
S`Bp�+v@S`2b2`pBM; 6�bi �M/ 1t�+i GBM2�` 1[m�iBQMb aQHp2` rBi?
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62#`m�`v kd- kyky

�#bi`�+i
S`Bp�+v �M/ K�+?BM2 H2�`MBM; �`2 /B{+mHi iQ +Q2tBbi /m2 iQ i?2B` M�im`2, T�`Bp�+v b?QmH/ #2 F2Ti 7`QK

Qi?2`b r?BH2 K�+?BM2 H2�`MBM; `2[mB`2b H�`;2 �KQmMi Q7 /�i�X �KQM; b2p2`�H TQbbB#H2 bQHmiBQMb iQ i?Bb
T`Q#H2K- 6mHHv >QKQKQ`T?B+ 1M+`vTiBQM U6>1V(R- k- j- 9) ?�b #22M � +2Mi2` Q7 BMi2MbBp2 `2b2�`+?2b BM i?Bb
}2H/X 6>1 2M�#H2b HBM2�` QT2`�iBQMb Q7 +BT?2`i2tiX hQ i�F2 �/p�Mi�;2 Q7 i?Bb T`QT2`iv- K�Mv T`QiQ+QHb
iQ �+?B2p2 bi�iBbiB+�H QT2`�BQMb ?�p2 #22M T`QTQb2/X PM i?2 Qi?2` ?�M/- K�Mv Q7 i?2K �`2 BKT`�+iB+�HX
aQK2 Q7 i?2 �TT`Q�+?2b BMi`Q/m+2 +`vTiQbvbi2Kb i?�i �`2 MQi 7�KBHB�`X JQ`2Qp2`- KQbi Q7 i?2B` T`QiQ+QHb
�`2 �TT`QtBK�iBQM r?B+? KB;?i b2MbBiBp2Hv /2T2M/ QM Qm` +?QB+2 Q7 T�`�K2i2`bX AM i?Bb T�T2`- r2 T`QTQb2
7�bi- bBKTH2- �M/ 2t�+i T`Bp�+v@T`2b2`pBM; HBM2�` 2[m�iBQM bQHp2` mbBM; 6>1X Pm` irQ@T�`iv T`QiQ+QH Bb
b2+m`2 �;�BMbi �i H2�bi b2KB@?QM2bi KQ/2H- �M/ r2 +�M 2t�+iHv +�H+mH�i2 i?2 KQ/2H 2p2M rBi?Qmi i?2
#QQibi`�TTBM;X

R AMi`Q/m+iBQM
J�+?BM2 H2�`MBM; TH�vb � KQK2MiQmb `QH2 BM Qm` bQ+B2iv iQ/�vX Ai Bb #2BM; �TTHB2/ iQ �HKQbi �HH }2H/b Q7 MQi QMHv
b+B2M+2 bm+? �b BM7Q`K�iBQM b+B2M+2- #BQHQ;v- �M/ T?vbB+b- #mi �HbQ Q7 BM/mbi`B2b- Q` 2p2M 2p2`v/�v +QKQ/BivX
�KQM; i2+?MQHQ;B2b r?2`2 K�+?BM2 H2�`MBM; Bb mb2/- +HQm/ +QKTmiBM; Bb QM2 Q7 i?2 KQbi BMi2MbBp2 }2H/ Q7
bim/v �M/ �TTHB+�iBQMX q?BH2 r2 +�M M2p2` /Qm#i mb27mHM2bb Q7 i?2 K�+?BM2 H2�`MBM;- Bi bQK2iBK2b `2[mB`2b
`2p2�H Q7 b2MbBiBp2 BM7Q`K�iBQMX 6Q` 2t�KTH2- +`2/Bi b+Q`BM; Bb � ;`QrBM; i`2M/ BM }M�M+2, BM Q`/2` iQ T`QT2`Hv
b+Q`2 i?2 mb2`Ƕb +`2/B#BHBiv- T`Bp�i2 /�i� bm+? �b T�vK2Mi ?BbiQ`v- /BTHQK�- �M/ +�`22` rQmH/ #2 M2+2bb�`vX
JQ`2Qp2`- bQK2iBK2b b?�`BM; Q7 /�i� Bb 2p2M T`Q?B#Bi2/ #v H�rX 6Q` 2t�KTH2- T�iB2MibǶ BM7Q`K�iBQM Bb MQi
�HHQr2/ iQ b?�`2 #2ir22M irQ /Bz2`2Mi ?QbTBi�HbX h?2`27Q`2- iQ 7mHHv miBHBx2 i?2 �#BHBiv Q7 K�+?BM2 H2�`MBM;- r2
b?QmH/ /2p2HQT i?2 r�v iQ F22T T`Bp�+v T`2b2`p2/ r?2M i?2b2 �`2 T`Q++2bb2/X hQ i�+FH2 i?Bb T`Q#H2K- i?2`2
?�b #22M K�Mv T`QiQ+QHb T`QTQb2/X PM2 Q7 i?2 KQbi +QKKQM +?QB+2 Bb >QKQKQ`T?B+ 1M+`vTiBQM(R- k- j- 9)-
r?B+? 2M�#H2b +�H+mH�iBQMb Q7 +BT?2`i2ti rBi?Qmi /2+`vTiBM;X h?2 Qi?2` TQbbB#H2 +?QB+2 Bb u�QǶb :�`#H2/
*B`+mBiX PM2 +�M 2p�Hm�i2 �Mv +B`+mBi rBi? i?Bb ;�`#H2/ +B`+mBi rBi?Qmi `2p2�HBM; Bib BMTmiX AM Qmi T�T2`- r2
T`QTQb2 � bBKTH2 �M/ 2t�+i r�v iQ i`�BM i?2 ;Bp2M /�i� 7Q` GBM2�` _2;`2bbBQM- r?B+? Bb QM2 Q7 i?2 KQbi TQTmH�`
bi�iBbiB+�H �M�HvbBbX Pm` T�T2` Bb Q`;�MBx2/ �b 7QHHQrb, AM a2+Xj r2 BMi`Q/m+2 bQ@+�HH2/ 6mHHv >QKQKQ`T?B+
1M+`vTiBQM- �M/ �HbQ r2 `2pB2r i?2 HBM2�` `2;`2bbBQM �M/ ?Qr iQ /Q i?Bb DQ# BM i?2 T`Bp�+v@T`2b2`p2/ r�v BM
a2+X9X 6BM�HHv r2 BMi`Q/m+2 Qm` T`QiQ+QH 7Q` i?2 i`�BMBM; T?�b2X

k Pm` *QMi`B#miBQM
q2 T`QTQb2 � bBKTH2 �M/ 2t�+i r�v iQ BKTH2K2Mi T`Bp�+v@T`2b2`pBM; HBM2�` `2;`2bbBQMX h?2`2 ?�b #22M K�Mv
T`QiQ+QHb r?B+? �+?B2p2b i?2 T`Bp�+v@T`2b2`pBM; HBM2�` `2;`2bbBQM(8- e- d)X PM i?2 Qi?2` ?�M/- i?2v �`2 2Bi?2`
+QKTHB+�i2/ �M/ 2p2M BMi`Q/m+2 �M 2M+`vTiBQM b+?2K2 r?B+? Bb MQi mb2/ #v K�DQ`Biv Q7 i?2 +QKKmMBivX
Pm` T`QiQ+QH Bb rBi?BM i?2 bi�M/�`/ T`QiQ+QH �M/ BMi`Q/m+2b MQ mM+QKKQM B/2�X JQ`2Qp2`- BM K�Mv +�b2b
i?Qb2 b+?2K2b �`2 Bi2`�iBp2 bm+? �b ;`�/B2Mi /2b+2Mi �M/ *?QH2bFv /2+QKTQbBiBQMX h?Bb K2�Mb i?2B` `2bmHib �`2
�TT`QtBK�iBQMX >Qr2p2`- Qm` T`QiQ+QH Bb 2t�+i �M/ +�M #2 T2`7Q`K2/ BM i?2 `2�bQM�#H2 iBK2X Pm` 2tT2`BK2Mi
b?Qrb i?�i HBM2�` `2;`2bbBQM +�M #2 +�``B2/ 2t�+iHv 2p2M rBi?Qmi #QQibi`�TTBM;X

R



j >QKQKQ`T?B+ 1M+`vTiBQM
AM i?Bb b2+iBQM ?QKQKQ`T?B+ 2M+`vTiBQM- K�BMHv 7Q+mbBM; QM bQ@+�HH2/ 7mHHv ?QKQKQ`T?B+ 2M+`vTiBQM U6>1V
Bb BMi`Q/m+2/ #`B2~vX 6B`bi Bib ?BbiQ`v �M/ #�bB+ T?BHQbQT?v �`2 2tTH�BM2/- i?2M QM2 T�`iB+mH�` b+?2K2b #v
"`�F2`bFBf6�M@o2`+�mi2`2M U"6o Q` 6oV b+?2K2(N) Bb /Bb+mbb2/ BM � KQ`2 /2i�BHX

jXR "`B27 amKK�`v Q7 U6mHHvV >QKQKQ`T?B+ 1M+`vTiBQM
>BbiQ`v Q7 ?QKQKQ`T?B+ 2M+`vTiBQM +�M #2 i`�+2/ #�+F iQ _Bp2bi BM RNd3 r?2`2 ?2 i2`K2/ ǳT`Bp�+v ?QKQ@
KQ`T?BbKǴ 7Q` ?QKQKQ`T?B+ 2M+`vTiBQM(Ry)X AM i?�i T�T2` ?2 T`QTQb2/ i?2 2tBbi2M+2 Q7 bQK2 2M+`vTiBQM
b+?2K2 rBi? r?B+? +BT?2`i2ti +�M #2 QT2`�i2/ #27Q`2 /2+`vTiBM; BiX aBM+2 i?2M- i?2 bim/v Q7 ?QKQKQ`T?B+
2M+`vTiBQM ?�b #22M QM2 Q7 i?2 #B; �`2� Q7 +`vTiQ;`�T?vX lMiBH MQr- i?2`2 ?�b #22M K�Mv ?QKQKQ`T?B+ 2M@
+`vTiBQM b+?2K2b T`QTQb2/ bm+? �b _a�(RR)- 1H:�K�H(Rk)- :QH/r�bb2`@JB+�HB(j)- S�BHHB2`(9)- �M/ K�Mv KQ`2X
h?Qb2 b+?2K2b �`2 +�HH2/ T�`iB�HHv ?QKQKQ`T?B+, B7 m1 �M/ m2 �`2 TH�BMi2ti BM � TH�BMi2ti bT�+2 M �M/
c1 �M/ c2 �`2 +Q``2bTQM/BM; +BT?2`i2ti ;2M2`�i2/ #v �M 2+`vTiBQM b+?2K2 Enc BM � +BT?2`i2ti bT�+2 C- i?2M
QT2`�iBQMb ·m, ·c �`2 /2}M2/ #Qi? BM M �M/ C `2bT2+iBp2Hv- �M/ b�iBb7v i?2 7QHHQrBM; `2H�iBQM

Enc(m1 ·m m2) = Enc(m1) ·c Enc(m2) = c1 ·c c2. URV

h?2 QT2`�iBQM · +�M #2 2Bi?2` �//BiBQM Q` KmHiBTHB+�iBQM- #mi MQi #Qi? BM T�`iB�HHv ?QKQKQ`T?B+ 2M+`vTiBQM
US>1V b+?2K2bX

AM kyyN- :2Mi`v T`QTQb2/ i?2 }`bi 7mHHv ?QKQKQ`T?B+ 2M+`vTiBQM b+?2K2 BM ?Bb S?. i?2bBb(Rj)- r?B+?
Bb #�b2/ QM B/2�H H�iiB+2X >Bb +QMbi`m+iBQM Q7 6>1 Bb �b 7QHHQrb, }`bi bQK2r?�i ?QKQKQ`T?B+ 2M+`vTiBQM
Uaq>1V b+?2K2 Bb BMi`Q/m+2/X aq>1 Bb �M 2M+`vTiBQM b+?2K2 r?B+? �HHQrb i?2 HBKBi2/ MmK#2` Q7 �//BiBQM
�M/ KmHiBTHB+�iBQMX >2`2 i?2 /2i�BH Q7 i?2 +QMbi`m+iBQM Q7 aq>1 Bb MQi /Bb+mbb2/X "mi r2 b?QmH/ MQi2 i?�i i?2
/2+`vTiBQM rQmH/ MQi rQ`F B7 r2 �// Q` KmHiBTHv iQQ K�Mv +BT?2`i2tibX hQ i�+FH2 i?Bb T`Q#H2K- #QQibi`�TTBM;
Bb /2}M2/ QM aq>1 b+?2K2X "QQibi`�TTBM; Bb � bT2+B�H i2+?MB[m2 r?B+? K�F2b � MQBbv +BT?2`i2ti H2bb MQBbvX
h?Bb Bb /QM2 #v �TTHvBM; iQ � MQBbv +BT?2`i2ti � /2+`vTiBQM +B`+mBi r?B+? Bb ?QKQKQ`T?B+X

aBM+2 :2Mi`vǶb #Hm2T`BMi- b2p2`�H p�`B�iBQMb Q7 6>1 ?�p2 #22M T`QTQb2/ bQ 7�`- �M/ i?Qb2 b+?2K2b �`2
+H�bbB}2/ BMiQ i?`22 ;2M2`�iBQMbX h?2 }`bi ;2M2`�iBQM BM+Hm/2 i?2 Q`B;BM�H :2Mi`vǶb �TT`Q�+?(Rj)- �M/ b2p2`�H
bQT?BbiB+�iBQMb(R9- R8- Re- Rd)X

h?2 b2+QM/ ;2M2`�iBQM BM+Hm/2b "`�F2`bFB@:2Mi`v@o�BFmMi�M�i?�M U":oV b+?2K2(3)- "`�F2`bFBf6�M @
o�BFmMi�M�i?�M U"6oV b+?2K2(N)- �M/ *?2QM@EBK@EBK@aQM; U*EEaV b+?2K2(R3)X h?2Q`2iB+�H /Bz2`2M+2
#2ir22M i?2 }`bi ;2M2`�iBQM �M/ i?2 b2+QM/ ;2M2`�iBQM Bb i?�i i?2 }`bi ;2M2`�iBQM /2T2M/b QM B/2�H H�iiB+2 Q`
BMi2;2` 7Q` b2+m`Biv r?BH2 K�Mv Q7 i?2 b2+QM/ ;2M2`�iBQM b+?2K2b mb2b G2�`BM; qBi? 1``Q` UGq1V T`Q#H2K-
Q` Bib p�`B�Mi _BM; Gq1 U_Gq1V T`Q#H2KX S`�+iB+�H /Bz2`2M+2 Bb i?�i i?2b2 b+?2K2b �`2 Km+? KQ`2 2{+B2Mi
i?�M i?Qb2 Q7 i?2 }`bi ;2M2`�iBQMb �M/ BM bQK2 +�b2b Bi bm{+2b QMHv iQ `mM aq>1 b+?2K2- BX2X- 2{+B2Mi bQ i?�i
r2 /Q MQi M22/ i?2 #QQibi`�TTBM; 7Q` bQK2 T`Q#H2KbX h?2b2 b2+QM/ ;2M2`�iBQM b+?2K2b �`2 �HbQ T`�+iB+�HHv
BKTQ`i�Mi bBM+2 K�Mv ?QKQKQ`T?B+ 2M+`vTiBQM HB#`�`B2b �`2 #�b2/ QM i?2b2 b+?2K2bX

h?2 i?B`/ b+?2K2 Bb #�b2/ QM :2Mi`v@a�?�B@q�i2`b U:aqV +`vTiQbvbi2K(RN)X Ai BM+Hm/2b bQ@+�HH2/ 6>1q(ky)
�M/ bQ@+�HH2/ h6>1(kR)X

jXk 1t�KTH2 Ĝ"6o b+?2K2Ĝ
�b K2MiBQM2/ BM i?2 T`2pBQmb b2+iBQM- i?2`2 �`2 K�Mv p�`B�Mib Q7 6>1 b+?2K2X "mi BM i?2 T`�+iB+�H b2Mb2-
":o b+?2K2(3) �M/ "6o b+?2K2(N) �`2 KQbiHv mb2/X h?2`27Q`2 ?2`2 r2 `2pB2r "6o BKTH2K2Mi�iBQMX >2`2
QMHv "6o b+?2K2 Bb /Bb+mbb2/ bBM+2 r2 BKTH2K2Mi 6>1 mbBM; "6o b+?2K2 �M/ /Bz2`2M+2 #2ir22M ":o
b+?2K2 �M/ "6o b+?2K2 Bb BM2bb2MiB�H �M/ i?2 HB#`�`v r2 mb2 BM a2+-9Xj Bb #�b2/ QM "6oX

q2 }`bi BMi`Q/m+2 #�bB+ MQi�iBQMb r?B+? 7QHHQr i?2 Q`B;BM�H T�T2`(N)X

Ç q2 +QMbB/2` QT2`�iBQMb BM i?2 TQHvMQKB�H `BM; R = Z[x]/f(x) r?2`2 Z[x] K2�Mb � b2i Q7 TQHvMQKB�H
rBi? BMi2;2` +Q2{+B2Mi �M/ f(x) Bb � KQMB+ B``2/m+B#H2 TQHvMQKB�H rBi? /2;`22 dX lbm�HHv f(x) = xd+1
rBi? d = 2nX

Ç �M 2H2K2Mi Q7 R Bb /2MQi2/ #v a ∈ R- r?2`2 r2 +�M pB2r a �b � p2+iQ` BM bQK2 b2Mb2 bBM+2 a =∑d−1
i=0 aixiX �//BiBQM- bm#i`�+iBQM- �M/ KmHiBTHB+�iBQM �`2 /2}M2/ �b 2H2K2MirBb2 QT2`�iBQMbX h?2 MQ`K

Bb /2}M2/ bm+? i?�i ‖a‖ := maxi{ai} r?B+? Bb +�HH2/ L∞ MQ`KX 1tT�MbBQM 7�+iQ` δR Bb �HbQ /2}M2/ �b
δR := max {‖a · b‖/‖a‖‖b‖;a, b ∈ R}

Ç 6Q` �M BMi2;2` q- Zq := (−q/2, q/2]X Rq Bb � bm#b2i Q7 i?2 TQHvMQKB�H `BM; R r?Qb2 +Q2{+B2Mi Bb BM
ZqX 6Q` �M BMi2;2` a- [a]q ≡ a( KQ/ q) �M/ b�iBb}2b [a]q ∈ ZqX 6Q` a ∈ R- [a]q Bb �M 2H2K2Mi Q7 i?2
TQHvMQKB�H `BM; R rBi? 2�+? +Q2{+B2Mi #2BM; [ai]qX



Ç 6Q` x ∈ R- %x& Bb `QmM/BM; iQ i?2 M2�`2bi BMi2;2`- %x' Bb `QmM/BM; mT �M/ (x& `QmM/BM; /QrMX

Ç χ /2MQi2b :�mbbB�M T`Q#�#BHBiv /Bbi`B#miBQM Qp2` BMi2;2` Zd- �M/ e← χ /2MQi2b �M 2H2K2Mi Q7 R rBi?
+Q2{+B2Mib b�KTHBM; 7`QK χX a← A r?2`2 A Bb � b2i K2�Mb � mMB7Q`K b�KTHBM; 7`QK AX

6Q` 2M+`vTiBQM- r2 }`bi b2i Rq 7Q` q ∈ Z �M/ /2}M2 i?2 TH�BMi2ti bT�+2 iQ #2 Rt 7Q` t ∈ Z rBi? t < qX
∆ := %q/t'X

SecretKeyGen(1λ) : b�KTH2 s← χ �M/ b2i � b2+`2i F2v sk = s

PublicKeyGen(sk) : b�KTH2 a← Rq, e← χ �M/ b2i � Tm#HB+ F2v pk = ([−(a · s+ e)]q,a)

Encrypt(pk,m) : b2i � TH�BMi2ti m ∈ Rt, /2}M2 p0 = pk[0],p1 = pk[1]b�KTH2 u, e1, e2 ← χ

+`2�i2 � +BT?2`i2ti ct = ([p0 · u+ e1 +∆m]q, [p1 · u+ e2]q)

Decrypt(sk, ct) : s = sk, /2}M2 c0 = ct[0], c1 = ct[1], i?2M +�H+mH�i2
[⌊

t (c0 + c1 · s)
q

⌉]

t

UkV

q2 +�M }M/ i?2 7QHHQrBM; T`QT2`iv
S`QTQbBiBQM ‖χ‖ < B- i?2M bm{+B2Mi +QM/BiBQM 7Q` +Q``2+i /2+`vTiBQM Bb

2δRB
2 +B <

∆

2
UjV

6Q` � T`QQ7- b22(N)X
�//BiBQM �M/ KmHiBTHB+�iBQM �`2 /2}M2/ �b 7QHHQrb Ur2 /Q MQi /Bb+mbb i?2K BM /2i�BH- 7Q` /2i�BH2/ /Bb@

+mbbBQMb- b22 i?2 Q`B;BM�H T�T2`(N)VX �bbmK2 irQ TH�BMi2tib m1,m2 �M/ i?2 +Q``2bTQM/BM; +BT?2`i2tib
ct1 = (c10, c

1
1), ct

2 = (c20, c
2
1)X

Addition(ct1, ct2) : ct1 + ct2 =
(
c10 + c20, c

1
1 + c21

)

Multiplication(ct1, ct2) : ct1 · ct2 =
(
c10 · c20, c10 · c21 + c11 · c20, c11 · c21

) U9V

Addition Bb BMimBiBp2- #mi Multiplication Bb MQiX hQ K�F2 b2Mb2 Q7 Bi- +QMbB/2` DecryptX h?2`2 QM2 ?�b iQ
+QKTmi2 c0 + c1 · s = ∆m+ v + qrX h?2`27Q`2

(c10 + c11 · s)(c20 + c21 · s) =
(
c10 + c20

)
+

(
c10 · c21 + c11 · c20

)
· s+

(
c11 · c21

)
· s2

= ∆2m1 ·m2 + · · ·
U8V

r?2`2 r2 +�M b22 2H2K2Mib Q7 Multiplication �b +Q2{+B2Mi Q7 2�+? siX �b QM2 +�M b22- Decryption BM+`2�b2b Q7
i?2 bBx2 Q7 +BT?2`i2tiX hQ /2�H rBi? i?Bb T`Q#H2K i?2`2 Bb � i2+?MB[m2 +�HH2/ `2HBM2�`HBx2- #mi r2 /Q MQi /Bb+mbb
?2`2X Ai Bb �HbQ BKTQ`i�Mi iQ MQi2 i?�i #Qi? Addition �M/ Multiplication BM+`2�b2 ǳMQBb2Ǵ v- �M/ T�`iB+mH�`Hv
7Q` Multiplication BM+`2K2Mi Q7 MQBb2 Bb 2tTQM2MiB�HX

9 S`Bp�+v@S`2b2`pBM; GBM2�` _2;`2bbBQM
AM i?Bb b2+iBQM- r2 /Bb+mbb i?2 T`Q#H2K Q7 HBM2�` `2;`2bbBQMX J�MBTmH�iBM; /�i� rBi? T`Bp�+v@T`2b2`pBM;
K�MM2` /�i2b #�+F iQ GBM/2HH �M/ SBMF�b BM kyyy(kk)X �7i2` i?Bb b2KBM�H rQ`F- K�Mv T`QiQ+�Hb ?�p2 #22M
BMi`Q/m+2/X Ai Bb MQi 2�bv iQ +H�bbB7v 2p2`v T`QiQ+�H BMiQ bQK2 +H�bb2b bBM+2 i?2`2 �`2 bQ K�Mv- #mi KQbi Q7 �HH
T`QiQ+QHb �/QTi �i H2�bi QM2 Q7 i?`22 i2+?MB[m2bX PM2 +�M bTHBi ?Bb /�i� �M/ b?�`2 QM2 T�`i Q7 i?2 Q`B;BM�H
/�i� rBi? QM2 b2`p2`- �M/ /Bz2`2Mi T�`i rBi? /Bz2`2Mi b2`p2`X ":q(kj) Bb BM+Hm/2/ BM i?Bb ;`QmTX �MQi?2`
r�v Bb iQ mb2 ?QKQKQ`T?B+ 2M+`vTiBQMX h?2 Qi?2` r�v Bb iQ mb2 u�QǶb ;�`#H2/ +B`+mBi T`QiQ+QH U:*SV(k9- k8)

6B`bi- 72r #�bB+b Q7 HBM2�` `2;`2bbBQM �`2 bmKK�`Bx2/X L2ti- b2p2`�H �TT`Q�+?2b iQ i?2 HBM2�` `2;`2bbBQM
T`Q#H2K mbBM; ?QKQKQ`T?B+ 2M+`vTiBQM �`2 BMi`Q/m+2/X q2 �HbQ HQQF �i :*SX :*S Bb �MQi?2` TQbbB#H2 +?QB+2
7Q` BKTH2K2MiBM; T`Bp�+v@T`2b2`pBM; HBM2�` `2;`2bbBQMX 6BM�HHv- r2 T`QTQb2 � M2r b+?2K2 r?B+? Bb 7�bi �M/
2�bv iQ BKTH2K2Mi

9XR "�bB+b Q7 GBM2�` _2;`2bbBQM
G2i mb bmTTQb2 r2 �`2 ;Bp2M � /�i� +QMbBbiBM; Q7 N BM/2T2M/2Mi p�`B�#H2b (x1, x2, · · · , xN ) �M/ �M QmiTmi yX
6`QK i?Bb /�i� r2 r�Mi iQ `2H�i2 i?2 QmiTmi iQ p�`B�#H2bX PM2 �Mb�ix Bb iQ �bbmK2 i?2v �`2 HBM2�`Hv `2H�i2/-
BX2X- r2 �bbmK2

y = β1x1 + β2x2 + · · ·+ βNxN + ε UeV



r?2`2 ε Bb 2``Q`X hQ `2H�i2 T`QT2`Hv r2 M22/ KQ`2 /�i�, �bbmK2 r2 �`2 ;Bp2M � /�i�b2i +QMbBbiBM; Q7 D /�i�-
BX2X-

{
(yi, xi,1, xi,2 · · · , xi,N )Di=1

}
X q2 r�Mi iQ }M/ � HBM2�` `2H�iBQM

yi =
D∑

j=1

βjxi,j + εi. UdV

AM i?2 p2+iQ` �M/ K�i`Bt `2T`2b2Mi�iBQM- UdV Bb 2[mBp�H2Mi iQ

y = Xβ + ε, U3V

r?2`2 (y)i = yi, Xij = xi,j , (β)i = βi, (ε)i = εiX q2 M2ti +QMbB/2` QTiBK�x�iBQM Q7 βX AM i?2 H2�bi b[m�`2
K2i?Q/- r2 KBMBKBx2 i?2 L2 MQ`K Q7 i?2 2``Q` εX AM Qi?2` rQ`/b r2 b?QmH/ KBMBKBx2

L(β) = |y −Xβ|2 , UNV

r?2`2 i?2 MQ`K Q7 ε Bb `2T`2b2Mi2/ �b � 7mM+iBQM Q7 β- BX2X- L(β)- �M/ Bi Bb +�HH2/ i?2 Q#D2+i 7mM+iBQMX hQ }M/
i?2 KBMBKmK Bb 2�bv bBM+2 r2 +�M /Bz2`2MiB�i2 i?2 Q#D2+i 7mM+iBQM �M/ Q#i�BM

∂L
∂β

= −2XT (y −Xβ) URyV

�M/ i?2 QTiBK�H β Bb ;Bp2M #v β =
(
XTX

)−1
XTyX aQ 2bb2MiB�HHv i?2 HBM2�` `2;`2bbBQM Bb iQ bQHp2 �M BMp2`b2

K�i`Bt XTX �M/ KmHiBTHv Bi #v XyX
A7 r2 BKTQb2 � +QM/BiBQM i?�i � MQ`K Q7 β b?QmH/ MQi #2 H�`;2- i?Bb T`Q#H2K Bb +�HH2/ `B/;2 `2;`2bbBQMX

h?2 `2/;2 `2;`2bbBQM T`Q#H2K Bb bQHp2/ 2�bBHv Dmbi #v �//BM; �MQi?2` i2`K BM UNV bm+? i?�i

Lλ(β) = |y −Xβ|2 + λ |β|2 URRV

r?2`2 i?2 b2+QM/ i2`K Bb � T2M�Hiv 7Q` H�`;2 βX h?2 QTiBK�H β Bb ;Bp2M #v β =
(
XTX + λ1

)−1
XTy- r?2`2

1 Bb �M mMBi K�i`BtX h?2`27Q`2 BM 2Bi?2` HBM2�` `2;`2bbBQM Q` `B/;2 `2;`2bbBQM- r?�i r2 b?QmH/ /Q Bb }`bi iQ
+�H+mH�i2 �M BMp2`b2 K�i`Bt �M/ i?2M iQ KmHiBTHv Bi #v bQK2 p2+iQ`X LQiB+2 i?�i rBi? 6>1 KmHiBTHB+�iBQM Bb
/QM2 2�bBHv- QM i?2 Qi?2` ?�M/- K�i`Bt BMp2`bBQM Bb MQi i`BpB�HX h?2`27Q`2 K�Mv T`QTQb2/ b+?2K2b Q7 T`Bp�+v
T`2b2`pBM; K�BMHv i`v iQ bQHp2 i?Bb T`Q#H2KX

9Xk S`QTQb2/ a+?2K2, J�bFBM; J�i`Bt J2i?Q/
9XkXR AM7Q`K�H .2b+`BTiBQM Q7 i?2 J2i?Q/
q?2M QM2 i`B2b iQ b2M/ K2bb�;2- Bi Bb TQbbB#H2 i?�i ?2 �//b bQK2 `�M/QK MmK#2` bQ i?�i MQ QM2 +�M ;m2bb
BiX �HbQ BM HBM2�` `2;`2bbBQM mbBM; ?QKQKQ`T?B+ 2M+`vTiBQM- i?Bb i`B+F Bb bQK2iBK2b mb2/ bm+? �b(8- d)X LQi
QMHv BM i?2 +QMi2ti Q7 ?QKQKQ`T?B+ 2M+`vTiBQM 7Q` HBM2�` `2;`2bbBQM- #mi �HbQ K�Mv Qi?2` +QMi2ti(kd- k3)X
h?2 #�bB+ B/2� Bb bBKTH2, �bbmK2 �HB+2 r�Mi iQ +�H+mH�i2 β r?B+? b�iBb}2b Aβ = b #mi b?2 +�MMQi +QKTmi2
BiX "Q# +�M +QKTmi2 Bi #mi �HB+2 /Q2b MQi r�Mi "Q# iQ FMQr i?2 K�i`Bt A �M/ i?2 p2+iQ` bX h?2M �HB+2
+�M ;2M2`�i2 bQK2 `�M/QK BMp2`iB#H2 K�i`Bt R �M/ bQK2 `�M/QK p2+iQ` rX a?2 +QKTmi2 AR �M/ b + Ar
�M/ b2M/ i?2K iQ "Q#X "Q# +�MMQi 2ti`�+i �Mv BM7Q`K�iBQM Q7 A, b 7`QK r?�i ?2 ;2ib bBM+2 i?2v �`2 K�bF2/X
>2- i?2M +�H+mH�i2b (AR)−1(b+Ar)- r?B+? Bb 2[mBp�H2Mi iQ R−1A−1b+R−1rX h?2`27Q`2 �HB+2 +�M ;2i A−1b
#v KmHiBTHvBM; R 7`QK i?2 H27i bB/2 7QHHQr2/ #v i?2 bm#bi`m+iBQM #v rX �HB+2 QmibQm`+2b /B{+mHi K�i`Bt
BMp2`bBQM iQ "Q# r?BH2 i?2 Q`B;BM�H K�i`Bt Bb F2Ti b2+`2iX *QK#BM�iBQM Q7 6>1 �M/ i?Bb K2i?Q/ ;Bp2b mb �
7�bi- 2�bv@iQ@BKTH2K2Mi- �M/ 2t�+i K2i?Q/ Q7 HBM2�` `2;`2bbBQMX

9XkXk JQ/2H
Pm` �`+?Bi2+im`2 7QHHQrb i?�i Q7 (8- d)- r?B+? K2�Mb r2 �bbmK2 i?2 7QHHQrBM; 2MiBiB2b-

Ç .�i� S`QpB/2` U.SV, Bi Bb K�/2 mT Q7 m mb2`bX ii? mb2` ?QH/b /�i�b2i i r?B+? Bb /2MQi2/ #v DOi =
(xi,1 · · ·xi,N , yi)X h?2`2 Bb MQ M22/ 7Q` T?vbB+�H 2tBbi2M+2 Q7 .S- BX2X- r2 /Q MQi M22/ �Mv BMbiBimiBQM r?B+?
K�M�;2b mb2`bǶ BM7Q`K�iBQM- `�i?2` r2 Dmbi ;`QmT T2QTH2 r?Q r�Mi iQ mb2 bQK2 b2`pB+2 �M/ i?2`27Q`2
?�p2 iQ b2M/ i?2B` BM7Q`K�iBQMX

Ç J�+?BM2 G2�`MBM; UJGV a2`p2`, JG b2`p2` +QHH2+ib i?2 BM7Q`K�iBQM 7`QK .S �M/ Bb `2bTQbB#H2 7Q`
+�H+mH�iBM; i?2 KQ/2HX AM i?2 2t�KTH2 b?QrM �#Qp2- �HB+2 TH�vb � JG b2`p2`X

Ç *`vTiQ a2`pB+2 S`QpB/2` U*aSV, *aS Bb `2bTQMbB#H2 7Q` ;2M2`�iBM; � b2i Q7 Tm#HB+ F2v �M/ b2+`2i F2vX *aS
�HbQ +QQ`T2`�i2 JG b2`p2` 7Q` +�H+mH�iBM; i?2 KQ/2H r?B+? "Q# /B/ BM i?2 �#Qp2@K2MiBQM2/ 2t�KTH2X
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6B;m`2 R, � b+?2K2iB+ };m`2 Q7 i`�BMBM; T?�b2X 6Q` i?2 K2�MBM; Q7 2�+? MQi�iBQM- `272` iQ a2+X9XkX9
9XkXj h?2 h?`2�i JQ/2H
6Q` � b�F2 Q7 T`Bp�+v- #Qi? i?2 JG b2`p2` �M/ i?2 *aS b?QmH/ MQi H2�`M �Mvi?BM; Qi?2` i?�M r?�i Bb `2p2�H2/
#v i?2 HBM2�` `2;`2bbBQMX AM i?2 7QHHQrBM;- }`bi r2 �bbmK2 i?Qb2 irQ T�`iB2b �`2 ?QM2bi@#mi@+m`BQmb- BX2X- i?2v
7QHHQr i?2 �H;Q`Bi?K- #mi i?2v �HbQ i`v iQ 2ti`�+i BM7Q`K�iBQM 7`QK r?�i Bb ;Bp2M iQ i?2KX h?2`27Q`2 i?2
�H;Q`Bi?K BM a2+X9XkX9 Bb b2+m`2 QMHv �;�BMbi ?QM2bi@#mi@+m`BQmb 2MiBiB2bX

>Qr2p2`- i?2 JG b2`p2` �M/ i?2 *aS +�M #2 K�HB+BQmbX q2 �bbmK2 i?2 7QHHQrBM; +�b2b �b (8) /Q2b, i?2
JG b2`p2` KB;?i mb2 QMHv /�i�b2i T�`iB�HHv ;Bp2M #v .S iQ 2ti`�+i bQK2 BM7Q`K�iBQMX �HbQ i?2 JG b2`p2`
/2HBp2`�i2Hv 2t2+mi2b r`QM; +�H+mH�iBQMbX h?2 *aS +�M K�F2 KBbi�F2b BM Bib +�H+mH�iBQM BMi2MiBQM�HHv �b r2HHX
JQ`2p2`- Bi /2+`vTib +BT?2`i2tib r`QM;HvX q2 �//`2bb ?Qr iQ /2�H rBi? i?2b2 #2?�pBQ`b BM i?2 bm#b2[2Mi
b2+iBQMX

q2 /Q MQi �bbmK2 i?2 JG b2`p2` �M/ i?2 *aS +QHHm/2 �M/ r2 �bbmK2 F2v /Bbi`B#miBQM Bb T`QT2`Hv /QM2
bQ i?�i 2p2`vQM2 ?�b � b2i Q7 +Q``2+i Tm#HB+ F2v �M/ b2+`2i F2vX

9XkX9 h`�BMBM; S?�b2
6B`bi H2i mb +QMbB/2` i?2 i`�BMBM; T?�b2, K�F2 � T`QT2` KQ/2H β r?B+? KBMBKBx2b L(β) BM UNV Q` Lλ(β) BM
URRVX q2 i�F2 i?2 7QHHQrBM; bi2T,

Ç .S }`bi 2M+`vTib /�i� �M/ b2M/b Bi iQ i?2 JG b2`p2`X

.S +�M K�F2 � +?QB+2X Ai +�M b2M/ � `�r /�i�- BX2X- 2�+? DOi Dmbi b2M/b (xi,1, · · · , xi,N , yi)i=1- Q` Bi +�M �HbQ
T`Q+2bb Bib /�i� 7Q` #2ii2` T2`7Q`K�M+2- BX2X- DOi b2M/b �M 2M+`vTi2/ K�i`Bt Enc(xT

i xi) �M/ �M 2M+`vTi2/
p2+iQ` Enc(xT

i yi)- M�K2Hv

Enc(xT
i xi) =





Enc(xi,1xi,1) Enc(xi,1xi,2) · · · Enc(xi,1xi,N )
Enc(xi,2xi,1) Enc(xi,2xi,2) · · · Enc(xi,2xi,N )

XXX X X X XXX
Enc(xi,Nxi,1) Enc(xi,Nxi,2) · · · Enc(xi,Nxi,N )




,Enc(xT

i yi) =





Enc(xi,1yi)
Enc(xi,2yi)

XXX
Enc(xi,Nyi)




. URkV

Ç h?2 JG b2`p2` +QMbi`m+ib � K�i`Bt �M/ � p2+iQ` 7Q` i?2 HBM2�` `2;`2bbBQM r?BH2 i?2v �`2 2M+`vTi2/X

A7 .S b2M/b � `�r /�i�- i?2M i?2 JG b2`p2` }`bi +QMbi`m+ib Enc(X) �M/ +�H+mH�i2b Enc(XTX) �M/ b�K2 7Q`
Enc(XTy)X A7 .S b2M/b � T`Q+2bb2/ /�i�- i?2M i?2 JG b2`p2` Dmbi bmKb mT �HH i?2 K�i`B+2b �M/ p2+iQ`b- BX2X-
Enc(XTX) =

∑
i Enc(x

T
i xi) �M/ Enc(XTy) =

∑
i Enc(x

T
i yi) mbBM; ?QKQKQ`T?B+ T`QT2`iv Q7 2M+`vTiBQM

b+?2K2X

Ç h?2 JG b2`p2` K�bFb i?2 Q`B;BM�H K�i`Bt �M/ p2+iQ` �M/ b2M/b i?2K iQ *aS

h?2 JG b2`p2` BMp2Mib � `�M/QK BMp2`iB#H2 K�i`Bt R �M/ � `�M/QK p2+iQ` r �M/ +�H+mH�i2b Enc(XTXR)
�M/ Enc(XTy+XTXr) �M/ b2M/b iQ *aSX �i i?Bb bi�;2 i?2 JG /Q2b MQi FMQr �Mvi?BM; �#Qmi i?2 Q`B;BM�H
BM7Q`K�iBQM �M/ *aS 2p2M �7i2` `2+2BpBM; i?Qb2 K�i`Bt �M/ p2+iQ`- /Q2b MQi FMQr �Mvi?BM; �#Qmi i?2 Q`B;BM�H
BM7Q`K�iBQM bBM+2 i?2v �`2 K�bF2/ #v `�M/QK K�i`Bt �M/ p2+iQ`X h?2`27Q`2 mMH2bb i?2 JG b2`p2` �M/ *aS
+QHHm/2- i?Bb Bb b2+m`2X

Ç *aS /2+`vTib r?�i Bi `2+2Bp2b 7`QK i?2 JG b2`p2` �M/ +�H+mH�i2b i?2 KQ/2H r?B+? Bb MQi �M �+im�H
KQ/2H r2 r�Mi- �M/ b2M/b i?Bb KQ/2H iQ i?2 JG b2`p2`



*aS /2+`vTib �M/ +�H+mH�i2b (XTXR)−1(XTy +XTXr) = R−1(XTX)−1y +R−1r �M/ b2M/b Bi iQ i?2 JG
b2`p2` �7i2` 2M+`vTiBM; BiX

Ç h?2 JG b2`p2` KmHiBTHB2b r?�i Bi `2+2Bp2b 7`QK *aS #v R 7`QK i?2 H27i 7QHHQr2/ #v bm#i`�+iBM; r- r?B+?
;Bp2b (XTX)−1XTyX

9XkX8 a2+m`Biv
"Qi? i?2 i`�BMBM; b+?2K2 �M/ i?2 2p�Hm�iBQM b+?2K2 �`2 b2+m`2 �;�BMbi ?QM2bi@#mi@+m`BQmb 2MiBiB2b- AM i?Bb
b2+iBQM r2 i`v iQ 2ti2M/ i?2b2 b+?2K2b iQ +Qp2` 2p2M K�HB+BQmb 2MiBi2bX �;�BM r2 �bbmK2 i?2 JG b2`p2` �M/
*aS +�M #2 K�HB+BQmb- #mi i?2v /Q MQi +QHHm/2X

AM i?2 i`�BMBM; T?�b2- i?2 TQbbB#H2 b2M�`BQb 7Q` i?2 K�HB+BQmb JG b2`p2` �`2

Ç i?2 JG /2HB#2`�i2Hv QmiTmib � r`QM; +�H+mH�iBQM

Ç Bi /Q2b MQi TB+F �HH i?2 BM7Q`K�iBQM ;Bp2M #v .S iQ 2ti`�+i bQK2 BM7Q`K�iBQM

h?2b2 KBb#2?�pBQ`b +�M #2 /2i2+i2/ #v i?2 7QHHQrBM; i2bi, .S T`2T�`2b � ǳ/mKKvǴ i`�BMBM; b2i �M/ b2M/ Bi
iQ i?2 JG b2`p2`X h?2 /mKKv /�i� Bb +QMbi`m+i2/ bm+? i?�i 7Q` N /BK2MbBQM�H /�i�- BX2X- i?2 /�i� rBi? N
p�`B�#H2b- i?`2`2 �`2 N /�i� r?B+? K2�Mb DOi(i = 1, · · · , N)X 6Q` ii? DOi i?2 /�i� Bb �b 7QHHQrb

DOi = (0, · · · , xi,i = xi, · · · , 0, yi) URjV

PMHv ii? p�`B�#H2 Bb � MQMx2`Q �`#Bi`�`v MmK#2` �M/ yi Bb �HbQ �`#Bi`�`vX lbBM; DO i?2 JG b2`p2` +�H+mH�i2b
� K�i`Bt �M/ � p2+iQ` �b BM a2+X9XkX9 �M/ b2M/b i?2 K�bF2/ K�i`Bt iQ *aSX LQiB+2 i?�i QMHv r?2M i?2 JG
T`QT2`Hv +�H+mH�i2 XTX rBi?Qmi /`QTTBM; �Mv BM7Q`K�iBQM XTX #2+QK2b �M BMp2`iB#H2 K�i`BtX h?2M *aS
/2+`vTib i?2 K�i`Bt �M/ +�H+mH�i2 i?2 /2i2`KBM�Mi Q7 BiX h?2M B7 i?2 /2i2`KBM�Mi Bb x2`Q- r?B+? K2�Mb i?2
JG b2`p2` +�MMQi T`QT2`Hv +�H+mH�i2 i?2 K�i`Bt bQ *aS +�M `2D2+i BiX

AM i?2 b+Q`BM; T?�b2- i?2 JG b2`p2` �HbQ +�M #2 K�HB+BQmb #v b2M/BM; � /Bz2`2Mi KQ/2HX PM i?2` Qi?2`
?�M/- BM i2`Kb Q7 b2+m`Biv i?Bb �bbmKTiBQM Bb K2�MBM;H2bb bBM+2 r2 �bbmK2 i?2 JG b2`p2` �BKb �i 2ti`�+iBM;
DOǶb BM7Q`K�iBQM #v Bib KBb#2?�pBQ`b- #mi b2M/BM; � /Bz2`2Mi KQ/2H `2p2�Hb MQi?BM;X

*aS +�M #2 K�HB+BQmb �b r2HH- �M/ r2 �bbmK2 *aS +�M T`Q/m+2 � r`QM; `2bmHiX 1p2M B7 *aS Bb K�HB+BQmb-
*aS +�MMQi Q#i�BM �Mv T2`bQM�H BM7Q`K�iBQM 7`QK r?�i Bi ?�b #22M ;Bp2M bBM+2 i?2 K�i`Bt �M/ i?2 p2+iQ`
Bi `2+2Bp2b �`2 Dmbi `�M/QK, bmTTQb2 XTXR ∈ GL(N,Z) r?B+? K2�Mb i?Bb N × N K�i`Bt Bb BMp2`iB#H2 �M/
XTy + XTXr ∈ ZN X _�M/QK K�i`Bt �M/ p2+iQ` �`2 /2}M2/ bm+? i?�i i?2`2 2tBbib �M BMi2;2` M �M/ 7Q`
�Mv BMi2;2` m ∈ [−M,M ] 2�+? +QKTQM2Mi Q7 i?2K- BX2X- Ri,j , rk b�iBb7v

Pr[Ri,j = m] =
1

2M
,Pr[rk = m] =

1

2M
. UR9V

Ai Bb 2�bv iQ b22 i?�i 7Q` bm{+B2MiHv H�`;2 M - 7Q` �Mv K�i`Bt A �M/ �Mv p2+iQ` a rBi? 2�+? +QKTQM2Mi BM i?2
BMi2`p�H [−M,M ]-

Pr[XTXR = A] = Pr[R = (XTX)−1A] =

(
1

2M

)N2

Pr[XTy +XTXr = a] = Pr[r = (XTX)−1(a−XTy)] =

(
1

2M

)N
UR8V

h?2`27Q`2 i?Bb K2i?Q/ Bb b2+m`2 BM i2`Kb Q7 T`Bp�+v 2p2M �;�BMbi � K�HB+BQmb *aSX JQ`2Qp2`- QM2 +�M 2p2M
/2i2+i � K�HB+BQmb *aS #v i?2 7QHHQrBM; i`B+FX .S T`2T�`2b � ǳ/mKKvǴ i`�BMBM; b2i �M/ b2M/ Bi iQ i?2 JG
b2`p2`X h?2 /mKKv /�i� Bb +QMbi`m+i2/ bm+? i?�i 7Q` N /BK2MbBQM�H /�i�- BX2X- i?2 /�i� rBi? N p�`B�#H2b-
i?`2`2 �`2 N /�i� r?B+? K2�Mb DOi(i = 1, · · · , N) �M/ rank(X) = N X 6`QK i?Bb /2i�b2i QM2 +�M +QMbi`m+i
i?2 KQ/2H β bm+? i?�i y − Xβ = 0X h?2 JG b2`p2` 7QHHQrb i?2 b+?2K2 �M/ b2M/b i?2 K�bF2/ K�i`Bt �M/
i?2 K�bF2/ p2+iQ` iQ *aSX 6BM�HHv i?2 JG b2`p2` Q#i�BM i?2 KQ/2H r?B+? Bb 2M+`vTi2/ Enc(β)X h?2M i?2
JG b2`p2` +�H+mH�i2b y −Xβ �M/ H2i mb /2MQi2 i?Bb �Mbr2` #v sX �Hi?Qm;? i?2 JG b2`p2` QMHv ?�b Enc(s)-
Bi +�M /2i2`KBM2 B7 s Bb 0 Q` MQiX h?2 JG b2`p2` ;2M2`�i2 `�M/QK b+�H�`b- p2+iQ`b- K�i`B2b �M/ KmHiBTHB2b #v
s 7`QK i?2 `B;?iX h?2M i?2 JG b2`p2` +�M /2i2+i i?2 K�HB+BQmb *aS r?2M B7 �HH i?2 `2bmHib �`2 MQi b�K2X

9Xj 1tT2`BK2Mi
AM i?Bb b2+iBQM r2 HQQF �i T2`7Q`K�M+2 Q7 2�+? K2i?Q/X



6B;m`2 k, *QMp2`;2M+2 Q7 ;`�/B2Mi /2b+2Mi rBi? p�`BQmb
H2�`MBM; `�i2 δX

6B;m`2 j, *QKT�`BbQM #2ir22M i?2 bBKTH2 ;`�/B2Mi /2@
b+2Mi �M/ L�: r?2M δ = 2.8 × 10−3X h?2 Qi?2` T�@
`�K2i2` Bb η = 0.1X h?2 bBKTH2 ;`�/B2Mi b?Qrb bHQr
+QMp2`;2M+2- #mi L�: Bb `2H�iBp2Hv 7�bi- QMHv iQ M22/
H2bb i?�M Ry Bi2`�iBQMbX

9XjXR :`�/B2Mi .2b+2Mi
hQ +QKT�`2 JJJǶb T2`7Q`K�+2 rBi? i?2 2tBbiBM; K2i?Q/- r2 }`bi +QMbB/2` i?2 ;`�/B2Mi /2b+2MiX Ai Bb
T�`iB+mH�`Hv 2{+B2Mi B7 � K�i`Bt +QMbB/2`2/ Bb bT�`b2X ai�`BM; 7`QK �M BMBiB�H p�Hm2 β[0]- mbBM; URyV rBi?
H2�`MBM; `�i2 δ i?2 KQ/2H +�M #2 mT/�i2/ �b 7QHHQrb,

β[k] = β[k−1] + δXT
(
y −Xβ[k−1]

)
. UReV

S�`iB+mH�`Hv- 1bT2`�MÏ� 2i �HX bim/B2/ ;`�/B2Mi /2b+2Mi K2i?Q/(ke)X J�i?2K�iB+�HHv- rBi? bmBi�#H2 +?QB+2 Q7
i?2 BMBiB�H p�Hm2 β[0] �M/ H2�`BM; `�i2 δ- � +QMp2`;2M+2 iQ i?2 QTiBK�H `2bmHi Bb �bbm`2/X amBi�#H2 +?QB+2 Q7 δ
K2�Mb δ ∈ (0, 2/(S(XTX))) r?2`2 S(A) Bb i?2 bT2+i`�H `�/Bmb U/Bz2`2M+2 #2ir22M i?2 H�`;2bi 2B;2Mp�Hm2 �M/
i?2 bK�HH2bi 2B;2Mp�Hm2V Q7 QT2`�iQ` AX AM (ke)- �mi?Q`b 7QmM/ Qb+BHH�iQ`v M�im`2 Q7 β[k]-

β[k] =
k∑

n=1

(−1)n+1

(
k

k − n

)
δn(XTX)n−1XTy URdV

lbBM; URdV- r2 +�M �++2H2`�i2 i?2 ;`�/B2Mi /2b+2Mi �b QM2 +�M }M/ BM (ke) 6B`bi- 2p2M #27Q`2 mbBM; 6>1 r2
b?QmH/ HQQF �i +QMp2`;2M+2 Q7 b2[m2M+2 β[k] r?B+? i?Bb K2i?Q/ QmiTmibX q2 ;2M2`�i2 b2p2M /�i�b2ib r?Qb2
/BK2MbBQM Bb }p2- BX2X- (xi1, · · · , xi,5, yi)

7
i=1X 6B;m`2Xk b?Qrb +QMp2`;2M+2 Q7 i?2 KQ/2H β[k]

6`QK 6B;Xk r2 +�M mM/2`bi�M/ T2`7Q`K�M+2 Bb b2MbBiBp2 iQ i?2 H2�`MBM; `�i2 δ �M/ r?2M δ > 3.0 × 10−3

i?2 KQ/2H /Bp2`;2b- r?B+? �;`22b rBi? i?2Q`vU7Q` 2t�KTH2- (kN)VX q2 �HbQ BMi`Q/m+2 L2bi2`QpǶb �++2H2`�i2/
;`�/B2Mi UL�:V(jy)X AM L�:- ;`�/B2Mi /2b+2Mi Bb KQ/B}2/ bm+? i?�i

s[k] = β[k−1] + δXT
(
y −Xβ[k−1]

)

β[k] = s[k−1] − η
(
s[k] − s[k−1]

) UR3V

h?Bb K2i?Q/ Bb mb27mH T�`iB+mH�`Hv r?2M i?2 bBKTH2 ;`�/B2Mi /2b+2Mi 2t?B#Bi bHQr +QMp2`;2M+2
6`QK i?Bb `2bmHi- r2 +?QQb2 iQ mb2 L�: 7Q` i?2 +�H+mH�iBQMX h?2 BKTH2K2Mi�iBQM Q7 HBM2�` `2;`2bbBQM

rBi? 6>1 Bb 2t2+mi2/ mbBM; Sva1�G(jR)X AM Qm` BKTH2K2Mi�iBQM- �`QmM/ 9∼8 Bi2`�iBQMb �`2 TQbbB#H2 �M/ i?2
7QHHQrBM; Bb i?2 `2bmHi Q7 Qm` 2tT2`BK2MiX >2`2 Qm` /�i�b2i Bb K�/2 mT Q7 2B;?i /�i� r?Qb2 /BK2MbBQM Bb }p2-
BX2X- N = 8, D = 5X

hQ Q#i�BM 6B;X9 �M/ 6B;X8- r2 b2i T�`�K2i2`b δ �M/ η iQ #2 D/tr(XTX) �M/ −0.5- `2bT2+iBp2HvX �Hi?Qm;?
/BpBbBQM Bb MQi bmTTQ`i2/ #v 6>1- �TT`QtBK�iBQM Bb TQbbB#H2 #v L2riQMǶb K2i?Q/X 6B;m`2X8 bm;;2bib i?�i Qm`
M�Bp2 BKTH2K2Mi�iBQM mbBM; Sva1�G �HHQrb QMHv 4 ∼ 5 Bi2`�iBQMb- r?B+? KB;?i MQi #2 bm{+B2MiX h?2`27Q`2 Bi
Bb ?B;?Hv 2tT2+i2/ i?�i B7 Qi?2` r�vb iQ BKTH2K2Mi ;`�/B2Mi /2b+2Mi- Q` Qi?2` HB#`�`B2b bm+? �b >1HB# 2M�#H2
KQ`2 Bi2`�iBQMb- i?2M ;`�/B2Mi /2b+2Mi rQmH/ #2 � ;QQ/ +�M/B/�i2 7Q` �+?B2pBM; HBM2�` `2;`2bbBQMX

JQ`2Qp2`- �b Bb 2pB/2Mi 7`QK 6B;X3- i?2 KQ`2 /BK2MbBQMb i?2 bvbi2K ?�b- i?2 KQ`2 +QKTHB+�i2/ +�H+mH�iBQM
#2+QK2b �M/ iBK2 +QMbmKTiBQM Bb H2M2�`Hv /2MT2M/2Mi QM i?2 /BK2MbBQM Q7 /�i�b2iX

9XjXk J�i`Bt J�bFBM; J2i?Q/
6BM�HHv r2 2tTHQ`2 i?2 p�HB/Biv Q7 JJJX �b b?QrM BM 6B;XN- i?2 `2bmHi Q#i�BM2/ #v JJJ Bb p2`v �+m`�i2 �M/



6B;m`2 9, SHQi Q7 2``Q` MQ`K |y−Xβ|2 7Q` R8 /�i�b2ibX6B;m`2 8, SHQi Q7 i?2 MmK#2` Q7 Bi2`�iBQM 7Q` 2�+? i`�BM@
BM; T?�b2

6B;m`2 e, SHQi Q7 i?2 �p2`�;2 2``Q` MQ`K |y−Xβ|2 7Q`
/�i�b2ibX rBi? 2 ∼ 10 /BK2MbBQM Q7 /�i�X

6B;m`2 d, SHQi Q7 i?2 �p2`�;2 MmK#2` Q7 Bi2`�iBQM 7Q`
2�+? i`�BMBM; T?�b2 rBi? 2 ∼ 10 /BK2MbBQM Q7 /�i�X

6B;m`2 3, SHQi Q7 i?2 �p2`�;2 iBK2 7Q` 2t2+miBM; i?2 T`Q;`�K 7Q` ;Bp2M /�i�b2ib rBi? 2 ∼ 10 /BK2MbBQM Q7
/�i�



6B;m`2 N, SHQi Q7 i?2 �p2`�;2 2``Q` MQ`K |y−Xβ|2 7Q`
/�i�b2ibX rBi? 2 ∼ 10 /BK2MbBQM Q7 /�i�X

6B;m`2 Ry, SHQi Q7 i?2 �p2`�;2 iBK2 7Q` 2t2+miBM; i?2
T`Q;`�K 7Q` ;Bp2M /�i�b2ib rBi? 2 ∼ 10 /BK2MbBQM Q7
/�i�

�HKQbi 2t�+iX 6B;m`2 Ry BKTHB2b iBK2 M22/2/ iQ 2t2+mi2 HBM2�` `2;`2bbBQM #v JJJ Bb [m�/`�iB+�HHv BM+`2�bBM;X
h?Bb +�M #2 2tTH�BM2/ �b 7QHHQrb, bBM+2 JJJ `2[mB`2b K�i`Bt KmHiBTHB+�iBQM rBi? K�i`Bt- i?2`27Q`2 QM2 ?�b
iQ +�H+mH�i2 D2 2H2K2MirBb2 KmHiBTHB+�iBQMbX *QKT�`2/ rBi? 6B;X3- Bi b22Kb i?�i ;`�/B2Mi /2b+2Mi Bb 7�bi2`
T�`iB+mH�`Hv r?2M /BK2MbBQM Bb #B;- #mi r2 b?QmH/ i�F2 BMiQ �++QmMi i?2 7�+i i?�i ;`�/B2Mi /2b+2Mi `2[mB`2b
K�Mv Bi2`�iBQM �M/ TQbbB#Hv #QQibi`�TTBM;X

8 .Bb+mbbBQM
>2`2 r2 /Bb+mbb T`�+iB+�#BHBiv Q7 2�+? K2i?Q/, :`�/B2Mi /2b+2Mi �M/ J�i`Bt J�bFBM; J2i?Q/X

:`�/B2Mi /2b+2Mi, ;`�/B2Mi /2b+2Mi Bb i?2 bBKTH2bi K2i?Q/ r2 +�M mb2 7Q` i?2 HBM2�` `2;`2bbBQMX h?Bb
K2�Mb BKTH2K2Mi�iBQM Bb bi`�B;?i7Q`r�`/X Ai Bb �HbQ b2+m`2 �;�BMbi �i H2�bi ?QM2bi@#mi@+m`BQmb 2MiBiB2bX >Qr@
2p2`- r2 b?QmH/ +�`2 �#Qmi i?2 BKTH2K2Mi�iBQM Q7 6>1 b+?2K2 bBM+2 a2+X 9XjXR b?Qrb M�Bp2 BKTH2K2Mi�iBQM
mbBM; Sva1�G 7�BHb iQ Q#i�BM b�iBb7�+iQ`v `2bmHibX JQ`2Qp2`- 2p2M B7 bQK2 Qi?2` HB#`�`B2b +�M Q#i�BM ;QQ/
`2bmHi- Qm` 2tT2`BK2Mi bm;;2bib i?�i #QQibi`�TTBM; b?QmH/ #2 mb2/ �M/ Bi KB;?i i�F2 � HQM; iBK2 iQ }MBb?
+�H+mH�iBQMX *QHH2+iBQM Q7 /�i� �HbQ +QMbmK2b MQBb2 #m/;2i bBM+2 B7 HQ+�H /Q2b MQi +�H+mH�i2 2M+`vTi2/ K�i`Bt
�M/ 2M+`vTi2/ p2+iQ` HQ+�HHv- i?2M i?2 +Q``2bTQM/BM; b2`p2` ?�b iQ +�H+mH�i2 i?2K BMbi2�/X A7 i?2 MmK#2` Q7
/�i�b2ib Bb H�`;2- i?2M Dmbi T`2T�`BM; 2M+`vTi2/ K�i`Bt �M/ p2+iQ` i�F2 Km+? Q7 MQBb2 #m/;2i- r?B+? KB;?i
H2�/ iQ 7�Bm`2 BM 2biBK�iBQM Q7 i?2 KQ/2HX

JJJ, BKTH2K2Mi�iBQM Q7 JJJ Bb bBKTH2 �M/ i?Bb K2i?Q/ �pQB/b i?2 KQbi /B{+mHi T�`i Q7 i?2 HBM2�`
`2;`2bbBQM- BMp2`bBQM Q7 K�i`BtX aBM+2 *aS +�H+mH�i2 BMp2`bBQM Q7 K�i`Bt r?B+? Bb MQi 2M+`vTi2/- i?2 `2bmHi
Bb 2t�+i �M/ bT22/v +�H+mH�iBQM Bb 2tT2+i2/X h?Bb K2i?Q/ Bb �HbQ b2+m`2 �;�BMbi �i H2�bi ?QM2bi@#mi@+m`BQmb
2MiBi2bX �Hi?Qm;? QM2 /Q2b MQi ?�p2 iQ +�`2 �#Qmi K�i`Bt BMp2`bBQM- i?Bb /Q2b MQi K2�M r2 +�M +QHH2+i /�i�
7`QK �`#Bi`�`v MmK#2` Q7 /�i� QrM2`b bBM+2 �//BiBQM +QMbmK2b MQBb2 #m/;2ib �Hi?Qm;? Bi Bb p2`v bK�HHX

J2i?Q/ *QKTmi�iBQM�H *QKTH2tBiv a2+m`Biv GBKBi�iBQM Q7 *�H+mH�iBQM
*`�K2`Ƕb 7Q`KmH� 1t�+i O(N3N !) b2KB@?QM2bi i?2`2 Bb
:`�/B2Mi .2b+2Mi Ai2`�iBp2 O(N2) b2KB@?QM2bi i?2`2 Bb

:* Ai2`�iBp2 O(N2)∗ b2KB@?QM2bi LQ HBKBi�iBQM
JJJ 1t�+i × b2KB@?QM2bi ,

h�#H2 R, h�#H2 Q7 +?�`�+i2`BbiB+b Q7 2�+? K2i?Q/ BMi`Q/m+2/X

_272`2M+2b
(R) _X GX _Bp2bi- �X a?�KB`- �M/ GX �/H2K�MX � K2i?Q/ 7Q` Q#i�BMBM; /B;Bi�H bB;M�im`2b �M/ Tm#HB+@F2v

+`vTiQbvbi2KbX *QKKmMX �*J- kRUkV,RkyĜRke- 62#`m�`v RNd3X

(k) h�?2` 1H;�K�HX � Tm#HB+ F2v +`vTiQbvbi2K �M/ � bB;M�im`2 b+?2K2 #�b2/ QM /Bb+`2i2 HQ;�`Bi?KbX AM
�.oX AL *_uShPGP:u- aS_AL:1_@o1_G�:- RN38X



(j) a?�} :QH/r�bb2` �M/ aBHpBQ JB+�HBX S`Q#�#BHBbiB+ 2M+`vTiBQM ��KTc ?Qr iQ TH�v K2Mi�H TQF2` F22TBM;
b2+`2i �HH T�`iB�H BM7Q`K�iBQMX AM S`Q+22/BM;b Q7 i?2 6Qm`i22Mi? �MMm�H �*J avKTQbBmK QM h?2Q`v Q7
*QKTmiBM;- ahP* Ƕ3k- T�;2b je8Ĝjdd- L2r uQ`F- Lu- la�- RN3kX �*JX

(9) S�b+�H S�BHHB2`X Sm#HB+@F2v +`vTiQbvbi2Kb #�b2/ QM +QKTQbBi2 /2;`22 `2bB/mQbBiv +H�bb2bX AM C�+[m2b
ai2`M- 2/BiQ`- �/p�M+2b BM *`vTiQHQ;v ě 1l_P*_uSh ǶNN- T�;2b kkjĜkj3- "2`HBM- >2B/2H#2`;- RNNNX
aT`BM;2` "2`HBM >2B/2H#2`;X

(8) oX LBFQH�2MFQ- lX q2BMb#2`;- aX AQ�MMB/Bb- JX CQv2- .X "QM2?- �M/ LX h�7iX S`Bp�+v@T`2b2`pBM; `B/;2
`2;`2bbBQM QM ?mM/`2/b Q7 KBHHBQMb Q7 `2+Q`/bX AM kyRj A111 avKTQbBmK QM a2+m`Biv �M/ S`Bp�+v- T�;2b
jj9Ĝj93- J�v kyRjX

(e) 6B/� .�MF�`X S`Bp�+v T`2b2`pBM; HBM2�` `2;`2bbBQM QM /Bbi`B#mi2/ /�i�#�b2bX h`�Mb�+iBQMb QM .�i�
S`Bp�+v- 3- y9 kyR8X

(d) A`2M2 :B�+QK2HHB- aQK2b? C?�- J�`+ CQv2- *X .�pB/ S�;2- �M/ EvQM;?r�M uQQMX S`Bp�+v@T`2b2`pBM;
`B/;2 `2;`2bbBQM rBi? QMHv HBM2�`Hv@?QKQKQ`T?B+ 2M+`vTiBQMX A�*_ *`vTiQHQ;v 2S`BMi �`+?Bp2- kyRd,NdN-
kyRdX

(3) wpBF� "`�F2`bFB- *`�B; :2Mi`v- �M/ oBMQ/ o�BFmMi�M�i?�MX 6mHHv ?QKQKQ`T?B+ 2M+`vTiBQM rBi?Qmi
#QQibi`�TTBM;X *`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i kyRRfkdd- kyRRX

(N) CmM72M; 6�M �M/ 6`2/2`BF o2`+�mi2`2MX aQK2r?�i T`�+iB+�H 7mHHv ?QKQKQ`T?B+ 2M+`vTiBQMX *`vTiQHQ;v
2S`BMi �`+?Bp2- _2TQ`i kyRkfR99- kyRkX

(Ry) _ G _Bp2bi- G �/H2K�M- �M/ J G .2`iQmxQbX PM /�i� #�MFb �M/ T`Bp�+v ?QKQKQ`T?BbKbX 6QmM/�iBQMb
Q7 a2+m`2 *QKTmi�iBQM- �+�/2KB� S`2bb- T�;2b ReNĜRdN- RNd3X

(RR) qX .B{2 �M/ JX >2HHK�MX L2r /B`2+iBQMb BM +`vTiQ;`�T?vX A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v-
kkUeV,e99Ĝe89- LQp2K#2` RNdeX

(Rk) hX 1H;�K�HX � Tm#HB+ F2v +`vTiQbvbi2K �M/ � bB;M�im`2 b+?2K2 #�b2/ QM /Bb+`2i2 HQ;�`Bi?KbX A111
h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- jRU9V,9eNĜ9dk- CmHv RN38X

(Rj) *`�B; :2Mi`vX � 6mHHv >QKQKQ`T?B+ 1M+`vTiBQM a+?2K2X S?. i?2bBb- ai�M7Q`/- *�- la�- kyyNX
��Ajj3kdkNX

(R9) J�`i2M p�M .BDF- *`�B; :2Mi`v- a?�B >�H2pB- �M/ oBMQ/ o�BFmMi�M�i?�MX 6mHHv ?QKQKQ`T?B+ 2M+`vTiBQM
Qp2` i?2 BMi2;2`bX *`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i kyyNfeRe- kyyNX

(R8) LXSX aK�`i �M/ 6X o2`+�mi2`2MX 6mHHv ?QKQKQ`T?B+ 2M+`vTiBQM rBi? `2H�iBp2Hv bK�HH F2v �M/ +BT?2`i2ti
bBx2bX *`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i kyyNf8dR- kyyNX

(Re) *`�B; :2Mi`vX hQr�`/ #�bBM; 7mHHv ?QKQKQ`T?B+ 2M+`vTiBQM QM rQ`bi@+�b2 ?�`/M2bbX AM h�H _�#BM-
2/BiQ`- �/p�M+2b BM *`vTiQHQ;v Ĝ *_uShP kyRy- T�;2b RReĜRjd- "2`HBM- >2B/2H#2`;- kyRyX aT`BM;2`
"2`HBM >2B/2H#2`;X

(Rd) *`�B; :2Mi`v �M/ a?�B >�H2pBX 6mHHv ?QKQKQ`T?B+ 2M+`vTiBQM rBi?Qmi b[m�b?BM; mbBM; /2Ti?@j �`Bi?@
K2iB+ +B`+mBibX *`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i kyRRfkdN- kyRRX

(R3) CmM; >22 *?2QM- �M/`2v EBK- JB`�M EBK- �M/ uQM;bQQ aQM;X >QKQKQ`T?B+ 2M+`vTiBQM 7Q` �`Bi?K2iB+
Q7 �TT`QtBK�i2 MmK#2`bX AM hbmvQb?B h�F�;B �M/ h?QK�b S2v`BM- 2/BiQ`b- �/p�M+2b BM *`vTiQHQ;v Ĝ
�aA�*_uSh kyRd- T�;2b 9yNĜ9jd- *?�K- kyRdX aT`BM;2` AMi2`M�iBQM�H Sm#HBb?BM;X

(RN) *`�B; :2Mi`v- �KBi a�?�B- �M/ "`2Mi q�i2`bX >QKQKQ`T?B+ 2M+`vTiBQM 7`QK H2�`MBM; rBi? 2`@
`Q`b, *QM+2Tim�HHv@bBKTH2`- �bvKTiQiB+�HHv@7�bi2`- �ii`B#mi2@#�b2/X *`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i
kyRjfj9y- kyRjX

(ky) G2Q .m+�b �M/ .�MB2H2 JB++B�M+BQX 6?2r, "QQibi`�TTBM; ?QKQKQ`T?B+ 2M+`vTiBQM BM H2bb i?�M � b2+QM/X
*`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i kyR9f3Re- kyR9X

(kR) AH�`B� *?BHHQiiB- LB+QH�b :�K�- J�`Bv� :2Q`;B2p�- �M/ J�HBF� Ax�#�+?2M2X 6�bi2` 7mHHv ?QKQKQ`T?B+
2M+`vTiBQM, "QQibi`�TTBM; BM H2bb i?�M yXR b2+QM/bX *`vTiQHQ;v 2S`BMi �`+?Bp2- _2TQ`i kyRef3dy- kyReX

(kk) u2?m/� GBM/2HH �M/ "2MMv SBMF�bX S`Bp�+v T`2b2`pBM; /�i� KBMBM;X AM S`Q+22/BM;b Q7 i?2 kyi? �MMm�H
AMi2`M�iBQM�H *`vTiQHQ;v *QM72`2M+2 QM �/p�M+2b BM *`vTiQHQ;v- *_uShP Ƕyy- T�;2b jeĜ89- GQM/QM-
lE- lE- kyyyX aT`BM;2`@o2`H�;X



(kj) JB+?�2H "2M@P`- a?�} :QH/r�bb2`- �M/ �pB qB;/2`bQMX *QKTH2i2M2bb i?2Q`2Kb 7Q` MQM@+`vTiQ;`�T?B+
7�mHi@iQH2`�Mi /Bbi`B#mi2/ +QKTmi�iBQMX AM S`Q+22/BM;b Q7 i?2 hr2MiB2i? �MMm�H �*J avKTQbBmK QM
h?2Q`v Q7 *QKTmiBM;- ahP* Ƕ33- T�;2b RĜRy- L2r uQ`F- Lu- la�- RN33X �*JX

(k9) �X *X u�QX S`QiQ+QHb 7Q` b2+m`2 +QKTmi�iBQMbX AM kyRj A111 89i? �MMm�H avKTQbBmK QM 6QmM/�iBQMb
Q7 *QKTmi2` a+B2M+2- T�;2b ReyĜRe9- GQb �H�KBiQb- *�- la�- MQp RN3kX A111 *QKTmi2` aQ+B2ivX

(k8) �M/`2r *?B@*?B? u�QX >Qr iQ ;2M2`�i2 �M/ 2t+?�M;2 b2+`2ibX AM S`Q+22/BM;b Q7 i?2 kdi? �MMm�H
avKTQbBmK QM 6QmM/�iBQMb Q7 *QKTmi2` a+B2M+2- a6*a Ƕ3e- T�;2b RekĜRed- q�b?BM;iQM- .*- la�-
RN3eX A111 *QKTmi2` aQ+B2ivX

(ke) SX JX 1bT2`�MÏ�- GX CX JX �bH2ii- �M/ *X *X >QHK2bX 1M+`vTi2/ �++2H2`�i2/ H2�bi b[m�`2b `2;`2bbBQMX
�`sBp,RdyjXyy3jN- kyRdX

(kd) CX "�`@AH�M �M/ .X "2�p2`X LQM@+`vTiQ;`�T?B+ 7�mHi@iQH2`�Mi +QKTmiBM; BM +QMbi�Mi MmK#2` Q7 `QmM/b
Q7 BMi2`�+iBQMX AM S`Q+22/BM;b Q7 i?2 1B;?i? �MMm�H �*J avKTQbBmK QM S`BM+BTH2b Q7 .Bbi`B#mi2/
*QKTmiBM;- SP.* Ƕ3N- T�;2b kyRĜkyN- L2r uQ`F- Lu- la�- RN3NX �*JX

(k3) *X q�M;- EX _2M- CX q�M;- �M/ ZX q�M;X >�`M2bbBM; i?2 +HQm/ 7Q` b2+m`2Hv QmibQm`+BM; H�`;2@b+�H2
bvbi2Kb Q7 HBM2�` 2[m�iBQMbX A111 h`�Mb�+iBQMb QM S�`�HH2H �M/ .Bbi`B#mi2/ avbi2Kb- k9UeV,RRdkĜRR3R-
CmM2 kyRjX

(kN) o _v�#2MǶFBB �M/ a hbvMFQpX � h?2Q`2iB+�H AMi`Q/m+iBQM iQ LmK2`B+�H �M�HvbBbX *?�TK�M �M/ >�HHf*_*-
kyydX

(jy) umX 1X L2bi2`QpX � K2i?Q/ Q7 bQHpBM; � +QMp2t T`Q;`�KKBM; T`Q#H2K rBi? +QMp2`;2M+2 `�i2 o
(

1
k2

)
X .QFHX

�F�/X L�mF aaa_- keN,89jĜ89d- RN3jX

(jR) �H2t�M/2` CX hBimb- a?�b?r�i EBb?Q`2- hQ// ai�pBb?- ai2T?�MB2 JX _Q;2`b- �M/ E�`H LBX Svb2�H, �
Tvi?QM r`�TT2` BKTH2K2Mi�iBQM Q7 i?2 b2�H ?QKQKQ`T?B+ 2M+`vTiBQM HB#`�`vX �`sBp- �#bfR3yjXyR3NR-
kyR3X

(jk) oH�/BKB` EQH2bMBFQp �M/ h?QK�b a+?M2B/2`X AKT`Qp2/ ;�`#H2/ +B`+mBi, 6`22 tQ` ;�i2b �M/ �TTHB+�iBQMbX
AM Gm+� �+2iQ- Ap�M .�K;´`/- G2bHB2 �MM :QH/#2`;- J�;Mȹb JX >�HH/Ʀ`bbQM- �MM� AM;ƦH7b/ƦiiB`- �M/
A;Q` q�HmFB2rB+x- 2/BiQ`b- �miQK�i�- G�M;m�;2b �M/ S`Q;`�KKBM;- T�;2b 93eĜ9N3- "2`HBM- >2B/2H#2`;-
kyy3X aT`BM;2` "2`HBM >2B/2H#2`;X

(jj) oH�/BKB` EQH2bMBFQp- �?K�/@_2x� a�/2;?B- �M/ h?QK�b a+?M2B/2`X AKT`Qp2/ ;�`#H2/ +B`+mBi #mBH/BM;
#HQ+Fb �M/ �TTHB+�iBQMb iQ �m+iBQMb �M/ +QKTmiBM; KBMBK�X AM Cm�M �X :�`�v- �ibmFQ JBv�DB- �M/ �FB`�
PibmF�- 2/BiQ`b- *`vTiQHQ;v �M/ L2irQ`F a2+m`Biv- T�;2b RĜky- "2`HBM- >2B/2H#2`;- kyyNX aT`BM;2` "2`HBM
>2B/2H#2`;X


