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”It is possible towrite endlessly on elliptic curves. (This is not a treat.)”

Ax3 +Bx2y + Cxy2 +Dy3 + Ex2 + Fxy +Gy2 +Hx+ Iy + J = 0.

K



K K 6= 2

ax(y2 � 1) = by(x2
� 1),where a2 � b2 6= 0,

K K 6= 2

ax(y2 � d) = by(x2
� d),where abd(a2 � b2) 6= 0,

K K 6= 2

x(ay2 � 1) = y(bx2
� 1),where ab(a� b) 6= 0,

K K = 2

ax(y2 + y + 1) = by(x2 + x+ 1),where ab(a� b) 6= 0,

K K = 2

ax(y2 + fy + 1) = by(x2 + fx+ 1),where abf(a� b) 6= 0,

K K 6= 2

ax(y2 � c) = by(x2
� d),where abcd(a2c� b2d) 6= 0.

K K 6= 2

y(1 + ax2) = cx(1 + dy2)

acd(a� c2d) 6= 0.



K
K 6= 2

E(K) : ax
�
y2 + xy + f

�
= by

�
x2 + xy + g

�
,

a, b, f, g 2 K abfg(a � b) 6= 0

E K

E(K)

K 6= 2 E K

E(K) : ax
�
y2 + xy + f

�
= by

�
x2 + xy + g

�
,

a, b, f, g 2 K abfg(a�b) 6= 0 |�invariant E
256(a2f2+abfg+b2g2)

3

a2b2f2g2(af+bg)2

(0, 0, 1) E(K)

bgy = afx 3 O = (0 : 0 : 1)
E(K) �

P Q R E(K)
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E(K)

P = (X1 : Y1 : Z1) Q = (X2 : Y2 : Z2) R = (X3 : Y3 : Z3)
E(K) P �Q R O

 R E(K)
P � Q =  R P � Q � R = O P
 P = (X1 : Y1 : �Z1) E(K)

(1 : 0 : 0) (0 : 1 : 0) (a : b : 0) E(K)
(X1 : Y1 : Z1)

Z1 6= 0 ↵ � K

(1 : 0 : 0) � (X1 : Y1 : Z1) = (↵Z2
1 : �X1Y1 : X1Z1)

(0 : 1 : 0) � (X1 : Y1 : Z1) = (�X1Y1 : �Z2
1 : Y1Z1)

(a : b : 0) � (X1 : Y1 : Z1) = (0 : 1 : 0) � (↵Z2
1 : �X1Y1 : X1Z1)

(a : b : 0)� (X1 : Y1 : Z1) =

(
(a : b : 0) if (X1 : Y1 : Z1) = (0 : 0 : 1)

(�↵Y1Z1 : ��X1Z1 : X1Y1) otherwise

P = Q P Q
P

4.1 a, b, f, g 2 K abfg(a� b) 6= 0
P = (x1, y1) Q = (x2, y2) R = (x3, y3) E(K)

R P Q P

Q � =
y2 � y1
x2 � x1

y = �x + �

P Q R � = y1 � �x1

ax(y2 + xy + f) = by(x2 + xy + g) y �x+ �



ax((�x+ �)2 + x(�x+ �) + f) = b(�x+ �)

(x2 + x(�x+ �) + g)

x
�
af + a�2

�
+ x2(a� + 2a��)

+x3
�
a�+ a�2

�
=(bg� + x

�
b�2 + bg�

�

+ x2(b� + 2b��) + x3
�
b�+ b�2

�

A = a� � b� + 2a��� 2b��

B = a�� b�+ a�2 � b�2

�bg� + x (af + a�2
� b�2

� bg�) + Ax2 +Bx3 = 0

x1 + x2 + x3 = �
A

B

�x3 = x1 + x2 +
a� � b� + 2a��� 2b��

a�� b�+ a�2 � b�2

� = y1 � �x1 � =
y2 � y1
x2 � x1

x3 = �

✓
x1 + x2 +

(x1 � x2 + 2y1 � 2y2) (�x2y1 + x1y2)

(y1 � y2) (x1 � x2 + y1 � y2)

◆

= �x1 � x2 �
(x1 � x2 + 2y1 � 2y2) (�x2y1 + x1y2)

(y1 � y2) (x1 � x2 + y1 � y2)

x3 = �
(x1 � x2) (y1 (x1 + y1)� y2 (x2 + y2))

(y1 � y2) (x1 � x2 + y1 � y2)
.

y3 = �
(y1 � y2) (x2

1 + x1y1 � x2 (x2 + y2))

(x1 � x2) (x1 � x2 + y1 � y2)
.

E(K)
P = (x1, y1) Q = (x2, y2) R = (x3, y3) R
 R = (�x3,�y3) R = (x3, y3) x1 6= x2 y1 6= y2

x1 � x2 + y1 � y2 6= 0
x1 6= x2 y1 6= y2



E : ax(y2 + xy + f) = by(y2 + xy + g) with abfg(a � b) 6= 0

P Q O = (0, 0) E E

P = O P �Q = Q.

Q = O P �Q = P.

P = (x1, y1) Q = (x2, y2)

�x1 = x2 �y1 = y2 P �Q = O

x3 = �
(x1�x2)(y1(x1+y1)�y2(x2+y2))

(y1�y2)(x1�x2+y1�y2)
y3 = �

(y1�y2)(x2
1+x1y1�x2(x2+y2))

(x1�x2)(x1�x2+y1�y2)
.

P �Q = (�x3,�y3)

P
P Q E P Q �Q

P � Q
�(�Q) = Q. P = (x1, y1)
Q = (x2, y2) = (�x1, y1) P Q O

O �O = O P = (x1, y1)
Q = (x2, y2) E O

P Q � y = �x+ �
� = y1 � �x1 E

ax
�
f + (� + �x)2 + x(� + �x)

�
= b(� + �x)

�
f + x2 + x(� + �x)

�

�
a�2 + a�� b�2 � b�

�
x3 + (2a��+ a� � 2b��� b�)x2

+
�
a�2 + af � b�2

� bf�
�
x� b�f = 0

x1 x2

(x� x1)(x� x2)(x� x3) = x3 + (�x1 � x2 � x3)x
2

+ (xx2 + x3x2 + x1x3)x� x1x2x3.



E(K) O = (0, 0) P = (x1, y1)
 P = (�x1,�y1)

x3 = �
(x1 � x2) (y1 (x1 + y1)� y2 (x2 + y2))

(y1 � y2) (x1 � x2 + y1 � y2)

= �
(x1 ��x1) (y1 (x1 + y1)��y2 (�x2 � y2))

(y1 ��y2) (x1 ��x2 + y1 ��y2)

= �
(x1 + x1) (y1 (x1 + y1) + y1 (�x1 � y1))

(y1 ��y1) (x1 ��x1 + y1 ��y1)

= �
(2x1) (0)

(2y1) (2x1 + 2y1)
= 0

y3 = �
(y1 � y2) (x2

1 + x1y1 � x2 (x2 + y2))

(x1 � x2) (x1 � x2 + y1 � y2)

= �
(y1 ��y1) (x2

1 + x1y1 ��x1 (�x1 � y1))

(x1 ��x1) (x1 ��x1 + y1 ��y1)

= �
(2y1) (x2

1 + x1y1 + x1 (�x1 � y1))

(x1 + x1) (x1 + x1 + y1 + y1)

= �
(2y1) (0)

(2x1) (2x1 + 2y1)
= 0.

P � ( P ) = O

O

E : ax(y2 + xy + f) = by(y2 + xy + g).

E(K) P Q R
O = (0, 0)

E(K)
P � (Q�R) = (P �Q)�R

x

Q�R =
(x2 � x3) (y2 (x3 + y2)� y3 (x3 + y3))

(y2 � y3) (x2 � x3 + y2 � y3)

P =
(x2 � x3) (y2 (x3 + y2)� y3 (x3 + y3))

(y2 � y3) (x2 � x3 + y2 � y3)



P � (Q�R) = �
(x2 � x3) (y2 (x3 + y2)� y3 (x3 + y3))

(y2 � y3) (x2 � x3 + y2 � y3)
+

(x2 � x3) (y2 (x3 + y2)� y3 (x3 + y3))

(y2 � y3) (x2 � x3 + y2 � y3)
.

= 0

(P �Q)�R = �
(x1 � x2) (y1 (x1 + y1)� y2 (x2 + y2))

(y1 � y2) (x1 � x2 + y1 � y2)
+

(x1 � x2) (y1 (x1 + y1)� y2 (x2 + y2))

(y1 � y2) (x1 � x2 + y1 � y2)
= 0

y

P � (Q�R) = �
(y2 � y3) (x2

2 + x2y2 � x3 (x3 + y3))

(x2 � x3) (x2 � x3 + y2 � y3)

+
(y2 � y3) (x2

2 + x2y2 � x3 (x3 + y3))

(x2 � x3) (x2 � x3 + y2 � y3)
.

= 0

(P �Q)�R = �
(y1 � y2) (x2

1 + x1y1 � x2 (x2 + y2))

(x1 � x2) (x1 � x2 + y1 � y2)
+

(y1 � y2) (x2
1 + x1y1 � x2 (x2 + y2))

(x1 � x2) (x1 � x2 + y1 � y2)
= 0

O. O O O�O)
O

(P �Q)�R = P � (Q�R).

2.1 abfg(a � b) 6= 0
E(K)

x



af + 2axy + ay2 + ax2y0 + 2axyy0 = 2bxy + by2 + bgy0 + bx2y0 + 2bxyy0

y0 =
af + 2axy + ay2 � 2bxy � by2

bg � ax2 + bx2 � 2axy + 2bxy
.

P = (x1, y1)

�p =
af + 2ax1y1 + ay21 � 2bx1y1 � by21
bg � ax2

1 + bx2
1 � 2ax1y1 + 2bx1y1

=
af + (a� b)y1 (2x1 + y1)

bg � (a� b)x1 (x1 + 2y1)
.

A1 = afx1 + (2af + bg + (a� b)x2
1) y1 A2 = 3(a� b)x1y21 + 2(a� b)y31

A3 = (bg � (a� b)x1 (x1 + 2y1))

B1 = (af + (a� b)y1 (2x1 + y1)) B2 = 2(�a+ b)x3
1 + bgy1 + 3(�a+ b)x2

1y1
B3 = x1 (af + 2bg + (�a+ b)y21)

x2 = �
A3 (A1 + A2)

(af + bg + (�a+ b)x2
1 + (a� b)y21) (af + (a� b)y1 (2x1 + y1))

y2 = �
B1 (B2 +B3)

(af + bg + (�a+ b)x2
1 + (a� b)y21) (bg � (a� b)x1 (x1 + 2y1))

P

� =
y2 � y1
x2 � x1

� =
af + (a� b)y1 (2x1 + y1)

bg � (a� b)x1 (x1 + 2y1)

�p.



x =
X

Z
y =

Y

Z
Z = 1 2.1

a, b, f, g 2 K abfg(a� b) 6= 0

a
X

Z

✓
Y 2

Z2
+

XY

Z2
+ f

◆
= b

Y

Z

✓
X2

Z2
+

XY

Z2
+ g

◆
.

Z3

E(K) : aX (Y 2 +XY + fZ2) = bY (X2 +XY + gZ2) a, b, f, g 2 K abfg(a�b) 6= 0
P = (X1, Y1, Z1) Q = (X2, Y2, Z2)

R = (U3, V3,W3) P Q

U3 =(X2Z1 �X1Z2)
2(Y2Z

2
1(X2 + Y2)� Y1Z

2
2(X1 + Y1))

V3 =(Y2Z1 � Y1Z2)
2(X2Z

2
1(X2 + Y2)�X1Z

2
2(X1 + Y1))

W3 =� Z1Z2(X2Z1 �X1Z2)(Y2Z1 � Y1Z2)(Z1(X2 + Y2)� Z2(X + Y1)).

U2 = �(X1(a� b)(X + 2Y1)� bgZ2
1)

2

(Y1(a� b)(X1 + Y1)(X1 + 2Y1) + Z2
1(afX1 + (2af + bg)Y1))

V2 = �(Y1(a� b)(2X1 + Y1) + afZ2
1)

2

(�X1(a� b)(X1 + Y1)(2X1 + Y1) + Z2
1(X1(af + 2bg) + bgX1))

W2 = Z1(Y1(a� b)(2X1 + Y1) + afZ2
1)(�X1(a� b)(X1 + 2Y1) + bgZ2

1)

(�(a� b)(X2
1 � Y 2

1 ) + (af + bg)Z2
1).

K 6= 2 P1 = (X1, Y1, Z1) P2 =
(X2, Y2, Z2) E(K)

X1Z2 6= X2Z1 Y1Z2 6= Y2Z1 X1Z2 + Y1Z2 6= X2Z1 + Y2Z1

P1 P2 P1 = (x1, y1)
(x1, y1) 6= (0, 0) P2 = (x2, y2)

x1 6= x2 y1 6= y2
x1 � x2 + y1 � y2 6= 0
X1Z2 6= X2Z1 Y1Z2 6= Y2Z1 X1Z2 + Y1Z2 6= X2Z1 + Y2Z1

(1 : 0 : 0) (0 : 1 : 0) (a, b, 0) P1

P2 2 {(1 : 0 : 0), (0 : 1 : 0)} X1Z2 6= X2Z1 Y1Z2 6= Y2Z1 X1Z2+Y1Z2 6= X2Z1+Y2Z1

P1 /2 {O, (1 : 0 : 0), (0 : 1 : 0)}
P2 = (a : b : 0)



x =
X

Z2
y =

Y

Z3
Z = 1

E(K) : aX(Y 2+XY Z+fZ6) = bY (XZ2+XY Z+gZ6) a, b, f, g 2 K abfg(a�b) 6=
0

P = (X1, Y1, Z1) Q = (X2, Y2, Z2)
R = (U3, V3,W3) P Q

U3 = �Z1Z2

�
X2Z

2
1 �X1Z

2
2

�
2
�
Y 2
2 Z

6
1 +X2Y2Z

6
1Z2 � Y1Z

6
2 (Y1 +X1Z1)

�
,

V3 = �
�
Y2Z

3
1 � Y1Z

3
2

�
2
�
X2Y2Z

5
1 +X2

2Z
5
1Z2 �X1Z

5
2 (Y1 +X1Z1)

�
,

W3 = Z2
1Z

2
2

�
Y2Z

3
1 � Y1Z

3
2

� �
X2Z

3
1Z2 �X1Z1Z

3
2

� �
Y2Z

3
1 +X2Z

3
1Z2 � Z3

2 (Y1 +X1Z1)
�
.

U2 = �Z1

�
2X1Y1(�a+ b) + (�a+ b)X2

1Z1 + bgZ5
1

�
2

�
2(a� b)Y 3

1 + 3(a� b)X1Y
2
1 Z1 + afX1Z

7
1 + Y1Z

2
1

�
(a� b)X2

1 + (2af + bg)Z4
1

��
,

V2 = �
�
(a� b)Y 2

1 + 2(a� b)X1Y1Z1 + afZ6
1

�
2

�
3(�a+ b)X2

1Y1Z1 + 2(�a+ b)X3
1Z

2
1 + bgY1Z

5
1 +X1

�
(�a+ b)Y 2

1 + (af + 2bg)Z6
1

��
,

W2 = Z3
1

�
2(�a+ b)X1Y1 + (�a+ b)X2

1Z1 + bgZ5
1

� �
(a� b)Y 2

1 + 2(a� b)X1Y1Z1 + afZ6
1

�
�
(a� b)Y 2

1 + (�a+ b)X2
1Z

2
1 + (af + bg)Z6

1

�
.

E(K) 32m+4s 29m+5s

x =
X

Z
y =

Y

Z2
Z = 1

E(K) : aX(Y 2+XY Z+fZ5) = bY (XZ2+XY +gZ6) a, b, f, g 2 K abfg(a�b) 6= 0
P = (X1, Y1, Z1) Q = (X2, Y2, Z2)

R = (U3, V3,W3) P Q

U3 = �Z1Z2 (X2Z1 �X1Z2)
2
�
Y 2
2 Z

4
1 +X2Y2Z

4
1Z2 � Y1Z

4
2 (Y1 +X1Z1)

�
,

V3 = �
�
Y2Z

2
1 � Y1Z

2
2

�
2
�
X2Y2Z

3
1 +X2

2Z
3
1Z2 �X1Z

3
2 (Y1 +X1Z1)

�
,

W3 = Z2
1Z

2
2 (X2Z1 �X1Z2)

�
Y2Z

2
1 � Y1Z

2
2

� �
Y2Z

2
1 + Z2

�
X2Z

2
1 � Z2 (Y1 +X1Z1)

��
.



U2 = �Z1

�
2(�a+ b)X1Y1 + (�a+ b)X2

1Z1 + bgZ3
1

�
2

�
2(a� b)Y 3

1 + 3(a� b)X1Y
2
1 Z1 + afX1Z

5
1 + Y1Z

2
1

�
(a� b)X2

1 + (2af + bg)Z2
1

��
,

V2 = �
�
(a� b)Y 2

1 + 2(a� b)X1Y1Z1 + afZ4
1

�
2

�
3(�a+ b)X2

1Y1Z1 + 2(�a+ b)X3
1Z

2
1 + bgY1Z

3
1 +X1

�
(�a+ b)Y 2

1 + (af + 2bg)Z4
1

��
,

W2 = Z2
1

�
2(�a+ b)X1Y1 + (�a+ b)X2

1Z1 + bgZ3
1

� �
(a� b)Y 2

1 + 2(a� b)X1Y1Z1 + afZ4
1

�
�
(a� b)Y 2

1 + (�a+ b)X2
1Y

2
1 + (af + bg)Z4

1

�
.

E(K) 32m+6s 26m+5s

E(K)

K Fq q
x y (0, 0)

E(Fq) E(Fq)

#E(Fq)  2q + 1.

E(Fq)
E(Fq)

Fq

| #E(Fq)� (q + 1) |  2
p
q.

E(Fq) : ax (y2 + xy + f) = by (x2 + xy + g) , a, b, f, g 2 Fq abfg(a� b) 6= 0

abfg(a� b) 6= 0
afx+ (�bg + ax2

� bx2) y + (ax� bx)y2 = 0 y

� = �4afx(ax� bx) + (�bg + ax2
� bx2)2 y � = j2

j a, b, g f
a, f g b

y

a = 1 f = 1 x = 1 g = �1

i2 = �4a(ax� bx) + (�bg + ax2
� bx2)2

i2 = �4(1� b) + 1

i2 = 4b� 3.



4b� 3
4b � 3 = 1 b = 1

4b � 3 = 4 b = 3. E(F17) : x (y2 + xy + 1) =
3y (x2 + xy � 1) (1, 1). (1, 1)

(�1,�1). (1, 1) (�1,�1).
(1, 1) (185 ,�

10
3 ) (�1,�1) (�18

5 ,
10
3 )

(1, 1) (�18
5 ,

10
3 ) (299119 ,

91
391)

(�1,�1) (185 ,�
10
3 ) (�299

119 ,�
91
391)

E(F17)

(x, y)

E(K) : ax
�
y2 + xy + f

�
� by

�
x2 + xy + g

�
= 0

x 6= 0 y 6= 0 (�x,�y) E(K).

(x, y) (�x,�y)
(�x,�y) E(K) (�x,�y) E(K)

a(�x)
�
(�y)2 + (�x)(�y) + f

�
� b(�y)

�
(�x)2 + (�x)(�y) + g

�
= 0

�ax
�
y2 + xy + f

�
+ by

�
x2 + xy + g

�
= 0

E(K) : ax
�
y2 + xy + f

�
� by

�
x2 + xy + g

�
= 0.

(�x,�y) E(K).

E
E E

axy2 + ax2y + axf = bx2y + bxy2 + byg.

a, b, f g
O = (0, 0) (0 : 1 : 0)

E

E : (a� b)XY 2 + (a� b)X2Y + afXZ2
� bgY Z2 = 0.

O O
O = (0 : 1 : 0) O O.
O = (0 : 0 : 1) E O EM

 = (X : Y : Z) 7�! (U : V : W ) = (U :
af

bg
U +W, V ).



A = a(a� b)f(af + bg),

B = (a� b)bg(2af + bg) ,

C = b3g3 ,

D = (a� b)b2g2.

EM = AU3+BU2W +DUW 2
�CV 2W = 0 EM

EM

 �1 = (U : V : W ) 7�! (X : Y : Z) = (X : Z :
�af

bg
X + Y ).

E EM  

X = x, V =
A

C
y Z =

C

A

EM =: y2 = x3 +
BC

A2
x2 +

DC2

A3
x.

EM x = t +
A

BC

Ew : y2 = t3 + a2x
2 + a4x+ a6,

a2 =
3A3 +B2C2

A2BC
,

a4 =
3A5 + 2A2B2C2 +B2C4D

A3B2C2
,

a6 =
A5 + A2B2C2 +B2C4D

A2B3C3
.

E(K) (s) (m)
s = 0.8m (a) (d)

(a) (d)

E(K)

m s K



m1 = X1Z2 m2 = X2Z1 m3 = Y1Z2 m4 = Y2Z1

m5 = m4(m2 +m4) m6 = m3(m1 +m3) m7 = m2(m2 +m4) m8 = m1(m1 +m3)
m9 = �Z1Z2

s1 = (m2 �m1)2 s2 = (m4 �m3)2,

U3 = s1(m5 �m6) V3 = s2(m7 �m8) W3 = m9(m2 �m1)(m4 �m3)(m2 +m4 �m1 �m3)

E(K) 14m+ 2s

s1 = Z2
1 s2 = X2

1 s3 = Y 2
1 ,

m1 = X1(a� b)(X1 + 2Y1) m2 = (X1 + Y1)(X1 + 2Y1) m3 = s1(afX1 + Y1(2af + bg))
m4 = (a� b)Y1m2 m5 = Y1(a� b)(2X1 + Y1)

m6 = (X1 + Y1)(2X1 + Y1) m7 = s1((af + 2bg)X1 + bgY1) m8 = �X1m6(a� b)
m9 = (m5 + afs1)((a� b)(s2 + s3) + s1(af + bg))

U2 = �(m1 � bgs1)2(m3 +m4) V2 = �(m5 + afs1)2(m7 +m8) W2 = �m1m9Z1.

E(K) 13m+5s

E(K)



a
d

X(aY 2
� Z2) = Y (X2

� Z2)

aX(Y 2
� Z2) = bY (X2

� Z2)

Y T (Z2 + 2X2) = cXZ(T 2 + 2Y 2)

Y T (Z2 +X2) = cXZ(T 2 + 2Y )

aX(Y +XY + fZ2) = bY (X2 +XY + gZ2)








