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Abstract

Let (by,...,b,) be a lattice basis with Gram-Schmidt orthogonalization (bj,...,b;), the ratios |[by||/|[b}]| for
i =1,...,ndo arise in the analysis of many lattice algorithms and are somehow related to their performances. In this
paper, we study the problem of minimizing the ratio ||b,||/||b|| over all bases (by, ..., b,) of a given n-rank lattice. We
first prove that there exists a basis (by, ..., b,) for any n-rank lattice L such that [|by|| = minyez\oy [[VII, [[b1]l/|Ib}]] < i
and |[b;l/|Ib}]] < i'3 for 1 < i < n. This leads us to introduce a new NP-hard computational problem, namely the
smallest ratio problem (SRP): given an n-rank lattice L, find a basis (by, ..., b,) of L such that ||by||/|[b}|| is minimal.
The problem inspires a new lattice invariant y,(L) = min{||b||/|[b;|| : (by,...,b,) is a basis of L} and a new lattice
constant y, = max u,(L) over all n-rank lattices L: both the minimum and maximum are justified. Some properties
of u,(L) and y, are investigated. We also present an exact algorithm and an approximation algorithm for SRP.

This is the first sound study of SRP. Our work is a tiny step towards solving an open problem proposed by Dadush-
Regev-Stephens-Davidowitz (CCC ’14) for tackling the closest vector problem with preprocessing, that is, whether
there exists a basis (by, ..., b,) for any n-rank lattice such that max; ;<< ||b;f||/b;|| < poly(n).

1 Introduction

A lattice L in R™ is a discrete and additive subgroup of R™, or equivalently, the set of all integer linear combinations
of n linearly independent vectors by,...,b, in R” (m > n): L = {3, x;b; : x; € Z}. Such a set (by,...,b,) forms
a basis of L, which has a unique Gram-Schmidt orthogonalization (b7, ...,b;): for each i, b} is the component of b;
orthogonal to by, ...,b,_;. The integer n is the rank of L. All the bases of L have the same n-dimensional volume,
called the co-volume vol(L) of L. As usual, L(B) or L(by,...,b,) denotes the lattice generated by the n columns of a
basis B = (by,...,b,).

Two of the most important lattice problems are the shortest vector problem (SVP) and the closest vector problem
(CVP). Given a basis of a lattice L endowed with the Euclidean norm, SVP is to find a shortest nonzero vector in L, and
CVP asks for a closest vector in L to a target vector t. SVP is NP-hard under randomized reductions [Ajt98] and CVP
is NP-complete [VEB81]: further, both problems are NP-hard to approximate to within any factor less than n¢/l0glogn
for some constant ¢ > 0 under reasonable complexity-theoretic assumptions [CN98, Mic01, KhoO5, HR12, Mic12,
ABSS93, DKRSO03]. Algorithms for solving SVP and CVP either exactly or approximately have proved invaluable in
many fields of mathematics and computer science, notably in cryptology (see, e.g., [Ajt96, MG02, JS98, NV 10]).

The most basic approach for solving both SVP and CVP exactly is enumeration, which requires n°™-time and
polynomial space (see, e.g., [Kan87, SE94, HS07, GNR10, MW 15]). The classical approach for approximating SVP
is known as lattice reduction, which is to find good reduced bases consisting of reasonably short and almost orthogonal
vectors: it was revived with the celebrated LLL algorithm [LLL82] and continued with blockwise algorithms [Sch87,
SE9%4, GNO8, MW16]. Both enumeration and lattice reduction are still very active in recent years (see, e.g., [MW15,
MW16, AWHT16, ANSS18, ABF*20, ALNS20, ABLR21, LN20]).

The most famous approximation algorithm for CVP is perhaps the Babai nearest plane algorithm [Bab86]. Given
a basis B = (by,--- ,b,) of a lattice L and a target vector t € R™, Babai’s algorithm size-reduces t with respect to B

into a new vector t — x with x € L such that
i IR

t—x|| <|max ———— | X min ||t — y||.
It —xl < | max =—p min [t~ ]

In other words, Babai’s algorithm approximates the closest vector problem with preprocessing (CVPP) to within
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MaX | <i<n = factor, when using the basis B as preprocessing. CVPP has applications in coding theory and
cryptography [MGO02, DRS14]. Dadush-Regev-Stephens-Davidowitz (DRS) [DRS14] proposed an open problem
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whether every lattice has a basis that one can use to obtain a polynomial approximation for CVPP. Once special-
ized to Babai’s algorithm, DRS’s open problem is equivalent to Seysen’s open problem [Sey93] whether there exists
a basis (by, ..., b,) for any n-rank lattice such that the Gram-Schmidt decay max << j<, I[b]| /b;ll < poly(n). The best
known upper bound is n'*!""/2 [Sch87, LLS90, Ajt08, HS08] using a HKZ-reduced basis introduced by Hermite
[Her50] and Korkine and Zolotareff [KZ73].

We fail to solve DRS/Seysen’s open problem. Recall that any HKZ-reduced basis (b4, ..., b,) of an n-rank lattice L
satisfies [LLS90]: [Ib|| = A;(L), [Ibyl/Ib}]l < i D72 and |[byl/|Ib}]| < i+ for i = 1,...,n, where A;(L) denotes the
(Euclidean) length of the shortest nonzero vector in L. This inspires us to consider an interesting relaxation of the above
open problem whether there exists a basis (by,...,b,) for any n-rank lattice L such that all of the ratios ||b||/4;(L),
[lbs]I/Ib}]] and [[b;l|/|Ib}|| simultaneously have upper bounds polynomial in i for i = 1,...,n. The motivation comes
from the fact that the ratios [[by[|/|[b}]| and |[b;||/|[b}|| do come up in the analysis of many lattice algorithms and are
somehow related to their performances:

e The cost of enumeration is somehow related to the ratios [[by]|/|[b?||: the smaller the heuristic estimation

maxij<i<n (H?:n—k . %), the faster the enumeration (see, e.g., [GNR10, HS07]).

e Since |Ibyll/vol(L)'/" = [T, (Ibull/IIb;1)'"" and |Ibyl/A1(L) < maxi<i<, [[b1ll/II]ll, the ratios [[by]l/|Ib]| are re-
lated to the Hermite factor ||by||/vol(L)"/" and approximation factor ||by]|/A1(L), both of which are typically
used to assess the quality of a reduced basis (by,...,b,) (see, e.g., [LLL82, Sch87, GHGKN06, GNOS, HPS11,
MW 16, ALNS20]). More precisely, some classical lattice reduction algorithms follow the paradigm below (see
Appendix A for the proof).

Claim 1.1 (Paradigm of lattice reduction). Let L be an n-rank lattice where n = pk with p,k > 1. If a basis
B = (by,...,by,) of L satisfies the following two sets of conditions:

1. Hermite conditions: b}, || < g(k) x vol(B[ik+|,ik+k])l/kfori =0,...,p—1;

2. Gluing conditions: ||b; |l < htk + 1) x|b%,,, | fori=0,...,p -2,
where both g(k) and h(k) are functions of k. Then

byl < g(k) - Atk + 1P s vol(L)' /"
Furthermore, if |b}, ||| < V1 + e (L(Bik+1,i+41)) Jor i = 0,..., p — 1 with factor € = 0, then
Ibill < V1 +&-h(k+ )Pk 2 (L).

Here, By; j denotes the projected block of the vectors by, ..., b; over span(by, ..., b,_1)*.

It can be checked that the LLL-reduction [LLL82], BKZ-reduction [Sch87, SE94], semi k-reduction [Sch87]
and slide reduction (achieving the best time/quality trade-off among known lattice reduction algorithms) [GNOS,
ALNS20] follow the paradigm. This means that at least in theory, the local ratios ||b}, ,|I/I[b, .|l might play a

ik+ tk+k+
more important role on the output quality of lattice reduction than the local Hermite factors [[b}, [/ Vol(B[,'k+1,ik+k])1/ k,

n

e The ratios |[b;||/[[b}|| are natively related to the orthogonality defect [T;,(|Ib;l|/|b;]]), which measures the or-

thogonality of a basis (by,...,b,) [Len82, LLS90].

In order to study the minimality of multiple ratios |[by||/|[b}|| for i = 1,...,n, a natural way is to resolve it into
a more basic problem of minimizing the single ratio ||b||/|[b;|| over all bases (by,...,b,) of a given n-rank lattice.
A natural question is whether there is a basis (by,...,b,) for any n-rank lattice such that [|b;[|/[|b;|| is minimal. If
yes, one may be interested to further investigate the hardness and algorithmic aspects of the computational problem of
finding such a basis.

In mathematics, SVP is tightly related to the study of Hermite’s constant y,, namely y, = max A;(L)> over all
n-rank lattices L of unit co-volume. This fundamental parameter in the geometry of numbers is typically used in the
study of both enumeration algorithms and lattice reduction algorithms, e.g., to measure the running time [Hel85, HS07]
and output quality [GNOS, HPS11, MW 16, ALNS20] respectively. By analogy with this case, one may wonder what
should be the lattice parameters related to the problem of minimizing the ratio |[byl|/[[b}]l.

This paper first formalizes and answers the aforementioned questions, excluding DRS/Seysen’s open problem.
Our work is a tiny step towards solving DRS/Seysen’s open problem and might be useful in the design and analysis of
better lattice algorithms for SVP and CVP.

Our rEsuLTs. Our first main result of this paper is as follows:

Theorem 1.2. For any n-rank lattice L in R, there exists a basis (b, ..., b,) of L such that the following inequalities
simultaneously hold:

lIbi]l = A1 (L),
byl < ilbll  for i=1,...,n,
Ibill < Sbi|| for i=1,...,n.



Furthermore, finding such a basis is polynomial-time equivalent to solving SVP.

This means that there exists a basis (by,...,b,) for any n-rank lattice L such that max;<;<,(|[b;ll/|[b}]}) < n's.

It indeed solves a weaker version of the so-called well-conditioned basis problem [HL90, Sey93] minimizing the
quantity S (B) = maxi<;<,(||b;| - [|/d;]|) over all bases B = (by,...,b,) of a given lattice L, where (d;, ..., d,) is the dual
basis of B: it is known that there exists a basis B for any n-rank lattice L such that S (B) < n?1°2" [Sey93].

Our second main result is to study the so-called smallest ratio problem (SRP): given an n-rank lattice L, find a

basis (by,...,b,) of L such that [[b;]|/|[b}]| is minimal. The existence of such a basis is proved. It allows to construct
b7l

a basis (by,...,b,) for any n-rank lattice L such that max<;<,/2 7—— R

< nyet, it is just a tiny step towards solving
i+1

DRS/Seysen’s open problem.

SRP can also be equivalently defined as finding a pair of orthogonal nonzero vectors v and w in L and its dual
lattice such that ||v]| - ||w|| is minimal. Assume that w is already found, finding v is equivalent to solving SVP on the
sublattice L N span(w)* of rank n — 1. This intuitively suggests that SRP is related to SVP.

We show that for both the search problem and the promise problem, approximating SRP with any factor y > 1 is
at least as hard as approximating SVP with the same factor y. This means that it is NP-hard to approximate SRP with
any factor less than n¢/1°21°¢” for some constant ¢ > 0 under reasonable complexity-theoretic assumptions.

We define the lattice invariant u,(L) = min{||bs]l/[b;|l : (by,...,b,) is a basis of L} and lattice constant y, =
max u, (L) over all n-rank lattices L: the maximum is also justified. We then investigate some properties of (L)
and p,. Interestingly, the new constant , has close relations with classical Hermite’s constant y,,, Bergé-Martinet’s
constant y, [BM89] and Korkine-Zolotareff’s constant y,’ [KZ73, Sch87, BM89, Ajt08]: for instance, y, < u, <7,/
and pt, < \¥no1 V¥2" "V for n > 2. This implies the following asymptotical bounds on 1,

n_ N log(mn) ro(l) <, < 1.744n

2me 2me

Our third main result is to consider the algorithmic aspects of SRP. We provide a deterministic enumeration-based
algorithm for solving SRP on any n-rank integer lattice with n<2°" time and polynomial space.

Notice that Kannan’s CVP (resp. SVP) enumeration algorithm [Kan87] solves CVP (resp. SVP) on any n-rank
integer lattice with 7229 (resp. nz2°™) time and polynomial space [HSO7]. We hence conjecture that SRP is not
harder than CVP. SRP might be useful in understanding the gap between the NP-hardnesses of SVP and CVP.

We also present a polynomial-time blockwise reduction algorithm for approximating SRP, which is an efficient
algorithmic version of the new inequality y, < u(" DIE=D where k — 1 divides n — 1 with k > 2. More precisely, given
a basis of an n-rank integer lattice L, a blocksize k satisfying n = p(k— 1) + 1 for some p > 1, a reduction factor & > 0,
and an exact SRP-oracle for any lattice of rank k, the algorithm outputs a basis (by,...,b,) of L such that

”bl ” < ( \/1_4'8/,[]()(”71)/(16*1)”1)2”’

and the number of oracle quires is O(p’n? /<) (independent of the input basis).

Roapmap. Section 2 recalls background on lattices. Section 3 proves Theorem 1.2. Section 4 studies SRP and related
lattice parameters. Section 5 is devoted to the algorithmic aspects of SRP. Appendices A-D provide missing details.

2 Background

Notation. This paper uses bold lower case letters to denote column vectors, and uses column-representation for
matrices which are written in capital letters. The set of mxn matrices with coeflicients in the ring A is denoted by A",
and we identify A” with A™L Tet] - || and (-, -) denote respectively the Euclidean norm and inner product over R”.
For a matrix B = (b; ;) = (by,...,b,) of n columns, we denote ||B|| = max{|[bl|,...,[b,ll} and ||Bllc = max;; |b; . The
size of an object is the length of its binary representation. The notation log(+) stands for the base 2, and poly(xy, ..., x;)
means H;zl x;’ for some constants c¢; > 0. For any integers a < b, we define [a, b], = [a,b] N Z.

2.1 Lattices

GSO. Let B = (by,...,b,) € R™" be a basis of a lattice. It is usual for lattice algorithms to consider the orthogonal
projections 7; : R™ — span(by,...,b;_|)* fori = 1,...,n. The vectors b! = mi(b;) fori = 1,...,n are the Gram-
Schmidt vectors of B. The Gram-Schmidt orthogonalization (GSO) of Bis B* = (bj,...,b;). Then bj = b; and

(bi.b
oas) b> For completeness, let y;; = 1 and y; ; = 0 fori < j. Let u
denote the unit upper triangular matrix (:“i».i)ng,j - Then B has a classical decomposition B = B*p.

If B is integral, then B* and u are rational, both of which can be computed in polynomial time [LLL82].

We will use the notation By; j; for the projected block (;(b;), 7;(bis1), . . ., mi(b;)). In particular, By j = (by,...,b;).

=b;, - Z, 1,u,,b* for i =2,...,n, where y; ; =



Isometry. Two bases (by,...,b,) and (ci, ..., ¢,) are isometric if (b;,b;) = (¢;,¢;) forall 1 <i, j < n. Two lattices of
the same rank are isometric iff they have isometric bases.

Duality. For any n-rank lattice L in R”, its dual lattice is L* = {y € span(L) : (x,y) € Zforallx € L}. If L has
basis B, then L* has basis B* = B(B"B)~!, which is called the dual basis of B. The reversed dual basis of B is
B~ = R,,B*R, [GHGNO6], where R, = (7, )1<i j<n is the reversed identity matrix: r;; = 1ifi+ j=n+1landr;; =0
otherwise. In lattice reduction, it is more convenient to consider B~* than to consider B* [GN08, LN14]. The main
advantage is that the reversed duality preserves upper triangular, lower triangular, diagonal and orthogonal matrices;
it is fully compatible with the matrix product, for instance, (M - N)™ = M~* - N™* for any matrices M, N € R™"; the
lattice generated by B~ is isometric to the standard dual lattice L*. For instance, we will use the properties below:

Lemma 2.1. Let B = (by,...,b,) € R™" be a basis of a lattice L, C = (¢y,...,¢,) be B* with its columns in reversed
order, and B~ = (dy, ...,d,). Let (b},...,by), (¢],...,¢,) and (d],...,d;) be their GSO, respectively. Then

*

c .
b; = ﬁ for i=1,...,n, (See, e.g., [Reg04, Claim 7]) (2.1)
cn—iJrl
lie;ll = Ndjll for i=1,...,n, (2.2)
Loyl B3] - voI(Byy-1))  IIb3II* - vOl(Bzu-17) . o il
== — = = bl - Il = == (2.3)
(b vol(L) vol(L) Il
Proof. Since B is simply C with its rows in reversed order (i.e., B~* = R,,C), it follows that fori = 1,...,n,¢; = R,,d;
implies ¢ = R,,d’ and hence Eq. (2.2) holds.
By Eq. (2.1), we have ||b]]| = ﬁ Then Eq. (2.2) implies |[bj]| - [|d,|| = 1. Similarly, ||d7|| - [|b,|| = 1. Therefore,
[IBI11/1byll = [bYll - A} [l = [Id}]l/lld;||. This proves Eq. (2.3) since the other equalities are trivial. ]

Hermite’s constant. The Hermite invariant of an n-rank lattice L is y,(L) = A;(L)*/vol(L)*>", where A;(L) =
minyez\(oy [IVI| 1s the first minimum of L. Hermite’s constant of dimension 7 is the maximum 7y, = maxy,(L) over
all n-rank lattices L. Its exact value is known for 1 < n < 8 and n = 24, and we have y,, < ”%6 forn > 3 (see [Neul7]).
Bergé-Martinet’s constant ([BM89, Def. 2.1]). The Bergé-Martinet invariant of an n-rank lattice L is v, (L) =
(LA (LX). Bergé-Martinet’s constant of dimension n is the maximum ;, = max y, (L) over all n-rank lattices L.

Korkine-Zolotareff’s constant ((BM89, Def. 1.3]). The Korkine-Zolotareff invariant of an n-rank lattice Lis y,/ (L) =

max H over all HKZ-reduced bases (by, ..., b,) of L. Korkine-Zolotareff’s constant of dimension n is the maximum
v, = maxy, (L) over all n-rank lattices L.
Primitive vector. Let L be a lattice with basis (by,...,b,). A vectorb = )", x;b; € L with x; € Z is primitive for L

iff it can be extended to a basis of L, or equivalently, gcd(xy, ..., x,) = 1 [Sie89, Th. 32].

2.2 Lattice reduction

Let B = (by,...,b,) be a basis of a lattice L.
Size reduction and LLL reduction. B is size-reduced if |p; ;| < % for all 1 < j < i < n. The single vector b; is
size-reduced (w.r.t. B) if |u; j| < % forall 1 < j < i. Fore € [0,3), Bis e-LLL-reduced [LLLS82] if it is size-reduced and
every 2-rank projected block Bj; ;.1 satisfies Lovdsz’s condition: [[b¥|* < (1 + &)(I[by, II* + /11.2+1’l.||b:f||2). This implies
Siegel’s condition: ||b;‘||2 < %Ilb}:lllz. Given as input a basis B € Z™" and ¢ > 0, the LLL algorithm [LLL82]
outputs an LLL-reduced basis in time polynomial in (log||B||,m, 1/¢).
SVP reduction and its extensions. B is SVP-reduced if ||by|| = A;(L). Then |[b;|| < /y,vol(B)!/".

B is DSVP-reduced [GNO8] (where D stands for dual) if its reversed dual basis B~ is SVP-reduced.

B is HKZ-reduced [Her50, KZ73] if it is size-reduced and By;,; is SVP-reduced fori = 1,...,n.
Rankin reduction. For 1 < r < n, we will use the notation:

m.(L) ;== min vol(xy,...,X,).

X[ 5o Xr€L
VOI(X{ 1rsXp )0

The Rankin invariant vy, (L) = m,(L)?/vol(L)*'" [Ran53] suggests to define: B is r-Rankin-reduced [GHGKNOG] if
vol(By1,) = m,(L). There exist r-Rankin reduced bases for any given lattice. By duality, any n-rank lattice basis is
(n — 1)-Rankin-reduced iff it is DSVP-reduced.

2.3 Basic lemmas
Besides Lemma 2.1, this paper will use the following basic lemmas.

Lemma 2.2 ((LW13, Lemma 3.8]). Let B = (by,...,b,) be an n-rank lattice basis. If the projected block By; j; is
DSVP-reduced for some indices 1 < i < j < n, then By j is DSVP-reduced for all k = i,i+1,...,j—1.



Lemma 2.3 ([DM13, Lemma 3.2]). Let B be a r-Rankin-reduced basis of a lattice L. Then 1,(L(B1 1)) < yrAi1(L).

The dual strategy used in the classical proof of Mordell’s inequality (see [Mor44] or [GNOS, §3.1]) implies the
assertion below:

Lemma 2.4. If a basis B = (by,...,b,) of rank n > 2 is in either of the two cases below:
1. Bis SVP-reduced and By, is DSVP-reduced;

2. Bis DSVP-reduced and By, ,—1) is SVP-reduced,
then

_ 3
Ibll/IbLI < Vet Va7V < S (2.4)

Proof. Since Case 1 and Case 2 have similar proofs, we only verify Case 2.
Since By ,-171s SVP-reduced, we have ||b "~ I < y(" 1)/2v01(B[1,n_1]). Since B is DSVP-reduced, we have vol(B) <
Yi2|Ib|I" (see [GNO8]), or equivalently, vol(B;. - 1) < y"/2||b;;||"—1. This implies [[by ||/l < vyno1 V72"V,
Now, it remains to show y,—1 v,/ < n To do so, we distinguish two cases:
e Forn = 2,3, it can be checked that +/y,_; \/y_,,”/(”‘l) < %n using the exact value of y,,.

e Forn > 4, we have %3 (n+6)n/(n—l) < (%ny because the function f(n) = 210g(% ) log 3 n+s log(””é)n/(" 1

7 77
. S o - n/(n=1) 2
increases over n > 4 by considering its derivative. Then y,,,lyz/ =l < # (#) < (%n) .

This proved v¥,—1 v7»"/""" < 2n for n > 2. Thus, Eq. (2.4) holds for Case 2. This completes the proof. o

3 A new type of reduced basis

In this section, we prove Theorem 1.2 and formalize its related lattice problem and lattice parameters.

3.1 Proof of Theorem 1.2

We first recall the definition of HKZ-reduction and its classical property proved in [LLS90]: A basis B = (by,...,b,)
is HKZ-reduced if it is size-reduced and By; ;) is SVP-reduced fori = 1,...,n; then

bl = A(LBY), byl < i 2|bf|| and [Ibjll < i*V2|bf|| for i=1,....n
Proof of Theorem 1.2. Our goal is to show that there exists a basis B = (by, ..., b,) for any n-rank lattice L such that
b1l = A (L), byl < illb;]l and [Ib;l| < i"?[Ib;|| for i=1,...,n

Our approach is to inductively combine SVP-reduction and DSVP-reduction.

We prove the existence of the desired basis by induction on lattice rank n. For the initial cases n = 1,2, any
HKZ-reduced basis of the lattice is as desired. Assume that the existence holds for any lattice of rank n — 1 > 2.

Let L be a lattice of rank n. There exists a size-reduced basis C = (cy,...,¢,;) of L with GSO (cj,...,¢;) such
that C is SVP-reduced, Cjy,,; is DSVP-reduced and Cy ,—17 is HKZ-reduced. We explain the existence of C. First,
let P = (py,-..,Pn) be an arbitrary SVP-reduced basis of L. Second, there is a unimodular matrix U € Zn=Dxn=1)
S.t. Pjp,U is a DSVP-reduced basis of the projected lattice L(P(2,,)). Let O = (p1,q2,-.-, ) = (P1, (P2, ..., P)U)
with GSO (p1,q3,...,qy). Then Q is also an SVP-reduced basis of L s.t. Q) = PpqU is DSVP-reduced, namely
Ulq:ll = A4(L(Qp.1)*). Third, there is a unimodular matrix V € Z"=2*=2 gt Qp,, 3V is HKZ-reduced. Let
S =P, (q2,...,9,-1)V,qy). Then S is an SVP-reduced basis of L satisfying the following properties:

® S0 18 DSVP-reduced. Indeed, L(S [2,,) = L(Qp2,,) and the last Gram-Schmidt vector of S is still qj,, so that

the DSVP-reducedness 1/||q; |l = A1(L(S [2..,)*) still holds.

e S 2.n-11 = Q[g,n_l]v is HKZ-reduced, SO is S[l,n—l]-
Finally, S can be size-reduced into the desired basis. This proves the existence of C.

We have ||c;|| = A1(L) and ||c]l|/llc; ]l < %n by Lemma 2.4.

Leti € [2,n—1].. Since Cy;;, is DSVP-reduced (by Lemma 2.2) and Cy;,,—1j is SVP-reduced, applying Lemma 2.4
to the projected block Cj;,j, we have

3
lefI/llesll < SGa =i+ 1) fori=2,....n~1.

Since C is size-reduced, the inequality ||c,||/||c;]| < n' follows from the calculation:

n—1
P 19 . a2 L3y
leall® < lle; > + 5 Z €IP < |1+ D 5 =i+ P |lGIP < sl



By the induction hypothesis, there exists a basis (by, ..., b,_;) for the sublattice L(Cy; ,—1;) such that
b1l = A1 (L(Cy1n-17)), Iyl < ]Il and [Ibyl| < i"*[Ib}|| for i=1,...,n— 1.

Let B = (by,...,b,-_1,¢,). Since |[bi]| = |lc1]| = A;(L) and the Gram-Schmidt vector of ¢, in the set B is still ¢, it
follows that B is a desired basis of L. This proved the existence of a desired basis for any lattice of any rank.

The above proof can be easily converted into a recursive algorithm. Specifically, the algorithm finds the basis
vectors by, b,, b,_1,..., by in turn by totally calling @ SVP-solvers in ranks < n. This completes the proof. O

3.2 Lattice problem and lattice parameters related to Theorem 1.2

Theorem 1.2 can be essentially formulated and resolved into the subproblems of minimizing the ratio |bs|/||b}|| over
all bases (by, ..., b;) of the sublattice L(by,...,b;) inturn fori =n,..., 1.

This is reminiscent of HKZ-reduction, that is, any HKZ-reduced basis B = (by,...,b,) of an n-rank lattice min-
imizes the ratio ||b|| /vol(B[i,n])l/ (n=i+1) with respect to the projected lattice L(B[;)) in turn for i = 1,...,n. The
minimization problem related to HKZ-reduction is the well-known SVP problem.

As mentioned in Section 1, the ratios [[b;[|/||b}|| do come up in the analysis of many lattice algorithms and are
somehow related to their performances. By analogy with SVP, this suggests to formalize a more basic problem of
minimizing the single ratio [|by||/|[b;|| over all bases (b, ...,b,) of a given n-rank lattice.

Definition 3.1 (Smallest Ratio Problem (SRP)). Given an n-rank lattice L, find a basis (by,...,b,) of L such that
[lb111/1Iby|| is minimal.

The justification of SRP is guaranteed by Theorem 4.1. We then define the lattice parameters related to SRP.

Definition 3.2. For any n-rank lattice L, the lattice invariant u,(L) is defined as
(L) = inf {|[by]I/Ib}]] : (by,...,b,) is a basis of L} .
The lattice constant u, of dimension n is defined as u,, = sup u,(L) over all n-rank lattices L.

Both the infimum and supremum are well-defined, because any basis (by,...,b,) of L satisfies |[b||/|/b}]| >
VYa(L)Yna-1(L) (by Identity (2.3)) and u,(L) < n (by Theorem 1.2).

Further, both w, (L) and y,, are reached, which we will show in the next section.

The new invariant u,(L) is different from the Hermite invariant y, (L), the Bergé-Martinet invariant vy, (L) and the
Korkine-Zolotareft invariant y;/(L). This is illustrated in the two examples below.

Example 1. Consider the following matrices B and B~* where the columns of B generate a lattice L:

l+e Lie 0 1 0 0
—s 2 _ 1

B=1 0 T‘f(l +e) 0 and  B” =\ 0 F5 ~Eng |
0 0 1 0 0 1

T+e

where 0 < € < (4/3)7 = 1. It is not hard to deduce that 1,(L)
u3(L) = 1 + e We have y4(L) < u3(L) < y3(L).

% 73
AL = Lys(L) = (3527) 750 = 1 and

Example 2. Consider a 3-rank lattice L with HKZ-reduced basis B:

1 0 0
B =(b;,by,b3) = 0 l1+e€ % )
0 0 g(l +€)
where 0 < € < (4/3)1/4 — 1. We have u3(L) = 1 + € < W(l _ H <Y/(L).
R ;

4 The smallest ratio problem and related lattice parameters

In this section, we first prove that SRP is solvable, i.e., the infimum g, (L) is reached at some basis of any given n-rank
lattice L. Second, we argue that SRP is at least as hard as SVP, including in the approximate sense. Third, we show
that the supremum g, is reached at some n-rank lattice. Fourth, we investigate some properties of lattice parameters
Hn(L) and p,: for instance, we prove u, < ,u(" DIC=D 3¢ k — 1 divides n — 1, which has an efficient algorithmic version
(see Section 5.2).

For simplicity, the set of all bases of a lattice L is denoted by $B(L) in what follows.



4.1 Solvability of SRP

The theorem below shows that SRP is solvable and p,(L) = min{||by||/|[b}|| : (by,...,b,) € B(L)}.

Theorem 4.1. For any n-rank lattice L, there exists a basis (by, ..., b,) of L such that ||bi||/||b;|| is minimal, that is,
Hn(L) = [[byl/[by]l

Proof. Recall that u,(L) = inf{||by||/|[b;] : (b1,...,b,) € B(L)} and any lattice of rank > 2 has infinitely many bases.
Our approach is to express u,(L) as the infimum of some finite set so that the infimum can be replaced by minimum.
First, there exists a basis A = (ay, ..., a,) of L with GSO (aj, ..., a;) such that A is DSVP-reduced (or equivalently,
(n — 1)-Rankin-reduced) and Aj; ,—1; is SVP-reduced.
Let S; = {(by,...,b,) € B(L) : ||by]| < |la;]l}. We have [|a;|| < y,—141(L) (by Lemma 2.3) and claim that

un(L) = inf{[[by[|/|[by]l : (by,...,b,) € Si}. 4.1)
Indeed, for any (by,...,b,) € B(L) such that ||b[|/|[b%|| < [la;||/||a%|l, we have

llay|l - vol(Af1 1) - byl llayll - m,—1 (L)

b;|| < -
[bl vol(A) vol(By -17)

< llayll.

Then {(by,...,b,) € B(L) : [[byll/IIbill < llaill/lla;]l} € Si € B(L) implies Eq. (4.1).
Next, consider the finite set S, = {b € L : b is primitive for L such that ||b|| < |la;||} € {x € L : |Ix]| < y,—141(L)}.

For any b € S, define the set B,(L) = {B € B(L) : b is the first column of B}. Then §; can be expressed as a union of
finitely many subsets:

S = U By (L). 4.2)

beS,

For each b € S,, there is a basis C = (b, ¢,,...,¢,) € Bp(L) with GSO (b, ¢5,...,¢,) such that Cp, ) is DSVP-
reduced. Consider the (n — 1)-rank projected lattice 7, (L), where 7, denotes the projection over span(b)*. Since

bl bl - m,a(m(L) ,
el = volD) = o),

the set {|[by[l/Ib;Il : (by,...,b,) € By(L)} has minimum o(b). By Eq. (4.1) and Eq. (4.2), this implies
Hn(L) = blgsf @nf {[[byll/Ib]l = (by,...,b,) € Bp(L)}) = inf{o(b) : b € Sy}.
2
Thus, we obtain u,(L) as the minimum of a finite set: w,(L) = min{o(b) : b € S,}. That is, u,(L) = o(b) for some

b € S;. Since the real value o(b) is reached at some basis in the set By (L), u,(L) is reached at such a basis. This
completes the proof. O

In summary, this algorithmic proof implies the following identity, which can be turned into an enumeration-based
algorithm for solving SRP exactly (see Section 5.1):

tn(L) = min {|[bill/Iby]l : B = (by,...,b,) € B(L),|Ibi|l < lla;|| and By, is DSVP-reduced} . 4.3)
Geometrically, SRP or u,(L) can also be defined using orthogonality and duality:'

Proposition 4.2. Let L be a lattice of rank n. Then
(L) = min {||v]| - |lw]| : v € L\{0} is orthogonal to w € L*\{0}}.
Proof. For any primitive vector v € L and any primitive vector w € L* such that (v, w) = 0, we claim that

(vl - 11wl = pn(L).

Indeed, w can be extended into a basis (W, W,_i,...,w;) of L*. Let (ay,...,a,) be the dual basis of (w1, ..., w,_1, W).
Then v € L N span(w)* = L(ay,...,a, ) and hence v can be extended into a basis (v, va, ..., V,_1) of L(aj,...,a,1).
Thus, (v, va,...,v,1,a,) is a basis of L: its GSO (v, v;,..., v _,, a;) satisfies a, = ﬁ (by Eq. (2.1)), which implies
(vl - Iwll = [Ivll/llagll = pa(L).

Let (by,...,b,) be a basis of L satisfying u,(L) = |[b;]|/|[b;|l and with dual basis (c,,...,¢;). By Eq. (2.1), we
have b = >, Then p,,(L) = ||by]| - [le; ]| and (b, b}) = 0 ensures (b1, ¢;) = 0. The proposition follows. O

el

IThis observation came from an anonymous reviewer for previous submission of this paper.



If one leaves aside the orthogonality requirement, the problem is equivalent to two independent SVP computations
(on the primal lattice and its dual lattice, respectively), and the optimal value y,(L) becomes the Bergé-Martinet
invariant y/,(L). Thus, y,(L) = 21(L)A,(L*) < p,(L) for any lattice L of rank n.

This intuitively suggests that SRP is an NP-hard lattice problem related to SVP, as shown in the next subsection.

Theorem 4.1 allows us to define SRP-reduced bases, which will be convenient in what follows.

Definition 4.3 (SRP-reduction). A basis B = (by,...,b,) of a lattice L is SRP-reduced if |[b;||/||b} || = pn(L).

With the existence of SRP-reduced bases, we can solve a weaker version of DRS/Seysen’s open problem:

. . . lIb:
Corollary 4.4. For any n-rank lattice L, there exists a basis (by, . ..,b,) of L such that max;<j<y/2 w—— o < n.

n—i+1 H -

Proof. First, there exists an SRP-reduced basis B = (b, P2, .-, Pu-1,by) of L. Next, there ex1sts a unimodular

matrix U € Z"2*"=2) guch that B|2)n nv is an SRP-reduced basis of the projected lattice L(B a1 Let B? =

(b1, b2, q3, ..., qu_2, b1, b,) = (b1, (P2, ..., Pa1)U,b,). Since the last Gram-Schmidt vectors of both B!V and B®

are the same, B® is still an SRP-reduced basis of L. Further, B(?n 1 Bg)n 1 U is also SRP-reduced.

By recursively using the existence of SRP-reduced bases for (prOJected) lattlces of rank koverk = n,n-2,n—4,...,

we eventually find a basis B = (by,...,b,) of L with GSO (b7, ...,b;) such that Bj;,_i+1 is SRP-reduced and hence
[[b7 1| b7l
Ib;, by i1l

= pp—2i+2(L(Bjin-i+11)) <n—2i+2overi=1,2,...,|n/2]. Then max,<jcy2 m—— < n, as desired. O

n— 1+l”

4.2 Hardness of SRP

We first recall the search variant and the promise variant of the well-known SVP-approximation problem (y > 1):
e The search problem SVP,: Given a basis of a lattice L, find a nonzero vector v € L such that [|v]| <y - A4;(L).

e The promise problem GapSVP,: Given a basis of a lattice L and a parameter d > 0, distinguish between a YES
instance where 1;(L) < d and a NO instance where 4;(L) > v - d.
Similarly, Th. 4.1 allows us to define the SRP-approximation problem as follows:

Definition 4.5. Let L be an n-rank lattice endowed with the Euclidean norm and y > 1 be an approximation factor.

o The search problem SRP,: Given a basis of L, find a basis (by, ...,b,) of L such that Hg‘” <y - ua(L).

e The promise problem GapSRP,,: Given a basis of L and a parameter d > 0, distinguish between a YES instance
where u,(L) < d and a NO instance where u,(L) >y - d.

The hardness argument of (Gap)SRP, relies on the following sufficient condition for being SRP-reduced:

Claim 4.6 (Sufficient Condition). Let B = (by,...,b,) be a basis of an n-rank lattice L. If B is both SVP-reduced and
DSVP-reduced, then B is SRP-reduced. Conversely, it may not be true.

Proof. Let C = (cy,...,¢,) be an SRP-reduced basis of L. Since B is SVP-reduced and DSVP-reduced (or equiva-
lently, (n — 1)-Rankin-reduced), we have |b;|| < ||¢;|| and vol(B; ,-17) < vol(C(y,-17). Thus, Identity (2.3) implies

[Dall _ bull - vol(Bi-1) _ llell - vol(Crun-1p) _ leill

n( ) = > = = /,ln(L)
bl vol(L) vol(L) llexll
Then “g‘” = u,(L). This proves the first assertion.
The second assertion follows from Example 1: the basis B in Example 1 is SRP-reduced and not SVP-reduced.
This completes the proof of the claim. O

(Gap)SRP,, on lattices of rank n is at least as hard as (Gap)SVP,, on lattices of rank (n — 1):

Theorem 4.7. Let y > 1 be an arbitrary approximation factor.
1. There is a deterministic polynomial time Cook-reduction from SVP, on any lattice of rank (n — 1) to SRP, on a
lattice of rank n.

2. There is a deterministic polynomial time Karp-reduction from GapSVP,, on any lattice of rank (n—1) to GapSRP,,
on a lattice of rank n.

Proof. Let L be an (n — 1)-rank lattice with basis B. We define an n-rank lattice A with basis Diag(B, ?) := ( B ; ),

where ¢ is an arbitrary rational number satisfying ¢ > y - || B]|.
We first show w,(A) = A;(L)A;(A*). Let C = (cy, ..., ¢,—1) be an SVP-reduced basis of L. Then D = Diag(C, 1) is
also a basis of A with the following properties:



e D is SVP-reduced. Indeed, since ||c;|| = 4;(L) < ||B|| < t, we have

Bw . w
< =
for any non-zero integer vector ( vxv ) € 7" where w € Z" ! and x € Z. Then |l¢;|| = 4;(A) implies the

SVP-reducedness of D.

e D is DSVP-reduced. Indeed, it can be checked by the definition that D~ = Diag(t™!, C™*). Using the transfer-
ence theorem A, (L*)A,_;(L) > 1 [Ban93] and the fact 4,_;(L) < ||B|| < t, we have ' < 4,_; (L)™' < 4,(L).
Since L(C~*) is isometric to L*, we have 1;(L*) = 1;(L(C™*)). Then 1~! < A;(L(C~*)) implies

(=)

for any non-zero integer vector ( i € 7" where y € Zand z € Z"!. Thus, r! = 11 (L(D*)) = ;(A*) and

<

hence D~* is SVP-reduced. This implies the DSVP-reducedness of D.
By Claim 4.6, D is an SRP-reduced basis of A such that w,(A) = @ = A1 (L)A;(AX), as desired.
We show Item 1. One calls the SRP,, oracle on the input instance Diag(B, t) to find a basis G = (g1, ..., 8,) of A s.t.

its GSO satisfies ”§+” <vy-uy(A). Theng; = [‘é

We claim that v is a solution to SVP,, on L, namely v € L with 0 < ||v|| <y - 4;(L). Indeed, by Eq. (2.1), the dual

basis (hy,...,h,) of G satisfies ﬁ = |[h,|| = 2(A*). Then ”g—l” <y - up(A) =y - (L)AL (AX) implies:

0 <ligill = /IVI> + & <y- (L) <y-|IBll <.

It follows that £ = 0 and O < ||v|| <y - 4;(L), as desired. This proves Item 1.
It remains to show Item 2. Given as input a GapSVP, instance (B, d) with parameter d > 0, the output of the

reduction is the tuple (Diag(B, 1), %):
o If (B,d) is a YES GapSVP, instance, then Ay(L) < d. Since p,(A) = 22 this implies y1,(A) < 4. Thus,
(Diag(B, 1), ‘—f) is a YES GapSRP, instance.

for some vector v in L and some integer ¢ satisfying ||v|| + |£] # O.

o If (B,d)is aNO GapSVP7 instance, then A;(L) > 7y - d. Since u,(A) = @, this implies (,(A) > 7y - ‘?1. Thus,
(Diag(B, 1), ‘71) is a NO GapSRP,, instance.
This proves Item 2 and completes the proof of Th. 4.7. O

Combining with the best known hardness result for (Gap)SVPy [HR12, Th. 1.1] (building on work of [A;jt98,
CN98, Mic01, KhoO05]), Th. 4.7 immediately implies the following hardness result for (Gap)SRP,:

Corollary 4.8. 1. For any constant y > 1, both SRP, and GapSRP,, are NP-hard under randomized polynomial-
time reductions. l.e., there is no randomized polynomial-time algorithm for (Gap)SRP, unless NP C RP.

2. For 1 <y < 202" \ith any constant & > 0, both SRP, and GapSRP,, on n-rank lattices are NP-hard
under randomized quasipolynomial-time reductions. Le., there is no randomized polynomial-time algorithm for
(Gap)SRP,, unless NP C RTIME(2P°"(°e"),

3. For 1 <y < nfllosloen ywith some universal constant ¢ > 0, both SRP,, and GapSRP, on n-rank lattices are NP-
hard under randomized subexponential-time reductions. Ie., there is no randomized polynomial-time algorithm
Jfor (Gap)SRP,, unless NP € RSUBEXP := (559 RTIME(Q2"™).
4.3 Reachability of y,
Our main result of this subsection is as follows, which implies y, = max w,(L) over all n-rank lattices L.
Theorem 4.9. There exists an n-rank lattice L such that u, = u,(L).

Our proof of Theorem 4.9 uses Lemmas 4.10 and 4.11 below.

Lemma 4.10. Let (by,...,b,) be an n-rank lattice basis such that ||by|| < ||by|| < --- < |b,l|and 1 < ||b1||~]_[l'f=_lI [b;]] <
[T, Ibill < (n!)2. Then 1/(n)* < [Ibyll,.... byl < (n)*.



Proof. Since [Iby[" < TT, IIbill, we have [by]| < (n)2". Note that 1 < [[byll - [T} [Ibill < BU@Y then |Ib,|| <

byl
(nH2(by]l < (n)>*?". 1t follows from 1 < |yl - [T/} IIbill < [Ibyll - I, |I"~" that [[by]| > 1/[b,]I*™D > 1/(n!)*". This
implies 1/(n!)** < [[by|] < bzl < -+ < |[byll < (n!)**2/", as desired. o
Lemmad.1l. LetS = (B = (by,...,b,) € R : 1/(n))* < [Ibyll,....IIb,l| < (n!)* and det(B) = 1} and f(B) = p,(L(B))

for every B € S. Then f is continuous on the bounded closed set S.

Proof. We first show compactness of S. Let S; = {(b1,....b,) € R™" : 1/(n!)*" < [Ibyll..... [Ib,]l < (n)*} and S, =
{B € R™" : det(B) = 1}. Clearly, S; is a bounded closed set in R". Since det(-) is a continuous mapping from R
to R and {1} is a closed set in R, S, is closed in R”". Hence, S = 81 () S; is a bounded closed set.

We next show continuity of f. For each B € S, since vol(L(B)) = det(B) = 1, Theorem 4.1 and Lemma 2.1 imply

f(B) = u,(L(B)) = min{||Buy|| - vol(B(U}1 4-17)) : U = (uy, ..., w,) is an n X n unimodular matrix}.

For any B, C € S, we may assume without loss of generality that f(C) > f(B) and f(B) = ||Bu,|| - vol(B(U[1 4-17))
for some unimodular matrix U = (uy,...,u,). Then,

If(C) = fB) = f(C) = f(B) < |ICuy]l - vol(C(Uyy n-17)) = lIBuy|l - vol(B(Upy n-17))-

For V & > 0, since g(B) := ||Buy]| - vol(B(U}1 ,-17)) is continuous at B, there exists 6 > 0 such that [g(C) — g(B)| <
¢if ||C — B||r < 6, where || - || denotes the Frobenius norm. This implies

If(C) - fB)l <& if |IC—-BllF<é.
Thus, f is continuous at B. By the arbitrariness of B, f is continuous on S. This completes the proof. O

We now show Theorem 4.9 as follows:
Proof of Theorem 4.9. Recall that u, = sup u,(L) over all n-rank lattices L. Our approach is to express u, as the
supremum of a continuous mapping on some bounded closed set, so that the extreme value theorem in calculus implies
the conclusion.

Define the set £, = {L c R" : Lis a lattice of rank » such that vol(L) = 1 and w,(L) > 1}. It is classical that any
n-rank lattice in R™ is isometric to some n-rank lattice in R” (see, e.g., [BP87, p. 57]) and two isometric lattices have
the same value on y,(-). Together with homogeneity and ,,(Z") = 1, we have

Hn = supiu, (L) : L € L}, 4.4)

For any L € £,,, by Theorem 1.2, there exists a basis C = (¢y, ..., ¢,) of L such that

n—1
lleall < lleall < - < lleyll and 1< lleall- | el <
i=1 i

n
1.5
lleill < (n)™,

=1

where we used the facts that det(C) = vol(L) = 1 and ||cy]| - Hl'-’:_ll lleill = vol(L)u,(L) > 1 (by Lemma 2.1).
By Lemma 4.10, C € S = {B = (by,...,b,) e R : 1/(m))** <|Iby]l,....|[bul| < (n))* and det(B) = l}. Thus,
L =L(C) €e{L(B) : Be S}andhence £, C{L(B) : B € S}. Combining with Eq. (4.4), this implies

pn = sup{u(L(B)) : B € S} (4.5)

By Lemma 4.11, the mapping B +— u,(L(B)) is continuous on the bounded closed set S. By the extreme value
theorem in calculus, there exists a basis By € S such that u,(L(B)) < u,(L(By)) for ¥V B € S. By Eq. (4.5), this implies
Uy = u(L(Byp)) and the conclusion follows. ]

4.4 Properties of 1,(L) and wu,

In this subsection, we investigate some elementary properties of lattice parameters y,(L) and y, including relations
with other classical lattice parameters. The characterization in Proposition 4.2 and bounds in Proposition 4.12 and
Theorem 4.13 show that it is natural for u,(L) and u, to arise.

Proposition 4.12. Let L be an n-rank lattice.
1. L) = (LX),
2. yp(LD) < un(L) < v,/ (D).
3. u,(L) = u,(o - L) for any real p # 0.

10



Proof. By Identity (2.3) and the definitions of p,(L),y,(L) and y,/(L), the proof is trivial. m]

The new constant u, has close relations with classical Hermite’s constant y,, Bergé-Martinet’s constant y;, and
Korkine-Zolotareft’s constant y;/, as shown below.

Theorem 4.13. For n > 2, we have:
Loy, <pa <5

2. ﬂns \/,m\/—n/(n—l).

3= D <, < fyn,

3
4 Yy < < \f(y” l)’
5
6.

3 1 1.
© gl T3 SHa =3 (ﬂn+1 + 5),

log(rrn)
e

1.744n 744;1

. WUy has the asymptotical bounds: ﬁ + +o(1) <u, < + o(n).

Proof. Proposition 4.12.2 and Eq. (2.4) imply Items 1 and 2, respectively.
Since y, < (V&73)"~! = 2! [Her50] and y,-1 < /" v [New63], Item 2 implies

tn < Yt mn/(u—l) < V'n/("_]) < \/g - (4.6)

2/n

Let w, denote the volume of the n-dimensional unit Euclidean ball and #(n) be the closest integer to (%w;l) / .
Then 9(n) = 2”6 logfr’;") + o(1) [MH73, p.31]. By Conway-Thomson’s Theorem (see [MH73, Th. 9.5]), there is an

2/n
n-rank lattice L with L = L* such that A;(L)4,(L*) = #(n). Thus, u, >y, = y,(L) = 9(n). Since H(n) > (%wn") " %
and 2w, > v, [Blil4], we have

Lon=1< 22 = L <o <
2))/” —23 yn 2— —/‘lVl’

Yo SH <\/g <A e —(ﬁ(n)+) i(7’+l).
n —FHFn = 3 n = \/§ n \/— \/g n 2

Together with Eq. (4.6), these inequalities imply Items 3 and 4,
Applying the inequalities y, < D /™ and YV < 73 again, together with Mordell’s inequality v,,; < ¥,

n+l
[Mor44], Item 5 follows from the calc&lations below:

n/(n—1)

= (-5 n 8 1
Mo S ¥ Sy T Yurr 720, < 2 (19("+ 1)+ ) g(ﬂm + E)’

V3 1 3 1
4

1
1/(n-1) > __ > i
) = Vn+1 2 = 8/Jn+l 2

11
Hn 2 50— 5 2 Yani (27,

NI>—‘

Since y, < 1241 4 o(n) [KL78] and y,/"™" = 1 + o(1), the inequalities #(n) < y, < y;'""" implies Item 6. This
completes the proof O

We mention in passing that Schnorr [Sch87] used the notation a; for Korkine-Zolotareff’s constant y; to assess

the quality of BKZ-reduced bases with blocksize k: it is known that y; = k00 < k% +1 for any k > 2 [HSO8,
LLS90]; our Theorem 4.13 suggests that the term O(1) should be great than log, 1 — I“k (e.g., we have log;  — M €
(—2.51, —1.85) for feasible blocksize k = 150 [SG]).

The following theorem upper bounds the lattice constant y,, in high dimension using y in low dimension.
Theorem 4.14. Forn > k > 2, ifk — 1 divides n — 1, then u, < ,uf(”fl)/(kfl).

Proof. It suffices to show that p,¢—1)+1 < uf for p > 1, which is done by induction over p.

It holds trivially when p = 1. Assume that it holds for some p. Let L be a lattice of rank n = (p+ 1)(k— 1) + 1 and
B = (by,...,b,) be an m-Rankin-reduced basis of L with m = p(k — 1) + 1. Let (cy, ..., ¢;) be an SRP-reduced basis
of the sublattice L(Br1,,1) with GSO (¢}, ..., ¢cy,). Then C = (¢y,...,Cn,bys1, ..., by) is abasis of L such that

||C1 ” ) VO](C[I,mflJ)

vol(Clymy) = pn(L(Bi1,m)) < Him- “4.7)

Since k = n — m + 1, there is a k X k unimodular matrix U such that Cy,, U is an SRP-reduced basis of the
projected lattice L(Clyy). Let (dy,....dy) = (Cp,byst,....b)U and D = (cy,...,¢p-1,dy, ..., d,) with GSO

11



(c},....¢, _1»dy,...,d;). Then D is also a basis of L such that Dy, ) = CppU is SRP-reduced and vol(Cy,, ) =
vol(Dyy,n)). Therefore,
lldy,II - vOl(Dyp 1)
VO](C[m’n] )
We claim that ||¢;,|l/|ld, || < 1. Indeed, since B is m-Rankin-reduced, we have vol(Cim) = vol(Bjim) <
vol(Dyy m1). Note that vol(Cyy ) = vol(Crym-17) - llc;,ll and vol(Dyy 1) = vol(Crim—17) - lld}, I, this implies ||c;,[| < [}, |l.
As a result, it follows from Eq. (4.7) and Eq. (4.8) that

[led]l - vol(Dyyu-1y) _ llell - vol(Crim-1)) ~ VOI(Dymn-11)

= e (L(Crmm)) < f- (4.8)

W(L) <
: vol(D) VolCrim)  VOl(Clmar )
vol(Dpypu-17) [Idy, |l - vol(Dpp-11)  llc;,ll
S Hme = Hm - . - < M+ M-
VOl(Crnt1.n7) VOl(Cipnp) (I |l

Then the inductive hypothesi.s Hom < wy implies 41,(L) < ,uf”. By the arbitrariness of L, this implies y, < uf”. Thus,
we proved pp,g-1)+1 < /J]]() by induction over p > 1. This completes the proof. O

Theorem 4.15 below implies uy > ,ug/ 2. hence, Hn < /12"_1)/ =1 does not always hold forn > k > 2.
Similarly to classical lattice constants y,,7y, and v,/, it is hard to determine the exact value of u,. The following
theorem summarizes the explicit values of some i, in low dimensions.

Theorem 4.15. /122\%,#3: %,,u4= \/5, VzSu5<§,\/gs%ﬁﬁ%,\/gslhsﬁandug:l

Proof. By [BM89, Prop. 2.13], we have vy} =y}, =y = 2/ V3, Yy =y, = \/g < V2 =7y, and Y=Y =4 = V2.
This implies the exact values of u, u3 and 4 by Theorem 4.13.1. Since the exact values of v, and vy, are known for
1 <n < 8 (see [BM89, SWOI10]), together with y;’ < % [KZ73], the inequalities y,, < u, < min{y,, \¥Yu-1 \/y_n"/(”’l)}
imply the remainder assertions. O

We provide the critical lattices for uy, u3, p4 and pg in Appendix B.

S Algorithms for the smallest ratio problem

We present an exact algorithm and an approximation algorithm for SRP in Sections 5.1 and 5.2 respectively.

Our main result on the exact SRP algorithm is as follows: given as input a LLL-reduced basis By of an n-rank lattice
L C Z™, the algorithm outputs an SRP-reduced basis B of L and an nxn unimodular matrix U within poly(log || Byl|, m)-
n2°M bit operations and polynomial space such that B = ByU, ||B|| < 2"=D/2||By|| and ||U||. < 2~V/2||Bo|I".

Our main result on the SRP-approximation algorithm is the following: given as input a basis of an n-rank integer
lattice L, a blocksize k such that k — 1 divides n — 1, a reduction factor & > 0, and an SRP-subroutine computing
SRP-reduced bases for any lattice of rank k, the algorithm outputs a basis (b, ..., b,) of L such that

b1l < (Mﬂk)(”_l)/(k—l)”b;”’

and has running time upper bounded by a polynomial factor in the input size times the cost of the SRP-subroutine.
All the proofs of this section are relegated to Appendix D.

5.1 An exact SRP algorithm

Our exact SRP algorithm is Alg. 1, which is a deterministic enumeration-based algorithm for computing an SRP-
reduced basis of a given integer lattice. The main idea stems from the algorithmic proof of Theorem 4.1, more
precisely, is based on Identity (4.3): if B = (by,...,b,) is an SRP-reduced basis of an integer lattice L, then ||b;|| <
R for some computable radius R € [A;(L), y,—141(L)] and By, is DSVP-reduced. One can simply enumerate all
primitive vectors b € {x € L : ||x|]| < R} and then extend every b into a basis C of L such that C| ) is DSVP-reduced:
by comparing all their quantities |[b]| - vol(C(; ,-17), one extracts an SRP-reduced basis of L.

Alg. 1 uses three local algorithms, two out of which are related to SVP:

e An enumeration algorithm (see, e.g., [HS07, Fig.1]) which, given a basis of an n-rank integer lattice L in Z"
and a radius R € R™, outputs all vectors in the set {x € L : ||x|| < R}. In particular, Kannan’s SVP enumeration
algorithm [Kan87] finds a shortest nonzero vector for L within poly(log || Binputll, 712) - n 20 pit operations and
polynomial space [HSO7].
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e A DSVP-algorithm (see [GNOS, Alg. 3]%), which performs a DSVP-reduction of a given block. Given as input
a basis B € Z™" and an index i € [1,n — 1], such that By;,) is LLL-reduced, the algorithm (dominated by an
SVP computation in rank n — i + 1) outputs a basis C of L(B) such that Cy; ;_1} = By ,i-17, Cli,n) is DSVP-reduced
and ||C]] < 290 x ||BII.

o A basis extension algorithm, which extends a primitive vector for a lattice L into a basis of L. Given as input
(b, B) where b is a primitive vector for L with basis B € Z™", the Li-Nguyen XGCD-based basis algorithm
[LN19, Alg. 7] outputs a basis C of L in O(mn* log2 ) bit operations (without fast integer arithmetic) such that
b is the first column of C, ||C*|| < 8 and ||C|| < v X B, where 8 = max{||b|l, ||B]|}.
In order to avoid “intermediate entries explosion”, Alg. 1 performs LLL-reductions at Step 11 and Step 16. In fact,
if LLL-reducing a basis (b, ..., b,), then both [|b;||/||b;|| and max<;<, ||b}|| can never increase. Therefore, there exists
a basis for any lattice which is both LLL-reduced and SRP-reduced.

Algorithm 1 Computing an SRP-reduced basis of an integer lattice

Input: A %-LLL-reduced basis B = (by,...,b,) of an integer lattice L.
Output: An SRP-reduced basis of L and the corresponding unimodular transformation.
: Store By « B
: DSVP-reduce B using [GNOS, Alg. 3] and then HKZ-reduce By,
: Size-reduce b, w.r.t. B and store A = (a;,...,a,) < B
. if |ja;|| = 4;(L) then

Go to Step 18  //The current basis B is already SRP-reduced (by Claim 4.6) and %-LLL-reduced.
else

foreachbe S = {xe L:|x|| <|a;||} do

//In order to reduce memory space, one extracts every element from S (for Steps 9-14) one by one via running the
enumeration algorithm [HSO7, Fig.1] on the strongly reduced basis A

9: if b is primitive for L then
10: Extend b into a basis C of L by calling the XGCD-based basis algorithm on (b, Bj)
11: %—LLL—reduce Cp2., and then size-reduce C
12: DSVP-reduce Cp,,,) using [GNOS, Alg. 3]
13: if ||bl| - vol(Cy1 4-17) < |Ib1ll - vOI(Byy 4—17) then B « C
14: end if
15:  end for
16: %-LLL-reduce B
17: end if
18: Compute the unimodular transformation U such that B = ByU
19: return Band U

A A o > e

Our main result on Alg. 1 is the following:

Theorem 5.1. Given as input a %-LLL-reduced basis By of an n-rank lattice L C Z™, Alg. I outputs an SRP-reduced
basis B of L and an n X n unimodular matrix U such that

B =BoU, |IBIl <2 V2 x|IBll and ||U|les < 27D x||Bo|l".

Moreover, if Alg. 1 performs its (D)SVP computations at Step 2, Step 4 and each Step 12 using Kannan’s SVP enu-
meration algorithm, then it requires poly(log ||Byll, m) - n 29 bit operations and polynomial space.

We mention that if Alg. 1 performs its (D)SVP computations using the Micciancio-Voulgaris SVP algorithm [MV10]
(instead of Kannan’s SVP enumeration algorithm), then it requires poly(log||Boll,m) - n22°™ bit operations and
poly(log ||Bo|l, m) - 2" space.

Alg. 1 is unavoidably expensive because of the NP-hardness of SRP. Naturally, it becomes interesting to find
polynomial-time algorithms for approximating SRP, which is done in the next subsection.

5.2 An approximation algorithm for SRP

Recall that blockwise approximation algorithms for SVP rely on an exact algorithm in low rank. By analogy, the exact
SRP algorithm suggests finding an approximation algorithm for SRP using an exact algorithm in low rank.

We define an SRP-oracle as any algorithm which, given a basis B € Z™*, outputs a k X k unimodular matrix U
such that BU is both SRP-reduced and LLL-reduced. Forcing the output to be LLL-reduced allows us to bound the
coefficients of U (see Cor. C.2). Obviously, Alg. 1 is an SRP-oracle.

2[GNO08, Alg. 3] performs a DSVP-reduction up to a relaxation factor of (1 + &) for any £ > 0. By setting & = 0, [GN08, Alg. 3] actually does
an exact DSVP-reduction.
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In what follows, we first introduce a new reduction notion called block-ratio reduction. Then we present a deter-
ministic polynomial-time reduction algorithm to compute block-ratio reduced bases. The algorithm approximates SRP
in rank n within a factor essentially ui”fl) /=1 using polynomially many calls to an SRP-oracle in rank k, provided

that k — 1 divides n — 1. Hence, block-ratio reduction can be viewed as an algorithmic version of Theorem 4.14.

5.2.1 Definition and properties

We will use a natural relaxation of SRP-reduction: a basis (by,...,b,) of an n-rank lattice L is (1 + &)-SRP-reduced
for £ > 0if 24 < VI + &pn(L).

Definition 5.2 (Block-ratio reduction). A basis B of an n-rank lattice L where n = p(k — 1) + 1 with p > 1 is
(&, k)-block-ratio reduced (with blocksize k and factor € > 0) if it is size-reduced and the block Biig—-1)+1,ik—1)+k] IS
(1 + &)-SRP-reduced fori =0,...,p — 1.

Block-ratio reduction achieves the new inequality p, < ,u,(C"_l)/ ®=1 where k — 1 divides n — 1, like slide reduction

achieved Mordell’s inequality y, < yl(c"fl)/ *Dforn>k>2 (see [GNO8, MW 16, ALNS20]):

Theorem 5.3. If a basis B = (by,...,b,) of an n-rank lattice L is (g, k)-block-ratio reduced where n = p(k — 1) + 1
withp > 1 and &€ > 0, then
byl < (V1 + )™ Dbyl

This approximation factor is essentially tight in the worst-case. More precisely, the upper-bound in Theorem 5.3
can be matched in the worst-case if € = 0, as shown below.

Proposition 5.4. Forn = p(k — 1) + 1 and any &€ > 0, there exists a (g, k)-block-ratio reduced basis B = (by,...,b,)
of rank n such that |[b || = """ * V| bz|.
5.2.2 A reduction algorithm

Our block-ratio reduction algorithm is Alg. 2, which uses one local algorithm based on an SRP-oracle: Alg. 3 performs
a (1 + &)-SRP-reduction of a given block.

Algorithm 2 Block-ratio reduction of an integer lattice

Input: A blocksize k > 2, a reduction factor € > 0, and a %—LLL—reduced basis B = (by,...,b,) € Z™" of rank n = p(k — 1) + 1.
Output: A (&, k)-block-ratio reduced basis of L(B).

1: while B is modified by the loop do

2: /| & While B is not block-ratio reduced

3: fori=0top—1do

4. (1 + 8)-SRP-reduce B[i(k—1)+l,i(k—1)+k] using Alg 3

5 g-LLL-reduce B and update the GSO matrices B* and u
6: end for

7: end while

8: return B.

Algorithm 3 SRP-reduction of the block Big—1)+1,it—1)+k]

Input: A blocksize k, a factor &, and a basis B = (b4, ..., b,) € Z™" with GSO matrices B* and .
Output: The block Bijk-1)+1,ik-1)+ becomes (1 + £)-SRP-reduced and the basis vectors outside the block remain unchanged.
s Letj=ik—1)
if i = 0 then C « B[Lk]
else
Compute B[_/H’jg\v] — (b;+l ey b;+k)(/~ll,j)3'-+lsuj§j+k
Compute C « det((By1 ;1)  Bi1.j)) X Bijs1 jrg € Z™*  J/Note that g (L(C))* = i (L(Byjs1 j+1))? € Q.
end if
: Call the SRP-oracle on C to output a k£ X k unimodular matrix U such that CU is both SRP-reduced and e-LLL-reduced, and
then compute 1 (L(C))?
8 if (1 + &) (L(C))? < :::7112 then
9: Compute (bj+1,...,bj+k)<—(bj+1,...,bj+k)U
10: end if
11: return B.

RSN A ol e

We first show correctness of Alg. 2:
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Theorem 5.5. For all € > 0, Alg. 2 terminates, and outputs a (&, k)-block-ratio reduced basis.

We next show that the running time of Alg. 2 is dominated by poly(#n, 1/¢) times the cost of an SRP-oracle in rank
k. Hence, Alg. 2 is polynomial in the same sense as blockwise reduction algorithms for approximating SVP [Sch87,
GHGKNO06, GN0O8, MW 16, ALNS20]. In particular, if k < lolgoﬁ) '; ~ and we select Alg. 1 as the SRP-oracle, then Alg. 2
runs in polynomial time.

Theorem 5.6. Given as input a blocksize k > 2, a reduction factor € € (0,11 Q, and a %-LLL-reduced basis
By € Z™" of rank n = p(k — 1) + 1 with p > 1, then any execution of Alg. 2 satisfies:
1. The number of calls to the SRP-oracle is O(pzn2 /€);

2. Each coefficient passed to the SRP-oracle has size O(n(n + log||Bol|));

3. Apart from the calls to the SRP-oracle, the algorithm only performs arithmetic operations on rational numbers
such that the number of arithmetic operations is polynomial in (log||Byll,m, 1/€), and the size of the rational
numbers remains polynomial in (log||Byll, n).

. . . : . 1 vol(B1irye 1By i
Technically, our complexity analysis uses a ratio potential r(B) = 1/, (;9(:451}‘&%(‘)1))) : ,Vn(()fw[k'fl)(’ﬁl;g])))) > 1, rather

than the standard integral potential P(B) = I—[f:ol VOl(B1 ik-1)+1 J)ZVOI(B[L(,'H)(/{,DJ)Z € Z* as used in [LLL82, GNOS,
LN14, ALNS20]: it makes the number of oracle quires in Item | independent of the input basis when being LLL-
reduced; see Appendix D for details.

This strategy also works well for analyzing blockwise reduction algorithms presented in [GNOS, LN14, ALNS20].
We detailed it in another full paper [LW21].
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A Proof of Claim 1.1

Proof of Claim 1.1. We first bound |[b;||/vol(L)!/". The gluing conditions imply:
b1l < Ak + 1)]Ibj Il fori=0,...,p—1. (A1)
Together with the Hermite conditions, we have
b1l < g(k)A(k + 1)'vol(Bpigs1 i)' * fori=0,...,p—1.

The product of the above p inequalities for i = 0,..., p — 1 gives rise to: ||b;|| < g(k)h(k + 1)7~0/2kyol(L)!/.

It remains to bound ||b;||/4;(L) under the assumption. Let u be a shortest nonzero vector of L. Then u can be
written as u = Z§:1 a;b; where a; # 0. Thus, gk + 1 <t < gk + k for some g € [0, p — 1],. Since 7y (u) is a nonzero
vector of L(Bgi+1,gc+k)> We have |1 (W)l = A1 (L(Bjgik+1,gk+k))). Therefore,

b

] < A(L(Bigk1,gk+41) < g1 || < Jlul] = A1(L).
TP

By Eq. (A.1), this implies ||b;||/A;(L) < VI + 8||b1||/||b2k+1|| < V1 + gh(k + 1)"=P/k_This completes the proof. ]
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B Ciritical lattices for y,

An n-rank lattice L is critical for w, if p,(L) = u,. Consider the following upper triangular matrix:

1
2
\/E

4
0
0
0
0
0
0

oo o o ok‘ﬁk N
Wi |

oo o othsksk o
oo o §,|~§,|~$I o o

S ool o o ©

otlsh g o o o
m~§|~$‘ co o o o

SO O O O o o O ~

Let B denote the upper left i x i block of B fori = 1,...,8. The following properties hold:
1. Ay = L(B?),A; = L(BY),Dy = L(B®),Ds = L(B®),E¢ = L(B®),E; = L(B") and Eg = L(B®) (see [Mar02,
Chapter 4] for details);

2. Bis i-Rankin reduced for 1 <i <7 (see [SWOI10, Prop. 1]).
Our main result of this appendix is as follows:

Proposition B.1. 1, = ur(A;) = % 3 = pa(A3) = |3, s = 1a@y) = V2, ps > ps(Ds) = V2, pg > pi(Ee) = \/g

wr > pr(By) = V3 and pg = pg(Bg) = 2.

Proof. Foreachi € [2,8],, by Property 2, B?” is SVP-reduced and (i — 1)-Rankin reduced. Then B®” reaches p;(L(B?))

by Claim 4.6. The conclusion follows easily from Theorem 4.15. O

C Bounding the size of transformation

Both Lemma C.1 and Cor. C.2 can be used to efficiently bound the size of transformation.

Lemma C.1. Let B € Z™" have rank n and x € Z/="*! for 1 <i < j<n. If Bjijx = b, then |X||o < I1BII"~]IblI.

Proof. Letk=j—i+1,A=B;; =(aj,...,a)and A; = (ay,...,a,1,b,a.,...,a) for s = 1,..., k. Define:
y=det(ATA) and z, =det(ATA;) for s=1,... k.

Since Ax = b is equivalent to ATAx = ATb and ATA is a nonsingular square matrix, Cramer’s rule implies x =
(Z)—j, ey z}—f)T. To complete the proof, it suffices to upper bound the

Lk,
y

Letdy = 1 and d; = det((B[lwg])TB[l,[]) for{ = 1,...,n. Thend, € Z* and d; < ||B*||? for ¢ = 1,...,n. In
particular, we have det(A” A) = vol(L(A))? = vol(L(By, j])2 /VOI(L(B[L[,U)Z =d;/d_1.

Note that | det(ATA)* < det(ATA) det(AT A)) (see [Lut96, p. 54]) with 0 < det(ATA;) < ||A|I**~2||b]|?, this implies

zs| |det(ATAy) det(ATAy) disy, P
==l < A 3= < L[l < IBIPTIBHI b for s =1,... k.
y det(ATA) det(ATA) 4 AN bl < (1B IB7(I”|Ibl| for s
Thus, [x]le < |BIV~[|B*[I"""|Ibl| < [|BI""|Ibll. This completes the proof. o

Corollary C.2. Let B € Z™" be an n-rank lattice basis. Let 1 <i < j < n be indices such that j— i+ 1 = k and let
U € Z"* be a unimodular matrix. If C = By; jU is e-LLL-reduced for & > 0, then

ICIl < * D2 5 |IBI| and |[U]l < @*~V2 x |IBII"

where @ = 4(1 + £)/(3 — ¢).

Proof. The classical property of LLL-reduced bases [LLL82, Prop. 1.12] implies [ICI* < o*~'||B; jjII>. Applying
Lemma C.1 to the equality C = By; ;;U, we have ||Ul|» < 1BI"~1||C]| < a*=D/2||B||*. This completes the proof. ]
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D Proofs of Section 5

Proof of Theorem 5.1. We first show correctness. If Steps 4-5 occur, then the output basis B is already SRP-reduced
(by Claim 4.6). Assume that Step 6 occurs. Recall Identity (4.3), we have

[ledll - VOI(C[Ln—l])

:C=(cy,...,¢,) € B(L),¢; € Sand Cppy is DSVP-reduced ¢,
vol(L)

(L) = min{
where S = {x € L: ||x|| < |la,||} is defined by Step 7. Steps 7-15 execute this equality exactly: hence, the resulting
basis B at Step 15 is indeed SRP-reduced. The LLL requirement (at Step 16 or see Step 5) ensures good magnitudes
for both the output SRP-reduced basis and the corresponding unimodular transformation (by Cor. C.2). This proves
the correctness.

Next, we analyze the complexity. The main issue is to upper bound the magnitudes of intermediate bases occurring
during the algorithm. We have

wa < | 227 X IBoll - right after Step 2, (D.1)
= 20-D72 1Byl right after Step 3 or Step 16, .

ICll < 1> X ||Bol| right after Step 10 or Step 11, (D.2)
=\ 200 [1Boll right after Step 12. '

Indeed, since the basis A = (ay,...,a,) at Step 3 is (n — 1)-Rankin-reduced and A(; ,—1; is HKZ-reduced, Lemma
2.3 implies ||a;|| < y,-141(L) < n||Bo|l. Then the current basis C during Steps 10-11 always has short Gram-Schmidt
vectors: [|C*|| < max{||ay||, ||Boll}. It follows that ||C|| < n'* x ||By|| right after Step 10/Step 11. Then the properties of
both the DSVP-reduction performed by [GNOS, Alg. 3] and the LLL-reduction (see Cor. C.2) imply Eq. (D.1) and
Eq. (D.2).

From Eq. (D.1) and Eq. (D.2), all intermediate bases during execution have size on* + log||Byl]). Then both Steps
1-5 and every single execution of Steps 9 -14 require poly(log ||Bol|, m) - n% 2°™ bit operations and polynomial space.

It remains to count the cardinality of the set S = {x € L : ||x|| < ||a;||} defined by Step 7. Again, since A is DSVP-
reduced and Ay; ,-1; is HKZ-reduced, we have

max (&) <2 max [ Ja 1" ) (by Lemma 2.4)
rethnl; (V! Tier 1)~ Vi 1<t (V= D [Tyl
< V- (Vn-D'e (by [HSO7, Th. 3])
<n¥ti,

By Hanrot-Stehlé’s analysis of Kannan’s SVP enumeration algorithm [HS07, §4.1], S has cardinality:

Hl
a n
1S < 29 . max _ ™ <200 . e,
1etlnl, \ (V) e llag |

Since Steps 9-14 occur at most |S| times, we conclude that Alg. 1 totally requires poly(log||Boll, m) - ne2°™ bit

operations and polynomial space. This completes the proof. O
Proof of Theorem 5.3. By the definition, the block Byik—1y+1,ik-1)+4 Satisfies: ||b;.k(k_1)+1 < V1+ syk||b;.k(k_1)+k|| fori =
0,...,p — 1. This implies the conclusion. O

Proof of Proposition 5.4. The technical idea stems from the worst-case analysis of slide reduction [GNOS, §4].

By Theorems 4.1 and 4.9, there exists a k-rank lattice L with SRP-reduced basis C = (cy,...,¢;) such that g =

(L) = llerll/llegll, where (c7, .. ., €;) is the GSO of C. It is classical that C has a unique Gram-Schmidt decomposition

C = QDu, where Q = (”E—l“, e ”z—i'”) is an orthonormal set, D = Diag(llcjll,...,llc;l), and u = (;1,-7j)]T<ij<k is upper
1 k YRS

triangular. Then the block T = Dy is upper triangular with diagonal entries ||c}||. Further, T is also SRP-reduced and
reaches , because T is isometric to C. This elementary “brick” T can be duplicated and rescaled p times to form a

big n-rank upper-triangular matrix B = (by,...,b,) as follows: one will match the bottom right coefficient with the
top left coefficient of the next block, in such a way that Bjj—1)+1.ig—1)+k] = o' - T where @ = llczl/llerll = /J]:l < 1. Then
B is (&, k)-block-ratio reduced such that |[b;[|/[|b} || = [lc; Il/(aP! lleg 1D = ,u,f. This completes the proof. ]

Proof of Theorem 5.5. Let By denote the input %-LLL-reduced basis and B denote the current basis during execution.
Consider the following ratio potential

HB) = ”1—[_1 (Vol(B[1,i(k—1)+1]) . VOI(B[I,(i+1)(k—1)])) -1 (D.3)
L\ mig-1 (L(Bo))  mgsnyu—1y(L(Bo))) — '

Initially, log 7(By) < O(pn?) (by the classical property of LLL-reduced bases [PT08, Eq. (2)]). Every operation in
Alg. 2 either preserves or strictly decreases r(B). More precisely, if each (1 + £)-SRP-reduction modifies the block
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Blitk=1)+1,itk-1)+k for some i € [0, p—1],, or each special swap of LLL (at Step 5) between two indices (i(k—1)+1, i(k—
1) +2)or ((i + 1)(k—1),i(k — 1) + k) occurs, then r(B) is reduced by a multiplicative factor < \/+Tp Therefore, there
is a bounded number of such (1 + £)-SRP-reductions and special swaps even if £ = 0. The operations which preserve
r(B) cannot modify the basis indefinitely. Hence, Alg. 2 terminates for all € > 0.

Itis easy to see that Alg. 2 finally outputs a (&, k)-block-ratio reduced basis. Indeed, the output basis is size-reduced
due to the LLL-reduction; each block Byj—1)+1,ik—1)+4] 18 (1 + £)-SRP-reduced due to the use of Alg. 3. This completes
the proof. O
Proof of Theorem 5.6. We consider again the rato potential r(B) defined by Eq. (D.3). Since & > 0, the number of

calls to the (1 + &)-SRP-reduction subroutine and special swaps of LLL is at most %%. Thus, Alg. 2 terminates
log r(Bo)

after at most og Virs loops. Since every loop has p SRP-reductions, the total number of calls to the SRP-oracle is at

most O(ﬂ)
log(’l +g)/° . . . . .
It remains to bound the size of intermediate numbers and the cost of operations (apart from oracle queries) used
by Alg. 2. The key is to upper bound ||B|| during execution with respect to || By||. We have

1Bl < { 27%2% 5 ||Bo|I™*!  right after Step 4,
=1 27 x||Byll right after Step 5.
Indeed, since the current basis B right after Step 5 is e-LLL-reduced for & € (0, 1], Cor. C.2 implies ||B|| < 2"~!||By|I.
Consider Step 4, where Alg. 3 is called: for index i € [0, p — 1]., the integer matrix C appearing in Alg. 3 satisfies
IC|I < 2"]|Boll)¥*=D+k < (27||By||)**~* and the SRP-oracle outputs a unimodular transformation U such that ||U||. <
2"’1(2”’1 IBoll)* (by Cor. C.2); then the current basis B right after Step 4 has magnitude: ||B|| < k||U|lo (2" !||Bol]) <
ko +k||BO||n+1.

Therefore, we always have log ||B|| < 2n(n + log||Bo||) throughout Alg. 2: by the classical analysis of the LLL
algorithm [LLLS82, Prop. 1.26], every single execution of Steps 4-5 (except the oracle) runs in time polynomial in
(log||Boll, m, 1/&) and runs on rational numbers which have size polynomial in (log||Byl|, n) during execution. This
completes the proof of Theorem 5.6. [
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