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Abstract

We investigate a well-known way to construct pseudo-random sequences by sepa-
ration p-adic coordinate sequences of linear recurrences over Galois ring. Commonly
it is necessary to know rank estimations of separated sequences.

In this article we describe divisors of the minimal polynomial of the second p-adic
coordinate sequence of the linear recurrent sequence of maximal period/MP-LRS
over non-trivial Galois ring of odd characteristic in dependence of the initial vector
of this LRS.

Also we describe polynomials divisible by that minimal polynomial in depen-
dence of the initial vector of this LRS.

As a corollary we get non-trivial upper and lower estimations for the rank of the
second coordinate sequence of such MP-LRS which provides us by possibility to use
it in pseudo-random generation.

We say that the Galois ring is non-trivial, if it differs from Galois field and from
quotient ring too.
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1 Introduction

Let R = GR(pn, r) be a Galois ring [11, 12], q = pr, p is a prime, u is
a linear recurrent sequence of the full period over R with characteristic
Galois polynomial F (x) of degree m [7].
∗This report is dedicated to the memory of Prof.A.A.Nechaev and Dr.V.L.Kurakin
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Let S = GR(pn, rm), Q = qm, be a Galois extension of R, splitting ring
of the polynomial F (x), θ is a root of F (x) in the ring S. Then [6] there
exists an unique constant ξ ∈ S with property :

u(i) = TrSR(ξθi), i ∈ N0, (1)

where TrSR(x) = ∑
σ∈Aut(S/R)

xσ is a trace function from the ring S into ring
R.

It is known that the arbitrary element s ∈ S may be uniquely repre-
sented in the form

s =
n−1∑
i=0

γi(s)pi, γi(s) ∈ Γ(S), i = 0, n− 1, (2)

where Γ(S) = {x ∈ S | xQ = x} is a p-adic coordinate set of the ring S
(Teichmueller’s representatives system).

The set Γ(S) with operations ⊕ : x⊕ y = (x+ y)Qn and ⊗ : x⊗ y = xy

is a Galois field GF (Q).
The field Γ(S) contains as a sub field the set Γ(R) = {x ∈ R | xq = x}

which is a p-adic coordinate set of the ring R.
Operations on elements of the Γ(R) are defined in the same way. Be-

cause of that the set Γ(R) is a field GF (q).
It is known that [11, 12] the group Aut(S/R) is a cyclic and is generated

by the Frobenius automorphism ρ which acts upon the element s ∈ S of
the form (2) according to the rule

ρ(s) =
n−1∑
i=0

γi(s)qpi. (3)

Representation analogous to the (2) takes place for elements of the ring
R.

The sequence u(i), i ∈ N0, uniquely determines n p-adic coordinate
sequences ul(i) = γl(u(i)), l = 0, n− 1, i ∈ N0, over the field (Γ(R),⊕, ·).

If we have a task to generate a pseudo random sequences relying on lin-
ear recurrence over Galois ring we may choose one or several elder coordi-
nate sequences of this linear recurrence. In this way it is interesting to have
estimations for the ranks of those coordinate sequences γl(u), l = 0, n− 1.
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In the work [10] were obtained lower and upper estimations for the ranks of
coordinate sequences of linear recurrences of maximal period over primar-
ily residue rings. Besides that, there were obtained minimal polynomials
of coordinate sequences for some types of such linear recurrences.

Also in the work [10] were obtained minimal polynomials of sequences
ul, l = 0, 1, over nontrivial Galois ring.

In the article [3] were obtained the minimal polynomial and the rank of
the first coordinate sequence of linear recurrence u over non-trivial Galois
ring determined in arbitrary coordinate set.

Further in the article [9] were obtained exact values of ranks for sec-
ond coordinate sequence of faithful linear recurrent sequence over binary
residue ring with minimal Galois polynomial of degree not less then 5 in
dependence on the initial vector of this LRS.

Below we will provide polynomials over Galois field Γ(R) which respec-
tively divides and are divisible by minimal polynomial of the second coor-
dinate sequence of the linear recurrence u in p-adic coordinate set under
condition of p ≥ 5. These results provide a way to obtain upper and lower
estimations for the rank of this linear recurrence. Previously these results
in less faithful form were published in [15].

Furthermore, relying on these results in the next article we will obtain
rank estimations for elders coordinate sequences of MP LRS over nontrivial
Galois ring with specially selected numbers.

2 Main results

LetM,w ∈ N. We will denote by I(M,w) the set of strings ~ = (j1, . . . , jM),
0 ≤ jl ≤ p− 1, l = 1,M , with property : ∑M

l=1 jl = w.
By

{
M
w

}
we will denote the cardinality of the set I(M,w). Let us note

that
{
M
w

}
is equal to the quantity of allocations of w identical balls into

M different boxes under condition that into each box there disposes not
greater then p− 1 balls. It is known that [8, C.215]:

{
M

w

}
=

min{w,(M−w)/p}∑
s=0

(−1)s
w
s

M + w − ps− 1
M − 1

, (4)
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if 0 ≤ w ≤M(p− 1) and {
M

w

}
= 0 (5)

in other case.
Let m is a degree of some polynomial under investigation. Further we

will denote by N = N(m) the value
{
m
p

}
. Besides that, we will concern

that the strings ~(1), . . . , ~(N) in the set I(m, p) are allocated in the lexico-
graphical order.

Let R = GR(pn, r) be a Galois ring, q = pr, p ≥ 5, r ≥ 2, F (x) is a
Galois polynomial of degree m over the ring R, the sequence u ∈ LR(F ) is
a non-zero by modulus pR and is represented by the trace-function

u(i) = TrSR(ξθi),
where S = GR(pn, rm) is a splitting ring of the polynomial F (x), θ is a
root of F (x) in the S, the constant ξ ∈ S is unequally determined . Let ,
further, Q = qm = pt, t = rm, θs = γs(θ), ξs = γs(ξ), s = 0, n− 1.

The element ∇ is introduced in this way: according to Wilson theorem
we have (p − 1)!≡

p
−1. Hence when p ≥ 3 number (p − 1)! as an element

of the ring Zpn has a p-adic representation of the form
(p− 1)!≡

p2
−1− p∇,∇ ∈ Γ(Zpn).

Let’s denote:
G(x) =

∏
~∈Ξ

(
x	 θ

∑m−1
l=0 jlp

rm+rl−1

0

)
,

Ξ =
~ ∈ I(m, p) : ∇ · γ0

 1∏m−1
l=0 jl!

 6= 	γ1

 1∏m−1
l=0 jl!

 ,
W (x) =

p∏
s=0

∏
(~λ,~ζ)∈Ωs

(
x	 θ

∑m−1
l=0 pt+rl−2(λl+pζl)

0

)
,

where
Ωs =

{
(~λ, ~ζ) : ~λ ∈ I(m, ps), ~ζ ∈ I(m, p− s),

∑⊕
~µ∈I(N,p):∑N

i=1 µi·j
(i)
l

=λl+pζl,l=0,m−1

γ0

(
1∏N

i=1 µi!(
∏m−1
l=0 j

(i)
l !)µi

)
6= 0

 , s = 0, p,
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Hs(x) =
∏

~λ∈I(m,ps),
~ζ∈I(m,p−s)

(
x	 θ

∑m−1
l=0 prm+rl−2(λl+pζl)

0

)
, s = 0, p− 1,

H(x) = H1(x), Z(x) = H0(x),
D1(x) = GCD (G(x),W (x)), D2(x) = GCD (W (x), H(x)).

Pay attention to the fact

G(x) | Z(x).

Besides that, let’s denote by

F̃ (x) = γ0(F (x))

the polynomial obtained from F (x) by picking out zeroth p-adic digits of
every coefficient of polynomial. It is obviously that F̃ (x) ∈ F̄ (x), where
F̄ (x) is a residue class of the F (x) in the ring R[x]/pR[x].

Theorem 2.1 Let R = GR(pn, r) be a Galois ring, q = pr, p ≥ 5, r ≥ 2,
F (x) is a Galois polynomial of degree m over the ring R, the sequence
u ∈ LR(F ) is a non-zero by modulus pR and is represented by the trace-
function

u(i) = TrSR(ξθi),
where S = GR(pn, rm) is a splitting ring of the polynomial F (x), θ is a
root of F (x) in the S, the constant ξ ∈ S is unequally determined . Let ,
further, Q = qm = pt, t = rm, θs = γs(θ), ξs = γs(ξ), s = 0, n− 1.

If F (x) is a MP-polynomial, in other words [14], θ0 is a primitive ele-
ment of the field Γ(S) = GF (Q), and θ1 6= 0, then for a minimal polynomial
of the second coordinate sequence u2 of the LRS u in the p-adic coordinate
set these dependencies hold:

F̃ (x)p+1 · G(x)
D1(X) ·

W (x)
D1(x) ·D2(x) ·H(x)p

∣∣∣∣∣∣ m2(x),

m2(x)
∣∣∣∣∣∣F̃ (x)p+1 · Z(x)ε ·H(x)p · LCM

W (x)
D2(x) ,

p−1∏
s=2

Hs(x)βs
 .
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Under the same conditions these inequalities hold:

ε ≤ p, βs ≤ p− 1, s = 2, p− 1.

Besides that in described cases there known equal values of the parameter
ε:

(a) If ξ1 6= 0, then under additional conditions

∀~ζ ∈ I(m, p)
∑
⊕

κ=0,m−1 : ζκ>0
(ξ−1

0 ξ1)p
t+rκ−1 6= 0

and

∀~ζ ∈ I(m, p)
∑
⊕

l=0,m−1 : ζl>0
γ0

(
ζl∏m−1

κ=0 ζκ!

)
(θ−1

0 θ1)
∑m−1
κ=0 ζκp

t+rκ−1−pt+rl−1 6= 0

the equality holds: ε = p, and Z(x)ε | m2(x).
(b) If ξ1 = 0, then ε = 2.
Under the same condition

Z(x)ε | m2(x).

Let’s note that this time neither equal value of the parameter degG(x)
nor its upper bound are not obtained.

It is clear that this parameter is not greater then{
m

p

}
,

and also depends on p.
Something the same may be declared about parameters degW (x) and

degDi(x), i = 1, 2.
The same reasoning as in proof of the Theorem 2.1 is valid in the case

of R = Zpn.
However under condition r = 1 all previous symbolization becomes in-

valid and because of that all previous rank estimations become invalid too.
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Theorem 2.2 I. Under conditions of the Theorem 2.1 these inequalities
hold:

m(p+ 1) + p
{
m
p

} {
m
p−1

}
≤ rank u2 ≤ m(p+ 1) + p

{
m
p

} {
m
p−1

}
+

+(p− 1)
p−1∑
s=2

{
m
ps

} {
m
p−s

}
+

+p
{
m
p

}
+
{
m
p2

}
.

II. Moreover, under additional conditions these inequalities hold:
(a) If ξ1 6= 0,

∀~ζ ∈ I(m, p)
∑
⊕

κ=0,m−1 : ζκ>0
(ξ−1

0 ξ1)p
t+rκ−1 6= 0

and

∀~ζ ∈ I(m, p)
∑
⊕

l=0,m−1 : ζl>0
γ0

(
ζl∏m−1

κ=0 ζκ!

)
(θ−1

0 θ1)
∑m−1
κ=0 ζκp

t+rκ−1−pt+rl−1 6= 0

then:

m(p+ 1) + p
{
m
p

} {
m
p−1

}
+ p

{
m
p

}
≤ rank u2 ≤ m(p+ 1) + p

{
m
p

} {
m
p−1

}
+

+(p− 1)
p−1∑
s=2

{
m
ps

} {
m
p−s

}
+

+p
{
m
p

}
+
{
m
p2

}
.

(b) If ξ1 = 0, then:

m(p+ 1) + p
{
m
p

} {
m
p−1

}
+ 2

{
m
p

}
≤ rank u2 ≤ m(p+ 1) + p

{
m
p

} {
m
p−1

}
+

+(p− 1)
p−1∑
s=2

{
m
ps

} {
m
p−s

}
+

+2
{
m
p

}
+
{
m
p2

}
.
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