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Abstract

In this paper, we give a no-signaling linear probabilistically checkable proof (PCP) system for
polynomial-time deterministic computation, i.e., a PCP system for # such that (1) the honest PCP
oracle is a linear function and (2) the soundness holds against any (computational) no-signaling
cheating prover, who is allowed to answer each query according to a distribution that depends on
the entire query set in a certain way. To the best of our knowledge, our construction is the first
PCP system that satisfies these two properties simultaneously.

As an application of our PCP system, we obtain a 2-message delegating computation scheme
by using a known transformation. Compared with the existing 2-message delegating computation
schemes that are based on standard cryptographic assumptions, our scheme requires preprocessing
but has a simpler structure and makes use of different (possibly cheaper) standard cryptographic
primitives, namely additive/multiplicative homomorphic encryption schemes.

This article is a full version of an earlier article: No-signaling Linear PCPs, in Proceedings of TCC 2018, ©IACR 2018,
https://doi.org/10.1007/978-3-030-03807-6_3.
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1 Introduction

Linear PCP. Probabilistically checkable proofs, or PCPs, are proof systems with which one can
probabilistically verify the correctness of statements with bounded soundness error by reading only a
few bits/symbols of proof strings. A central result about PCPs are the PCP theorem [AS98, ALM*98],
which states that every NP statement has a PCP system such that the proof string is polynomially long
and the verification requires only a constant number of bits of the proof string (the soundness error is
a small constant and can be reduced by repetition).

An important application of PCPs to Cryptography is succinct argument systems, i.e., argument
systems that have very small communication complexity and fast verification time. A famous example
of such argument systems is that of Kilian [Kil92], which proves NP statements by using PCPs as
follows.

1. The prover first generates a polynomially long PCP proof for the statement (this is possible
thanks to the PCP theorem) and succinctly commits to it by using Merkle’s tree-hashing tech-
nique.

2. The verifier queries a few bits of the PCP proof just like the PCP verifier.

3. The prover reveals the queried bits by appropriately opening the commitment using the local
opening property of Merkle’s tree-hashing.

This argument system of Kilian has communication complexity and verification time that depend on
the classical NP verification time only logarithmically; that is, a proof for the membership of an
instance x in an NP language L has communication complexity and verification time poly(d + |x| +
logt), where A is the security parameter, ¢ is the time to evaluate the NP relation of L on x, and poly
is a polynomial that is independent of L. Kilian’s technique was later extended to obtain succinct non-
interactive argument systems (SNARGs) for NP in the random oracle model [Mic00] as well as in the
standard model with non-falsifiable assumptions (such as the existence of extractable hash functions),
e.g., [BCC*17, DFH12].!

Recently, a specific type of PCPs called linear PCPs has boosted the studies of succinct argument
systems. Linear PCPs are PCPs such that the honest proofs are linear functions (i.e., the honest proof
strings are the truth tables of linear functions).” The proof strings of linear PCPs are usually exponen-
tially long, but each bit or symbol of them can be computed efficiently by evaluating the underlying
linear functions. A nice property of linear PCPs is that they often have much simpler structures than
the existing polynomially long non-linear PCPs; as a result, the use of linear PCPs often lead to sim-
pler constructions of succinct argument systems. The use of linear PCPs in the context of succinct
argument systems was initiated by Ishai, Kushilevitz, and Ostrovsky [IKO07], who used them for
constructing an argument system for ¥ with a laconic prover (i.e., a prover that sends to the ver-
ifier only short messages). Subsequently, several works obtained practical implementations of the
argument system of Ishai et al. [SBW11, SMBW12, SVP*12, SBV*13, VSBW13], whereas others
extended the technique of Ishai et al. for the use for SNARGs and obtained practical implementations
of preprocessing SNARGs (i.e., SNARGS that require expensive (but reusable) preprocessing setups)
[BCI"13, BCG*13, BCTV14].

! Actually, SNARG:S in the standard model require the existence of common reference strings, and some constructions of
them further require that the verifier has some private information about the common reference strings.

2In general, their soundness is required to hold against any (possibly non-linear) functions; linear PCPs with this notion
of soundness is sometimes called “strong linear PCPs” [BCI*13].



No-signaling PCP. Very recently, Kalai, Raz, and Rothblum [KRR13, KRR14] found that PCPs
with a stronger soundness guarantee, called soundness against no-signaling provers, are useful for
constructing 2-message succinct argument systems under standard assumptions. Concretely, Kalai et
al. [KRR13, KRR14] found that (1) no-signaling PCPs (i.e., PCPs that are sound against no-signaling
provers) can be constructed for deterministic computation, and (2) their no-signaling PCPs can be used
to obtain 2-message succinct argument systems for deterministic computation under the assumptions
of the existence of quasi-polynomially secure fully homomorphic encryption schemes or (2-message,
polylogarithmic-communication, single-server) private information retrieval schemes. The succinct
argument systems of Kalai et al. differ from prior ones in that they can handle only deterministic com-
putation but requires just two messages and is proven secure under standard assumptions. (In contrast,
the argument system of Kilian and prior SNARG systems can handle non-deterministic computation
but the former requires four messages and the latter are proven secure only in ideal models such as the
random oracle model or under non-falsifiable knowledge-type assumptions.)

As observed by Kalai et al. [KRR13, KRR 14], 2-message succinct argument systems have a direct
application in delegating computation [GKR15] (or verifiable computation [GGP10]). Specifically,
consider a setting where there exist a computationally weak client and a computationally powerful
server, and the client wants to delegate a heavy computation to the server. Given a 2-message suc-
cinct argument system, the client can delegate the computation to the server in such a way that it can
verify the correctness of the server’s computation very efficiently (i.e., much faster than doing the
computation from scratch).

After the results of Kalai et al. [KRR13, KRR14], no-signaling PCPs and their applications to
delegation schemes have been extensively studied. Kalai and Paneth [KP16] extended the results
of Kalai et al. [KRR14] and obtained a delegation scheme for deterministic RAM computation, and
Brakerski, Holmgren, and Kalai [BHK17] further extended it so that the scheme is adaptively sound
(i.e., sound even when the statement is chosen after the verifier’s message) and in addition can be
based on polynomially hard standard cryptographic assumptions. Paneth and Rothblum [PR17] gave
an adaptively sound delegation scheme for deterministic RAM computation with public verifiability
(i.e., with a property that not only the verifier but also anyone can verify proofs) albeit with the use
of a new cryptographic assumption. Badrinarayanan, Kalai, Khurana, Sahai, and Wichs [BKK* 18]
gave an adaptively sound delegation scheme for low-space non-deterministic computation (i.e., non-
deterministic computation such that the space complexity is much smaller than the time complexity)
under sub-exponentially hard cryptographic assumptions.

The no-signaling PCPs that are used by Kalai et al. [KRR 13, KRR 14] and the subsequent works are
not linear. As a result, compared with the delegation schemes that are obtained from the linear-PCP—
based preprocessing SNARGs [BCI"13, BCG™ 13, BCTV 14], their delegation schemes have complex
structures.

1.1 Our Results

In this paper, we study the problem of constructing no-signaling linear PCPs, i.e., linear PCPs that
are sound against no-signaling provers. Our main motivation is to obtain a PCP that inherits good
properties from both of linear PCPs and no-signaling PCPs. Thus, our goal is to obtain a no-signaling
linear PCP that can be used to obtain a 2-message delegation scheme that (1) is secure under stan-
dard cryptographic assumptions (like those that are based on no-signaling PCPs) and (2) has a simple
structure (like those that are based on linear PCPs).



Main Result: No-signaling linear PCP for . The main result of this paper is an unconditional
construction of no-signaling linear PCPs for polynomial-time deterministic computation. Our con-
struction is designed for proving correctness of arithmetic circuit computation, so it handles statements
of the form (C, x,y), where C is a polynomial-size arithmetic circuit and the statement to be proven is
“C(x) = y holds.”

Theorem (informal). There exists a no-signaling linear PCP for the correctness of polynomial-size
arithmetic circuit computation. For a statement (C,x,y) and the security parameter 1%, the proof
generation algorithm runs in time Poly(|C|), the verifier query algorithm runs in time poly(d + |C|),
and the verifier decision algorithm runs in time poly(d + |x| + [y|).

A formal statement of this theorem is given as Theorem 1 in Section 4. To the best of our knowledge,
our construction is the first linear PCP that is sound against no-signaling provers. (See Section 1.3 for
concurrent independent works.)

Our no-signaling linear PCP has a simple structure just like the existing linear PCPs. Indeed, the
proof string of our PCP is identical with that of the well-known linear PCP of Arora, Lund, Motwani,
Sudan, and Szegedy [ALM*98]. Regarding the verifier, we added slight modifications to that of Arora
et al. to simplify the analysis; however, we do not think that these modifications are fundamental.

The analysis of our no-signaling linear PCP is a combination of the analysis of the linear PCP of
Arora et al. [ALM 98] and that of the no-signaling PCP of Kalai et al. [KRR14]. Specifically, our
analysis on no-signaling soundness follows the same high-level strategy as that of Kalai et al. while
borrowing techniques from Arora et al. for implementing the details of the strategy. Additionally, our
analysis is simplified from the analysis of Kalai et al. in the sense that, while the analysis of Kalai et
al. requires the circuit C in the statement to have a specific redundant form called “augmented layered
circuit,” our analysis only requires C to have a much less redundant form called “layered circuit.” (This
simplification relies on a specific structure of our PCP.) A more detailed overview of our analysis is
given in Section 3.

Application: Delegation scheme for # in the preprocessing model. As an application of our no-
signaling linear PCP, we construct a 2-message delegation scheme for polynomial-time deterministic
computation under standard cryptographic assumptions. Just like previous linear-PCP-based dele-
gation schemes and succinct arguments (such as that of Bitansky et al. [BCI*13]), our delegation
scheme works in the preprocessing model, so our scheme requires expensive offline setups that can
be reused for proving multiple statements. When the statement is (C, x, y), the running time of the
client is poly(4d + |C]) in the offline phase and is poly(d + |x| + |y|) in the online phase. Our delega-
tion scheme is adaptively secure in the sense that the input x can be chosen in the online phase, and is
“designated-verifier type” in the sense that the verification requires a secret key. We obtain our delega-
tion scheme by applying the transformation of Kalai et al. [KRR 13, KRR 14] on our no-signaling liner
PCP. (The transformation of Kalai et al., which is closely related to those of Biehl, Meyer, and Wetzel
[BMWO8] and Aiello, Bhatt, Ostrovsky, and Rajagopalan [ABORO0], transforms a no-signaling PCP
to a 2-message delegation scheme.)

Compared with the existing 2-message delegation schemes based on non-linear no-signaling PCPs
(such as that of Kalai et al. [KRR14]), our scheme requires preprocessing, but has a simple struc-
ture and uses different (possibly cheaper) tools thanks to the use of no-signaling linear PCPs. Con-
cretely, we can avoid the use of fully homomorphic encryption schemes or 2-message private infor-
mation retrieval schemes, and can instead use additive homomorphic encryption schemes over prime-



order fields (such as that of Goldwasser and Micali [GM84]) or multiplicative homomorphic encryp-
tion schemes over prime-order bilinear groups (such as the DLIN-based linear encryption scheme of
Boneh, Boyen, and Shacham [BBS04]).

1.2 Prior Works

Delegation scheme. Delegation schemes (and verifiable computation schemes) have been exten-
sively studied in literature. Other than those that we mentioned above, existing results that are related
to ours are the following. (We focus our attention on non-interactive or 2-message delegation schemes
for all deterministic or non-deterministic polynomial-time computation.)

DELEGATION SCHEMES FOR NON-DETERMINISTIC COMPUTATION. The existing constructions of (prepro-
cessing) SNARGsS, such as [Grol0, Lipl2, DFH12, BC12, GGPR13, BCI"13, BCCTI3, Lipl3,
DFGK14, Grol6, BISW17, BCC*17], can be directly used to obtain delegation schemes for NP, and
some of them can be used even to obtain publicly verifiable ones. Additionally, it was shown recently
that an interactive variant of PCPs, called interactive oracle proofs, can also be used to obtain dele-
gation schemes for NP [BCS16]. The security of these delegation schemes holds under non-standard
assumptions (e.g., knowledge assumptions) or in ideal models (e.g., the generic group model and the
random oracle model). Compared with these schemes, our scheme works only for # and requires pre-
processing, but can be proven secure in the standard model under a standard assumption (namely the
existence of homomorphic encryption schemes).

DELEGATION SCHEMES FOR DETERMINISTIC COMPUTATION. Other than the abovementioned recent
works that obtain delegation schemes for # by using no-signaling PCPs (i.e., Kalai et al. [KRR13,
KRR14] and the subsequent works), there are plenty of works that obtain delegation schemes for
# without using PCPs. Specifically, some works obtain schemes with preprocessing by using fully
homomorphic encryption or attribute-based encryption schemes [GGP10, CKV 10, PRV12], and oth-
ers obtain schemes without preprocessing by using multi-linear maps or indistinguishability obfusca-
tors (e.g., [BGL*15, CHJV15, CH16, CCHR 16, KLW15, CCC*16, ACC*16]). Compared with these
schemes, our scheme requires preprocessing but only uses relatively simple building blocks (namely
a linear PCP and a homomorphic encryption scheme).

1.3 Concurrent Works

In independent concurrent works, Holmgren and Rothblum [HR 18] and Chiesa, Manohar, and Shinkar
[CMS19] also observe that one can obtain no-signaling PCPs for # without relying on the “augmented
circuit” technique of Kalai et al. [KRR14]. The technique by Holmgren and Rothblum works when the
underlying PCP is that of Babai et al. [BFLS91] (as in the work of Kalai et al. [KRR14]) and the one
by Chiesa et al. works when the underlying PCP is that of Arora et al. [ALM™'98] (as in this paper).

Actually, the work of Chiesa et al. [CMS19] has many other similarities with our work, and in
particular their work shows that the linear PCP of Arora et al. [ALM*98] is sound against no-signaling
cheating provers. Differences between their work and our work include:

* Chiesa et al. achieve constant soundness error with constant query complexity while we focus on
achieving negligible soundness error and did not try to optimize the query complexity (specifi-
cally, we slightly modified the verifier algorithm, and our analysis currently requires polynomial
query complexity?).

31t is likely that the query complexity of our PCP can be easily reduced to polylogarithmic, but we have not verified it



* The analysis by Chiesa et al. uses the equivalence between no-signaling functions and quasi-
distributions* over functions while ours does not use this equivalence. (The equivalence be-
tween no-signaling functions and quasi-distributions was shown by Chiesa, Manohar, and
Shinkar [CMS18] relying on Fourier analytic techniques.)

Remark 1. Chiesa et al. [CMS19] use the term “no-signaling linear PCPs” in a different meaning from
us. Specifically, Chiesa et al. use it to refer to PCPs such that the honest proofs are linear functions and
the soundness holds against no-signaling cheating provers that are equivalent with quasi-distributions
over linear functions, while we use it to refer to PCPs such that the honest proofs are linear func-
tions and the soundness holds against any no-signaling cheating provers (which are not necessarily
equivalent with quasi-distributions over linear functions).

1.4 Outline

In Section 2, we introduce the notations and definitions that we use in the subsequent sections. In
Section 3, we give an overview of the construction and analysis of our no-signaling linear PCP. In
Section 4, we formally describe the construction of our no-signaling linear PCP. From Section 5 to
Section 9, we analyze the no-signaling soundness of our construction. In Section 10, we describe the
application to delegation schemes.

2 Preliminaries

In this section, we introduce the notations and definitions that we use in the subsequent sections.

2.1 Basic Notations

We denote the security parameter by 4. Let N be the set of all natural numbers. For any k£ € N, let
[k] =A{1,...,k}.

We denote a vector in a bold shape (e.g., v). For a vector v = (v1,...,vy) and aset S C [4], let
vls = {vi}ies. Similarly, for a function f : D — Rand asetS C D, let fls = {f(i)}ies. For two
vectors u = (Uy,...,uy), v = (vi,...,vy) of the same length (where each element is a field element),
let {u,v) = ) je 1) ivi denote their inner product and u ® v := (4;v;); je1) denote their tensor product.5

For a set S, we denote by s < S a process of obtaining an element s € S by a uniform sampling
from S. Similarly, for any probabilistic algorithm Algo, we denote by y «<— Algo a process of obtaining
an output y by an execution of Algo with uniform randomness. For an event E and a probabilistic
process P, we denote by Pr [E | P] the probability of E occuring over the randomness of P.

2.2 Circuits

All circuits in this paper are arithmetic circuits over finite fields of prime orders, and they have addition
and multiplication gates with fan-in 2. We assume without loss of generality that they are “layered,”
i.e., the gates in a circuit can be partitioned into layers such that (1) the first layer consists of the input

formally.

4Quasi-distributions are a generalized notion of probability distributions and allow negative probabilities.

5In this paper, the tensor product of two vectors are viewed as a vector (with an appropriate ordering of the elements)
rather than a matrix.



Figure 1: A layered circuit, where the gates in the bottom layer are the input gates and those in the top
layer are the output gates.

gates and the last layer consists of the output gates, and (2) the gates in the i-th layer have children in
the (i — 1)-th layer (see Figure 1 for an illustration).

Given a circuit C, we use F to denote the underlying finite field, N to denote the number of the
wires,® n to denote the number of the input gates, and m to denote the number of the output gates.
We assume that the first n wires of C are those that take the values of the input gates and the last
m ones are those that take the value of the output gates. (Formally, F, N, n, m should be written as,
e.g., Fc, N¢, nc, me since they depend on the circuit C. However, to simplify the notations, we avoid
expressing this dependence.) When we consider a circuit family {C} en, it is implicitly assumed that
the size of each C, is bounded by poly(A).

2.3 Probabilistically Checkable Proofs (PCPs)

Roughly speaking, probabilistically checkable proofs (PCPs) are proof systems with which one can
probabilistically verify the correctness of statements by reading only a few bits or symbols of the proof
strings. A formal definition is given below.

Remark 2 (On the definition that we use). For convenience, we give a definition that is tailored to our
purpose. Specifically, our definition differs from the standard one in the following way.

1. We require that the soundness error is negligible in the security parameter.

2. We only consider proofs for the correctness of deterministic arithmetic circuit computation, i.e.,
membership proofs for the following language.

{(C,x,y) | C is an arithmetic circuit s.t. C(x) = y} .

3. We implicitly require that PCP systems satisfy two auxiliary properties (which almost all exist-
ing constructions satisfy), namely relatively efficient oracle construction and non-adaptive
verifier [BG09].

®We assume that for any gate with fan-out more than one, all the output wires of that gate share the same index i € [N].



4. We assume that the verifier’s queries depend only on the circuit C and do not depend on the input
x and the output y. (This assumption will be useful later when we define adaptive soundness
against no-signaling cheating provers.) O

Definition 1 (PCPs for correctness of arithmetic circuit computation). A probabilistically checkable
proof (PCP) system for the correctness of arithmetic circuit computation consists of a pair of PpT
Turing machines V = (Vy, V1) (called verifier) and a ppr Turing machine P (called prover) that satisfy
the following.

e Syntax. For every arithmetic circuit C, there exist

— finite sets D¢ and ¢ (called proof domain and proof alphabet) and
— a polynomial ky (called query complexity of V)
such that for every input x of C, the output y = C(x), and every security parameter A € N,

— P(C, x) outputs a function © : D¢ — Z¢ (called proof),

— Vo(14, C) outputs a string sty € {0, 1}* (called state) and a set Q C D¢ of size ky(A) (called
queries), and

— Vi(sty,x,y,nlg) outputs a bit b € {0, 1}.

e Completeness. For every arithmetic circuit C, every input x of C, the output' y = C(x), and
every security parameter A € N,

(Q,sty) « Vo(11,0)

e Soundness. For any circuit family {C} en and any probabilistic Turing machine P* (called
cheating prover), there exists a negligible function negl such that for every security parameter
AE€N,

(Q’ StV) — VO(I/le C/l)

(x,y,77) — P*(11,C,) ] < negl(d) -

Pr[Vl(stv,x,y,n*IQ) =1ACx) £y

A PCP system is said to be linear if the honest proof is a linear function.

Definition 2 (Linear PCPs). Let (P, V) be any PCP system and {D¢}c be its proof domains. Then,
(P,V) is said to be linear if for every arithmetic circuit C and input x of C,

Pr /\ au)+na(v) =n(u+v)|n« P(C,x)|=1.

u,veDc

10



2.4 No-signaling PCPs

No-signaling PCPs [KRR13, KRR14] are PCP systems that guarantee soundness against a stronger
class of cheating provers called no-signaling cheating provers. The main difference between no-
signaling cheating provers and normal cheating provers in that, while a normal cheating prover is
required to output a PCP proof n* before seeing queries , a no-signaling cheating prover is allowed
to output 7 after seeing Q. There is however a restriction on the distribution of 7*; roughly speaking,
itis required that for any (not too large) sets Q, Q’ such that Q" C Q, the distribution of 7*|p- when the
queries are Q should be indistinguishable from the distribution of it when the queries are Q’. The for-
mal definition is given below. (The following definition is the computational variant of the definition,
which is given by Brakerski, Holmgren, and Kalai [BHK17].)

Definition 3 (No-signaling cheating prover). Let (P, V) be any PCP system, {Dc}c and {Xc}c be the
proof domains and proof alphabets of (P, V), {Ca}aen be any circuit family, and P* be any probabilistic
Turing machine with the following syntax.

e Given the security parameter A € N, the circuit C,, and a set of queries Q C D¢, as input, P*
outputs an input x of C,, an output 'y of C,, and a partial function n* : Q — Z¢,. (Note that *
can be viewed as a PCP proof whose domain is restricted to Q.)

Then, for any polynomial kmax, P* is said to be a kyax-wise (computational) no-signaling cheating
prover if for any ppr Turing machine D, there exists a negligible function negl such that for every
AeN, every Q,Q" C D¢, such that Q' € Q and |Q| < kmax(2), and every z € {0, 1}Poly(),

Pr[D(Cpx,y. w1, 2) = 1| (x,y,7%) — P*(11,C1,0) |

< negl(1) .
—Pr[D(Cx,y, 70 = 1| (63,77 < P(14,C1, Q) | o

&

Now, we define no-signaling PCPs as the PCP systems that satisfy soundness according to the
following definition.

Definition 4 (Soundness against no-signaling cheating provers). Let (P, V) be any PCP system and Kmax
be any polynomial. Then, (P, V) is said to be sound against kn.x-wise (computational) no-signaling
cheating provers if for any circuit family {C } 1en and kmax-wise no-signaling cheating prover P*, there
exists a negligible function negl such that for every 1 € N,

(Q7 StV) — VO(I/Ia C/l)

Pr Vl(Stv,X,y,ﬂ*) =1 /\C/l(x) Yy (x y ﬂ'*) — P*(l/l C,{ Q)

< negl(1) .

3 Technical Overview
In this section, we give an informal overview of our no-signaling linear PCP system. Recall that our

focus is PCP systems for the correctness of arithmetic computation, which are PCP systems that take
as input a tuple (C, x,y) and prove that C(x) = y holds. Given a circuit C, we use F to denote the

11



underlying finite field, N to denote the number of the wires,” n to denote the number of the input
gates, and m to denote the number of the output gates. We assume that the first n wires are those that
take the values of the input gates and the last m ones are those that take the value of the output gates.
In this overview, we additionally assume that the output length is 1 (i.e., m = 1).

3.1 Preliminary: Linear PCP of Arora et al. [ALM*98]

The construction and analysis of our PCP system is based on the linear PCP system of Arora et al.
[ALM*98] (ALMSS linear PCP in short), so we start by recalling it. We only describe the construction
of ALMSS linear PCP in this section; a more detailed overview of ALMSS linear PCP can be found
in Appendix A.

3.1.1 Main tool: Walsh-Hadamard code.

The main tool of ALMSS linear PCP system is Walsh—-Hadamard code. Recall that Walsh—Hadamard
code maps a string v € F to the linear function WH, : x ~ (v,x). A useful property of Walsh—
Hadamard code is that errors on codewords can be easily “self-corrected.” In particular, if a function
f : Bl — Fis 6-close to a linear function f (i.e., if there exists a linear function f such that Pr[f(r) =
fr) | r < F‘] > 6), we can evaluate f on any point x € F¢ with error probability 2(1 — 6) through the
following simple probabilistic procedure.

Algorithm Self-Correct/ (x):
Choose random r € F¢ and output f(x +r) — f(r).

3.1.2 Construction of ALMSS linear PCP.

On input (C, x), the prover P computes the PCP proof as follows. First, P computes y := C(x) and
obtains the following system of quadratic equations over F, which is designed so that it is satisfiable
if and only if C(x) = y.

¢ The variables are z = (zy,...,2y).
* Foreachi € {1,...,n}, the system has the equation z; = x;.

* For each i, j, k € [N], the system has z; + z; — zx = 0 if C has an addition gate with input wires
i, j and output wire k, and has z;z; — zx = 0 if C has a multiplication gate with input wires i, j
and output wire k.

* The system has the equation zy = y.

(Intuitively, the variables of the above system of quadratic equations represent the wire values of C,
and the equations guarantee that (1) the correct input values x = (xy, ..., x;) are assigned on the input
gates, (2) each gate is correctly computed, and (3) the claimed output value y is assigned on the output
gate.) Let us denote the above system of quadratic equations by ¥ = {¥;(z) = c¢;}ic[m), where M is the
number of the equations. Then, P obtains the satisfying assignment w = (wy,...,wy) of ¥ through
the wire values of C on x, and outputs the two linear functions 7 ¢(v) := (v,w) and 7, (v') == (', w@w)
as the PCP proof.® (In short, the PCP proof is Walsh-Hadamard encodings of w and w @ w.)

"We assume that for any gate with fan-out more than one, all the output wires of that gate share the same index i € [N].
8Formally, P outputs a single linear function (with which the verifier can evaluate both 7, and r,) as the PCP proof, but
in this overview we simply think that the prover outputs two linear function as the PCP proof.
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Next, on input (C, x, y), the verifier V verifies the PCP proof as follows. First, V obtains the system
of quadratic equations ¥ = {¥;(z) = c;licqp). Next, V applies the following three tests on the PCP
proof A times in parallel.

1. (Linearity Test.) Choose random points 7, r, € FN and r’1 , r’2 € BV and check r(r)+mp(ro) 2

? / /
mp(ry + rp) and me(r)) + me(r)) = me(r] +15).

2. (Tensor-Product Test.) Choose two random points r{, r; € FV, run ay, < Self-Correct™ (ry),

- ?
ay, « Self-Correct™ (r2), ar,er, < Self-Correct™(r; ® ry), and check a,, ar, = ar,er,-

3. (SAT Test.) Choose a random point o = (0q,...,0u) € FM, compute a quadratic function
Y, (z) = Zl’.‘;’] o¥i(z), run ay, <« Self-Correct™ (), ay; <« Self-Correct™(y,) for the

coeflicient vectors ¥, ¥, such that (Y, z) + (¥, 2 ® z) = ¥ (2), and check ay, + ay. 2 Cors

where ¢, = Zf‘;’l oic;.

V accepts the proof if it passes the above three tests in all the A parallel trials. It can be verified by
inspection that, as required in Definition 1, the verifier can be decomposed into V and V;, where Vj
samples the queries to the tests and V| verifies the answers from the PCP proof. (Note that V can
sample all the queries before knowing x and y since the coefficient vectors ¥, /. in SAT Test can be
computed from C alone.)

3.2 Construction of Our No-signaling Linear PCP

The construction of our PCP system, (P, V), is essentially identical with that of ALMSS linear PCP.
There is a slight difference in the verifier algorithm (in our PCP system, Self-Correct samples many
candidates of the self-corrected values and takes the majority), but we ignore this difference in this
overview. It can be verified by inspection that the running time of P is poly(|C]), the running time of
Vo is poly(A + |C]), and the running time of V| is poly(d + |x| + [y|).

3.3 Analysis of Our No-signaling Linear PCP

Our goal is to show that our PCP system (P, V) is sound against kmax-wise no-signaling cheating provers
for sufficiently large polynomial kpax. That is, our goal is to show that for every circuit family {C} e
and every kpyax-wise no-signaling cheating prover P*, we have

(0. sty) « Vo(11,Cp)
(x7y9ﬂ*) — P*(l/l7 C/l’ Q)

Vi(sty,x,y, ") =1

P A ca) #

] < negl() (3.1

for every A € N.
Toward this goal, for any sufficiently large xmax and any kpyax-wise no-signaling cheating prover
P*, we assume that we have

. (Q.sty) « Vo(11,C) 1
Pr|Vi(sty,x,y,n7) =1 M . > 3.2
[ WO X2 =T () « P CLO) | poly() G2
for infinitely many A € N (let A be the set of those A’s) and show that we have
(0. sty) « Vo(14,C)
Pr [C,l(x) #Y .y, 1%) — P*(11,C,, 0) < negl(1) (3.3)
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for every sufficiently large 4 € A. Clearly, showing Equation (3.3) while assuming Equation (3.2) is
sufficient for showing Equation (3.1) (this is because it implies that for every polynomial poly and every
sufficiently large A € N, we have Vi(sty, x,y,7*) = 1 A Cy(x) # y with probability at most 1/poly(1)
since we either have V (sty, x,y,7*) = 1 with probability at most 1/poly(1) or have C,(x) # y with
probability at most 1/poly(1)).

To explain the overall structure of our analysis, we first show Equation (3.3) while assuming the
following (strong) simplifying assumptions instead of Equation (3.2).

Simplifying Assumption 1. P* convinces the verifier V with overwhelming probability. That is, we
have

(Q,sty) « Vo(11,Cp)

> 1 —negl(1) 3.4
for infinitely many 4 € N. (In what follows, we override the definition of A and let it be the set of
these A’s.) o

Simplifying Assumption 2. P* creates a proof that passes each of Linearity Test, Tensor-Product Test,
and SAT Test on any points with overwhelming probability. That is, for every sufficiently large 1 € A,
we have the following. (We assume without loss of generality that P* always outputs a PCP proof

k

= (n%, JTZ,) that consists of two functions 7 ¥ and 71':,.)

* (Linearity of }.) For every u,v € N,

Pr [} () + 7(v) = 7w +v) | (x.y.7") « P, Co (v, u+vh] 2 1 -negl(d) . (3.5

* (Linearity of r;.) For every u,v € N,

Pr[my(w) + m(v) = myu +) | (x,y,7%) — P*AY,Co (v, u +vh)] 2 1 -negl(d) . (3.6)
¢ (Tensor-Product Consistency of ﬂ}, ﬂ;.) For every u,v € FV,
Pr [ﬂ}(u)ﬂ;(v) = ﬂ;(u ®V) ’ (x,y,1) — P*(1*,Cp, {u,v,u ®v})] >1-negl() , 3.7)
* (SAT Consistency of 7, 7;.) For every o € FM

Pr [ o) + W) = o | (6,3,7°) P4, Co o W] 2 1= megl) . (3.8)
<&

At the end of this subsection, we explain how we remove these simplifying assumptions in the actual
analysis.

Under the above two simplifying assumptions, we obtain Equation (3.3) as follows. Notice that
when the statement is true and the PCP proof is correctly generated, the first part of PCP proof, ¢(v) =
(v,w), is the linear function whose coefficient vector is the satisfying assignment w of the system of
equations ¥ = {¥,(z) = c;}icip, and thus the satisfying assignment on any variable z; can be recovered
by appropriately evaluating ;. (Concretely, given 7y, we can obtain the satisfying assignment on z;
by evaluating 7 one; = (0,...,0,1,0,...,0) € FN, where only the i-th element of e; is 1). Now,
we first observe that we can obtain Equation (3.3) by showing that the “cheating assignment” that is
recovered from the cheating prover P* is “correct” in the following two ways.
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1. The assignment on zy (which represents the value of the output gate) is equal to the claimed
output value y. That is, for every sufficiently large A € A,

Pr [rj(en) = y | (6,3, 7)  P"(11,Cy, lenD)] = 1= negl(d) . (3.9)

2. The assignment on zy is equal to the actual output value C,(x). That is, for every sufficiently
large A € A,

Pr|7(en) = Ca(x) | (x.y.7") « P*(1,Cy. {en))] 2 1 - negl(2) . (3.10)

Indeed, given Equations (3.9) and (3.10), we can easily obtain Equation (3.3) as follows: first, we
obtain

Pr[Cax) =y | (x,3,7%) « P*(1*,Cy, fen})] 2 1 - negl(D)

by applying the union bound on Equations (3.9) and (3.10); then, we obtain Equation (3.3) by using
the no-signaling property of P* to argue that the probability of C, (x) = y holding decreases only
negligibly when the queries to P* are changed from {ey} to {ex} U Q and from {ey} U Q to 0. (In
this argument, we rely on the fact that the distinguisher in the no-signaling game can check C,(x) 1 y
efficiently.) Therefore, to conclude the analysis (under the simplifying assumptions), it remains to
prove Equations (3.9) and (3.10).

3.3.1 Step 1. Showing consistency with the claimed computation.

First, we explain how we obtain Equation (3.9) under the simplifying assumptions on P*.

To obtain Equation (3.9), we actually prove a stronger claim on the cheating assignment. Recall
that from the construction of ¥ = {¥;(z) = c;}ic[am, €ach equation of ¥ is defined with at most three
variables, and in particular each equation ¥;(z) = c; can be written as

Z djz; + Z djrzjzk = ci
Jjela Byl JketaBy)
for some Q,ﬁ,'y € [N] (a <ﬁ < 7)9 d/ € {_1’Oa l} (] € {a9ﬁ97})’ and d[,k € {_1703 1} (]’k € {a’ﬂ’ 7})
Then, we consider the following claim.

1’. (Consistency with Claimed Computation) For any i € [M] and @, 8,y € [N] (@ < 8 < ) such
that the equation ¥;(z) = ¢; can be written as

Z djz;j + Z d;jkzjzk = Ci
JelaBy) Jkela Byl

for some d; € {~1,0,1} (j € {a,B,¥}) and dj; € {-1,0,1} (j,k € {a,B,y}), the cheating
assignment on z,, 7, Z, is a satisfying assignment of this equation. That is, for every sufficiently
large A € A and every i and «, 3,y as above, we have

(x,y,7%) — P'(1',Cy, feas e, 6,D)| > 1 —negl()) ., (3.11)

Pr [Consisti(c,l, x,y,7m)

where Consist;(C,, x, y, 7*) is the event that we have

D dimenp+ D durieprie = ¢ .
Jela By} Jkela By}
9We assume Kmax (1) > ky(A) + 1, where «y is the query complexity of V,
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Clearly, this claim implies Equation (3.9) since ¥ has the equation zy = y.

Hence, we focus on showing the stronger claim that Equation (3.11) holds. Fix any sufficiently
large A € A and any i € [M]. Assume for concreteness that the equation W;(z) = ¢; can be written as
—Zy *+ 2a2g = 0. (The other cases can be proven similarly.) Under this assumption, our goal is to show

Pr [—n}(ey) + n}(e(,)n}(eﬁ) =0 | (x,y,7*) « P*(1*,C,, {e(,,eﬁ,ey})] > 1-negl(1) . 3.12)
First, we obtain

Pr [15(~€,) + mylea @ eg) = 0| (x,3,7)  P'(11,Ci (~ey, €0 @ egh)| > 1 —negl()  (3.13)

by considering o = e; € F¥ in the SAT consistency of zr;i, n, (Equation (3.8) of Simplifying Assump-
tion 2). Second, we obtain

Pr|7(—e,) = 7} (e,) | (x,y,7°) « P*(1',Cy. {ey. —,)| 2 1 = negl(a) (3.14)
as a corollary of the linearity of 71? (Equations (3.5) of Simplifying Assumption 2),'” and obtain
Pr [7‘[;(8(1 ®ep) = n;i,(e(,)ﬂ;i,(eﬁ) ’ (x,y,7%) « P*(11,Cy, leq. e, €4 ®e/5})] >1-negl(d) (3.15)

from the tensor-product consistency of n;‘,, m, (Equation (3.7) of Simplifying Assumption 2). Now,
we obtain Equation (3.12) as desired from Equations (3.13), (3.14), (3.15), the union bound, and the
no-signaling property of P*.'!

3.3.2 Step 2. Showing consistency with the actual computation.

Next, we explain how we obtain Equation (3.10) under the simplifying assumptions on P*.

Recall that, without loss of generality, we assume that arithmetic circuits are “layered,” i.e., the
gates in a circuit can be partitioned into layers such that (1) the first layer consists of the input gates
and the last layer consists of the output gate, and (2) the gates in the i-th layer have children in the
(i — 1)-th layer.

The overall strategy is to prove Equation (3.10) by induction on the layers. For any circuit C,, let
us use the following notations.

* {max is the number of the layers, and N; is the number of the wires in layer i (i.e., the number
of the outgoing wires from the gates in layer /). We assume that the numbering of the wires are
consistent with the numbering of the layers, i.e., the first N| wires are those that are in the first
layer, the next N, wires are those that are in the second layer, etc.

* Dy,..., Dy, are the subset of FV such that for every € € [{max],

D={v=01,...,vn) | vi=0forVi¢ {(Neg-1 + 1,...,Neg—1 + N¢}}

where N<,— = Xer¢—17 Ni- Notice that when the first part of the correct PCP proof, ns(v) =
(v,w), is evaluated on v, € Dy, it returns a linear combination of the correct wire values of layer
L.

19Concretely, we first obtain Pr [n}(O) =0] (x,y,7*) « P*(1%,C,, {0})] > 1 - negl(1) from the linearity of x} and then
obtains Equation (3.14).

"'To use the union bound on Equations (3.13), (3.14), (3.15), we need to argue that every probability in these equations
does not decrease non-negligibly when we obtain 7* by querying {e,, ez, e,, —e,,e, ® eg} to P*. We can show that every
probability indeed does not decrease non-negligibly by using the no-signaling property of P*.
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Now, to prove Equation (3.10), we show that the following three claims holds for every sufficiently
large A € A.

1. The cheating PCP proof is equal to the correct PCP proof on random A points in D;. That is,

Pr
U, ,m*

N\ i) = nf(u)} > 1-negl(d) , (3.16)

ucl,

where the probability is taken over u1; < Dy (i € [A]), Uy = {uylicray, and (x,y,7")
P*(14,Cy, Uy), and r is the correct PCP proof that is generated by 7 := P(C,, x).

2. For every € € [€nax], if the cheating PCP proof is equal to the correct PCP proof on random A
points in D¢, the former is actually equal to the latter on any point in D,. That is, for any v € Dy,

nlj;(v) =7p(v)

A 70 (u) = nf(u)} > 1 —negl(d) , (3.17)

Pr
v,Up,m*
t ueU,

where the probability is taken over u;; < D¢ (i € [A]), Ur = {ug}iera), and (x,y,7%)
P*(11,C,, (v} U Up).

3. Forevery € € [€nax — 1], if the cheating PCP proof is equal to the correct PCP proof on random
A points in Dy, the former is also equal to the latter equal on random A points in Dy, . That is,

Pr
Ue,Upy1,m*

N\ @) = 7 )

ucUpy

A 70 (u) = nf(u)} > 1 —negl(d) , (3.18)
ueU,

where the probability is taken over us; < Dy (i € [A]), urs1,; < D1 (i € [A]), Up = {ueiticra)s
Uesr = {ues idiera, and (x,y, ) « P*(14,Cp, Ur U Ugy).

Observe that we can indeed obtain Equation (3.10) from the above three claims since Equation (3.17)
implies that we can obtain Equation (3.10) by just showing

Pr

Utmax 7"

A 7(u) = nf(u)} > 1 — negl(1)

ueUqpax

(this is because we have m¢(ey) = Ca(x) from the construction of our PCP system), and we can obtain
this inequation by repeatedly using Equation (3.18) on top of Equation (3.16).'” Thus, what remain
to prove are Equations (3.16), (3.17), (3.18).

1. First, we obtain Equation (3.16) from the linearity of ﬂ;} (Equations (3.5) of Simplifying As-
sumption 2) and the consistency with the claimed computation (Equation (3.11) in Step 1) as
follows. At a very high level, we first reduce the problem of showing Equation (3.16) to the
problem of showing

Vie [nl: Pr|ni(e) = nse) | (x.y.7") « P*(11,Cp.leiD)] = 1 - negl(d)

12Formally, we need to argue that the probabilities in these inequations do not decrease non-negligibly when we change
the queries to P*, which we can show by relying on the no-signaling property of P*. A key point is that the number of the
queries to P* can be bounded by a fixed polynomial in A.
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by relying on the linearity of 7T>; (the key point on this reduction is that any v € D; can be

written as a linear combination of ey, ...,e, € FV), and then just observe that this inequality
indeed holds because of the consistency with the claimed computation (the key points on this
observation are that ‘¥ has the equation z; = x; for every i € [n] and that we have my(e;) = x;
from the construction of our PCP system).

2. Second, we obtain Equation (3.17) by considering a mental experiment where U, = {us;}ic[a)
is sampled in an alternative way. Specifically, we consider an experiment where for each u,; is
sampled by choosing random r; € D, and b; € {0, 1} and then defining u,; by uy; == r; if b; =0
and by u,; := v + r; if b; = 1. Since each u,; is still uniformly distributed, it suffices to show
Equation (3.17) w.r.t. this mental experiment; in addition, due to the no-signaling property of
P*, we can further change the experiment so that 7* is obtained by

(6,3, 7%) = P14, Ca, (W} U {riy v + reidieg) -
Now, we obtain Equation (3.17) by combining the following two observations.

(a) By a simple calculation, we can obtain Equation (3.17) from

Pr

v,Up,*

() # T p(v) A ( N\ 7w = nf(u)ﬂ < negl(1) . (3.19)

ueU,

(We assume that /\ueyﬂr}(u) = ry(u) holds with high probability, which is indeed the case
in our situation.)

(b) We can obtain Equation (3.19) by combining the following two observations. First, we
have ﬂ}(v) # my(v) only when we have ﬂ}(v +r) #np(v+r)or n;(r,-) # my(r;) for every
i € [1]. (Indeed, if we have n;(v +r;)) =ns(v +r;) and 71';(1‘,') = my(r;) for any i € [1], we
have

W) = (v + 1) =) = wpv + 1) = wp(r) = mpv)
where the first equality follows from the linearity of ﬂ;; (Equation (3.5) of Simplifying
Assumption 2).) Second, when we have 7rji.(v +r) #np(v+r;)or n;.(ri) # my(r;) for every
i € [1], we have /\ueU[ﬂ';(u) = ntr(u) with probability at most 271 since each uy,; is defined

by taking either r; or v + r; randomly.

3. Third, we obtain Equation (3.18) as follows. Just like when we show Equation (3.16) above, we
first reduce the problem to showing

Vi€ [Newtl: Pr|rye) = xp(e) | (xy1") = P14 Couled UUD)| | = 1-negl(d) , (3.20)

where the probability is conditioned on A,cy, ﬂ;}(u) = n¢(u) (in the above probability expres-
sion, the character U, at the right corner represents that the probability is conditioned on this
event). Now, let us focus, for simplicity, on the case that i is the output wire of an multiplication
gate in the (£ + 1)-th layer, where the input wires are j and k in the ¢-th layer. Then, we obtain
Equation (3.20) by first observing that we can obtain Equation (3.20) by combining

Pr [ﬂ;‘l(e,-) =npepmien) | (x,y,m) « P*(1%,Cy, {ei e, ex} U U[)]U[ >1-negl(d) (3.21)
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and

ﬂ'jf(e‘,') = ﬂ'f(ej)

* %14 L p. —
A ﬂ;(ek) = 7/(e0) (x,y,n") « P*(17,C), (e, ej,e,} UUp)| >1-negl(d) (3.22)

Uy

(this is because if we have n;i.(ei) = n;.(ej)n}(ek) and n;(ej) =nrle))A n}(ek) = my(ex), we have

(e = mpe;)m (ex) = my(ej)mp(er) = myle) |

where the last equality follows from the construction of our PCP system), and then observing that
Equation (3.21) follows from the consistency with the claimed computation (Equation (3.11) in
Step 1) and that Equation (3.22) follows Equation (3.17) and the union bound.

3.3.3 How to remove the simplifying assumptions.

In the actual analysis, we remove Simplifying Assumption 1 in the same way as previous works (such
as [KRR14, BHK17]), namely by considering a “relaxed verifier” that accepts a PCP proof even when
the proof fails to pass a small number of the tests (concretely, we consider a verifier that accepts a proof
as long as the proof passes the three tests in at least 1— trials, where u = @(log? 1)). We use the same
argument as the previous works to show that if a cheating prover fools the original verifier with non-
negligible probability, there exists a cheating prover that fools the relaxed verifier with overwhelming
probability.

As for Simplifying Assumption 2, we remove it by considering the self-corrected version of the
cheating proof, i.e., the proof that is obtained by applying Self-Correct on the cheating proof 7*. Our
key observation is that an existing analysis of Linearity Test [BLLR93, Gol17] can be naturally extended
so that it works in the no-signaling PCP setting, as long as we only try to show that the self-corrected
cheating proof passes Linearity Test on any points. (In the standard PCP setting, the goal of Linearity
Test is to guarantee that the cheating proof is close to a linear function.) Once we show that the self-
corrected cheating proof passes Linearity Test on any points, it is relatively easy to show that it also
passes Tensor-Product Test and SAT Test on any points.

3.4 Comparison with Previous Analysis

The high level structure of our analysis (under the abovementioned simplifying assumptions) is the
same as the analysis of previous non-linear no-signaling PCPs, namely those of Kalai et al. [KRR14]
and the subsequent works. Specifically, like these works, we show C,(x) = y by showing that we have
m*(ey) = y and *(ey) = C,(x) simultaneously, and show n*(ey) = C,(x) by induction on layers of
C,. (In the latter part, we in particular follow the presentation by Paneth and Rothblum [PR17].)
Other than the differences due to the use of linear PCPs, a notable difference between our analysis
and the previous one is that our analysis does not require that the statement is represented as an “aug-
mented layered circuit,” and only requires that it is represented as a layered circuit. More concretely,
while the previous analysis requires that each layer of the circuit is augmented with an additional
circuit (which computes a low-degree extension of the wire values of the layer and then applies low-
degree tests on the low-degree extension), our analysis does not require such augmentation and only
requires that the circuit is layered. At a high level, we do not require this augmentation since in the
induction for showing 7*(ex) = C,(x) (Step 2 in the previous subsection), we show that the cheating
PCP proof is equal to the correct proof rather than just showing that the wire values that are recovered
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from the cheating PCP proof are equal to the correct ones. (That is, we do not require the augmentation
of the circuit since we consider a stronger claim in the induction, which allows us to use a stronger
assumption in the inductive step).

4 Construction of Our No-signaling Linear PCP for #

In this section, we describe our no-signaling linear PCP system (P, V). Let C : F" — F" be an
arithmetic circuit over a finite field F of prime order and x = (x1,...,x,) € F" be an input to C. We
use N to denote the number of wires in C, and assume that the first n wires are those that take the
values of the input gates and the last m ones are those that take the value of the output gates.

4.1 PCP Prover P

Given (C, x) as input, the PCP prover P first computes y := C(x) and obtains the following system of
quadratic equations over F, which is designed so that it is satisfiable if and only if C(x) = y.

* The variables are z = (z;,...,2n).
* Foreachi € {1,...,n}, the system has the equation z; = x;.

* For each i, j, k € [N], the system has z; + z; — zx = 0 if C has an addition gate with input wires
i, j and output wire k, and has z;z; — zx = 0 if C has a multiplication gate with input wires i, j
and output wire k.

* Foreachi e {1,...,m}, the system has the equation zy_+; = y;.

Let the above system of quadratic equations be denoted by ¥ = {¥;(z) = c;}icim), where M is the

number of the equations. For each i € [M], let y; € FV and V4S FV* be the coefficient vectors such
that

Yi(2) = Wi, 2) + Y}, z2®2) . 4.1

Letw = (wy,...,wy) be the satisfying assignment of W. Let f : FN — Fand g: FV - F be the
linear functions that are defined by f(v) := (v,w) and g(v') = (v',w ® w). Then, the PCP prover P
outputs the following linear function 7 : FN+V * _ F as the PCP proof.

aw) = f(vy) + g(vy) for Yv = (v, 1) € FN+N2, where v| € FV, vy € FNZ.

Remark 3. For simplicity, in what follows we usually think that P outputs two linear functions 7y = f
and 7, := g as the PCP proof. This is without loss of generality since the verifier can evaluate f and
g given access to . %

4.2 PCP Verifier V

Given (C, x, y) as input, the PCP verifier V first computes the system of quadratic equations V. Next,
given oracle access to the PCP proof (77, 7), the PCP verifier does the following tests A times in
parallel, and accepts the proof if all the tests in all the A trials are accepted.
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* Linearity Test. Choose random points r, r; € FN and r’1 s r’2 eV 2, and check the following.
? ?
np(r) +mp(ry) = np(ry +rp) and mo(r)) + my(ry) = me(r] +15) .

* Tensor-Product Test. Let Self-Correct”™ be the algorithm in Figure 2. Then, in Tensor-Product
Test, choose two random points r{, 7, € FY, run

ay, < Self-Correct”(r;) , ar, < Self-Correct”(r;) , and a,,gr, < Self-Correct”(r; ® ry) ,

and check the following.

9
arlarz = ar1®r2 .

e SAT Test. Choose a random point o = (01,...,0u) € FM and define a quadratic function
¥, :FN > Fas

M
¥o(2) = ) o) .
i=1

Let Y, € FY and ¢!, € BV ? be the coefficient vectors such that

Yo(2) = Yo, 2) + W, 202) . 4.2)
Let ¢y = Zf.zl OiCi.
Then, in SAT Test, run
ay, < Self-Correct”(¥) and ay: < Self-Correct”(y,) ,

and check the following.

?
ay, +ay, =co .

We remark that, formally, V = (Vj, V}) is a pair of two algorithms as required by Definition 1,
where V(1% C) outputs a set of the queries Q for the above tests along with its internal state sty, and
Vi(sty, x,y, nlp) performs the above tests given the answers n|p from the PCP proof. The internal
state sty that Vj outputs is (07, Oout), Where

Oin = (01,...,0,) €F" and Oout = (OM-mt1s-..,Om) €F" |

where it is assumed that the first n equations in W (i.e., the equations {¥;(z) = c¢;}ic[s]) are those that
are associated with the input gates (i.e., {z; = xi}ie[)) and the last m equations in ¥ (i.e.the equations
{¥M-m+i(Z) = CM-m+i}ie[m)) are those that are associated with the output gates (i.e., {zy—m+i = Yilien])-
Note that V(14, C) can indeed choose all the queries in parallel (without knowing the input x and
the output y) since each of the queries is chosen independently of the results of the other queries and
in addition the coefficient vectors of the equations of ¥ (i.e., {¢;, l/l;},'eM) can be computed from the
circuit C in SAT Test. Also, note that Vi(sty, x,y, 7|p) can indeed perform the test (without knowing
the circuit C) since cg = (Tjn, X) + (O out, y) can be computed from sty in SAT Test.

Remark 4 (Query Complexity.). By inspection, one can see that that the query complexity of V is

ky(d) = 2101 + 6). &
Remark 5 (Efficiency.). By inspection, one can see that the running time of P is poly(|C|), the running
time of Vj is poly(4 + |C|), and the running time of V; is poly(1 + |x| + [y]). o
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Algorithm Self-Correct”(v € FV U FV’),

1. Choose A random points r, 1, ...,y from FVN if v € FY and choose them from FV if
2
v e FV.

2. Foreachi € [1], let

a0 =

npv+ry ) —wp(ry;) ifve FN
TV + 1y = g(ry)  ifv € BV

3. Let
(e8] af,/l)) )

a, = majority (a,, yeees

4. Output ay.

Figure 2: The self-correction algorithm Self-Correct, which works given oracle access to & = (¢, m,)

4.3 Security Statement

From Section 5 to Section 9, we prove the following theorem, which states the no-signaling soundness
of our PCP system.

Theorem 1 (No-signaling Soundness of (P, V)). Let (P, V) be the PCP system in Sections 4.1 and
4.2, {Ca} e be any circuit family, and kmax be any polynomial such that kpax(d) > 24 - max(84 +
3,my) + ky(A), where m, is the output length of C, and ky is the query complexity of (P, V). Then,
Jfor any kmax-wise (computational) no-signaling cheating prover P*, there exists a negligible function
negl such that for every 1 € N,

(Q,sty) « V(I,Cp)

PrVitr 20, = IACOI 2V | (o y )« PALCLO)

< negl(1) .

Outline of the proof of Theorem 1. In Section 5, we introduce a “relaxed verifier” such that if a
cheating prover fools the original verifier with non-negligible probability, there exists another cheat-
ing prover that fools the relaxed verifier with overwhelming probability. In Section 6, we show that
if a cheating verifier convinces the relaxed verifier with overwhelming probability, we can obtain a
“self-corrected PCP proof” from the cheating prover, where the self-corrected PCP proof satisfies
several useful properties (namely, the ability to pass Linearity Test, Tensor-Product Test, and SAT
Test on any points). In Section 7, we show that if a cheating verifier convinces the relaxed verifier
with overwhelming probability, the self-corrected PCP proof matches the claimed computation, i.e.,
the assignment that we obtain from the self-corrected PCP proof on any small number of variables of
Y is a (locally) satisfying assignment. In Section 8, we show that if a cheating verifier convinces the
relaxed verifier with overwhelming probability, the self-corrected PCP proof matches the correct PCP
proof. In Section 9, we conclude the proof by combining what is shown in the preceding four sections.
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5 Analysis of Our PCP: Step 1 (Relaxed Verifier)

In this section, we introduce a “relaxed verifier” V for our PCP system. The relaxed verifier is designed
so that if a no-signaling cheating prover can fool the original verifier with non-negligible probability,
another no-signaling cheating prover can fool the relaxed verifier with overwhelming success proba-
bility. In subsequent sections, we show the no-signaling soundness of our PCP system by showing that
any no-signaling cheating prover cannot fool the relaxed verifier with overwhelming success proba-
bility.

5.1 Construction

Recall that the original PCP verifier V, described in Section 4.2, makes A trials of tests (where each
trial consists of Linearity Test, Tensor-Product Test, and SAT Test) and accepts the proof if all the tests
in all the A trials succeed.

The relaxed verifier V makes A trials of tests in the same way as the original PCP verifier does,
but accepts the proof even when tests in at most u trials fail (that is, accepts the proof if all the tests
in at least A — y trials succeed), where u = @(log? 1) is a parameter.'> We remark that, just like the
original verifier V = (Vy, V1), the relaxed verifier V is actually a pair of algorithms, (V¢, V1), where
Vo makes the queries and V; performs the tests. From the construction, Vy is identical with Vj.

5.2 Analysis

Lemma 1. Let k¢ be any polynomial such that k(1) = 2ky(A), where ky is the query complexity
of (P, V). Then, for any circuit family {C},en, if there exists a kmax-wise no-signaling prover P* and
a constant ¢ > 0 such that

(Q,sty) « Vo(14,C))

Pr[vl(StV’x’y’”*) SINCWEY yx) « PULCLO)

] >1¢ 6D

holds for infinitely many A € N, there exists a (kmax — Ky )-wise no-signaling prover P* and a negligible
function negl such that

A
Pr [Vl(stv, Xy, 1) = 1A Ca(x) £y ‘ EQ’ sty) < Vo7, C2)

x,y,7*) « P*(14,C;, 0) ] >1-negll) (52

holds for infinitely many A € N.

We remark that Brakerski et al. [BHK17] prove essentially the same lemma as Lemma 1 (see Lemma 1
of the full version of their paper [BHK16]). Below, we give a proof of Lemma 1 just for completeness.
Since we only use the statement of Lemma 1 in the subsequent sections, the readers who believe this
lemma can skip the rest of this section.

Proof. Fix any polynomial ky,x such that kpax(4) = 2ky(A), any circuit family {C )} en, any kmax-wise
no-signaling cheating prover P*, and any constant ¢ > 0, and assume that Equation (5.1) holds.

The high-level idea of the relaxed cheating prover P* is simple: P* amplifies the success probability
of P* by executing it repeatedly. That is, on input a set of queries Q, the relaxed cheating prover P*

13 Actually, 4 can be any function in w(log A) as long as y is sufficiently smaller than A.
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executes P* repeatedly to obtain an accepting proof for Q. Two main problem of this high-level idea
is that (1) if the same set of queries Q is used in each execution of P*, the repeated executions of P*
are not mutually independent, so the success probability of P* is not necessarily amplified, and (2) P*
cannot see which execution of P* yields an accepting proof for Q since our PCP system (P, V) is not
publicly verifiable. Because of these two problems, the actual construction and analysis of P* are not
trivial; the details are given below.

Formally, we obtain the relaxed cheating prover P* from P* as follows.

* On input (14, C,, Q), the relaxed cheating prover P* first samples
(Qi stv) < Vo(11,Co) and (i yi, 7)) < P*(11,C2, QU Q)

fori = 1,...,A*!. Then, P* finds the first i* € {I,..., 1"} such that Vi(stys, (m)lg.) =
1 A Ca(x;+) # yi+ and outputs (x;+, y;, (3.)|p) if such i* exists, and outputs L otherwise.

That is, P* repeatedly executes P* many times, where the queries to P* in the i-th execution are QU Q;
for freshly sampled queries Q;, and finds a proof that is accepting for Q; (hoping that it is also accepting
for Q).

Next, we analyze P* as follows.

Claim 1 (Overwhelming success probability). There exists a negligible function negl such that for
infinitely many A € N,

(Q,sty) « Vo(11,Cy)

Pr [Vl(Stv,xJ,ﬂ*) =1A C/l(x) Yy (x y ﬂ'*) — P*(l/l C/l Q)

] >1-negl(1) . (5.3)
Proof . First, we show that P* outputs L with negligible probability. Recall that P* outputs L if there
does not exist i* such that Vy(sty,, (77)lg,.) = 1 A Ca(x;+) # y;=. Since P* is 2ky-wise no-signaling, it
holds that for infinitely many A € N and every Q such that |Q| = «y(4),

* L sty « Vo(14, C
Pr[vwstv,i, ()lg) = 1 A Caxi) # yi Ef y‘V;;f) . ,?f(la gj 0U0) ]
s % B B l
" (Qi,sty;) « Vo(14,Cy) 1.
> Pr|Vi(sty;,, ) =1 ACix;) #y; L h - =4
[ 18ty ;) WD ey mt) « PP CLON |72
1 _.
> E/l_‘ (from Equation (5.1)) (5.4)

Therefore, the probability that no i* exists is bounded by (1 — A7/ 2)””1, which is negligible.
Next, we show that under the condition that P* does not output L, P* convinces V except with
negligible probability. From the construction of P*, it suffices to show that for any C,, we have

W [Vi(stv, x,y,7°lg) = 0 A Vi(st, n°lg) = 1] < negl(d) , (5.5)
N l’n.*

*

where the probability is taken over the following sampling of Q, Q’, 7.
1. (Q,sty) « Vo(11,Cp).

2. (Q,sty) « Vo(14,Cy).
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3. (x,y,7) « P*(14,C,, QU Q).

Hence, we focus on showing Equation (5.5). Recall that each of Q, Q' is a set of the queries for A trials
of the tests. We consider a mental experiment where, instead of sampling Q and Q’ separately, we
sample a set of the queries for 2 trials of the tests, denoted by O, and then define Q, Q’ by randomly
partitioning Q into two. Clearly, the distributions of Q, Q’ in this mental experiment is the same as
those in the original experiment. Let BAD be the event that O leads to 2. trials of the tests such that
at least y trials of them are rejecting. (Recall that y is the parameter of the relaxed verifier V and we
have u = @(log2 A).) Now, we have

Pr [Vi(sty, x,y,7%lg) = 0 A Vi(sty, nlgr) = 1 A ~BAD| = 0
0,0,0' .1

since V(sty, x,y,m*|p) = 0 cannot occur unless BAD occurs. Therefore, we have

Pr [Vi(sty.x.y.7"lg) = 0 A Vi (st 7"lp) = 1]

0.0.0' 7"

= Pr[Vi(sty.x.y.7"lg) = 0 A Vi(st}.m"lg) = 1 A BAD|
Q’Q’Q”ﬂ*

< Pr|Vi(sty.x*lg) =1 A BAD|
0,0,0' .1

< (1 - éu—/l)ﬂ = negl()

where the last inequality holds since when BAD occurs, we have Vi(st,, 7*|o’) = 1 only when all the
rejecting queries (namely the queries that lead to rejecting tests) are picked for Q when partitioning O
into Q and Q’.

By combining what we show in the above two paragraphs, we obtain Equation (5.3). This con-
cludes the proof of Claim 1. O

Claim 2 (No-signaling property). P* is (kmax — Kv)-Wise no-signaling.

Proof. We need to show that for any ppt distinguisher Dyg, there exists a negligible function neg|
such that for every A € N, every W, W’ such that W’ ¢ W and |W| < kmax(2), and every z € {0, 1}POV,

Pr[Dns(Ca, %,y 7w, 2) = 1] (x,3,7%) < P (1L, Co, W) |

< negl() .
—PI' [DNS(CA,x,J”ﬂ'*,Z) = 1 ’ (x9y’7r*) — P*(l/l’ C/l’Wl) ] g( )

From the construction of P*, toward this end it suffices to show that for any ppt distinguisher D,
there exists a negligible function negl such that for every 4 € N, every W, W’ such that W c W and
|W| < kmax(A), and every z € {0, 1}POVD,

Pr| Do) = 1 (0, styy) « Vo(14,Cy) for Vi € [AH1]
D7 iy < PPAY,CL WL U Q)) for Vi € [4] < negld) . 56)
oy = 1 | (@St < Vo1 Coy for vi € [4°1] =negtd
TN @iyn) e PAY,CL WU Q)) for Vi€ [A°41)
where

v = (Ca, Wa, Wi, A Qi sty xi, yis (T)lwrug Yiepaer11:2)
V, = (C/le W/l’ W/’p {Qi9 StV,iaxis Yi, ﬂ-?}ie[/lc‘*'l]’ Z) .
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(This is because given v or v/, the distinguisher D can emulate the output of P*.) Equation (5.6) can be
shown easily by using a hybrid argument since the kpyax-wise no-signaling property of P* guarantees
that for any ppt distinguisher 9);, there exists a negligible function negl such that for every 4 € N,
every W, W’ such that W/ ¢ W and |[W| < kpmax(1), and every z € {0, 1}POVD,

Qi sty) « Vo(11,C)
Pr|Di(vi) =1 L )
[ D=1 ey ) « PUA,CoL W U Q)
1 < negl(1) ,
_pr [Z)-(vf) _ | @istv) < Vo(I%, Co) ]
P (xi,.)’i,ﬂ?) — P*(1/17 C/b W/Il U Ql)
where
vi = (Ca, Wa, W, Qi, sty xi, yi, (7)lwrugi 2)
Vl,' = (C/l’ W/la W/,]’ Qi’ StV,l'a Xi, Yi, ﬂ-;‘k’ Z) .
This concludes the proof of Claim 2. O
From Claim 1 and Claim 2, Lemma 1 follows. O

6 Analysis of Our PCP: Step 2 (Self-Corrected Proof)

In this section, we introduce a “self-correction” procedure with the following property: given any suc-
cessful no-signaling cheating prover against the relaxed verifier, the self-correction procedure outputs
a no-signaling proof that passes Linearity Test, Tensor-Product Test, and SAT Test on any points.

6.1 Self-Correction Procedure Self-Correct

For every security parameter A € N, circuit C, cheating prover P*, and queries Q ¢ FN U FV 2, we

consider the following self-correction procedure.

Algorithm Self-Correct” (14, C, Q).

1. For eachv € Q, choose A random points r, 1, . .., ry 4 from FN if v € FN and choose them from
FV ify € BV,

2. Run (x,y,7") « P*(14,C, Q"), where Q' = {rvi,v + 1y ilveo.icla)-
3. For each i € [1], define a function 7 : Q — F by
7wy = "W +r,) — () for¥v e O .
4. Define a function 7 : Q — F by
7(v) = majority (ﬁ(l)(v), .. ,ﬁ(’l)(v)) forVve Q .

Let 77 be the function that is obtained by restricting the domain of # to @ N FY, and 7, be the
function that is obtained by restricting the domain of 7 to Q N EV ’

5. Output (x,y, 7).

26



6.2 Basic Properties of Self-Correct

In this subsection, we observe two basic properties of Self-Correct. First, we observe that Self-Correct
is no-signaling in the following sense.

Lemma 2 (No-signaling property of Self-Correct). Let kmax be any polynomial, {C} ,en be any circuit
family, and P* be any k|, -wise no-signaling cheating prover, where K}, (1) := 24 - kmax(4).

Then, for any ppr Turing machine D, there exists a negligible function negl such that for every
AN, every Q, Q' such that Q' € Q and |Q| < kmax(A), and every z € {0, 1}4,

Pr[D(Cp.x.y.7"lg,2) = 1| (x.y,7") « Self-Correct” (11,C,, )|

+ < negl(1) .
—Pr [@(cﬂ,x, y.n*,2) = 1| (x,y,7n%) « Sel-Correct” (14, Cy, Q')] gl)

Proof . Since Self-Correct, on input Q, makes only 21|Q| queries to P*, this lemma follows directly
from the construction of Self-Correct and the «/,,,-wise no-signaling property of P*. m]

Next, we observe that Self-Correct outputs a statement that is indistinguishable from the one by
P*.

Lemma 3 (Statement Indistinguishability of Self-Correct). Let kmax be any polynomial, {C}en be
any circuit family, and P* be any kmax-wise no-signaling cheating prover. Then, two distributions,

{(Crxp) | @yn) < PPAYLCLO

and

{(Cr.x.y) | (x.y.7) « Self-Correct” (1, cﬁ,@)}kN :

are computationally indistinguishable (where 0 is the empty set).

Proof. This lemma follows directly from the construction of Self-Correct since the output of
Self-Correct is identical with that of P* when Q = 0. O

6.3 Key Properties of Self-Correct

In this subsection, we give three key lemmas on Self-Correct, which roughly say that when
Self-Correct is applied on a cheating prover that convinces the relaxed verifier with overwhelming
probability, it produces a proof that passes Linearity Test, Tensor-Product Test, SAT Test on any points
with overwhelming probability.

Lemma 4 (Linearity of Self-Corrected Proof). Let V = (V(, V) be the relaxed PCP verifier in
Section 5, {Cy}ien be any circuit family, and knax be any polynomial such that kmax(1) = ky(d) =
2A(51 + 3), where ky is the query complexity of (P, V).

Then, for any kmax-wise no-signaling cheating prover P, if it holds

(Q, sty) « Vo(11,C))

Pr [V](Stv,x7y’ﬂ ) = 1 (x’y’ﬂ'*) «— P*(l/l, Cﬂ’ Q)

] > 1 - negl(1) (6.1)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such
that for every sufficiently large A € A and every u,v € BN (resp. u,v € FN ’ ), it holds

Pr [fr(u) +7(v) = 7w +v) | (x,y,7) < Self-Correct” (11, Cy, {w,v,u + v})] >1-negl(d) . (6.2)
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Lemma 5 (Tensor-Product Consistency of Self-Corrected Proof). Let V = (Vy, V1) be the relaxed
PCP verifierin Section 5, {C} rew be any circuit family, and kmax be any polynomial such that kpax (1) >
24(81 + 3).

Then, for any kmax-wise no-signaling cheating prover P*, if it holds

(Q,sty) « Vo(11,Cy)

Pr [Vl(stv,x,y,ﬂ )=1 (x,y, 1) — P*(14,Cy, Q)

] > 1 - negl(1) (6.3)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such
that for every sufficiently large A € A and every u,v € FV, it holds

Pr |77t p(v) = Zo(w ®v) | (x,y,7) « Self-Correct” (1, Cy, u,v,u @v})| 2 1 - negl(1) . (6.4)

Lemma 6 (SAT Consistency of Self-Corrected Proof). Let V = (Vq, V) be the relaxed PCP verifier
in Section 5, {Cy}1en be any circuit family, and kmax be any polynomial such that kmax (1) = ky(d) =
2A(54 + 3), where ky is the query complexity of (P,V).

Then, for any kmax-wise no-signaling cheating prover P, if it holds

(Q,sty) « Vo(11,Cy)

PI' [V](Stv,x,y’ﬂ- ) = 1 (x’y’ﬂ'*) «— P*(l/l, C/l) Q)

] > 1 - negl(1) (6.5)

for infinitely many A € N (let A be the set of those 1’s), there exists a negligible function negl such
that for every sufficiently large A € A and every o € FM, it holds

Pr [frf(.p(,) + R, = co | (x,y,7) « Self-Correct” (11, Cy, {.p(,,a//;,})] >1-negl(d) , (6.6)

where cq, Yo, Y., are defined as follows: let' ¥ = {¥i(z) = cilicip) be the system of equations that is
obtained from the circuit C, as described in Section 4, and let

Yo (2) = Z ai¥i(2) and Co = Z oici

i€[M] i€[M]

then, Y, Y., are the coefficient of ¥ (z) such that

Yo(z) = Wo,2) + (Y, 292) .

We prove these lemmas in Sections 6.6, 6.7, and 6.8.

6.4 Corollaries of Lemma 4

Before proving the three key lemmas in the previous subsection, we observe that we can obtain several
useful corollaries from the linearity of the self-corrected proof (Lemma 4).
First, we obtain the following basic lemma from Lemma 4.

Lemma 7. Let V = (Vy, V) be the relaxed PCP verifier in Section 5, {Ca} e be any circuit family,
and kpyax be any polynomial such that kpmax (1) = ky (1) = 2A(54 + 3), where ky is the query complexity
of (P, V).
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Then, for any kmax-wise no-signaling cheating prover P, if it holds

(Q,sty) « Vo(11,C))

Pr [V](Stv,X,y,ﬂ ) =1 (x,y,7%) « P*(l/l,c/l, 0)

] > 1 - negl(1) (6.7)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such
that for every sufficiently large 1 € A and every v € BN (resp. v € FN ’ ), it holds

Pr [fr(O) = 0| (x,y,7) « Self-Correct” (11, C,, {0})] > 1 - negl(1) (6.8)
and

Pr [fr(—v) = —#t) | (x,y,7) « Self-Correct” (11, Cy, {v, —v})] > 1-negl() , (6.9)

where 0 = (0,...,0) € F¥ (resp. 0 = (0,...,0) € FV).

Proof . Fix any {C}1en, Kkmax, and P*, and assume that Equation (6.7) holds for infinitely many 1 € N.
Let A be the set of those A’s, and fix any sufficiently large 4 € A. Our goal is to show Equations (6.8)
and (6.9).

First, we obtain Equation (6.8) by first obtaining

Pr[7(v +0) = Z(v) + Z(0) | (x.y.7) « Self-Correct” (11, C,. {v,0)] > 1 - negl(1)

for any v € FN (resp. v € FV 2) from Lemma 4 and then use the no-signaling property of Self-Correct
(Lemma 2).
Next, we obtain Equation (6.9) by first obtaining

Pr[7(v) + () = 7(0) | (x.y.7) « Self-Correct” (11, Cy, {v,—v,0})| = 1 - negl(4)

from Lemma 4 and then use Equation (6.8) and the no-signaling property of Self-Correct (Lemma 2).
O

Next, we observe that Lemma 4 can be generalized as follows.

Lemma 8 (Linearity of Self-Corrected Proof, scalar multiplication). Let V = (Vq, V) be the relaxed
PCP verifierin Section 5, {C} 1en be any circuit family, and knax be any polynomial such that kyax(4) >
ky(A) = 2A(54 + 3), where ky is the query complexity of (P, V).

Then, for any kmax-wise no-signaling cheating prover P, if it holds

(Q,sty) « Vo(11,C))

Pr [V](Stv,x,y,ﬂ' ) =1 (x’y’ﬂ'*) «— P*(l/l, C/la Q)

] > 1 - negl(d) (6.10)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such that
for every sufficiently large 1 € A, every v € BN (resp. v € FNZ), and every k € {3...,|F| — 1}, it holds

Pr [kit(v) = 7(kv) | (x,y,7) — Self-Correct” (11, Cy, (v, kv})| 2 1 - negl(d) . 6.11)
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Proof . Fix any {C,} e, Kmax, and P*, and assume that Equation (6.10) holds for infinitely many A € N.
Let A be the set of those A’s, and fix any sufficiently large 4 € A. Our goal is to show Equation (6.11).
Fix any v € BV (resp. v € FV), and let

p(k) = Pr[kit(v) = 7(kv) | (x,y,7) — Self-Correct” (11, Cy, {v, kv})]

for k € {2,..., kmax}, Where kpax == [F| — 1. (Note that we have log kpax < poly(4).) In this notation,
our goal is to show p(k) > 1 — negl(A) for every k € {3, ..., kmax}. Assume, for simplicity, that & is a
power of 2 (the general case can be handled similarly). Then, observe that if we have

#(kv) = 27 (kv /2) A #kv/2) = ki(»))2 |

then we have kt(v) = #(kv). In addition, observe that from the linearity of the self-corrected proof
(Lemma 4), we have

Pr [7(kv) = 27t(kv/2) | (x.y,7) < Self-Correct” (14, C. tkv/2,kv}) | > 1 - negl(2) .

By combining the above observations and the no-signaling property of Self-Correct (Lemma 2), we
obtain

p(k) = p(k/2) — negl(d) .

Now, since we have p(2) > 1 — negl(2) from the linearity of the self-corrected proof (Lemma 4), we
have

pk) > 1-1logk-negl(1) > 1 — negl(1)
as desired. This concludes the proof of Lemma 8. O

Finally, we notice that Lemma 4 can also be generalized as follows.

Lemma 9 (Linearity of Self-Corrected Proof, more than two points). Let V = (Vy, V1) be the relaxed
PCP verifierin Section 5, {C} 1en be any circuit family, and knax be any polynomial such that kyax () >
ky(A) = 2A(54 + 3), where ky is the query complexity of (P, V).

Then, for any kmax-wise no-signaling cheating prover P, if it holds

(Q,sty) « Vo(11,C))

Pr [V](Stv,l«‘,y,ﬂ' )=1 (x,y,7") « P*(l/l,c/l, 0)

] > 1 - negl(1)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such
that for every sufficiently large 1 € A and every vy,...,vy € FN (resp. vi,...,vi € FNZ), where
ke {3,...,(kmax/24) — 2}, it holds

Pr[ A1)+ -+ 7)) | (x,y,7%) < Self-Correct” (14,C,, Q)

> - .
=1+ + V) where Q = {V1, ..., Vi, Vi + - + Vi) ]—1 negl(4)

The proof is omitted.
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6.5 Preliminary Observation

The rest of this section is devoted for proving the three key lemmas in Section 6.3. Since we only use
the statements of these lemmas in the rest of this paper, the readers who believe these lemmas can skip
the rest of this section.

In this subsection, we make a useful immediate observation about Self-Correct. Specifically, we
observe that if Self-Correct is applied on a no-signaling cheating prover that convinces the relaxed
verifier with overwhelming probability, it produces a proof that passes each of Linearity Test, Tensor-
Product Test, and SAT Test on random points with overwhelming probability even when these tests
are done individually. We remind the readers that the relaxed verifier accepts a PCP proof even when
the proof fails to pass a small number of tests, which means that we can only hope for that the self-
corrected proof passes Linearity Test etc. except for a small number of trials.

Observation 1. Let V = (V(, V) be the relaxed PCP verifier in Section 5, {Cy},en be any circuit
family, and xpax be any polynomial such that kpax(4) > ky(2) = 2451 + 3), where ky is the query
complexity of (P, V).

Then, for any kmax-wise no-signaling cheating prover P*, if it holds

(Q,sty) « Vo(11,Cy)

Pr [Vl(stv,x,y,ﬂ )=1 (x,y,7*) « P*(1%,Cy, Q)

] > 1 - negl(1)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such
that for every sufficiently large A € A, each of the following holds.

* Linearity Test.

ri, s; — BN for Vi € [1]

" " >1-negl(1) ,
(5,3, 7%)  P*(14,Cy, Q) where Q = (i, 83, 71 + sikiciy ] gl)

Pr [|Ilinear| 2A-pu

where
Binear = {i 8.t 73(ri) + w3(s7) = mh(ri + 59)}

The same holds when 7*

y is replaced with .

¢ Tensor-Product Test.

ri,s; — N for Vi € [1]
Pr||ftensor] > A — | (x,y,%) « Self-Correct” (14,Cy, Q) | > 1 - negl() ,
where Q = {r;, s;,r; ® 8;}ic[a)

where
Itensor == {i S.t. ﬁf(ri)frf(si) = ﬁg(l‘i ® S,')} .

e SAT Test.

o; — FM for Vi € [1]
Usatl 2 A= p| (x,y,%) < Self-Correct” (11,C1, Q) | 2 1 - negl(d)
WheI‘e Q = {lﬁo'," !ﬁ,o'l}le[/l]

where Y, € EV, !/lf,-l. e BV are defined as in Equation (4.2), and

Pr

ISAT = {l S.t. ﬁf(‘ﬁo',) + ﬁg(‘p(ﬂ) = Cﬂ'i} .
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o

It is easy to see that this observation follows from the definition of the relaxed verifier and the no-
signaling property of P*.

6.6 Proof of Lemma 4 (Linearity of Self-Corrected Proof)

In this subsection, we prove Lemma 4, which says that the self-corrected proof passes Linearity Test
on any points. As mentioned in the technical overview (Section 3.3.3), our analysis is an extension of
a previous analysis of Linearity Test in the standard PCP setting. (In particular, our analysis is based
on the analysis that is described in a textbook by Goldreich [Gol17], which follows the idea of Blum,
Luby, and Rubinfeld [BLLR93].)

Proof of Lemma 4. Fix any {C}en, Kmax, and P*, and assume that Equation (6.1) holds for infinitely
many A € N. Let A be the set of those A’s, and fix any sufficiently large A € A. Our goal is to show
Equation (6.2). In the following, we only consider the case of u,v € EV. (The case of u,v € FV * can
be proven identically.)

At a high level, the proof proceeds as follows. From the construction,
Self-Correct” (14, Cy, {u,v,u + v}) defines the self-corrected values #(u),7#(v), #(u + v) by us-
ing three independent sets of randomness (where each set consists of A random points in FV). First,
we introduce a mental experiment where, in addition to (u), 7(v), A(u + v), alternative self-corrected
values p(u), p(v), p(u + v) are defined by Self-Correct, where those alternative self-corrected values
are defined by using three mutually dependent sets of randomness. Then, we proceed in the following
two steps.

1. First, we show that the self-correction procedure is “consistent” in the sense that we have 7(¢) =
p(¢t) forevery t € {u,v,u+v}. Roughly, we show this consistency by using the fact that, although
the three sets of randomness that are used for p(u), p(v), p(u + v) are mutually dependent, each
of these three sets is, when viewed individually, uniformly distributed.

2. Second, we show that the alternative self-corrected values satisfy linearity, i.e., they satisfy
pu) + p(v) = p(u +v). Roughly, we show this linearity by using the fact that the alternative
self-corrected values are generated with mutually dependent sets of randomness.

By combining there two steps, we can obtain (u) +7(v) = p(u)+p(v) = p(u+v) = T(u +v) as desired.

Formally, we first observe that the no-signaling property of P* and the construction of Self-Correct
guarantees that, to prove this lemma, it suffices to show that Equation (6.2) holds when 7 are sampled
in the following way. (A notable difference from Self-Correct” *(lﬂ, Cy, {u,v,u +v}) is highlighted by
red.)

1. Choose 41 random points

N
ru,17~‘-’ru,/larv,la---srv,/laru+v,la-~~aru+v,/lEF 9 and

Sl,...,SAEPN

2. Run (x,y, ") « P*(1*,C,, QUQ’), where

O ={ruiu+ry;r;v+r;l,d+V+reyilic

Q' = {si,u+5;,8 — Ve -
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3. For each i € [1], define a function 7 : {u,v,u + v} — F by
7A@ = 7t + rei) — ' (re;) for Ve € {u,v,u + v}
and a function 5 : {u,v,u + v} — F by
pOw) = i + 57) = wi(s)
PUw) = my(si) — mi(si = v)

’5(!)(” + V) = ﬂ}(u + Si) - ﬂ;‘(sl' - V) .

4. Define a function 7 : {u,v,u + v} — F by
7(t) := majority (ir(l)(t), .. ,ﬁ(l)(t)) for Vt € {u,v,u + v}
and a function p : {u,v,u + v} — F by

O(t) == majority (p(l)(t), e ,ﬁ(’l)(t)) for YVt € {u,v,u +v} .

5. Output (77, ).
From the above observation, we can obtain Equation (6.2) by showing

Pr[7(u) + 1(v) = Aa(u +v)] > 1 — negl(1) , (6.12)

.p

where for any event E, we use Prz 5 [E] as a shorthand for the probability that the event E occurs when
7t, p are chosen as above (along with x, y).
Now, we show Equation (6.12) by using the following two claims.

Claim 3 (Consistency of Self Correction). For every t € {u,v,u + v},

Pr[7(£) = 5(£)] > 1 - negl(d) . (6.13)
ap

Claim 4 (Existence of Strong Majority). For every t € {u,v,u + v},

Pr [|{i s.t. 5(8) = SO} = A - 20| > 1 - negl(A) .
7p

Before proving Claim 3 and Claim 4, we show that Equation (6.12) indeed follows from these two
claims. From Claim 3 and the union bound, we can show Equation (6.12) by showing

Pr [5(u) + 5(v) = pu +»)] = 1 - negl(d) . (6.14)
p

Thus, we focus on showing Equation (6.14). First, from Claim 4 and the union bound, we have

(i s.t. pOw) = pw)} = A —20u
Pr| Allis.t. pPw) =pm)} = 1 —20u >1-negl(d) . (6.15)
LA i s.t. g% +v) =pu+v))| > 1-20u

33



Then, since we have 3-20u < A for every sufficiently large A, from Equation (6.15) and the pigeonhole
principle we have

P w) = pla)
Pr|3i* € [A] s.t. A PO W) = p(v) > 1-negl(d) . (6.16)
o A f)("*)(u +v)=pu +v)

Then, observe that for every i* € [1] such that

@) = pa) A AU = pw) A P +v) = pu+v)
we have
plu) = (U + i) — Tp(sie)
pWv) = mp(sp) —mp(sie —v)
plu+v)=m(u+sq)—np(si —v) ,
from the definition of [)("*), and therefore have p(u) + p(v) = p(u + v). By combining this observation
with Equation (6.16), we obtain Equation (6.14).

Finally, to conclude the proof of Lemma 4, we prove Claim 3 and Claim 4. We prove these two
claims by proving the following claim, which implies both of Claim 3 and Claim 4.

Claim 5. For every t € {u,v,u + v},

Pr [ Strong-Majority;] > 1 — negl(d) ,
P

where Strong-Majority; is the event that there exists a; € F such that
|ti s.t. #9(8) = pO) = ag}| > 21— 20u .

(To see that Claim 5 indeed implies Claim 3 and Claim 4, observe that when Strong-Majority, occurs,
we have 7(t) = p(t) = a; since we have 1 — 20u > A/2 for every sufficiently large A.) Hence, to prove
Claim 3 and Claim 4, it remains to prove Claim 5.

Proof of Claim 5. An important observation is that, during the sampling of 7, p (as per the description
at the beginning of the proof of Lemma 4), each of

L 7 PR 570 PR PR |
S Iylse-estyas§1—V,..., 87—V
.rquv,lv"'?rquv,/bsl_v7~--7s/l_v

is a set of 24 random points. This observation, combined with the no-signaling property of P* and the
definition of 5, implies that, to prove Claim 5, it suffices to show the following simpler claim.

Claim 6. Forany t € {u,v,u + v}, we have

Pr [Strong-Majority] = 1 — negl(2) , (6.17)

TTt5Pt

where the probability is taken over the following sampling of 7ts, py.
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1. Choose 2A random points ry,...,ry,81,...,5) € FV.
2. Run (x,y,n*) « P*(11,C,, QU Q'), where Q = {ri,t + ri}icty and Q' = {s;, t + s;}iepar-
3. Foreachi € [A], define ﬁff) ="t +r) —n*(r;) and [)Ei) =t + s;) — 1 (s)).

(1

() ~(A)
. o ).

4. Output 7t; = majority(7 .,frg’l)) and p := majority(p Py
and Strong-Majority is the event that there exists a; € F such that

fist 7 =p" =a)|=a-20u .

Remark 6. To see that Claim 6 indeed implies Claim 5, observe the following. Consider, for example,
the case of £ = v. Then, if we simplify the sampling of 7, p in Claim 5 by removing all the queries that
are not used for defining 77(v), 5(v), we obtain the following sampling (note that this simplification does
not non-negligibly increase the probability of Strong-Majority, occurring because of the no-signaling
property of P*).

1. Choose 24 random points 7y 1,..., 7y 4,81,...,51 € FN.

2. Run (x,y,7%) « P*(11,Cy, QU Q’), where Q = {ry;,v + 1y }icra) and Q' = {s;, 8; — V}iela)-
3. Foreach i € [A], define #D(v) := 7*(v + ry;) — m(ry;) and POW) = 1 (s;) — (si — v).

4. Output #(v) := majority(@ D), ..., 7D (¥)) and p(v) := majority(p V), ..., pY¥)).

Now, since in this sampling, we haveﬁ(i)(v) = " (v+(s;—v))—n*(s;—v) and that the set {ry 1, ..., 7y 1, S1—
v,...,8—v}is aset of 24 random points, this sampling is equivalent to the sampling of 77, p in Claim 6.
&

Thus, what remains to do is to prove Claim 6.
Proof of Claim 6. To show Equation (6.17), we use the following two sub-claims.
Sub-Claim 1. We have

P {lood iel = 4= 2] > 1= negl() (6.18)

where IGood-pair = {i S.1. ﬁil) = ﬁgl)}-

Sub-Claim 2. We have
Pr [IGOOd-pair >A-2u ﬂStrong—Majority] < negl(1) ,

7151

where IGood-pair is defined as in Sub-Claim 1.
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First, Equation (6.17) follows from these two sub-claims since we have
Pr [Strong-Majority]
Ttt>LPt

> Pr [Strong—Majority A IGood-pair = A — 2;1]

TTtsPt

= Pr [IGood-palr >A- 2,11] Pr [ﬂStrong—MaJonty A IGood-pair = A — 2/.1]

7t,Pt 7ttt

> ~PI~' [IGood-pair > A—- 2/,[] - ~P! [IGood_pair > A- 2/,[ I ﬁStrong—Majority]
TPt TPt
=1-negl(1) ,

where we use the two sub-claims in the last equation. Thus, what remains to do is to prove the two
sub-claims.

Proof of Sub-Claim 1. At a high level, the proof proceeds as follows. Observe that for every i € [A],
since we have

7 =t + 1) - 7' (r) and P = 7t + 1) — 7 (s1)

~ (i) ~(0) ~(i)

from the definitions of 7,” and p,”, we have 7 zr = p,  if we have

7 t+r)-n({t+s;)=n"(r)—-n"C;) .

Now, a key observation is that each of {# + r;, £ +5;};e(4) and {r;, §,}ie[2] is A pairs of two random points,
so we can use Observation 1 to show that linearity holds on at least A—u pairs in each of {£+r;, £+5;}ic[a]
and {r;, s;}ic(1], and therefore can conclude that the number of i’s such that we have

T+r)-n(t+s)=n(ri—s)=n"(r;)—n(s;)

is at least A — 2u as desired.

Formally, we first observe that, from the no-signaling property of P*, it suffices to show that Equa-
tion (6.18) holds when 7, 5y are sampled in the following way. (A notable difference from the original
sampling (the one in Claim 6) is highlighted by red.)

1. Choose 24 random points 7y, ...,7,S1,...,851 € EV.

2. Run (x,y,7*) « P*(1*,C,, Q U Q'UQ"), where Q = {ri,t + rilicpy» Q' = {8i,t + Si}iera), and
Q" ={r; = silicrn-

3. For each i € [1], define & "(l) =n*(t +r;) — 7*(r;) and p "(’) =t + s;) — T (s)).

0y ~(A)

4. Output 7; := majority(7, ...,irg’l)) and g = majority(ﬁm, e P

Now, let

L={ista(s)+na(ri—s)=n(@ry} ,
L={ista (t+s)+n"(ri—s)=n"({t+r)} .
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Observe that for any i* € I} N I, we have

7t +ry) — 7' (rp) (from the definition)

- (i*)
4

(T (t + sp) + T (ri — §)) — (7 (s3) + " (re — 8+)) (since i € I} N )
=t +sp) — (i)

- pg"*) ) (from the definition)

Thus, to prove this sub-claim it suffices to show

I, NIl > A-2u] > 1 - negl(d) , (6.19)

L
Ttt,Pt

where 7, Py are sampled as above. Now, since {s;, r; — §;}ie[a] (resp., {t +§;, F; — 8;}ie1)) are 24 random
points, Observation 1 and the no-signaling property of P* imply that we have

Pr [II}] > 21— ] > 1 - negl(d) and Pr (L] > A—u] > 1 -negl(d) .

711 Rttt

Thus, from the union bound, we have

Pr (I 2A—pu ALl 2A—-pu] =1~ negl(d)

7101

and therefore have Equation (6.19). O

Proof of Sub-Claim 2. For editorial simplicity, we think that 77, 5, are sampled by the following sam-
pling algorithm, which differs from the original one (the one in Claim 6) only syntactically.

1. Choose 24 random points rq,...,r) € FN.

2. Run (x,y,7") « P*(14,Cy, Q'), where Q' = {r;, t + Tilic2a]-

3. Randomly partition {*(¢ + r;) — 7*(r)) iy into (&', ..., #%) and 3\, ..., 5\Y).
(1)
PR

1 ~(4
E)" ()).

4. Output 7T, := majority (7 - ,ﬁ?)) and p; := majority(p o)

Note that in this sampling algorithm, the event Strong-Majority is implied by the event that there exists
a; € F such that

i € 20 s.t. " (¢ + 1) = 7" (1) = ag}| > 24— 201 .
Let

I, ={ie 2] s.t. 7"(t + r;) — 7" (r;) = w} foreachw € F .

Imax = I, where w* := argmax(|[,,|) .

weF
Tothers = [24] \ Tmax -
When Strong-Majority does not occur, we have
Imax| < 24 —20u and others| = 20u . (6.20)
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Now, observe that having |IGood-pairl = 4 — 2 in the above sampling algorithm is equivalent to having
at least A — 2u “good” pairs when partitioning [24] into A pairs of indices randomly, where we say a
pair of indices is good if the two indices in the pair belong to the same set I,, for w € F. We show that
when we have Equation (6.20), we create at least 4 — 2u good pairs only with negligible probability.
Toward showing this fact, we consider partitioning [21] into A pairs of indices as follows.

1. Choose random 10y indices (i1, . . ., i10,) from Lopers.

2. Create 10u pairs by, for each index in (i1, . . ., i1y), choosing an index from the remaining indices
of [24] (without replacement).

3. Create the remaining A — 10y pairs by randomly partitioning the remaining indices of [241] into
A — 10y pairs.

When partitioning [24] into A pairs of indices in this way, we create at least 4 — 2u good pairs in total
only when we create at least 10u — 2u = 8u good pairs in Step 2. Since each pair that is created in
Step 2 is good with probability at most

21— 20u <031 (since we have |I,,| < A for V1, # Inax)

(where the inequality holds for every sufficiently large A since u = @(log? 1)), the probability that we
create at least 8u good pairs in Step 2 of the above procedure is at most

lolu 8u lolu e & 8u _ 2 8\ _
x (05D <[ ——"] x(0.5D)% = ((se) x (0.51) ) < (0.9¥ = negl(d) ,
2u 2u

where we use the standard inequality (Z) < (%)k in the first inequality. Thus, we create at least 8u good
pairs in Step 2 of the above procedure only with negligible probability, and thus we create at least 1—2u

good pairs in total only with negligible probability. This concludes the proof of Sub-Claim 2. O
Remark 7. The proof of Sub-Claim 2 is based on the idea that is used in the analysis of previous
no-signaling PCPs, e.g., [BHK16, Claim 22]. O
As noted above, Equation (6.17) follows from Sub-Claim 1 and Sub-Claim 2. This concludes the
proof of Claim 6. O
As noted above, Claim 6 implies Claim 5. This concludes the proof of Claim 5. O

As noted above, Claim 5 implies Claim 3 and Claim 4, with which we can prove Lemma 4. This
concludes the proof of Lemma 4. (By inspection, one can verify that our analysis indeed works if
Kmax(Ad) = ky(d) = 2A(54+3) since we make at most 94 queries to P* in all the mental experiments.) O

6.7 Proof of Lemma 5 (Tensor-Product Consistency of Self-Corrected Proof)

In this subsection, we prove Lemma 5, which says that the self-corrected proof passes the tensor-
product test on any points.
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Proof of Lemma 5. Fix any {C},en, kmax, and P*, and assume that Equation (6.3) holds for infinitely
many A € N. Let A be the set of those A’s, and fix any sufficiently large 4 € A. Our goal is to show
Equation (6.4).

Roughly speaking, we obtain Equation (6.4) by strengthening Observation 1. Recall that Observa-
tion 1 guarantees that the self-corrected proof has the tensor-product consistency on pairs of random
points (that is, the self-corrected proof (7 s, 77¢) satisfies {i s.t. T p(r)ap(s;) = f,(r; ® s;,)} > A — u for
random points {(r;, §;)}ic(17). At ahigh level, we show Equation (6.4), which says that the self-corrected
proof has the tensor-product consistency on any points u#,v € FV, in the following two steps.

1. First, we slightly strengthen Observation 1 and show that the self-corrected proof has the tensor-
product consistency on pairs of points of the form {(¢, 7;)};c2], Where ¢ is any fixed point and each
r; is a random point. This strengthening is shown by reducing the tensor-product consistency
on {(¢, r;)}iera) to the tensor-product consistency on {(¢ + s;, r;)}iera; and {(s;, r;)}ic[1], Where each
s; is a random point. (Notice that once this reduction is given, we can use Observation 1 since
each of {(£ + s;, r;)}iera) and {(s;, r;)}iera) is, when viewed individually, pairs of random points.)

2. Next, we strengthen what is shown above and show that the self-corrected proof has the tensor-
product consistency on (u, v). This strengthening is shown in a similar way to the above, namely
by reducing the tensor-product consistency on (u, v) to the tensor-product consistency on {(u +
si, v+ ) }iera)s (@, t)}ierays ((Si, V) hiera), and {(s;, £:)}ie 1], Where each s;, ¢; are random points.

The formal argument is given below.
We first prove the following strengthened version of Observation 1.

Claim 7. For any t € {u,v}, we have

r; — FN for Vi € [1]
| >A-2ul| (x,y,7) « Self—CorrectP*(lﬁ, Cr{t}uQuU Q) | =1-negl(1)
where Q = {r}icia) and Q" = {t ® ri}icy)

Pr||I4,

ensor

where
Lo = {i 8:1. (O (1) = Fe(t @ 1))
Proof. For concreteness, we consider the case of ¢ = u. (The case of £ = v can be handled similarly.)
From the no-signaling property of Self-Correct (Lemma 2), it suffices to show
ri,s; « EN for Vi € [1]
(x,y,7) « Self-Correct” (11, Cy, {u} U QU Q')

where Q = {r;, s;,u + s;}ie(2; and
Q ={uer,(u+s)r,s; riicy

Pr || nsor| = 4 — 2 >1-negl(d) . (6.21)

In the remaining of this proof, for any event E, we use Pr; [E] to denote the probability of E occurring
when 7 (and others) is sampled as in Equation (6.21). Let

I = {i st.ip(u+s;)=nrru)+ ﬁf(si)} )

L={ist ((u+s)®r) =t r) +,(s; ®1))
Iz = {i S.t. ﬁf(u + s,-)frf(r;) = ﬁg((u +5)® ri)} >
1 = {i S.t. ﬁ'f(si)ﬁ'f(ri) = ﬁ'g(si ® ri)} .
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Observe that for every i such thati € Iy N I, N I3 N 14, we have

rpip(ry) = 7p(u + s)ip(r;) — 7p(s)ip(r;) (sincei € I))
=fa((+5;)@r;) —Tg(s; @) (sincei € I3 N 1y)
=f,u®r;) (sincei € ) .

Thus, to show Equation (6.21), it suffices to show

Pr(ili NN NI > A—-2u] > 1—-negl(d) . (6.22)
/s

First, we have
Pr[|l;| = 1] = 1 — negl(1) and Pr[|lz] = 4] = 1 — negl()
T T

since the linearity of the self-corrected proof (Lemma 4) and the no-signaling property of Self-Correct
(Lemma 2) guarantee that we have

Pr[itp(u + 5i) = p(w) + 7 p(si)| 2 1 = negl(d)

Pr|it,u@ri+5;®r) = Aw ;) + Zg(si @ 1) 2 1 - negl(D)
/g

for every i € [1]. Next, we have
Pr(|Iz| > A —pu] > 1-negl(Q) and Pr(|lsl > A —pu] > 1 - negl(Q)
T T

from Observation 1 since each of (u + s1,71),...,( + sy, ry) and (s, ry), ..., (s, ry) are A pairs of
random points. Thus, from the union bound, we have

Pr(llil =1Ll = AAIGI 2 A= pAllal 2 A—p] > 1 - negl(d)
T

and thus have Equation (6.22) as desired. Therefore, we have Equation (6.21). O

Now, we are ready to prove Lemma 5. From the no-signaling property of Self-Correct (Lemma 2),
it suffices to show

s;, t; — FN for Vi € [1]
()i e(v) (x,y,7) « Self-Correct’” (14, Cy, {u, v,u @ v}UQ U Q')
=r,(u®v) where Q = {s;, t;,u + §;,v + i}y and
O ={u+s)@W+1t),ud®t;,s;®v,s;® i

>1-negl(A) .

(6.23)

In the remaining of this proof, for any event E, we use Pr; [E] to denote the probability of E occurring
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when 7 (and others) is sampled as in Equation (6.23). Let
I = {i s.t.wp(u+s;) = 7p(u) + frf(si)} ,
=it 7 + 1) = 2p0) + 28]

b= {i sg, ety +h) _ } :
=R,uRV)+RUL;) + Tg(s;®V) + To(s; ® L)

L= {i st Zp(u + s)it v+ £) = A+ ) @ 0 + 1)}

Iy = {i st 7 p(si)Rp(t;) = Fe(si @ 1))

Is = {i st 2 p)is(t) = A e t))

Is = {i s.t. Zp(s)it;(v) = Trgls; ®W)) .

Observe that for every i such thati € Iy NI N b N I3 N Iy N Is N I, we have

ﬁf(u)frf(v)

=ap(u+sHipv +t;) —7p@is(t;) — 7p(s)ip(v) — wp(sp)ip(t;) (sincei € Iy N I{)
=R(u+5)@W+1) —T(u®t) —Tg(5;®V) — TTe(s; ® ;) (sinceie NIy NIsNIg)
=r,(u®v) (sinceie D) .

Thus, to show Equation (6.23), it suffices to show
Prihnhnlznly #0]>1-negl(l) . (6.24)
Ve
First, we have
Pr(lfi] = 4] 2 1-negl(d) ,
T
Pr[I7fl = 2] > 1 - negl(1) ,
T
Pr[|lx| = 1] = 1 —negl(d) .
Ve

since the linearity of the self-corrected proof (Lemma 4 and Lemma 9) and the no-signaling property
of Self-Correct (Lemma 2) guarantees that we have

Pr[7t/(u + 5) = t7(u) + 7p(s;)| = 1 = negl(d)

Pr[it;(v + £) = ,(v) + 7p(£)] 2 1 - negl(d) ,

7 [ ig,g:,(i é:)u+®ﬁtgl(; 5 f)v:ﬁzl(i g)v) prgsiorn) |21 W
for every i € [1]. Next, we have
lzr [I1I3] > A —u] = 1-negl(d) and I;r[|14| >A1—pu] >1-negl(d)
from Observation 1 and the no-signaling property of Self-Correct (Lemma 2) since each of (u+s,v+
t),...,(u+sy,v+tyand (s, t1),...,(s4, L) are A pairs of random points, and we have
I;rr [II5] > A —=2u] > 1 -negl(2) and I;rr [[l6] = A —2u] > 1 —negl()
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from Claim 7 and the no-signaling property of Self-Correct (Lemma 2). Thus, from the union bound,
we have

Pr(il = 1| = |l = AA 3 0 Ll 2 A= 2u Al O Ig| 2 2 = 4u] = 1 - negl(d)
Vs

and thus have Equation (6.24) from A — 6u > 0. Therefore, we have Equation (6.23). This concludes
the proof of Lemma 5. O

Remark 8. By inspection, one can verify that the proof of Lemma 5 indeed works if kpax (1) > 24(84+
3) since we make at most 81 + 3 queries to Self-Correct in all the mental experiments and we can use
Lemma 4 as long as kpax(4) = k(1) = 24(54 + 3). O

6.8 Proof of Lemma 6 (SAT Consistency of Self-Corrected Proof)

In this subsection, we prove Lemma 6, which says that the self-corrected proof passes the SAT-product
test on any points.

Proof of Lemma 6. The high-level strategy of the proof of this lemma is the same as that of the proof
of Lemma 5, namely we prove this lemma by strengthening Observation 1. The formal argument is
given below.

Fix any {C},en, kmax, and P*, and assume that Equation (6.5) holds for infinitely many A € N.
Let A be the set of those A’s, and fix any sufficiently large 1 € A. Our goal is to show Equation (6.6).

From the no-signaling property of Self-Correct (Lemma 2), to show Equation (6.6) it suffices to
show

o, —FY forVje[1]
Pr|7ts(Yo) + TeWy) = co | (x,3,7) « Self-Correct” (14, Cy, (Yo, Yo u0) | =21 -negl(d) ,
where Q = {‘p(r,-v ‘p(rﬂr,-v W:r[» ‘p:rﬂr[}iq/l]

(6.25)
where for any 7 = (7,...,7y) € FM we use Y., . to denote the coeflicient vectors such that
WD)+ W20 2) = We(@) = ) TW(2)
ic[M]

In the remaining of this proof, for any event E, we use Pr; [E] to denote the probability of E occurring
when 7 is sampled as in Equation (6.25). Let

I = {i St (Wa,) + (W) = c(r,} ’

b= {i st A Woro) + TeWoio,) = CUWI'} )
L = {i S.L A Woro) — FrWo,) = ﬁf(tﬁo)} )
I = {i St Woie) — AWy = ﬁg(‘p:r)} )

where ¢o;, = 3] jerM) i.jC and Coig; = 2 jern(Tj + Tij)e;. Observe that for every i such that
ielinlNIzNI, wehave

ﬁf(‘p(r) + ﬁg(lﬁ:r)

=t Waro) — FfWo,) + FeWh i) — W) (sincei€ 3N Iy)

= Co+o; — Co (sincei€l; Nl)

=Cg . (from the definitions of cg+¢;, Co;)
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Thus, to show Equation (6.25), it suffices to show

Prihnhnlznly #0] >1-negl(1) . (6.26)

First, we have
Pr(ll;] > A —pu] > 1 —negl(2) and Pr(ll2] > A —pu] = 1 — negl(2)
T Ve

from Observation 1 and the no-signaling property of Self-Correct (Lemma 2) since each of o; and
o + 0; is a random point in FM_ Next, we have

Pr{|l5] = 4] > 1 — negl(d) and Pr{lls = 4] > 1 — negl(d)

since the linearity of the self-corrected proof (Lemma 4) and the no-signaling property of Self-Correct
(Lemma 2) guarantee that we have

Pr (7o) + 77 0h) = s (s | 2 1= negl(d)
Pr [ (0) + 7eW) = Ty Wipr)| 2 1~ negl(@)
for every i € [4]. Thus, from the union bound, we have
I;r[|ll| >A-puN|hL| 2 A-puAlB| =Ll =2]>1-negl(d)

and thus have Equation (6.26) as desired. Therefore, we have Equation (6.25). This concludes the
proof of Lemma 6. O

Remark 9. By inspection, one can verify that the proof of Lemma 6 indeed works if kmax(4) > ky(4) =
2A(54 + 3) since we make at most 41 + 2 queries to Self-Correct in the mental experiment and we can
use Lemma 4 as long as «max(4) > «y(4). o

7 Analysis of Our PCP: Step 3 (Consistency with Claimed Computa-
tion)

In this section, we show that if a no-signaling cheating prover convinces the relaxed verifier with
overwhelming probability, the self-corrected proof is “locally consistent” with the system of equations
Y = {¥i(z) = cilieran. That is, we show that (1) if the wire value of an input gate is recovered from the
the self-corrected proof, the recovered wire value is consistent with the input x, (2) if the wire values
of the input and output wires of a gate are recovered from the self-corrected proof, the recovered wire
values are consistent with the computation of the gate, and (3) if the wire value of an output gate is
recovered from the the self-corrected proof, the recovered wire value is consistent with the claimed
output y.

Lemma 10 (Consistency with Claimed Computation). Let V = (Vy, V) be the relaxed PCP verifier
in Section 5, {C 1} 1en be any circuit family, and kmax be any polynomial such that kpyax(A) = 2A(84+3).
Then, for any kmax-wise no-signaling cheating prover P*, if it holds

(Q’ StV) — VO(lﬂy C/l)

Pr Vl(StV’x’y’ﬂ ) =1 (x’y’j'[*) — P*(l/l, C/l, Q)

> 1 - negl(1) (7.1)
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for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such
that for every sufficiently large A € A and every i* € [M], it holds

Pr [ Consisti(C,, X, 3, 7) | (x.y.7) « Self-Correct” (11, C1. {ea. €5.€,}) | 2 1-negl(d) ,  (7.2)

where (1) a,B,y € [N] (a < B < ) are any wires of C, such that there exist d; € {—1,0,1} (j €
{a,B,y}) and d;i € {-1,0, 1} (j, k € {a, B, y}) such that the i*-th equation of ¥ = {¥(z) = ¢}ic(m) can
be written as

Z djz; + Z djrzjzk = ci= (7.3)
Jela By} Jokela By}
and (2) Consisty<(Cp, X, y, %) is the event that 7t is consistent with i*-th equation of ¥, i.e., it holds

D digplep+ D dudtslerslen) = ¢
JelaBy) JokelaB.y}
whereej:=(0,...,0, 1,...,0) e F¥ and e, = (0,....0, 1 ,...,0) e F".
j_[h k-th

Proof . Fix any {C}en, kmax, and P*, and assume that Equation (7.1) for infinitely many A € N. Let
A be the set of those A’s, and fix any sufficiently large A € A and any i* € [M]. Our goal is to show
Equation (7.2).

Since the high-level idea is already explained in the technical overview (Section 3), we directly go
to the formal argument. First, from the SAT consistency of the self-corrected proof (Lemma 6), we
obtain

Pr (7t (We,) + 7eW).) = e

(x,y,7) « Self-Correct” (1, C,, e . ¥e,. D) ] > 1 -negl(1) .

(7.4)
Second, for any «, 8, y such that the i*-th equation of ¥ can be written as Equation (7.3), we have
Yo = Z die; and Y. = Z djre;® ey
jela By JkelaBy)

from the definition of .., ¥, (cf. Lemma 6), and thus we have

3 3 (x,y,%) « Self-Correct’” (11, C;, Q)
Pr L) = dists(e; > 1 - negl(1
and
~ 3 P* A
PrlaWi)= > dufyle;@ey| 527 Selt Comect (1%, C1, 0) }z 1 - negl(1)

ke b where O = {y.} U {e; ® er}jieia sy

from the linearity of the self-corrected proof (Lemma 4, Lemma 7, Lemma 9), the no-signaling prop-
erty of Self-Correct (Lemma 2), and the union bound. Third, from the tensor-product consistency of
the self-corrected proof (Lemma 5), we have

Pr|7ty(e; ® ex) = Zple)s(ex) | (x.y.7) « Self-Correct” (11,C,. {e).er.e; ® e}) | = 1 - negl(d)

for every j, k € {a,3,v}. Now, we obtain Equation (7.2) from all the above by using the no-signaling
property of Self-Correct (Lemma 2) and the union bound. O
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8 Analysis of Our PCP: Step 4 (Consistency with Correct Computation)

In this section, we show that if a no-signaling cheating prover convinces the relaxed verifier with
overwhelming probability, the self-corrected proof is consistent with the correct computation of C(x).
That is, we show that if the value of an output gate is recovered from the self-corrected proof, the
recovered value is consistent with the output C(x).

Lemma 11. Let V = (Vy, V) be the relaxed PCP verifier in Section 5, {Ca}1en be any circuit family,
and kmax be any polynomial such that kpax(d) > 2A(84 + 3).
Then, for any kmax-wise no-signaling cheating prover P, if it holds

(Q, sty) « Vo(11,C))

Pr [V](Stv,x5y’ﬂ ) = 1 (x’y’ﬂ'*) «— P*(l/l, C/]a Q)

] > 1 - negl(1) (8.1)

for infinitely many A € N (let A be the set of those A’s), there exists a negligible function negl such that
for every sufficiently large A € A and every i* € [m] (recall that m is the output length of C,), it holds

Pr|en-mii) = Ci(®) | (x,y,7)  Self-Correot” (11, Cy, len-mir}) | 2 1-negld) . (82)

where en_msi+ = (0,...,0,1,0,...,0) € BN is the vector such that only the (N — m + i*)-th element is
1, and Ci-(x) denotes the i*-th bit of C(x).

Proof. Fix any {C,}eN, kmax»> and P*, and assume that Equation (8.1) holds for infinitely many A € N.
Let A be the set of those A’s. Now, our goal is to show Equation (8.2) for every sufficiently large 1 € A.
The high-level idea of this proof is explained in the technical overview in Section 3.

For any C,, we use the following notation. Recall that we assume that arithmetic circuits are
“layered” in such a way that (1) the first layer consists of the input gates and the last layer consists of
the output gates, and (2) each gate in the i-th layer has children in the (i — 1)-th layer. Let (¢, i) denote
the i-th wire in the ¢-th layer. Let ¢,,x be the number of the layers, and N; be the number of the wires
in the i-th layer (i.e., the number of the outgoing wires from the gates in the i-th layer); thus, we have
Diictua] Ni = N, N1 = n, and Ny, = m. For every € € [{imax], let

Di=(w=1,...,vn) €N |v;i=0for Vi ¢ {Neg_1 + 1,...,Nep—1 + N¢}}

where Neg-1 = Yiepe-1) Ni-
For any A € N, we also use the following notations.

» For any ¢ € [{max] and event E, we use Pry, » [E] to denote the probability of E occurring when
Uy and 7 are sampled as follows.

1. Sample u;; < D, for each i € [1], and let Uy = {ug}icra)-
2. Run (x,y,7%) « Self-Correct” (14, Cy, Uy).

* For any ¢ € [{max]. v € Dy, and event E, we use Pr, y, » [E] to denote the probability of E
occurring when U, and 7 are sampled as follows.

1. Sample u;; < D, for each i € [1], and let Uy = {ug}icra)-
2. Run (x,y,7%) « Self-Correct” (11, C,, {v} U Up).
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* Forany ¢ € [{max— 1] and event E, we use Pry, y,,, » [E] to denote the probability of E occurring
when Uy, Ugy1 and 7 are sampled as follows.

1. Sample u;; < D¢ and upy1; < Dgyy for each i € [A], and let Uy = {ug;}iera) and
Ugsr = (s itiea)-
2. Run (x,y,7%) « Self-Correct” (11, C,, Ur U Ugyy).
Given these notations, we prove Lemma 11 by using the following three claims.
Claim 8. There exists a negligible function negl such that for every sufficiently large 1 € A\, we have

Pr
U7

/\ #w) = ﬂ(u)] > 1 —negl(d) ,

uclU;
where m .= P(C, x) is the honestly generated proof on input (C, x).

Claim 9. There exists a negligible function negl such that for every sufficiently large A € A and for
every £ € [€max], if we have

Pr| /\ 7@ = n(u)‘ > 0.9, (8.3)
Uek uecl,
then for every v € Dy, we have
ll;r~ aw) = n(v) /\ (u) = n(u)} > 1 - negl(), (8.4)
vuer uel,

where 1 is defined as in Claim 8.

Claim 10. There exists a negligible function negl such that for every sufficiently large A € A and for
every € € [€max — 11, if we have

P u& #(u) = n(u)| = 0.9, (8.5)
then we have
P L e@ #w) = n(w) uEAU{ ) = n(u)‘ > 1 - negl(A), (8.6)

where r is defined as in Claim 8.

Before proving these claims, we finish the proof of Lemma 11 by using them.
First, we show that there exists a negligible function negl such that for every sufficiently large
A € A and every € € [{max — 1], if we have

Pr
Up,t

A 7(u) = ﬂ(u)] >0.9,

uclUy
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then we have

/\ #(u) = n(u)‘ — negl(1) . (8.7)

ucl,

P T = > P
Uzjﬁ{ /\ @) N(u)} h Uz,rfr
ueUpyy

Fix any sufficiently large 1 € A. Toward showing Equation (8.7), we observe that from the no-signaling
property of Self-Correct (Lemma 2), we have

Ups1,7

Pr /\ (u) = ﬂ(u)} > U Pr

U€+1 e
" lueUsy

/\ #u) = n(u)} — negl(1)

uelpy

and

/\ #w) = ﬂ(u)} +negl(d) ,

ueU,

T = <
TR B

lucU,

and thus, for any ¢ € [{hax], we can show Equation (8.7) by showing

U1,

> Pr [ /\ #w) = n(u)‘ — negl(d) .

ucUy

U[,gfﬂ,;r[ A #(u) = n(w)

ueUypy

Now, we observe that this inequality indeed holds.

Pr w(u) = n(u

) ﬁ () = x( )‘

> Pr /\ #w) = n(u) /\ﬁ(u):n(u) Pr /\fr(u):n(u)}
U[’U[H’ﬂ uEU(+1 uEU(’ U{/,U{+|,7T uEU[

> (1 — negl(1)) x U Pr { /\ (u) = ﬂ(u)‘ (from Claim 10)

oUer1,7
’ ’ ucl,

> Pr
U[,Ug+1 gt

A (u) = n(u)] —negl(d) .

ucUy

Therefore, we have Equation (8.7) for any € € [£i.x — 1] as desired.
Now, we are ready to show Equation (8.2). From Claim 8 and Equation (8.7), we have

Pr | /\ 7@ = ﬂ(u)} > Pr| A\ #i@) = m@)| = (ma — 1) neglD)
U[max’” ”EUfmax Uk uel
>1-negl() .

By combining this inequality with Claim 9 and the no-signaling property of Self-Correct (Lemma 2),
we obtain Equation (8.2). (Notice that from the construction of our PCP system, we have ey_,,++ €
Dy, and m(ey—m+i+) = Ci+(x) for every i* € [m].)

This concludes the proof of Lemma 11 except for proving Claim 8, Claim 9, and Claim 10. Those
claims are proven in the subsequent subsections. O
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8.1 Proof of Claim 8

From the no-signaling property of Self-Correct (Lemma 2) and the union bound, it suffices to show
the following claim.

Claim 11. There exists a negligible function negl such that for every sufficiently large 1 € A and every
v € Dy, we have

Pr[(v) = 7(v) | (x.y.7) < Self-Correct” (11, C,. (v}) |2 1 - negl(d) .

Furthermore, since for any v € D there exist dy,...,dn, € {0,...,|F| — 1} such that
y = Z diey
i€[N1]
(where each e;; = (0,...,0,1,0,...,0) € FV is the vector such that only the i-th element is 1),

Claim 11 is equivalent with the following claim.

Claim 12. There exists a negligible function negl such that for every sufficiently large A € A and every
di,...,dn, €1{0,...,[F| = 1}, we have

Pr[(v) = 7(v) | (x,y.7) « Self-Correct” (11, C,. (v}) | = 1 - negl(d) . (8.8)
where v := Y ey, di€1,i-
Therefore, we focus on proving Claim 12 below.

Proof of Claim 12. Before showing Equation (8.8), we first show that there exists a negligible function
negl such that for every sufficiently large 1 € A, every i € Ny, and every d; € {0, ..., |F| — 1}, we have

Pr|#(die1) = n(die1;) | (x.y.7) « Self-Correct” (11, Cy, {die1}) | 2 1-negl(d) .

Fix any sufficiently large 4 € A, any i € Ni, and any d; € {0, ...,|F| — 1}. From the consistency with
the claimed computation of the self-corrected proof (Lemma 11), we have

Pr[#(e1;) = x; | (x.y,7) « Self-Correct” (14, Cp. fer}) | 2 1 - negl(a)
and from the linearity of the self-corrected proof (Lemma 7, Lemma 8), we have
Pr[#(die1) = dif(e1) | (x.y.7) « Self-Correct” (11, Cy. {e1 1. dier}) | 2 1 - negl(2) .

Therefore, from the above inequalities, the no-signaling property of Self-Correct (Lemma 2), and the
union bound, we have

Pr[#(die1;) = dixi | (x.y.7) — Selt-Correct” (14, Cy. {die1,}) | 2 1 - negl(d) .
Since we have n(d;e; ;) = d;x; from the construction of our PCP system, we have

Pr |7 (die1,) = 7 (dier;) | (x.y.7) « Self-Correct” (11, Cy, {die1}) | = 1 - negl(d)
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as desired.
Now, we show Equation (8.8). Fix any sufficiently large 4 € Aandanyd,,....dy, € {0,...,|F|-1}.
For any k € [N1], let

p(k) = Pr[a(va) = nv<) | (x.y.7) « Self-Correct” (14, Ca. <)) |

where ve = }icx) di€1,i- In this notation, our goal is to show p(N1) > 1 — negl(1). Since we have
p(1) = 1 — negl(1) from what we show in the previous paragraph, it suffices to show that we have
p(k) = p(k—1)—negl(Q) forevery k € {2,..., N}. Now, observe that for any k € {2, ..., N}, if we have

A(v<r) = A(v<p—1) + 7(drer i) /\ A<k-1) = 7(V<i—1) /\ff(dkel,k) = n(dre1x) ,

then we have (v<;) = m(v<) (this is because we have n(v<x) = n(v<x—1) + n(dre; k) from the con-
struction of our PCP system). In addition, observe that from the linearity of the self-corrected proof
(Lemma 4), we have

Pr[#(vai) = A1) + F(dierx) | (x,y.7) — Self-Correct” (11, Cy, (v<k—1. die1 s v<i)) |
>1-negl(1) ,
and from what we show in the previous paragraph, we have

Pr[#(dre1 ) = n(die1 ) | (x.y.7) « Self-Correct” (11, C), {die14}) |2 1-negl(d) .

From the above two observations, the no-signaling property of Self-Correct (Lemma 2), and the union
bound, we have p(k) > p(k—1)—negl(1) for every k € {2, ..., N} as desired. This concludes the proof
of Claim 12. O

As noted above, Claim 12 is equivalent with Claim 11, with which we can prove Claim 8. This
concludes the proof of Claim 8.
8.2 Proof of Claim 9

Fix any sufficiently large A € A. Fix any ¢ € [£nax], and assume that Equation (8.3) holds. Our goal is
to show Equation (8.4) for any v € Dy.
We first note that, to show Equation (8.4), it suffices to show

Pr
W

V,U[

#v) # 1) A [ A #(u) = n(u)]] < negl(1) . (8.9)

uclUy

This is because if we have Equation (8.9) and Equation (8.3), we have

v’gér’ﬁ /\ a(u) = n(u)

ucU,

) ] Pry 0,7 [70) # 720) A (Nueu, (@) = n(w))|
aw) = n(v) >1-

Pry v, 7 | Auev, 7(@) = nw)|
>1-negl(1) .

Thus, we focus on showing Equation (8.9). First, from the no-signaling property of Self-Correct
(Lemma 2), it suffices to show that Equation (8.9) holds when U, and 7 are sampled as follows.

49



1. Define Uy = {ug,}icra) by defining each u,; as follows. Sample r; € D, and b; € {0, 1} for
each i € [A]; then letu,; = r; if b; = 0, and let u,; := v + r; otherwise. Additionally, let
Uj = {ri,v + riliety \ Ue

2. Run (x,y,7) « Self-Correct” (14, C,, {v} U U, U U)).

In other words, we can obtain Equation (8.9) by showing

Pr

virihUe it

7)) #7(v) A ( /\ (u) = ﬂ(u)]] < negl(1) , (8.10)

ucl,

where for any event E, we use Pr, ) v, # [E] to denote the probability of £ occurring when U, and 7
are sampled as above.

From the linearity of the self-corrected proof (Lemma 4), the no-signaling property of Self-Correct
(Lemma 2), and the union bound, we have

v,{r}i%g,ﬁ ié}} m(v +ry) = 7(ry) = ﬂ(V)} > 1-negl(1) .
Hence,
P T #+ A - _
V,{ri},I[.Jz,fT ﬂ(v) 7T(v) (ué\U{ ﬂ(u) ﬂ(u)H

<, P 170) % 70) A [ N 7@ = ﬂ(u)) A [ N\ 7+ 1) =7 = ﬁ<V>H +negl(d)
v{ri},Upt | uel; i€[1]

<P ( /\ (u) = n(u)] 7(v) # 7 (v) A [ /\ 7w +ri) - 7(r) = fr(v)H +negl(d) . (8.11)
rirbUeZ |\ e, i€[4]

Now, observe that when
) # x(v) A [ /\ av+r)—a(r) = fr(v)]
ie[A]

occurs, we have either 7(v + r;) # n(v + r;) or (r;) # n(r;) for every i € [1] since we have (v + r;) —
n(r;) = n(v) for every i € [A] from the construction of our PCP system. Then, since each u,; is defined
by taking either r; or v + r; randomly, we have

[ N\ #w) = n(u))

ucl,

Pr

virihUet

a) £ x(v) A (/\ Ry +r;)—a(r) = ﬁ(v)]] <2, (8.12)

i€[4]

Thus, by combining Equations (8.11) and (8.12), we obtain Equation (8.10) as desired. This concludes
the proof of Claim 9.
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8.3 Proof of Claim 10

Fix any sufficiently large 4 € A. Fix any € € [{max — 1] and assume that Equation (8.5) holds. Our
goal is to show Equation (8.6).
In this proof, for any event E, we use

Pr[E]y,

as the shorthand of

Pr|E

A ) = ﬂ(u)‘ :

ueUy

We remark that from Equation (8.5), it follows that if we have Pr[E] = negl(1), we also have
Pr [E]y, = negl(1).
First, we notice that, to prove Claim 10, it suffices to show that for any i* € [Ny,1], we have

ug; «— D¢ for Vi e [1]
Pr|7t(ess1,+) = nleps1,ir) | Ue = {ucitiel ) > 1-negl(1) ,
(x,y,7) « Self-Correct” (11, Cy, {egy 1.4} U Up) U,
(8.13)
where e+ = (0,...,0,1,0,...,0) € FV is the vector such that only the (N<; + i*)-th element is

1 (recall that N<¢ = ;s V). Indeed, if we have Equation (8.13), we can argue as in the proof of
Claim 8 that for any v = };c(v,, 1 di€c+1,i (Where dy, ..., dy,,, €10,...,[F| — 1}), we have

Up; < Dy for Vi € [1]

a7Ww) =n) | Ur = {ueilica )
(x,y,7) « Self-Correct’” (11, Cy, {v} U Up)

Pr >1-negl(1) ,

Ue

and thus we can obtain Equation (8.6) from the no-signaling property of Self-Correct (Lemma 2) and
the union bound.

Thus, our goal is to show Equation (8.13). To simplify the exposition, we only consider the case
that i* € [N¢41] is such that the wire (€+ 1, i*) is the output wire of an addition gate (the other cases can
be handled similarly), and denote the input wires of this addition gate by (£, j*) and (£, k*). First, ob-
serve that from the consistency with the claimed computation of the self-corrected proof (Lemma 11),
we have

uc; < D¢ for Vi e [4]

Ue = {ucitiel

(x,y,7) < Self-Correct” (11, C,, Q U Uy)
where Q = {esy1,+,e¢ -, ec k) U,

Pr|7t(es1,+) = 7iee ) + f(e i) > 1-negl(d) .

By combining this observation with 7(es 1) = m(e¢,j) + (e x+) (Which follows from the construction
of our PCP system), we can obtain Equation (8.13) by showing

ug; — Dy for Vi € [A]
7i(ee ;) = m(eg,j+) Ue = {ugitie)
Adt(ecs) = mleer) | (x,y,7) « Self-Correct” (11, Cy, Q U Uy)
where Q = {e¢11,i-, €c,j» ec ) U,

Pr >1-negl(d) . (8.14)
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Now, we notice that Equation (8.14) follows immediately from Equation (8.5), Claim 9, the no-
signaling property of Self-Correct (Lemma 2), and the union bound.
This concludes the proof of Claim 10.

9 Analysis of Our PCP: Step 5 (Concluding Proof of No-signaling
Soundness)

Finally, we conclude the proof of Theorem 1. Recall that our goal is to show that for any circuit family
{Ca}aen, any polynomial xpmax such that kpac(d) > 24 - max(84 + 3,m,) + ky(4), and any kpyax-no-
signaling cheating prover P*, there exists a negligible function negl such that for every 4 € N, we
have

(Q,sty) « V(I1,Cp)

(ry, 1) — P14, Cp ) | M9 -

Pr |:V1(Stv,x,y,71'*) =1A C,1(x) Yy

(Recall that m, is the output length of C, and «y is the query complexity of (P, V).) From Lemma 1,
it follows that toward this goal, it suffices to show that for any km.x-Wise no-signaling cheating prover
P* and negligible function negl, we have

(0, sty) « Vo(11,C)

(x,y,7%) « P*(1*,C1, Q) < 1-negl(1), 9.1)

Pr [Vl(StV,x,y,ﬂ*) =1ACx)#Yy

for every sufficiently large A € N, where kmax = kmax — Kv. Furthermore, it is easy to see that to show
Equation (9.1), it suffices to show that if there exists a negligible function negl such that we have

(Q’ StV) — VO(IA’ C/l)

Pr [V](Stv, x’y$ﬂ- ) = 1 (x’y, 7'[*) «— P*(l/l, C/b Q)

} > 1 - negl(1) 9.2)

for infinitely many A4 € N (let A be the set of those A’s), then there exists another negligible function
negl such that we have

(Q,sty) « Vo(11,Cy)

Pr [Cﬂ(x) £y (. y. 1) « P14, Cp, 0) ] < negl(1)

9.3)

for every sufficiently large A € A. Thus, we focus on showing Equation (9.3). Fix any P*, and assume
that we have Equation (9.2). Fix any sufficiently large 4 € A. We remark that since we have

Kmax(A) = Kmax(A) = ky(A) = 24 - max(84 + 3,m,) ,

Self-Correct” is m,-wise no-signaling (cf. Lemma 2). First, from the consistency with the claimed
computation of the self-corrected proof (Lemma 10) and the union bound, we have

Pr /\ (en—m+i) = Vi

i€[m]

(x,y,7) « Self—CorrectP*(l/l,CA, {eN_mﬂ-}ie[m]) ] >1- negl(/l) .

Next, from the consistency with the correct computation of the self-corrected proof (Lemma 11) and
the union bound, we have

Pr| \ #en-mi) = Ci(x)

i€[m]

(x,y,7) « Self-Correct” (11, Cy, {en—m+iticpm)) } > 1-negl(1) .
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From these two inequalities and the union bound, we obtain
Pr [Cl(x) =y | (x,y,7) « Self-CorrectP*(lﬁ,CA,{eN_mH-}l-e[m]) ] >1-negl(1) .
Then, we use the no-signaling property of Self-Correct (Lemma 2) to obtain
Pr[Ca(x) =y | (x.y.7) « Sel-Correct” (11,C,.0) | 2 1 - negl(d)
and use the statement indistinguishability of self-corrected proof (Lemma 3) to obtain
Pr[Ci(x) =y | (x.y.7") < P*(11,C1,0) | > 1 -negl(2) .

Now, we use the no-signaling property of P* to obtain Equation (9.3). This concludes the proof of the
no-signaling soundness of our PCP system.

10 Application: Delegating Computation in Preprocessing Model

In this section, we give an application of our no-signaling linear PCP system to a 2-message delegation
scheme for # in the preprecessing model. As mentioned in the introduction, we obtain our delegation
scheme by applying the transformation of Kalai et al. [KRR13, KRR14] on our no-signaling linear
PCP system.

We remark that our delegation scheme is actually non-interactive in the sense that, after the veri-
fier’s message is computed and published in the (expensive) offline phase, anyone can prove a state-
ment to the verifier in the online phase by sending a single message, and the same offline verifier
message can be used for proving multiple statements in the online phase. Formally, this property is
guaranteed due to the adaptive soundness of our delegation scheme, which guarantees that the sound-
ness holds even when the statement to be proven is chosen after the verifier’s message.

10.1 Technical Overview

In this subsection, we give an overview of our delegation scheme. The readers who are familiar with
the transformation of Kalai et al. [KRR 13, KRR14] can skip this subsection.

Recall that in the setting of delegating computation, a computationally weak client asks a powerful
server to perform a heavy computation, and the server returns the computation result to the client
along with a proof that the result is correct. Our focus is delegation schemes for arithmetic-circuit
computation, so the statement to be proven by the server is of the form (C, x,y), which states that
an arithmetic circuit C outputs y on input x. For simplicity, in this overview, we consider a static
soundness setting where the statement is fixed before the verifier’s message is generated.

In our delegation scheme, we use the following two building blocks.

* Our no-signaling linear PCP system for deterministic arithmetic-circuit computation (Section 4).

* An additive homomorphic encryption scheme HE, which is an encryption scheme such that the
message space is a finite group and that anyone can efficiently compute a ciphertext of mg + m;
from ciphertexts of any two messages miy, 1.
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We assume that the message space of HE is a finite field F of prime order, and consider delegation
scheme for arithmetic circuits over F.

The high-level structure of our delegation scheme is simple. When the statement is (C, x, y), our
scheme proceeds roughly as follows.

1. In the offline phase, the client first samples PCP queries Q of our PCP system, where Q =
{qi}iere,1 and q; = (g1, ..., qin') € FN', where N’ := N + N2. Next, the client encrypts those
queries by HE, where each query g; is encrypted under a fresh key. (That is, for each i € [ky],
the client samples a key pair (pk;, sk;) of HE and encrypts each ¢; ; € F (j € [N’]) under the

public-key pk;.) Finally, the verifier sends the resultant ciphertexts {(ct; 1, ..., Ct; 5*)}ic[«,] tO the
Server.
2. Given the ciphertexts of the PCP queries {(Ct; 1, ..., Ct;x’)}ic[«,], the server obtains ciphertexts

of the PCP answers by homomorphically evaluating the PCP oracle 7 : FY' — F under the
ciphertexts (since x is a linear function, additive homomorphism of HE suffices for evaluating
7'%), and then returns the resultant ciphertexts {Eti},-e[,(v] to the client.

3. Given the ciphertexts of the PCP answers {éti}ie[w], the client obtains the PCP answers by de-
crypting {Ct;}ic(«,] and then verifies the PCP answers by using the PCP decision algorithm.

The offline phase of our delegation scheme is expensive since the verifier query algorithm of our PCP
system runs in time poly(4+|C|), while the online phase is efficient since the verifier decision algorithm
of our PCP system runs in time poly(d + |x| +|y|). Very roughly speaking, the soundness of our scheme
holds since, somewhat surprisingly, the semantic security of HE directly guarantees that the server can
answer to the PCP queries under the ciphertexts of HE only in a no-signaling way. (Formally, in order
to guarantee that the server is kyax-wise no-signaling for sufficiently large kp.x, we need to change the
above delegation scheme and add “dummy” queries to the PCP queries.)

10.1.1 Using multiplicative homomorphic encryption rather than additive one.

We can replace the additive homomorphic encryption scheme in the above scheme with a multiplicative
one over prime-order bilinear group as follows: we modify the scheme so that, instead of encrypting
the PCP queries {(gi 1, ..., gin)}ie[x, directly, the client encrypts {g%', ..., g%V }ic[«,], Where g is a
generator of the bilinear group, and the server homomorphically evaluates the PCP oracle in the expo-
nent of g using the multiplicative homomorphic property of HE. Since the PCP verification algorithm
only involves quadratic tests on the PCP answers, the client can verify the PCP answers even when
the PCP answers are encoded in the exponent of g. (Unfortunately, the security analysis cannot be
straightforwardly modified to work for this modified scheme.)

10.2 Preliminaries

In this subsection, we first give the definition of delegation schemes and next give the definition of
homomorphic encryption schemes.

Since F is of prime order, it is possible to compute Enc(pk, v - m) from Enc(pk, m) for any v, m € F.
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10.2.1 Preprocessing non-interactive delegation scheme.

For concreteness, we focus our attention on 2-message delegation schemes with adaptive soundness,
or in other words, non-interactive delegation schemes in the preprocessing model where the preprocess
consists of a single message from the verifier. We remark that the following definition is essentially
identical with the definition of preprocessing SNARGs (e.g., [BCI"13]) as well as the definition of
adaptively sound 2-message delegation schemes of [BHK17, BKK"18]. The difference is that the
following definition is tailored for deterministic arithmetic circuit computation.

A preprocessing non-interactive delegation scheme consists of three polynomial-time algorithms
(Gen, Prove, Verify) with the following syntax.

+ Gen is a probabilistic algorithm such that on input the security parameter 1* and an arithmetic
circuit C, it outputs a public-key pk and a secret key sk.

* Prove is a deterministic algorithm such that on input a public-key pk, a circuit C, and an input
x of C, it outputs a proof pr.

* Verify is a deterministic algorithm such that on input a secret key sk, an input x, an output y,
and a proof pr, it outputs a bit b € {0, 1}.

The execution of preprocessing non-interactive delegation schemes is separated into two phases, the
offline phase and the online phase.

» Offline phase: First, the verifier obtains an arithmetic circuit C that it wants to let the prover
compute. Next, the verifier obtains (pk, sk) by running Gen on C and sends pk to the prover.
After executing Gen, the verifier can erase the circuit C.

* Online phase: The prover, on input x (which is obtained either from the verifier or from
any other process), computes the output y = C(x) and the proof pr = Prove(pk, C,x) and
then sends (x,y, pr) to the verifier. Given (x,y, pr), the verifier verifies the proof by running
Verify(sk, x, y, pr). The online phase can be repeated multiple times on the same public key and
secret key (see Remark 10 below).

Note that delegation schemes are meaningful only when the running time of Verify is much smaller
than the time that is needed for computing C(x).
The security requirements of preprocessing non-interactive delegation schemes are the following.

Correctness. For every security parameter A € N, arithmetic circuit C, input x of C, and the output
y =Cx),

(pk, sk) « Gen(1%,C)

Pr pr := Prove(pk, C, x)

Verify(sk, x,y,pr) = 1 =1.

Soundness. For every circuit family {C,}exv and ppT adversary (A, there exists a negligible function
negl such that for every 4 € N,

(pk, sk) « Gen(14,C))

Pr [Verify(sk, x,3,p0) =1 ACa(x) #y (x.y.p0) — AU, Cp. pk)

} < negl(@) .

Remark 10. It is easy to see that if a delegation scheme is sound w.r.t. the above definition, it remains
sound even when the same (pKk, sk) is used for generating multiple proofs as long as the results of the
verification are kept secret against the cheating provers (or, equivalently, as long as a new public-key—
secret-key pair is generated when the verification of a proof is rejected). %
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10.2.2 Homomorphic encryption.

A public-key encryption scheme consists of three polynomial-time algorithms (Gen, Enc, Dec) with
the following syntax.

+ Gen is a probabilistic algorithm such that on input the security parameter 1%, it outputs a public-
key pk and a secret key sk.

* Enc is a probabilistic algorithm such that on input a public-key pk and a message m € F, it
outputs a ciphertext ct. (It is assumed that pk contains the information of a finite field F, which
works as the message space.)

* Dec is a deterministic algorithm such that on input a secret-key sk and a ciphertext ct, it outputs
a plaintext m.

We assume the standard (perfect) completeness. For any vector v, we denote by Enc(v) the element-
wise encryption of v.

The following security notion of public-key encryption schemes is used in this paper (it is easy to
see that the following security notion is implied by the standard CPA-security through a simple hybrid
argument).

Definition 5 ((multi-key multi-message) CPA-security). For every polynomial p and ppt adversary
A = (Ay, Ay, Ap), there exists a negligible function negl such that for every security parameter A € N
and every z € {0, 1}POY),

(¢, sty) «— Ay(14, 2), where £ < p(Q)
(pk;, sk;) « Gen(1%) for every i € [(]
2| ((moya,...moe), (myy,...mye),st) < A(sto, pky, ..., pky) 1
Pr{b=0b b e {0.1) 32+negl(/l).
ct? « Enc(pk;, mp,) for every i € [{]
b — Ax(sty,cti,... cty)
&
A public-key encryption scheme (Gen, Enc, Dec) is additive homomorphic if it has an addi-
tional ppT algorithm Eval® such that, on input ct; « Enc(my),...,Ctya) < Enc(mpy) for any
miy,...,mpu € F (where p is a polynomial), it outputs Enc(Zfz(f) m;). Formally, Eval® is required to

satisfy the following property.
Homomorphic Evaluation. For every polynomial p, every ppT adversary (A, and every A € N,

(pk, sk) < Gen(14)

(ml, . ,mp(,l)) “— &Zl(pk, Sk), where my,...,Mp) eF
Pr{m=my+---+myy | ct < Enc(pk,m;) for every i € [p(1)] =1.

ct « EvaI*(pk, cty,,..., Ctp(/l))

m = Dec(sk, ct)

To simplify the exposition, for any two ciphertext cty, ct; under a public-key pk, we use cty + ct; as a
shorthand of Eval*(pk, cto, ct;). Similarly, for any ciphertext ct and a scalar k € N, we use k - ct as a
shorthand of ct + - - - + ct.

[ —

k
A public-key encryption scheme is multiplicative homomorphic if it has a ppr algorithm Eval” that

satisfies the above property w.r.t. multiplication over F.
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10.3 Our Result

Theorem 2. Assume the existence of an additive homomorphic encryption scheme over fields of prime
order (i.e., over the additive group of the fields) or a multiplicative homomorphic encryption scheme
over bilinear groups with prime order. Then, there exists a preprocessing non-interactive delegation
scheme for polynomial-time arithmetic-circuit computation with the following efficiency.

o The running time of Gen is poly(1 + |C)).
o The running time of Prove is poly(1 + |C]).
® The running tine of Verify is poly(A + |x| + |y]).

Proof. We focus on the case of additive homomorphic encryption schemes over fields of prime orders.
(The case of multiplicative homomorphic encryption schemes over bilinear groups is discussed in
Appendix B.) Let (HE.Gen, HE.Enc, HE.Dec) be the additive homomorphic encryption scheme and
(PCP.P,PCP.V) be the PCP prover and verifiers of our PCP system (Section 4). Recall that our PCP
system satisfies the following properties.

* It can handle arithmetic circuits over any prime-order fields. Furthermore, there exists a poly-
nomial ks such that the soundness holds against any kya-wise no-signaling adversaries. '

« For an arithmetic circuit C over a finite filed F, PCP.P outputs a linear function 7 : FN*V *SF
as the PCP proof, where N is the number of wires in C. (To simplify the notations, we let
N’ := N + N? in what follows.) Since 7 is linear, there exists dy, . ..,dys € F such that n(z) =
el dizi-

¢ For an arithmetic circuit C over a finite filed F, PCP.V, outputs a set of queries Q = {gi}ic[c 1) C
FY" and a state sty € F"*", where ky is a polynomial (which is independent of C) and n, m are
the input and output lengths of C.

We assume that for every security parameter A, the arithmetic circuit C to be delegated is defined over
a finite field F that is also the message space of HE.
10.3.1 Construction.

The three algorithms (Gen, Prove, Verify) are defined as follows.
« Algorithm Gen(14, C)

1. Run (Q, sty) « PCP.Vy(14, C).
Then, parse Q as {gi}icix, (1)), Where i = (gi1, ..., qin) € PV
2. Define cty, ..., Cty, (1) as follows.

(a) Choose a random injective function 7 : [ky(4)] = [Kkmax (D]
(b) Define ct; for each i € [kmax(4)] by

{HE.EnC(HE.pki, g1y (GE 3 € k(D] st 7(0) = i)
Ctl — s

HE.Enc(He.pk;, 0) (otherwise)

where (HE.pk;, HE.sk;) « HE.Gen(11) and 0 := (0,...,0) € FV".

SFormally, ks, depends on m, which is an upper bound of the output length of the circuits to be considered.

57



3. Output pk = (cty, ..., Cthax(/l)) and sk = (sty, 1, {HE'Ski}ie[KmaX(/l)])-

* Algorithm Prove(pk, C, x)

1. Run 7 « PCP.P(C, x).
Letdy,...,dy € F be the elements such that 7(z) = ;v dizi-

2. Parse pk as (cty, ..., Ct, . (1)), Where ct; = (Cti1,...,Cliz).
Then, perform homomorphic operation to obtain

(St,' =n(ct) = Z det,',j
JEIN']

for every i € [kmax(D)].

3. Output pr := (Cty, . .., Clep (1)-

* Algorithm Verify(sk, x, y, pr)

1. Parse sk as (Stv, T, {HE'Ski}iG[Kmax(/l)])y and pr as (étl, ey éthax(ﬂ))
Then, run q; := HE.Dec(HE.SK+;), 5t7(,-)) for every i € [«y ()]
2. Output b = PCP.V(sty, x,y, {ai}iG[KV(/U])'

10.3.2 Security Analysis.

Correctness can be verified by inspection, so we focus on the proof of soundness.
Fix any circuit family {C,} e and a ppT adversary (A, and assume for contradiction that we have

Pr [Verify(sk, x,y,pr) =1 ACyx) #y (10.1)

(pk, sk) < Gen(14,Cy) ] o 1
(x’ Y, pr) A ﬂ(l/la C/l, pk) - pOly(/l)

for infinitely many 4 € N. Our goal is to obtain, by using A, a successful kmax-Wise no-signaling
cheating prover against our PCP system. That is, our goal is to obtain a kp,,x-wise no-signaling cheating
prover PCP.P* such that

Pr[PCP.Vl(stv,x,y,n*) =1ACux) £y (10.2)

(0, sty) « PCP.Vy(14,C) }

(x,y,7*) < PCP.P*(11,C,1, Q) |~ poly(d)

holds for infinitely many A € N.
Consider the following PPT kmax-wise cheating prover PCP.P* against our PCP system. (Essen-
tially, PCP.P* internally executes A while emulating Gen and Verify for A.)

 Adversary PCP.P*(14,C;, Q)

1. Parse Q as {q;}ic[«, Where q¢; = (gi1,...,qin) € FV and « = |0|.
2. Define cty, ..., cty, . (1) as follows.

(a) Choose a random injective function 7 : [«] — [kmax(D)].
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(b) Define ct; for each i € [kpax(4)] by

’

ot HE.Enc(HE.pk;, 1))  (if 3i" € [«] s.t. 7(7") = i)
l HE.Enc(He.pk;, 0) (otherwise)

where (HE.pk;, HE.sk;) « HE.Gen(11) and 0 := (0,...,0) e FV".
3. Run (x,y,pr) « A(14, Cy, pk), where pk = (cty, . . ., Ct,. 1)-
4. Parse pras (Cty, . . ., Cty,,. (1)
Then, run q; := HE.Dec(HEe.sk+(;, Ct(;)) for every i € [«].
5. Output (x,y, "), where 7* : Q — F is a function such that 7*(q;) = a; for every ¢; € Q.

From the construction of PCP.P*, we directly obtain Equation (10.2) from (10.1). (Observe that
PCP.P* perfectly emulates Gen and Verify for (A.)

Thus, it remains to show that PCP.P* is k. -wise no-signaling. That is, it remains to show that
for every ppr distinguisher Dy, there exists a negligible function negl such that for every A € N, every
Q, @’ such that @’ ¢ Q and |Q| < Kkmax(A), and every z € {0, 1}POYD,

Pr[Dns(Ca 3,70, 2) = 1| (x,y,7) < PCPP*(11,C1, 0) |

<negl(1) . (10.3
—Pr[Dns(Cax.y.7%,2) = 1| (x,,7%) « PCP.P*(11,C), @) | gi) . 109

We show this indistinguishability by relying on the the CPA-security of HE (Definition 5). Fix any
Dns, A € N, Q and Q" such that Q' ¢ Q and |Q] < kmax(4), and z. Let 77 = (z,Cy, O, Q’). Then,
consider the following adversary AT = (A", AE, AJF) against HE. (Essentially, A" internally
executes Ays and Dys while emulating PCP.P* for them.)

* Adversary A (14, 2).

1. Parse 7’ as (z,Cy, O, Q).
2. Output (¢, stp), where £ == |Q \ Q| and sty == 7.

* Adversary A E(sto, HE.PK, . . ., HE.pK,).

1. Parse sty as (z,Cy, Q, Q’), and parse Q as {q,}ie[«], Where k := |Q|. Let iy, ..., i be indices
such that O\ Q" = {gi; }kerey-
2. Output ((¢;,5---»qi,),(0,...,0)) and st; = sty.

* Adversary A)E(sty,ct, ..., ct)).

1. Parse st; as (z,Cy, Q, Q), and parse Q as {q;}icj)- Let iy, ..., i, be defined as above.
2. Define cty, ..., cty, . 1) as follows.

(a) Choose a random injective function 7 : [«k] — [kmax(D)].

(b) Define Cty)), ..., Clr,) by renaming ctj, ... ,C'[Z, as Ctr,), . . ., Cleip)-

(c) Define ct; for each i € [kmax(A)] \ {T(ik)}kee) by

)}

f HE.Enc(HE.pK;, g-1;)) (i 3i" € [«] \ {ikkepey 5.t 7(@) = 1)
l HE.Enc(HE.pk;, 0) (otherwise)

where (HE.pk;, HE.sk;) < HE.Gen(14) and 0 := (0,...,0) e FV.
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3. Run (x,y,pr) « A(14,Cy, pk), where pk = (Cty, ..., Cte . (1)-

4. Parse pras (Cty,. .. 9C~thax(/l))
Then, run g; := HE.Dec(He.sk(;), Ctr(;)) for every i € [«] \ {ix}ie[e)-

5. Output b — Dns(Cy, x,y,7%,7), where n* : Q" — F is a function such that 7*(q;) = a; for
every q; € Q'. (Observe that Q" = {g;}ic[x)\lit}er NO1ds from the definition of {ix}xes).)

kel

From the construction of AME, we have

(¢, sty) «— Ay(11,7), where € < kmax (1)

(HE.pK;, HE.SK;) « HE.Gen(1%) for every i € [{]
((my,...mp),(0,...,0),st)) « AE(sty, HE.PK,, . . ., HE.pK,)
ct? « HE.Enc(HEe.pk;, m;) for every i € [{]

= Pr[Dns(Crx.y.7'gn ) = 1| (x,y.7%) < PCP.P*(11,C,, Q) |

Pr|ASE(sty, ctf,...,ct) = 1

and

(€, sto) « Ag(14,7'), where € < Kmax ()

(HE.pK;, HE.Sk;) < HE.Gen(1%) for every i € [£]
((my,...mg), (0,...,0),st;) — AE(sto, HE.pky, . . ., HE.PK,)
ct? « HE.Enc(HE.pk;, 0) for every i € [{]

=Pr[Dns(Chx.y.7,2) = 1| (x,,7%) « PCP.P*(11,C1, @) | .

Pr|ASE(sty, ctf,...,ct) = 1

(Observe that AHE perfectly emulates PCP.P* for Axs and Dys in both cases.) Thus, from the (multi-
key multi-message) CPA-security of HE, we obtain Equation (10.3).

10.3.3 Efficiency.

By inspection, it can be verified that our delegation scheme indeed has the following efficiency.
* The running time of Gen is poly(1 + |C)).
* The running time of Prove is poly(d + |C|).
* The running tine of Verify is poly(1 + |x| + [y|).

This concludes the proof of Theorem 2. O
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A Overview of ALMSS Linear PCP

In this section, we give an informal overview of the linear PCP system of Arora et al. [ALM*98]
(ALMSS linear PCP in short). (For more formal explanations, we refer the readers to, e.g., the textbook
by Arora and Barak [AB09, Chapter 11.5].) For simplicity, we focus on the case of constant soundness
error.

A.1 Language for which ALMSS Linear PCP is Defined

ALMSS linear PCP is defined for a particular NP-complete language, namely satisfiability of systems
of quadratic equations over finite fields (that is, the language that consists of all the satisfiable systems
of quadratic equations over finite fields). We remark that an instance of satisfiability of arithmetic
circuits (i.e., the language that we use in the main body of this paper) can be easily reduced to sat-
isfiability of quadratic equations. Indeed, given a triple (C, x, y) of an arithmetic circuit C, an input
x, and an output y, one can efficiently obtain a system of quadratic equations that is satisfiable if and
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only if C(x) = y by considering, e.g., a system that has a variable for each wire of C and has equation
zi +zj = zi if C has an addition gate with input wires 7, j and output wire k etc.

A.2 Construction of ALMSS Linear PCP and Its Analysis

Let
Y1(z) =
Y = : ,
Yu(z) =cm
be a system of quadratic equation over a finite field F, where z = (z1,. .., zy) is the variables. Below,

we describe ALMSS linear PCP for the statement that ¥ is satisfiable.

The honest PCP proof of ALMSS linear PCP consists of two linear functions 7 ¢(v) := (v,w) and
me(v') = (v',w ® w), where w is a satisfying assignment w € FN to ¥.'° In what follows, we give a
verifier that accepts this honest PCP proof with probability 1 when the statement is true while rejecting
any PCP proof with high probability when the statement is false.

As a warm-up, we first give a verifier such that when it is given a PCP proof that is guaranteed to
be of the form ﬂ’/‘,(v) = (v,w*)and ﬂ;(v') = (v, w*@w") for an assignment w*, it can verify whether or
not w* is a satisfying assignment. Let W, (z) = ¢, be the quadratic equation that is obtained by taking
a random linear combination of the equations of Y, i.e., by defining the left-hand side by W4(z) =
Zf‘;’l 0 i¥i(z) and the right-hand size by ¢, = Zf‘;’l oic; for arandom o = (o, ...,0) € FY. Now,
a key observation is that we have W, (w*) = ¢, with probability 1 if w* is a satisfying assignment, and
have W,(W*) # ¢, with probability 1 — 1/|F| if w* is not a satisfying assignment. (To see the latter
part, observe that if w* is not a satisfying assignment, there exists i* € [M] such that ¥;-(w*) # ¢+, so
we have W,;(w*) = ¢, only when we have

o o iz Tilci = iwT)
l Yi-(W*) — v ’

which we have only with probability 1/|F|.) From this observation, it follows that a verifier can verify

whether w* is a satisfying assignment or not with soundness error 1/|F| by checking ¥, (w™) 2 ¢ for
random o € FM. This check can be done by making only two queries to the PCP proof (this is because
there exist ¥, € FN and Y, € FN such that Yyw") = ﬂ;(lﬁg-) + ﬂZ((ﬁf,)), and the soundness error can
be decreased by repetition.

A problem of this warm-up analysis is, of course, that it relies on a strong guarantee that the
(potentially maliciously created) PCP proof (7%, ﬂ;) is of the form ﬂj,(v) = (v,w*)and ﬂ; ) =, w'®
w*) for some w*. In general, 7, and 7, are not necessarily linear functions, and even if they are, there
does not necessarily exist w* such that ﬂ;(v) = (v,w*) and ﬂ;(v’) =, w* @w").

This problem is overcome in the actual analysis by considering a verifier that additionally checks
whether or not the PCP proof is “close” to the correct form. Namely, the actual verifier

1. first verifies whether or not 7 and 7, are sufficiently “close” to some linear functions 77y and 7,
of the form 7 s(v) = (v,w") and 7, (v') = (v',w* ® w*) for an assignment w*, and

!*More precisely, the honest PCP proof is a single linear function with which one can evaluate both 7 and 7, but in this
overview we think that the PCP proof consists of 7 and r, for simplicity.
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2. if ﬂ*} and 7, pass the first test, then verifies whether or not w* is a satisfying assignment.

Here, for any 6 € [0, 1], we say that a function f is 8-close to a linear function f if the fraction of the
domain on which f agrees with f is at least ¢ (i.e., if Pr[f(r) = f(r) | r < D] > 6, where D is the
domain of £, f).

Concretely, the actual verifier of ALMSS linear PCP does the following three tests on the PCP
proof (%, 71';;)1

*

1. Linearity Test: This test verifies whether or not r 7

for sufficiently large 6.

and 71':, are 0-close to some linear functions

2. Tensor-Product Test: Under the assumption that ﬂ*f and 7, are 6-close to some linear functions
7ty and 7, for sufficiently large 6, this test verifies whether or not 7, , are of the form 7 ;(v) =

(v,w*) and 71,(v") = (', w* ® w*) for an assignment w*.

3. SAT Test: Under that assumption that 71} and 7rz, are 0-close to linear functions 7 ¢(v) = (v,w")
and ,(v") = (v',w* ®w") for sufficiently large ¢ and an assignment w*, this test verifies whether
or not w* is a satisfying assignment to V.

These three tests are done in parallel, and repeated many times to decrease the soundness error. The
detail of these three tests are described below.

Linearity Test. In Linearity Test, the verifier checks n}(rl) + ﬂ}(l’z) 2 n}i(rl +r2) and 7y (r)) +

(1) 2 m(r, + r7) for random ry, r; € FY and r,r, € BV, Clearly, if 7, and 7, are linear func-
tion, they pass this test with probability 1. Furthermore, somewhat unexpectedly, it is known that the
converse is also true in the following sense: if n}i and 7, pass this test with probability 1 — p for any
p < 1/6, they are (1 —2p)-close to linear functions [BLR93, Gol17]. Thus, for any sufficiently large 6
(say, 0 = 0.999), if the above test is repeated many times and still n’} and 7, pass all of them, they are

o-close to linear function with high probability.

Tensor-Product Test. As a warm-up, we first consider the case that n;i. and 7, are guaranteed to be

linear functions (rather than just being d6-close to them). Consider a test that checks ﬂ”);(rl)ﬂ;i(rz) 2
JTZ,(rl ® ry) for random ry,r, € FN. Letu e F¥,u’ € FV be the coefficients such that 71';(1)) ={v,u)
and m,(v') = (v, u’).

*

S

N N
e (r)n(ry) = (Z um,i] [Z u,-rz,,-] = Z wiujr v = T @)

i=1 i=1 1<i,j<N

* Ifu’ = u ®u, we have that 7, and 7, pass the above test with probability 1 since we have

o Ifu’ # u ® u, we can see that nj; and 7, fail to pass the above test with probability 2/|F| as
follows. Let M, M’ be the matrices such that

m(r)m(ry) = ry Mr} and Te(ri®ry) = rnM'ry
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(that is, M, M’ are the N x N matrices such that m; ; = w;u; and m = u(l ])N+J) If we have
u' +#u®u,wehave M # M’, so we have riM # riM’ with probablhty at least 1 — 1/|F] over the
choice of r;. Furthermore, if we have r|M # riM’, we have r Mr2 *r M'r2 with probability
at least 1 — 1/|F| over the choice of r,. Hence, if u’ # u ® u, we have rer; * rlM’rzT (and
thus ﬂ;‘,(rl)ﬂ;‘;(rz) * JTZ,(ﬁ ® r1)) with probability at least 1 — 2/|F| over the choice of ry, ;.

Therefore, if the above test is repeated many time and still n}i and 7, pass all of them, we have u” = u®u

(and thus there exists w* such that ﬂ;(v) = (v,w*) and nz,(v’ ) = V', w" ® w*)) with high probability.
Now, we consider the actual case that 7%, and n; are just o-close to some linear functions r*%, 712.

A key observation is that since ¢ is assumed to be sufficiently large, the verifier can approximately

evaluate 7y, g through ﬂjl, 7TZ, via “self-correction,” namely the verifier can evaluate 77 (resp., ;)

on any point x € FV (resp., x € FNZ) with error probability 2(1 — §) through the following simple
probabilistic procedure.
Algorithm Self-Correct™ ™ (x):

Choose random r € FN (resp., r € FV 2) and output 77 p(x+r)—7 ¢ (r) (resp., Tg(x+r)—7to(r)).

Given this observation, in Tensor-Product Test the verifier applies the above warm-up test on 77, 7T,
by evaluating them through Self-Correct’s™. Since the values that the verifier obtains through
Self-Correct™™ are correct with high probability, it follows that if 7%, and 7, pass this test, there
exists w* such that 7 7(v) = (v,w*) and 7,(v') = (v',w* ® w*) with high probablhty

SAT Test. Recall that, as observed at the beginning as a warm-up, when n;i. and 7, are guaranteed
to be of the form 71';(1/') = (v,w*) and JTZ(V') = (v, w* ® w*) for an assignment w*, there exits a test
that verifies whether or not w* is a satisfying assignment to Y. In SAT Test, assuming that . and
”2 are 6-close to some linear functions 7y, 7, such that ﬂ;i(v) = (v,w*) and n;(v’) =, w" Qw*)
for an assignment w*, the verifier applies this warm-up tests on 7, &, by evaluating them through
Self-Correct™s”. Since the values that the verifier obtains through Self-Correct™™ are correct with
high probability, it follows that if 71} and rr, pass this test, w* is a satisfying assignment to ¥ with high

probability.

B Delegation Scheme based on Multiplicative Homomorphic Encryp-
tion

In this section, we explain how we prove Theorem 2 in the case of using multiplicative homomorphic
encryption schemes over prime-order bilinear groups.
Construction. The construction is based on the one given in Section 10.3.1 for the case of additive

homomorphic encryption schemes. In the following, the differences are highlighted by red.

* Algorithm Gen(14, C)

1. Run (Q, sty) « PCP.Vy(14,0).
Then, parse Q as {q;}ic«, (1)), Where ¢; = (gi1,....qiN') € BV,
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2. Choose a bilinear group (G,Gr,e) with order |F| and its generator g, and define
cty,...,Ct . (1) as follows.

(a) Choose a random injective function 7 : [«y(4)] = [Kmax(D)].
(b) Define ct; for each i € [kpax(4)] by

{HE.EnC(HE.pk,-, gll0)  (if 37 € [ky(D] s.t. 7(@) = i)
ct; «

HE.Enc(HE.pk;, 1) (otherwise)
where (HE.pk;,HE.8K;)) « HE.Gen(1), g% o = (g% o1, .. g% o~ and
1:=(,....,1)eGV.

3. Output pk =(cty,..., Cthax(/l)) and sk = (sty, 1, {HE'Ski}iE[Kmax(/l)]a (G,Gr,e),8).

* Algorithm Prove(pk, C, x,y)

1. Runn « PCP.P(C, x,y).
Letdy,...,dy € F be the elements such that 7(z) = ;v dizi-

2. Parse pk as (cty, ..., Ct,, . (1)), Where ct; = (Cti1,...,Cliz).
Then, perform homomorphic operation to obtain

~ d
ct; = I_l cti_~’j
JEIN']

for every i € [kmax()].

3. Output pr := (Cty, ..., Cty,, (1))-

* Algorithm Verify(sk, x, y, pr)

1. Parse sk as (sty, 7, {HE.SK;} e[ 1)1, (G, G, €), g), and pr as (Cty,...,Cl )
Then, run q; := HE.Dec(He.SK+;), étT(l-)) for every i € [ky(A)].

2. Output b = PCP.V/(sty,x,y,{ai}icix, (1)), Where PCP.V] is an algorithm that runs
PCP.V| in the exponent of g by using the bilinear map e.

Security Analysis. The analysis is also based on the one given in Section 10.3.2 for the case of ad-
ditive homomorphic encryption schemes. That is, given any successful cheating ppt adversary against
the above scheme, we obtain a cheating PCP prover PCP.P*, and show that it successfully fools the
PCP verifier as well as that it is kyax-wise no-signaling.

The problem is that if we obtain the PCP prover PCP.P* in exactly the same way as in Sec-
tion 10.3.2, PCP.P* runs in super-polynomial time since the PCP answers in the delegation scheme
are now encoded in the exponent of g and thus PCP.P* need to solve the discrete-logarithm problem
to obtain the PCP answers. This is problematic since, if PCP.P* runs in super-polynomial time, we
can no longer show the no-signaling property of PCP.P* under the CPA-security of HE, which holds
only against ppT adversaries.

To overcome this problem, we modify our PCP system so that the prover returns the PCP answers in
the exponent of a generator of a bilinear group (which is chosen by the verifier as a public parameter),
and the verifier runs the verification algorithm in the exponent by using the bilinear map (recall that
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the verification algorithm of our (original) PCP system only checks quadratic equations on the PCP
answers). It is easy to see that if this modified PCP system is sound against kpmax-Wise no-signaling
cheating provers, we can prove the soundness of the above delegating scheme as in Section 10.3.2.
Furthermore, it can be verified by inspection that the analysis of our original PCP system (Section 5 to
Section 9) can be straightforwardly modified so that it works for the above modified PCP system. (A
key point is every event that we consider in the analysis can be efficiently checked by quadratic tests
on PCP answers.)
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