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Abstract: In this paper, we explore the primitivity of trinomials over small finite fields. We extend the results
of the primitivity of trinomials 2 + ax + b over F4 [1] to the general form z™ + ax”® 4+ b. We prove that for
given n and k, one of all the trinomials =™ + az® + b with b being the primitive element of F4 and a + b # 1
is primitive over [, if and only if all the others are primitive over F4. And we can deduce that if we find one
primitive trinomial over Fy, in fact there are at least four primitive trinomials with the same degree. We give the
necessary conditions if there exist primitive trinomials over 4. We study the trinomials with degrees n = 4™ + 1
and n = 21-4™ 429, where m is a positive integer. For these two cases, we prove that the trinomials =" + ax +b
with degrees n = 4™ + 1 and n = 21 - 4™ + 29 are always reducible if m > 1. If some results are obviously
true over [F3, we also give it.
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1 Introduction

As usual, denote IF, the finite field of g elements and let F,[z] be the ring of polynomials in one variable x with
coefficients in F;. Trinomials in F,[x] are polynomials of the form ™ + az* 4+ b(n > k > 0, ab # 0). Irreducible
and primitive trinomials have many important applications in the theory of finite fields, cryptography, and coding
theory [2-4]. Hence, there are many results on the factorizations of trinomials and existence or non-existence
of irreducible or primitive trinomials. For detail results one can see [5] [6] [7] [8] . However, these results on
trinomials are mainly related to binary field and many basic questions concerning trinomials remain unanswered.
For example, to this day no one has proved that there are infinite primitive trinomials over finite field .

In this paper, we mainly explore the primitivity of trinomials 2™ + ax" + b over finite field IF. First we remark
that we only consider the trinomials of odd degrees. This is because the only primitive trinomials of even degree
over F, are of the form 22 + az + b [6] . In next section, we extend the results of the primitivity of trinomials
™ + ax + b over Fy [1] to the general form 2™ + ax® + b. As a consequence, We prove that for given n and k,
one of all the trinomials 2™ + az* 4 b with b being the primitive element of F4 and a + b # 1 is primitive over F,
if and only if all the others are primitive over 4. And we can deduce that if we find one primitive trinomial over
F,4, in fact there are at least four trinomials with the same degree. We give a table of necessary conditions for the
existence of primitive trinomials and other interesting results. In section 3, we discuss the primitivity of trinomials
with special degrees over F4 and if some results are obviously true over F3, we also give it.

2 The general form

In [1], we have given some results on the primitivity of trinomials of the special form 2" 4 ax + b over Fy. In this
section, we extend these results to the general form z™ 4 ax”* + b. These new results are mainly included in the
following theorem 1 and theorem 2. To prove theorem 1 and theorem 2, we first give some lemmas.

Lemma 1 [3]. If f(z) € F,[z] is a polynomial of positive degree with f(0) # 0, and if 7 is a prime not
dividing g, then ord(f(z")) = rord(f(z)).

Lemma 2. If f(x) € F,[x] is a polynomial of positive degree with f(0) # 0 and f(x) has no multiple roots,
then for each a € F}, ord(f(z)) divides ord(a) - ord(f(az)).

Proof. Let 3 be a root of f(z), then a~ 13 is a root of f(az) and ord(8) = ord(a - a=13). It is obvious that
ord(a-a=!'#) can divide ord(a) - ord(a='/3), so ord(f3) can divide ord(a) - ord(a='f3). Since f(0) # 0 and f(z)
has no multiple roots, it is well known that the order of f(z) is equal to the least common multiple of the orders of
all its roots, hence according to the basic knowledge of the least common multiple, we have ord(f(z)) can divide
ord(a) - ord(f(ax)). O

Lemma 3. Let w be a primitive element of Fy. If ¥k = 0 mod 3 orn =0 mod 3, then for any a € F}, the
trinomial 2™ 4 ax* 4 w can not be primitive over F,.
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Proof. Let g(x) = 2" + az* + w. Ifn =0 mod 3and k = 1 mod 3 or K = 2 mod 3, one can easily
check that g(x) has at least one root in Fy. So it is reducible over F4. And of course not primitive.
Ifn=0 mod 3and k=0 mod 3, then g(x) = (23)% + a(2®)? + w. According to lemma 1, we have

ord(g(z)) = 3ord(zs + az’s + w)
< 3(4% —1)
< 4" -1

So g(x) can not be primitive over Fy.

Ifk=0 mod 3andn =1 mod 3,since a € F}, a = 1,w or w?. For a = 1 and a = w?, one can check that
for each case g(z) = 2™ +az* +w has aroot in F4. For a = w, note that g(wz) = w(z"+z*+1), g(0) # Oand n
is odd, so g(x) has no multiple roots, then by lemma 2, ord(g(x)) can divide ord(w) - ord(g(wz)), which is equal
to 3ord(g(wx)). Since wlg(wz) = 2™ + 2F + 1 € Fa[x], we have ord(g(wx)) = ord(w™tg(wr)) < 2" — 1,
then ord(g(z)) < 3ord(g(wz)) < 3(2" — 1) < 4™ — 1. So g(z) can not be primitive over Fy4 too.

If ¥ =0 mod3and n = 2 mod 3, fora = 1 and a = w?, one can check that for each case g(z) =
2™ 4+ ax® + w has a root in Fy. For a = w, the proof is similar to the case £k = 0 mod 3,7 =1 mod 3 and
a = w, we omit it. O

Corollary 1. Let w be a primitive element of F .

1.If 2™ + wzk + wis primitive, thenn =1 mod 3,k =2 mod 3orn =2 mod 3,k =1 mod 3.

2.Ifa" +aF +wlis primitive, thenn =1 mod 3,k =2 mod 3orn =2 mod 3,k =1 mod 3.

Proof. Let T3 () = 2" + wa® + w and Ta(z) = 2™ + 2¥ 4+ w™!. Suppose that T} (x) is primitive. If k = 0
mod 3 orn = 0 mod 3, according to lemma 3, 7} (x) can not be primitive over Fy. If n = 1 mod 3, k = 1
mod 3andif n =2 mod 3,k =2 mod 3, one can check that 77 (x) has a root in F4 for each case. So if T} ()
is primitive, thenn =1 mod 3,k =2 mod 3orn =2 mod 3,k =1 mod 3.

If k=0 mod 3orn =0 mod 3, the same according to lemma 3, T5(x) can not be primitive over Fy. If
n=1 mod 3,k =1 mod 3, then Tr(w~'x) = w1 (2™ + z¥ + 1). So according to lemma 2, ord(T,(x)) can
divide ord(w™1)-ord(Ta(w™'x)), which is equal to 3ord(T2(w~'z)). Since wTh(w™tz) = 2" + 2% +1 € Fay[z],
we have ord(Ty(w™1x)) = ord(wg(w™tx)) < 2" — 1, then ord(Ty(z)) < 3ord(Te(w™'lz)) < 3(2" — 1) <
4" — 1. If n =2 mod 3, k =2 mod 3, the proof is the same as the case n =1 mod 3,k =1 mod 3. So if
T5(x) is primitive, then alson =1 mod 3,k =2 mod 3orn =2 mod 3,k =1 mod 3. This completes the
proof. O

Let w be a primitive element of 4. In [1] we have proved that the trinomials of the special form =" + wx + w
was primitive over IF4 if and only if 2™ + x + w™! was primitive over IF4. In fact, it is also true for the trinomials
of the general form.

Theorem 1. The trinomial 2" + wz* + w is primitive over Fy if and only if 2™ 4 z* + w™! is primitive over
F,.

Proof. Let T} (z) = 2" + wa® + w and Ty(x) = 2™ + 2¥ + w1, Since T} (=) is primitive, then by corollary
IL,n=1 mod 3,k =2 mod3orn=2 mod 3,k =1 mod 3. Let £ be aroot of T (), then

w=ggh g =g (M)
Ifn=1 mod 3and £ =2 mod 3, then

To(wé) = (W)™ + (WE* +w™t =w(E + wef +w) =0.

4" -1

Hence, w¢ is aroot of 2™ + z* + w1, By (1), we have w¢ = ¢+ . Note that
qr 1 n—2
I —— = L+n+Yy CF3nF1
k=0
an_1

So 3 is not a divisor of 4™ —1 and 1+ === if n = 1 mod 3. If p is a prime divisor of 4" — 1 and p # 3,
4"—1 4m—1

obviously, it can not be a divisor of 1 + =—=—. So 4™ — 1 and 1 + === are relatively prime. Then the order of
w is also 4™ — 1. Thus, w€ is a primitive element of F'y~. Since the degree of 2™ + ¥ 4+ w1 is n, then it is the
minimal polynomial of w¢, hence 2™ + ¥ + w™! is primitive over F4. If n = 2 mod 3 and k = 1 mod 3, the
proof is similar, we omit it.

Conversely, suppose that T5(x) is primitive, then by corollary 1, we also have that n = 1 mod 3, k = 2
mod 3orn =2 mod 3,k =1 mod 3. And the proof of the left is similar to the proof of necessity, we omit
it. O




Lemma 4 [3]. The monic polynomial f(z) € F,[x] of degree n > 1 is a primitive polynomial over F, if
and only if (—1)™f(0) is a primitive element of F, and the least positive integer r for which =" is congruent
mod f(z) to some element of F, is r = qq"%ll. In case f(x) is primitive over F,, we have " = (—1)"f(0)
mod f(x).

By lemma 4, when we check the primitivity of all trinomials =™ + az* + b over 4. We only need to consider
the trinomials with b being the primitive element of F4. Let w be a primitive element of F,. Then b = w or
b=w? Ifb=w,a = w?orb = w?,a = w, note that w? + w + 1 = 0, then 1 is the root of ™ + az® + b.
Hence if " + ax® + b is primitive over Fy, thena = b =wora = b = w?ora= l,b=wora=1,b= w?,
i.e., only the following four cases g;(z) = 2" + wa® + w, ga(z) = 2™ + W?ak + W? g3(z) = 2" + 2F +w
and g4(x) = 2™ + ¥ + w? maybe primitive over ;. By theorem 1, g;(z) is primitive over F, if and only if
ga(x) is primitive over Fy and go(x) is primitive over F, if and only if g3(x) is primitive over F4. Note that
g3 (x) = go(x?), then the squares of all the roots of g; (z) are just all the roots of go(z) and the converse is true.
So g1 (x) is primitive over Fy if and only if g2() is primitive over F4. The above discussion means that for given
n and k, one of all the trinomials 2™ 4 ax* + b with b being the primitive element of F; and a + b # 1 is primitive
over F, if and only if all the others are primitive over F4. And we can deduce that if we find one primitive trinomial
over [Fy, in fact there are at least four trinomials with the same degree.

Lemma 5 [6]. Suppose [K : Fs] is even. Only two types of odd-degree trinomials have an even number of
factors, namely,

1. g(x) = 2™ + ax® + b, 2|k|2n, if 12 + ¢ + o b2~ % has no roots in K.

2. g(z) = 2™ + az* + b,n — k|n, if t2 + ¢ + a* b2 has no roots in K.

Lemma 6. Let w be a primitive element of F4 and let T (7) = 2" +wa* +w. If n > 2, then T} () is reducible
over [F4 for the cases in table 1.

Table 1
k mod 15 | n mod 15 | £ mod 15 | n mod 15
1 2,8,14 2 1,4,13
4 2,8,11 8 1,4,7
7 8,11,14 11 47,13
13 2,11,14 14 1,7,13

Proof. For the case ¥ mod 15 = 1 and » mod 15 = 2, let 3 be a root of 22 + wx + w. Then 81° = 1 and
one can check that f3 is also the root of T} (z). Since 22 + wx + w is irreducible over F4 and n > 2, we have
2% 4wz + w is a factor of T} (z). The proofs of other cases are similar, we omit them and list an irreducible factor

of degree 2 for each case in the following table 2. O
Table 2
k mod 15 | n mod 15 | afactorof T3(z) | K mod 15 | n mod 15 | a factor of T} (x)
2 22 +wr +w 1 22 +wir+1
1 8 22 +wr+1 2 4 22+ Wl + w?
14 2’ + x4+ w? 13 2+ +w
2 2 +wx + 1 1 22 + w?r + w?
4 8 22 +wr +w 8 4 2+l +1
11 22+ x4 w? 7 2+ +w
8 22 4+ wWlr + w? 4 2+ wr +w
7 11 2+l +1 11 7 2+ x4 w?
14 X +r+w 13 2 +wr+1
2 22 4+ wlr + w? 1 2+ wr +w
13 11 2 +r+w 14 7 2 +wr+1
14 2+l +1 13 22+ x4 w?

Now we can prove the following further results.

Theorem 2. If trinomial 2™ + ax* 4 b with b being the primitive element of I is primitive over F, and n > 2,
then n, k satisfy the conditions in the table below.

Proof. By theorem 1 and the arguments after lemma 4, we only need to suppose that the trinomial 2" 4+w2* +w
is primitive over F4, then by corollary 1, we have K =1 mod 3,n =2 mod 3ork =2 mod 3,7 =1 mod 3.



Table 3

o

mod 15 1 2 4 5 7 8 10 11 13 14
mod 15 | 5,11 | 7,10 | 5,14 | 1,4,7,13 | 2,5 | 10,13 | 2,8,11,14 | 1,10 | 5,8 | 4,10

3

For k=1 mod 3andn =2 mod 3, note that k = 1 mod 3 is equivalent to k = 1,4,7,10,13 mod 15.
Fork =1,4,7,13 mod 15, since n > 2, then by lemma 6, for the corresponding values of n mod 15 in table 1,
the trinomial 2™ + wx* + w is reducible over F4. Checking all possible values of n mod 15 and make sure n = 2
mod 3 foreach k = 1,4,7,13 mod 15, only for the values of n mod 15 in table 3, we can not decide whether
2" +wak +wis primitive or not and for all other cases, " + wx® 4+ w can not be primitive. For £ = 10 mod 15,
ifn =5 mod 15, then 5 can divide n and k, by lemma 1, ord(z™ +wz* +w) = Sord(z? 4wzt +w) < 4" —1.
So ™ 4 wx® + w is not primitive over F4. Checking all possible values of n mod 15 and make sure n = 2
mod 3, 2" + wz® + w can not be primitive except for n = 2,8,11,14 mod 15. Fork =2 mod 3andn = 1
mod 3, the proof is similar to the case k =1 mod 3 and n =2 mod 3. We omit the proof. O

Following from theorem 2, we can have

Corollary 2. For any n(n > 2) there is no primitive trinomials 2™ + az? + b over Fy.

Proof. Let w be a primitive element of 4. By theorem 1 and the arguments after lemma 4, we only need to
consider the case & = b = w. According to corollary 1, £ + wz? 4+ w can not be primitive over F4 if n = 0
mod 3 and n = 2 mod 3. In fact, one can directly check that 2™ + ax? + w has arootin Fy. If n =1 mod 3,
since [Fy : Fa] = 2, 2 4 t+wF w2 % = 24+ +w? has no roots in F,4. Then by lemma 5, we have 2" twrl+tw
is reducible over Fy. O

3 The special form

In this section, we go on to consider the primitivity of trinomials of the special form =™ 4 ax + b. By theorem 2
we know that there is no primitive trinomials over F4 except forn =5 mod 15andn = 11 mod 15. Hence we
consider the primitivity of trinomial 2™ + ax + b whenn =5 mod 15 and n = 11 mod 15. We mainly study
the trinomials with degrees n = 4™ + 1 and n = 21 - 4™ 4 29, where m is a positive integer. It is easy to check
thatif n = 4™ +1,thenn =5 mod 15 formisodd andif n = 21-4" 429, thenn =5 mod 15 for m is even.
For these two cases, we prove that the trinomials ™ 4 ax + b with degrees n = 4™ 4+ 1 and n = 21 - 4™ 4 29 are
always reducible if m > 1. If some results are obviously true over F3, we also give them.
Theorem 3. Let m be a positive integer. Suppose that a, b € F; and

—a

(/\7:7)\1'4-1)_(17@).((1) _b) i=0,1,---,q—2. @)

If A\; #0forl <i<g—1and A\;_2b0+ A;_1a = 0, then all irreducible factors of 24"t 4+ az + b have degrees
dividing (¢ + 1)m, and therefore, periods dividing glatm _ 1,
Proof. Let ¢(z) = 29" *' 4 az + b and

q—2

(I)(;E) _ /\q—lsﬁ(ﬂf) + Z Aizq(0—2—1)7n+_..+q‘m+1(pq(4—1—i)m (1‘) 3)
i=0
By (2), we have that
0 -b
(Ait15 Aig2) = (A A1) - ( 1
Then Aj12 + A+ Ajy1a = 0,0 < i < g — 3. So by simple calculation and the condition that \; # 0,1 < i <
g —1,24—2b+ Aj—1a = 0, we can deduce that

—a

)7i:O71a"'7q_3'

(z) = o + Ag_1b.

Note that ¢(z) can divide ®(z). So ¢(x) can divide ®(z) = 24"+ FT4"+1 4 X\ b, which can divide
x(a= (@ ++¢"+1) _ 1 Notice that for any positive integer m, ¢ — 1 divides ¢™ — 1, and (g™ — 1)(¢9™ +
s g™ 1) = qlatD™ 1. So (¢ — 1)(q9 + - + ¢™ + 1) is a divisor of ¢{9TD™ — 1. So () divides
247" =1 _ 1. Hence all irreducible factors of ©(x) have degrees dividing (¢ + 1)m, and therefore, periods

dividing g(atH™ — 1.



Corollary 3. Let ¢ = 3,4 and let m be a positive integer. Suppose that a,b € F; and b # a?, then all
irreducible factors of 4" ! 4 ax 4 b have degrees dividing (¢ + 1)m.

Proof. For the case ¢ = 3, let g(x) = 2®" ! + ax + b. According to the condition that b # a? and since
F3 = {0,1,—1},wehaveb= —1,a=1lorb= —1,a = —1. Let \g = 1, A\; = —a. Then \; = a? — b according
to theorem 3 and one can check that A\1b 4+ Aya = 0 whatever b = —1,a = 1 or b = —1,a = —1. So by theorem
3, all irreducible factors of 3" *1 + ax + b have degrees dividing 4m.

For the case ¢ = 4, the proof is similar. Let w be a primitive element of F4. Then Fy; = {0,1,w,w?} and
l1+w+w?=0.Sinceb # a?,ifb=1,thena # 1,ie,a =wora = w?,ifb=w,thena = 1 or a = w, if
b=w?thena =1ora = w? Let \g = 1,A\; = a. Then Ay = a? — b, \3 = 1. According to theorem 3 and
one can check that forb = l,a =wora =w?, b=w,a =lora =wand b = w?,a = 1 ora = w?, we all
have that a?b + b®> + a = 0 and this is equivalent to A\ob + Asa = 0. Hence by theorem 3, all irreducible factors
of "1 + ax + b have degrees dividing 5m. O

By corollary 3, we can deduce that trinomial 29" *! + az 4 b is reducible if m > 1. Before we give corollary
4, we first need a lemma.

Lemma 7 [2]. Let IF, be a finite field and let m be a positive integer. Then the degree of every irreducible
factor of 24" 1 + x + 1 over I, divides 3m.

Corollary 4. Suppose that ¢ = 3,4 and m is a positive integer. Then all irreducible factors of ¢ +1 +ax +b
have degrees dividing (¢ + 1)m or dividing 3m.

Proof. For the case ¢ = 3, let g(z) = 2" ! + ax + b. According to theorem 3, all irreducible factors of
g(x) = 2"+ 4+ ax + b dividing 4m when b = —1. If b = 1,a = 1, then by lemma 7, the degree of every
irreducible factor of x¢"+1 + 2 + 1 over F, divides 3m. If b = 1,a = —1, then g(z) = 23" ' — z + 1.
Let g1(z) = g(—x), then g;(x) = 23" 1 + 2 4 1, it is well known that the transformation from g(z) to g1 (z)
preserves degrees of factors. So the degree of every irreducible factor of g(x) is the same as the degree of some
irreducible factor of ¢ (), hence divides 3m.

For the case ¢ = 4, let h(x) = 2*" *! + ax + b. According to theorem 3, all irreducible factors of h(z) =
2"t 4 az + b dividing 5m when b # a2, If b = a?, the first case if b = a = 1, then by lemma 7, we know
that the degree of every irreducible factor of 29"+ + z + 1 over F, divides 3m. Let w be the primitive element
of F,. The second case if a = w, then b = w? and h(z) = *"*+! + wa + w?. Let hy(x) = h(wz), then
hi(z) = w(z*" ' 42 +1), of course the transformation from h(z) to hy (z) also preserves degrees of factors. So
the degree of every irreducible factor of h(x) is the same as the degree of some irreducible factor of h; (x), hence
divides 3m. The third case if a = w?, then b = w and h(x) = 2*" ! + w?z + w. The proof of this case is similar
to the second case, we omit it. O

Theorem 4. The trinomial 221" +29 4 gz + b always has a root in Fs for any positive integer m.

Proof. First one can verify that £°° + ax + b always has a root in Fys. For m = 0 mod 3, if 3 is a root of
2°0 + az + bin F s, then it is also the root of 214" 29 4 gz + b. Form =1 mod 3and m =1 mod 3, note
that 21 -4 + 29 = 63+ 50 and 21 - 16 4+ 29 = 63 - 5 + 50, so the roots of 2°° + ax + b in Fys are also the roots of
214" +29 1 g 4 b. This completes the proof. O
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