polynomial

Qpk(x) over F4 has the following monic irreducible factorization.

Qpk(x) = h1(x) · · ·htk(x),

where deg(hi(x)) = sk for 1 ≤ i ≤ tk. Further, if there exists l such that
pk|(4l + 1), then hi(x) = xskhi(

1
x
), that is, hi(x) is self-reciprocal for any i.

Otherwise, the factorization of Qpk(x) is of the form

Qpk(x) = Ch1(x)h
∗
1(x) · · ·h tk

2
(x)h∗

tk
2

(x),

where h∗
i (x) = xskhi(

1
x
) for 1 ≤ i ≤ tk

2
and C ∈ F∗

4.

(2) Let ordp(4) = s, p - 4s−1
p

and t = p−1
s
. Then Qp(x) over F4 has the

following monic irreducible factorization:

Qp(x) = h1(x) · · ·ht(x),
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For any k ≥ 2, Qpk(x) over F4 has the irreducible factorization:

Qpk(x) = h1(x
pk−1

) · · ·ht(x
pk−1

).

(3) Let p be a prime such that p ≡ 3 mod 4, ordp(2) = p−1 or p−1
2
(p−1

2
is odd).

Then Qp(x) over F4 has the following monic irreducible factorization:

Qp(x) = Ch(x)h∗(x)

Suppose that k ≥ 2. If p is not a Wieferich prime, Qpk(x) over F4 has the
irreducible factorization

Qpk(x) = Ch(xpk−1

)h∗(xpk−1

)

where h∗(x) is the self-polynomial of h(x) and C ∈ F∗
4.

(4) xpk + 1 = (x+ 1)Qp(x) · · ·Qpk(x).

Proof. (1) From [8], Qpk(x) over F4 has the following irreducible factorization

Qpk(x) = h1(x) · · ·htk(x).

From Lemma 3.7 h∗
i (x)|Qpk(x). We just prove that if there exists l sat-

isfying that pk|(4l + 1), then h∗
i (x) = hi(x); otherwise, h∗

i (x) ̸= hi(x).
Consider any hi(x). Let α be a root of hi(x). The reminding roots are
{α40 , α41 , · · · , α4sk−1}. Obviously, h∗

i (x) = hi(x) if and only if hi(α
−1) = 0,

that is, there exists l such that pk|(4l − (−1)) = 4l + 1. This results follows.
(2) From Lemma 3.4 and Result (1), this result follows.
(3) Note that p satisfies that ordp(4) = p−1

2
and p - 4s−1

p
. From Result

(1) and Result (2), we just prove that p - (4l +1) for any l. Otherwise, there
exists l such that p|(42l−1) and p−1

2
|2l. Since p−1

2
is odd, p−1

2
|l and p|(4l−1).

From p|(4l+1), p|2, that is, p = 2, which contradicts that p is an odd prime.
Hence, this result follows.

(4) This result can be obtained in [8].

Let m be an odd positive integer and A(x) be a nonzero self-reciprocal
polynomial. Let SMm(A(x)) be the set of polynomials g(x) ∈ F4[x] such
that

(i) A(x)|g(x);
(ii) deg(g(x)) = m− 1− 2t(1 ≤ t ≤ m−1

2
);

(iii) g∗(x) = g(x).
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For convenience, we suppose that 0 ∈ SMm(A(x)).
Letm be odd andB(x) is a nonzero self-reciprocal polynoial. Let SRm(B(x))

be the set of polynomials g(x) ∈ F4[x] such that
(i) gcd(g(x), B(x)) = 1;
(ii) deg(g(x)) = m− 1− 2t(1 ≤ t ≤ m−1

2
);

(iii) g∗(x) = g(x).
Let Cm be the set of cf (x) satisfying that gcd(cf (x), x

m + 1) = x + 1,
where f(x) is defined by (10).

Lemma 3.9. Let notations be defined above. Then #(Cm) = #(SRm(
xm+1
x+1

)).

Proof. To complete the proof, we just consider the bijection between Cm and
SRm(

xm+1
x+1

). Define a map

F : Cm −→ SRm(
xm + 1

x+ 1
)

cf (x) 7−→
x−tcf (x)

x+ 1
= c̃f (x).

where t is the least positive integer such that ct ̸= 0 for 1 ≤ t ≤ m−1
2

.
We then verify the definition first. From the definition of cf (x), the integer

t naturally exists. Let ci = cm−i for
m+1
2

≤ i ≤ m− 1. Then

c̃f (x) =
x−tcf (x)

x+ 1
=

1

x+ 1
(cm−tx

m−2t + cm−t−1x
m−2t−1 + · · ·+ ct+1x+ ct).

From Lemma 3.7, the polynomial c̃f (x) is self-reciprocal of degree deg(c̃f (x)) =
m − 1 − 2t. Hence, c̃f (x) satisfies (ii) and (iii) in the definition of SRm(·).
Finally, we just verify that c̃f (x) satisfies (i).

gcd(c̃f (x),
xm + 1

x+ 1
) =gcd((x+ 1)c̃f (x), x

m + 1)/(x+ 1)

=gcd(xt(x+ 1)c̃f (x), x
m + 1)/(x+ 1)

=gcd(cf (x), x
m + 1)/(x+ 1)

=1.

Hence, the map F is well defined.
Define another map

G :SRm(
xm + 1

x+ 1
) −→ Cm

c̃(x) −→ (x+ 1)xtc̃(x) = c(x),

12



where deg(c̃(x)) = m−1−2t. The map G is also well defined. Then we have

F (G(c̃(x))) =c̃(x), c̃(x) ∈ SRm(
xm + 1

x+ 1
),

G(F (cf (x))) =cf (x), cf (x) ∈ Cm.

Hence, this lemma follows.

Lemma 3.10. (1) Let A(x) be a monic self-reciprocal polynomial of even
degree d, where 0 ≤ d ≤ pr − 3. Then

#(SMpr(A(x))) = 2p
r−1−d.

If d > pr − 3, then #(SMpr(A(x))) = 1.
(2) Let p be not a Wieferich prime such that p ≡ 3 mod 4, ordp(2) =

p− 1 or p−1
2
. Then

#(SRpr(
xpr + 1

x+ 1
)) = 2p

r−1

r∏
k=1

(1− (
1

2
)p

k−pk−1

).

Proof. (1) Let g(x) be a nonzero polynomial. From Lemma 3.7, g(x) ∈
SMpr(A(x)) if and only if h(x) = g(x)

A(x)
is a self-reciprocal polynomial of

degree deg(h(x)) ∈ {0, 2, · · · , pr − 5 − d, pr − 3 − d}. The number of self-
reciprocal polynomials of deg(h(x)) ∈ {0, 2, · · · , pr − 5− d, pr − 3− d} is

3 + 3 · 4
2
2 + · · · 3 · 4

pr−5−d
2 + 3 · 4

pr−3−d
2 = 2p

r−1−d − 1.

Note that 0 ∈ SMpr(A(x)), then

#(SMpr(A(x))) = 2p
r−1−d.

(2) From (3) in Lemma 3.8 and (2) in Lemma 3.7, g(x) ∈ SRpr(
xpr+1
x+1

) if
and only if g(x) ∈ SMpr(1) and g(x) /∈ SMpr(Qpk(x)) for 1 ≤ k ≤ r. Note
that if 1 ≤ k1 < · · · < ki ≤ r, then

∩
1≤j≤i

SMpr(Qpkj (x)) = SMpr(
r∏

j=1

Qpkj (x))

13



For convenience, let dk = deg(Qpk(x)) = pk−pk−1. Then deg(
∏r

j=1Qpkj (x)) =∑r
j=1 dkj . From Result (1) and the inclusion-exclusion principle,

#(SRpr(
xpr + 1

x+ 1
)) =2p

r−1−0 + (−1)1
∑

1≤k1≤r

2p
r−1−dk1

+ (−1)2
∑

1≤k1<k2≤r

2p
r−1−dk1−dk2 + · · ·

+ (−1)i
∑

1≤k1<···<ki≤r

2p
r−1−dk1−···−dki + · · ·

+ (−1)r2p
r−1−d1−···−dr

=2p
r−1

r∏
k=1

(1− (
1

2
)dk)

=2p
r−1

r∏
k=1

(1− (
1

2
)p

k−pk−1

).

Hence, this lemma follows.

Theorem 3.11. Let n = 2m = 2pr, where r ≥ 1, p is not a Wieferich prime,
p ≡ 3 mod 4, ordp(2) = p−1 or p−1

2
. Define the quadratic Boolean function

f(x) =

pr−1
2∑

i=1

Trn1 (cix
4i+1), ci ∈ F4.

The number of semi-bent functions of the form f(x) is

#(SBpr) = 2p
r−1

r∏
k=1

(1− (
1

2
)p

k−pk−1

).

Proof. From Theorem 3.1,

#(SBpr) = #(Cpr).
From Lemma 3.9,

#(Cpr) = #(SRpr).

From Lemma 3.10,

#(SBpr) = 2p
r−1

r∏
k=1

(1− (
1

2
)p

k−pk−1

).
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Remark 3.12. If r = 1, it is not necessary that p is not a Wieferich prime in
Theorem 3.11.

Corollary 3.13. Let n = 2m = 2p, where p ≡ 3 mod 4, ordp(2) = p −
1 or p−1

2
. The quadratic Boolean function defined by (10) is semi-bent, that

is, SBm = Qm.

Proof. Obviously, SBm j Qm. From the definition of Qm,

#(Qm) = 2p−1 − 1.

From Theorem 3.11,
#(SBm) = 2p−1 − 1.

Hence,
#(SBm) = #(Qm),

that is,
SBm = Qm.

The reverse of Corollary 3.13 also holds.

Theorem 3.14. Let SBm = Qm for a positive integer m. Then m is an odd
prime p such that p ≡ 3 mod 4, ordp(2) = p− 1 or p−1

2
.

Proof. From Theorem 3.1 and Corollary 3.2, m is an odd prime p.
We first prove that ordp(4) = p−1

2
. Suppose that ordp(4) = s < p−1

2
.

Then t = p−1
s

> 2.
(1) When s is even, then p|(4 s

2 +1). From (1) in Lemma 3.8, we have the
factorization

Qp(x) = h1(x) · · ·ht(x),

where h∗
i (x) = hi(x) and t = p−1

s
. We take

c(x) = (x+ 1)x
p−1−s

2 h1(x).

(2) When s is odd, there does not exist l such that p|(4l + 1). From (1)
in Lemma 3.8, we have the factorization

Qp(x) = h1(x)h
∗
1(x) · · ·h t

2
(x)h∗

t
2
(x),
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where deg(h1(x)h1(x)
∗) = p− 1− 2 · p−1−2s

2
. We take

c(x) = (x+ 1)x
p−1−2s

2 h1(x)h1(x)
∗.

It can be verified that c(x) has the form

c(x) =

p−1
2∑

i=1

ci(x
i + xm−i).

The quadratic Boolean function with respect to ci is

f(x) =

p−1
2∑

i=1

Tr2p1 (cix
4i+1).

Hence, we have

gcd(cf (x), x
p + 1) =gcd(c(x), xp + 1)

=(x+ 1)gcd(
c(x)

x+ 1
, Qp(x))

=

{
(x+ 1)h1(x), s ≡ 0 mod 2

(x+ 1)h1(x)h
∗
1(x), s ≡ 1 mod 2

From Theorem 3.1, f(x) /∈ SBm, which contradicts that SBm = Qm.
Hence, ordp(4) = p−1

2
. Suppose that p ̸≡ 3 mod 4, then p−1

2
is even.

With the similar discussion, p ̸≡ 3 mod 4 contradicts that SBm = Qm.
Hence, this theorem follows.

3.3. The simpler characterization of semi-bentness

In this subsection, let p be not a Wieferich prime, p ≡ 3 mod 4, ordp(2) =
p − 1 or p−1

2
. The following theorem presents a simpler characterization of

semi-bent quadratic Boolean functions defined by (10).

Theorem 3.15. Let n = 2m and m = pr, where r ≥ 2, p is not a Wieferich
prime, p ≡ 3 mod 4, ordp(2) = p−1 or p−1

2
. The quadratic Boolean function

f(x) defined by (10) is semi-bent if and only if (xpk−1
+1)cf (x) ̸≡ 0 mod xpk+

1 for any 1 ≤ k ≤ r.
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Proof. From (4) in Lemma 3.8,

gcd(cf (x), x
pr + 1) = (x+ 1)gcd(cf (x)/(x+ 1),

r∏
k=1

Qpk(x)).

From Lemma 3.1, f(x) is semi-bent if and only if

gcd(cf (x)/(x+ 1),
r∏

k=1

Qpk(x)) = 1.

Note that

(x+ 1) -
r∏

k=1

Qpk(x),

Then

gcd(cf (x)/(x+ 1),
r∏

k=1

Qpk(x)) = 1,

that is,

gcd(cf (x),
r∏

k=1

Qpk(x)) = 1.

Equivalently, for any 1 ≤ k ≤ r,

gcd(cf (x), Qpk(x)) = 1.

From (3) in Lemma 3.8 and (2) in Lemma 3.7, gcd(cf (x), Qpk(x)) = 1 if and
only if

Qpk(x) - cf (x).

Since
gcd(xpk−1

+ 1, Qpk(x)) = 1

and
(xpk−1

+ 1) ·Qpk(x) = xpk + 1,

cf (x) ̸≡ 0 mod Qpk(x) is equivalent to

(xpk−1

+ 1)cf (x) ̸≡ 0 mod xpk + 1.

Hence, this theorem follows.
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Lemma 3.16. Let m = pr, where p is an odd prime. Let cf (x) be defined by
(12). Then

(1) For any 1 ≤ k ≤ r, define

ci =cpr−i, (
pr + 1

2
≤ i ≤ pr − 1)

wi,k =

pr−k−1∑
j=0

ci+jpk , (1 ≤ i ≤ pk − 1).

Then wi,k = wpk−i,k for any 1 ≤ i ≤ pk − 1. Further,

cf,k(x) ≡cf (x) mod xpk + 1

≡
pk−1∑
i=1

wi,kx
i ≡

(pk−1)/2∑
i=1

wi,k(x
i + xpk−i).

(2) For i = i0 + jpk and 0 ≤ i0 ≤ pk − 1, define

w0,k =0,

wi,k =wi0,k. (13)

Then

(xpk−1

+ 1)cf (x) ≡(xpk−1

+ 1)cf,k(x) mod xpk + 1

≡
pk−1∑
i=0

(wi,k + wi−pk−1,k)x
i.

(3) Let wi,k be defined above. Let

Wk =



w0,k w1,k · · · w pk−1−1
2

,k
· · · wpk−1−1,k

wpk−1,k wpk−1+1,k · · · w
pk−1+ pk−1−1

2
,k

· · · w2pk−1−1,k

w2pk−1,k w2pk−1+1,k · · · w
2pk−1+ pk−1−1

2
,k

· · · w3pk−1−1,k

...
...

...
...

...
...

w( p−1
2

)pk−1,k w( p−1
2

)pk−1+1,k · · · w pk−1
2

,k
· · · w pk−1

2
+ pk−1−1

2
,k

...
...

...
...

...
...

w(p−1)pk−1,k w(p−1)pk−1+1,k · · · w
(p−1)pk−1+ pk−1−1

2
,k

· · · wpk−1,k
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Let Ai,k = [Ai,k(0), Ai,k(1), · · · , Ai,k(p − 1)]′ be the i-th column of Wk, that
is,

Wk =
[
A0,k, A1,k, · · · , Apk−1−1,k

]
. (14)

Then
(i) For any 1 ≤ i ≤ pk−1−1 and 0 ≤ j ≤ p−1, Ai,k(j) = Apk−1−i,k(p−1−j);
(ii) For any 1 ≤ i ≤ pk−1 − 1, Ai,k is constant if and only if Apk−1−i,k is

constant.

Proof. (1) From cf (1) = 0,

cf,k(x) ≡cf (x) mod xpk + 1

≡c1x+ c2x
2 + · · ·+ cpk−1x

pk−1+

c1+pkx+ c2+pkx
2 + · · ·+ cpk−1+pkx

pk−1 + · · ·+
c1+(pr−k−1)pkx+ c2+(pr−k−1)pkx

2 + · · ·+ cpk−1+(pr−k−1)pkx
pk−1

≡(

pr−k−1∑
j=0

c1+jpk)x+ (

pr−k−1∑
j=0

c2+jpk)x
2 + · · ·+ (

pr−k−1∑
j=0

cpk−1+jpk)x
pk−1

≡
pk−1∑
i=1

wi,kx
i.

Note that wi,k = wpk−i,k. Then this result obviously follows.
(2) From the definition of wi,k, this result follows.
(3) From the definition of Ai,k(j),

Ai,k(j) =wi+jpk−1,k,

Apk−1−i,k(p− 1− j) =wpk−1−i+(p−1−j)pk−1,k = wpk−(i+jpk−1),k.

From wi,k = wpk−i,k, Result (i) follows. From Result (i), Result (ii) follows.

Theorem 3.17. Let n = 2m = 2pr, where r ≥ 2, p is not a Wieferich prime,
p ≡ 3 mod 4, ordp(2) = p− 1 or p−1

2
. The quadratic Boolean function f(x)

defined by (10) is semi-bent if and only if for any 1 ≤ k ≤ r, there exists

0 ≤ i ≤ pk−1−1
2

such that Ai,k is not constant, where Ai,k is defined in (14).
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Proof. From Theorem 3.15, f(x) is semi-bent if and only if for any 1 ≤ k ≤ r,

(xpk−1

+ 1)cf (x) ̸≡ 0 mod xpk + 1.

From (2) in Lemma 3.16, that is equivalent to that there exists 0 ≤ i ≤ pk−1
such that wi,k + wi−pk−1,k ̸= 0. For i = i0 + jpk−1 and 0 ≤ i0 ≤ pk−1 − 1,
wi,k + wi−pk−1,k ̸= 0 is equivalent to

Ai0,k = [wi0,k, wi0+pk−1,k, · · · , wi0+(p−1)pk−1,k]
′

is not constant. From (3) in Lemma 3.16, this theorem follows.

4. Conclusion

This paper presents a new class of semi-bent quadratic Boolean function-
s with even variable n. For some special cases, the number of semi-bent
functions is enumerated and the simpler characterization of semi-bentness is
given. The techniques used in this paper can be utilized into the study of
generalized bent functions and generalized semi-bent functions.
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