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On the Dual of Generalized Bent Functions†

Jiaxin Wang*, Fang-Wei Fu

Abstract

In this paper, we study the dual of generalized bent functions f : Vn → Zpk where Vn is an

n-dimensional vector space over Fp and p is an odd prime, k is a positive integer. It is known that

weakly regular generalized bent functions always appear in pairs since the dual of a weakly regular

generalized bent function is also a weakly regular generalized bent function. The dual of non-weakly

regular generalized bent functions can be generalized bent or not generalized bent. By generalizing the

construction of [6], we obtain an explicit construction of generalized bent functions for which the dual

can be generalized bent or not generalized bent. We show that the generalized indirect sum construction

method given in [15] can provide a secondary construction of generalized bent functions for which the

dual can be generalized bent or not generalized bent. By using the knowledge on ideal decomposition

in cyclotomic field, we prove that f∗∗(x) = f(−x) if f is a generalized bent function and its dual f∗ is

also a generalized bent function. For any non-weakly regular generalized bent function f which satisfies

that f(x) = f(−x) and its dual f∗ is generalized bent, we give a property and as a consequence, we

prove that there is no self-dual generalized bent function f : Vn → Zpk if p ≡ 3 (mod 4) and n is odd.

For p ≡ 1 (mod 4) or p ≡ 3 (mod 4) and n is even, we give a secondary construction of self-dual

generalized bent functions. In the end, we characterize the relations between the generalized bentness

of the dual of generalized bent functions and the bentness of the dual of bent functions, as well as the

self-duality relations between generalized bent functions and bent functions by the decomposition of

generalized bent functions.
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I. INTRODUCTION

Throughout this paper, let p be an odd prime, Zpk be the ring of integers modulo pk, Fnp be

the vector space of the n-tuples over Fp, Fpn be the finite field with pn elements and Vn be an

n-dimensional vector space over Fp where k, n are positive integers.

Boolean bent functions introduced by Rothaus [14] play an important role in cryptography,

coding theory, sequences and combinatorics. In 1985, Kumar et al. [9] generalized Boolean bent

functions to bent functions over finite fields of odd characteristic. Due to the importance of bent

functions, they have been studied extensively. There is an exhaustive survey [1] and a book [11]

for bent functions and generalized bent functions. Recently, the notion of Boolean generalized

bent functions has been generalized to generalized bent functions from Vn to Zpk [12].

A function f from Vn to Zpk is called a generalized p-ary function, or simply p-ary function

when k = 1. The Walsh transform of a generalized p-ary function f : Vn → Zpk is the complex

valued function on Vn defined as

Wf (a) =
∑
x∈Vn

ζ
f(x)

pk
ζ−〈a,x〉p , a ∈ Vn (1)

where ζpk = e
2π
√
−1

pk is the complex primitive pk-th root of unity and 〈a, x〉 denotes a (nonde-

generate) inner product in Vn. And f can be recovered by the inverse transform

ζ
f(x)

pk
=

1

pn

∑
a∈Vn

Wf (a)ζ〈a,x〉p , x ∈ Vn. (2)

The classical representations of Vn are Fnp with 〈a, x〉 = a · x and Fpn with 〈a, x〉 = Trn1 (ax),

where a · x is the usual dot product over Fnp , Trn1 (·) is the absolute trace function. When

Vn = Vn1 × · · · × Vns(n =
∑s

i=1 ni), let 〈a, b〉 =
∑s

i=1〈ai, bi〉 where a = (a1, . . . , as), b =

(b1, . . . , bs) ∈ Vn.

The generalized p-ary function f : Vn → Zpk is called a generalized p-ary bent function, or

simply p-ary bent function when k = 1 if |Wf (a)| = p
n
2 for any a ∈ Vn. In [12], the authors

have shown that the Walsh transform of a generalized p-ary bent function f : Vn → Zpk satisfies

that for any a ∈ Vn,

Wf (a) =

 ±p
n
2 ζ

f∗(a)

pk
if p ≡ 1 (mod 4) or n is even,

±
√
−1p

n
2 ζ

f∗(a)

pk
if p ≡ 3 (mod 4) and n is odd

(3)
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where f ∗ is a function from Vn to Zpk and is called the dual of f . We call f self-dual if f ∗ = f .

In the sequel, if f ∗ is also a generalized bent function, let f ∗∗ denote the dual of f ∗.

If f : Vn → Zpk is a generalized bent function with dual f ∗, define

µf (a) = p−
n
2 ζ
−f∗(a)

pk
Wf (a), a ∈ Vn (4)

and

εf (a) = ξ−1µf (a), a ∈ Vn (5)

where ξ = 1 if p ≡ 1 (mod 4) or n is even and ξ =
√
−1 if p ≡ 3 (mod 4) and n is odd. By (3),

it is easy to see that εf is a function from Vn to {±1}. If µf is a constant function, then f is called

weakly regular, otherwise f is called non-weakly regular. In particular, if µf (a) = 1, a ∈ Vn, f

is called regular.

There are some works on the dual of p-ary bent functions [3], [5], [6], [13]. It is known that

weakly regular generalized bent functions always appear in pairs since the dual of a weakly

regular generalized bent function is also a weakly regular generalized bent function [12]. For

non-weakly regular bent functions, the dual can be bent or not bent. In [5], Çeşmelioğlu et al.

analysed the first known construction of non-weakly regular bent functions [2] and showed that

this construction yields bent functions for which the dual is bent if using some proper weakly

regular plateaued functions or bent functions whose dual is also bent as building blocks. In [6],

Çeşmelioğlu et al. provided the first explicit construction of non-weakly regular bent functions

for which the dual is not bent. As a consequence, the dual of non-weakly regular generalized

bent functions can be generalized bent or not generalized bent. For instance, if f : Vn → Fp is a

non-weakly regular bent function whose dual is (not) bent, then obviously pk−1f : Vn → Zpk is

a non-weakly regular generalized bent function whose dual is (not) generalized bent. In [5], the

authors also analysed the self-duality of p-ary bent functions from Vn to Fp. They characterized

quadratic self-dual bent functions. For p ≡ 1 (mod 4), they proposed a secondary construction

of self-dual bent functions, which can be used to construct non-quadratic self-dual bent functions

by using (non)-quadratic self-dual bent functions as building blocks. However, for p ≡ 3 (mod 4)

and n is even, they only illustrated that there exist ternary non-quadratic self-dual bent functions

by considering special ternary bent functions. For p ≡ 3 (mod 4) and n is odd, they showed

that there is no weakly regular self-dual bent function and they pointed out that there exist non-

weakly regular self-dual bent functions. Indeed, they pointed out that the non-weakly regular
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bent function g3(x) = Tr3
1(x22 + x8) from F33 to F3 is self-dual. But in fact, g3 is not self-dual.

In this paper, we will prove that there is no self-dual generalized bent function f : Vn → Zpk if

p ≡ 3 (mod 4) and n is odd. For weakly regular bent functions f with dual f ∗, it is known that

f ∗∗(x) = f(−x) holds where f ∗∗ denotes the dual of f ∗. Recently, for non-weakly regular bent

functions f whose dual f ∗ is also bent, Özbudak and Pelen [13] showed that f ∗∗(x) = f(−x)

also holds by studying the value distributions of the dual of non-weakly regular bent functions.

In this paper, we study the dual of generalized bent functions from Vn to Zpk . By generalizing

the construction of Corollary 2 of [6], we obtain an explicit construction of generalized bent

functions for which the dual can be generalized bent or not generalized bent. Note that in [6],

a sufficient condition is given to construct non-weakly regular bent functions whose dual is

not bent, however, a sufficient condition for the dual of the constructed non-weakly regular

bent function to be bent is not given. We will give a sufficient condition to illustrate that the

construction of Corollary 2 of [6] can also be used to construct non-weakly regular bent functions

whose dual is bent. We will show that the generalized indirect sum construction method given

in [15] can provide a secondary construction of generalized bent functions for which the dual

can be generalized bent or not generalized bent. For generalized bent functions f whose dual

f ∗ is also generalized bent, different from the proof method in [13], we prove f ∗∗(x) = f(−x)

by using the knowledge on ideal decomposition in cyclotomic field, which seems more concise.

For any non-weakly regular generalized bent function f which satisfies that f(x) = f(−x) and

the dual f ∗ is generalized bent, we give a property and as a consequence, we prove that there

is no self-dual generalized bent function f : Vn → Zpk if p ≡ 3 (mod 4) and n is odd. For

p ≡ 1 (mod 4) or p ≡ 3 (mod 4) and n is even, we give a secondary construction of self-

dual generalized bent functions. In the end, by the decomposition of generalized bent functions,

we characterize the relations between the generalized bentness of the dual of generalized bent

functions and the bentness of the dual of bent functions, as well as the self-duality relations

between generalized bent functions and bent functions.

The rest of the paper is organized as follows. In Section II, we present some needed results on

generalized bent functions and number fields. In Section III, we give constructions of generalized

bent functions whose dual can be generalized bent or not generalized bent (Theorems 1 and 2).

In Section IV, for generalized bent functions f whose dual f ∗ is also generalized bent, by

using the knowledge on ideal decomposition in cyclotomic field, we prove that f ∗∗(x) = f(−x)
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holds (Theorem 3). In Section V, we prove that there is no self-dual generalized bent function

f : Vn → Zpk if p ≡ 3 (mod 4) and n is odd (Theorem 4). In Section VI, we give a secondary

construction of self-dual generalized bent functions f : Vn → Zpk if p ≡ 1 (mod 4) or n is even

(Theorem 5). In Section VII, we characterize the relations between the generalized bentness of

the dual of generalized bent functions and the bentness of the dual of bent functions, as well as

the self-duality relations between generalized bent functions and bent functions (Theorem 6). In

Section VIII, we make a conclusion.

II. PRELIMINARIES

In this section, we present some needed results on generalized bent functions and number

fields.

A. Some Results on Generalized Bent Functions

Let f : Vn → Zpk be a generalized bent function, then Wf (a) = µf (a)p
n
2 ζ

f∗(a)

pk
for any a ∈ Vn

where µf (a) = ξεf (a), ξ = 1 if p ≡ 1 (mod 4) or n is even and ξ =
√
−1 if p ≡ 3 (mod 4)

and n is odd, εf : Vn → {±1}, f ∗ is the dual of f . By the inverse transform (2), we have

ζ
f(x)

pk
=

1

pn

∑
a∈Vn

Wf (a)ζ〈a,x〉p

=
1

pn

∑
a∈Vn

ξεf (a)p
n
2 ζ

f∗(a)

pk
ζ〈a,x〉p

= ξp−
n
2

∑
a∈Vn

εf (a)ζ
f∗(a)

pk
ζ〈a,x〉p .

Hence for any x ∈ Vn,

ξ
∑
a∈Vn

εf (a)ζ
f∗(a)

pk
ζ〈a,x〉p = p

n
2 ζ

f(x)

pk
. (6)

In this paper, let η be the multiplicative quadratic character of Fpn , that is,

η(x) =

 1 if x ∈ F∗pn is a square element,

−1 if x ∈ F∗pn is a non-square element.

Let α ∈ F∗pn . Then the function f : Fpn → Fp defined by f(x) = Trn1 (αx2) is a weakly

regular bent function and Wf (a) = (−1)n−1εnη(α)p
n
2 ζ

Trn1 (− a
2

4α
)

p for any a ∈ Fpn where ε = 1 if

p ≡ 1 (mod 4) and ε =
√
−1 if p ≡ 3 (mod 4) (see [8]).
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In [12], the authors characterized the relations between generalized bent functions and bent

functions by the decomposition of generalized bent functions. The following lemma follows

from Theorem 16 and its proof of [12].

Lemma 1 ( [12]). Let k ≥ 2 be an integer. Let f : Vn → Zpk with the decomposition f(x) =∑k−1
i=0 fi(x)pk−1−i = f0(x)pk−1+f̄1(x) where fi is a function from Vn to Fp for any 0 ≤ i ≤ k−1

and f̄1(x) =
∑k−1

i=1 fi(x)pk−1−i is a function from Vn to Zpk−1 . Then f is a generalized bent

function if and only if gf,F , f0 + F (f1, . . . , fk−1) is a bent function for any function F :

Fk−1
p → Fp. Furthermore, if f is a generalized bent function, then f ∗(x) = f ∗0 (x)pk−1 + λ(x)

and g∗f,F (x) = f ∗0 (x) + F (λ1(x), . . . , λk−1(x)) where λ(x) =
∑k−1

i=1 λi(x)pk−1−i, λi : Vn → Fp
and λ : Vn → Zpk−1 satisfies that for any a ∈ Vn,

∑
x∈Vn:f̄1(x)=λ(a) ζ

f0(x)−〈a,x〉
p = Wf0(a) and∑

x∈Vn:f̄1(x)=v ζ
f0(x)−〈a,x〉
p = 0 for any v ∈ Zpk−1 with v 6= λ(a).

B. Some Results on Number Fields

In this subsection, we give some results on number fields. For more results on number fields,

we refer to [7].

Suppose L/K is a number field extension. Let OL and OK be the ring of integers in L and

K respectively. Any nonzero ideal I of OL can be uniquely (up to the order) expressed as

I = Be1
1 . . .Beg

g

where B1, . . . ,Bg are distinct (nonzero) prime ideals of OL and ei ≥ 1 (1 ≤ i ≤ g). And when

I = pOL where p is a nonzero prime ideal of OK , p = Bi ∩ OK for any 1 ≤ i ≤ g.

In this paper, we consider cyclotomic field L = Q(ζpk). Then OL = Z[ζpk ] and {ζ ipζ
j
pk

: 0 ≤

i ≤ p−2, 0 ≤ j ≤ pk−1−1} is an integral basis of OL. For prime ideal pZ of Z, (pZ)OL = pOL
and

pOL = ((1− ζpk)OL)ϕ(pk)

where (1− ζpk)OL is a prime ideal of OL and ϕ is the Euler function.

For any integer j ∈ Z, let vp(j) ∈ Z denote the p-adic valuation of j, that is, pvp(j) | j and

pvp(j)+1 - j.
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III. CONSTRUCTIONS OF GENERALIZED BENT FUNCTIONS WHOSE DUAL IS (NOT)

GENERALIZED BENT

In this section, we give constructions of generalized bent functions whose dual can be gener-

alized bent or not generalized bent.

The following theorem gives an explicit construction of generalized bent functions for which

the dual can be generalized bent or not generalized bent, which is a generalization of Corollary

2 of [6]. Note that in Corollary 2 of [6], a sufficient condition is given to construct non-weakly

regular bent functions whose dual is not bent, however, a sufficient condition for the dual of the

constructed non-weakly regular bent function to be bent is not given. In the following theorem,

we also give a sufficient condition to illustrate that the construction of [6] can also be used to

construct non-weakly regular bent functions whose dual is bent.

Theorem 1. Let m ≥ 2 be an integer. Let α, β ∈ F∗pm satisfy 1 + iα + jβ 6= 0 for any

i, j ∈ Fp. Let F (x, y1, y2) = pk−1(Trm1 (x2) + (y1 + Trm1 (αx2))(y2 + Trm1 (βx2))) + g(y2 +

Trm1 (βx2)), (x, y1, y2) ∈ Fpm × Fp × Fp, where g is an arbitrary function from Fp to Zpk . Then

1) F is a generalized bent function and it is weakly regular if and only if η(1 + iα+ jβ) = 1

for any i, j ∈ Fp.

2) The dual F ∗(x, y1, y2) = pk−1(Trm1 (− x2

4(1+y1α+y2β)
)−y1y2)+g(y1) and F ∗ is a generalized

bent function if and only if

|
∑

y1,y2∈Fp

η(1 + y1α + y2β)ζ
g(y1)

pk
ζ−y1y2+b1y1+b2y2
p | = p for any b1, b2 ∈ Fp. (7)

In particular, if η(1 + iα + jβ) = η(1 + iα) for any i, j ∈ Fp and there exist i1, i2 ∈ Fp such

that η(1 + i1α) 6= η(1 + i2α), then F ∗ is a non-weakly regular generalized bent function.

Proof: 1) For any (a, b1, b2) ∈ Fpm × Fp × Fp, we have

WF (a, b1, b2)

=
∑

x∈Fpm ,y1,y2∈Fp

ζ
F (x,y1,y2)

pk
ζ−Tr

m
1 (ax)−b1y1−b2y2

p

=
∑
x∈Fpm

ζTr
m
1 (x2)−Trm1 (ax)

p

∑
y1,y2∈Fp

ζ
g(y2+Trm1 (βx2))

pk
ζ(y1+Trm1 (αx2))(y2+Trm1 (βx2))−b1y1−b2y2
p

=
∑
x∈Fpm

ζTr
m
1 (γbx

2−ax)
p

∑
z1,z2∈Fp

ζz1z2−b1z1−b2z2p ζ
g(z2)

pk
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= WTrm1 (γbx2)(a)Wpk−1z1z2+g(z2)(b1, b2)

where γb = 1 + b1α + b2β and in the third equality we use the change of variables z1 =

y1 + Trm1 (αx2), z2 = y2 + Trm1 (βx2). Since γb 6= 0, then Trm1 (γbx
2) is a bent function and

WTrm1 (γbx2)(a) = (−1)m−1εmη(γb)p
m
2 ζ

Trm1 (− a2

4γb
)

p where ε = 1 if p ≡ 1 (mod 4) and ε =
√
−1

if p ≡ 3 (mod 4). Since pk−1z1z2 + g(z2) is a generalized Maiorana-McFarland bent function,

then Wpk−1z1z2+g(z2)(b1, b2) = pζ
−pk−1b1b2+g(b1)

pk
. Hence F is generalized bent and

WF (a, b1, b2) = µF (a, b1, b2)p
m+2

2 ζ
F ∗(a,b1,b2)

pk
(8)

where µF (a, b1, b2) = (−1)m−1εmη(γb) and its dual F ∗(a, b1, b2) = pk−1(Trm1 (− a2

4γb
) − b1b2) +

g(b1).

From (8), it is obviously that F is weakly regular if and only if η(γb) = η(1+b1α+b2β), b1, b2 ∈

Fp are the same. By η(1) = 1, we have F is weakly regular if and only if η(γb) = 1 for any

b1, b2 ∈ Fp.

2) By F ∗(x, y1, y2) = pk−1(Trm1 (− x2

4γy
) − y1y2) + g(y1) where γy = 1 + y1α + y2β, for any

(a, b1, b2) ∈ Fpm × Fp × Fp we have

WF ∗(a, b1, b2)

=
∑

y1,y2∈Fp

ζ−y1y2−b1y1−b2y2
p ζ

g(y1)

pk

∑
x∈Fpm

ζ
Trm1 (− x2

4γy
−ax)

p

=
∑

y1,y2∈Fp

ζ−y1y2−b1y1−b2y2
p ζ

g(y1)

pk
(−1)m−1εmp

m
2 η(− 1

4γy
)ζTr

m
1 (γya2)

p

= λ
∑

y1,y2∈Fp

η(γy)ζ
−y1y2−(b1−Trm1 (a2α))y1−(b2−Trm1 (a2β))y2
p ζ

g(y1)

pk

where λ = (−1)m−1εmη(−1)p
m
2 ζ

Trm1 (a2)
p , hence it is easy to see that F ∗ is generalized bent if

and only if (7) holds. In particular, if η(1 + iα+ jβ) = η(1 + iα) for any i, j ∈ Fp, then for any

b1, b2 ∈ Fp, ∑
y1,y2∈Fp

η(1 + y1α + y2β)ζ−y1y2+b1y1+b2y2
p ζ

g(y1)

pk

=
∑
y1∈Fp

η(1 + y1α)ζb1y1
p ζ

g(y1)

pk

∑
y2∈Fp

ζ(b2−y1)y2
p

= η(1 + b2α)pζb1b2p ζ
g(b2)

pk
,
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thus (7) holds and F ∗ is generalized bent. Furthermore, if there exist i1, i2 ∈ Fp such that

η(1 + i1α) 6= η(1 + i2α), it is easy to see that F ∗ is non-weakly regular.

Remark 1. When k = 1, g = 0 and 1, α, β ∈ Fpm are linearly independent over Fp, the above

construction reduces to Corollary 2 of [6], which is the first explicit construction of bent functions

whose dual is not bent. As for general α, β ∈ F∗pm with 1 + iα+ jβ 6= 0, i, j ∈ Fp, the condition

(7) does not seem to hold in general, one can easily obtain non-weakly regular generalized

bent functions whose dual is not generalized bent. But we emphasize that if α, β ∈ F∗pm with

1 + iα + jβ 6= 0, i, j ∈ Fp satisfy that η(1 + iα + jβ) = η(1 + iα) for any i, j ∈ Fp and

η(1 + iα), i ∈ Fp are not all the same, then the function constructed by the above construction

is a non-weakly regular generalized bent function whose dual is also generalized bent.

We give two examples of non-weakly regular generalized bent functions by using Theorem

1 for which the dual of the first example is not generalized bent and the dual of the second

example is generalized bent.

Example 1. Let p = 5, m = 2, k = 3. Let z be the primitive element of F52 with z2 +4z+2 = 0.

Let α = β = z, g : F5 → Z53 be defined as g(x) = x3. Then one can verify that the function F

constructed by Theorem 1 is a non-weakly regular generalized bent function and its dual F ∗ is

not generalized bent.

Example 2. Let p = 3, m = 5, k = 2. Let z be the primitive element of F35 with z5 +2z+1 = 0.

Let α = z10, β = z47, g : F3 → Z32 be defined as g(x) = x. Then one can verify that

η(1 + jβ) = 1, η(1 + α + jβ) = η(1 + 2α + jβ) = −1 for any j ∈ F3, hence the function F

constructed by Theorem 1 is a non-weakly regular generalized bent function and its dual F ∗ is

generalized bent.

Now we show that the generalized indirect sum construction method given in [15] can provide

a secondary construction of generalized bent functions for which the dual can be generalized

bent or not generalized bent. For the sake of completeness, we give the proof of the following

lemma, which can be obtained by Theorem 5 of [15].

Lemma 2 ( [15]). Let fi(i ∈ Ftp) : Vr → Zpk be generalized bent functions. Let gs(0 ≤ s ≤ t) :

Vm → Fp be bent functions which satisfy that for any j = (j1, . . . , jt) ∈ Ftp, Gj , (1−j1−· · ·−

June 6, 2021 DRAFT
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jt)g0 + j1g1 + · · ·+ jtgt is a bent function and G∗j = (1− j1−· · ·− jt)g∗0 + j1g
∗
1 + · · ·+ jtg

∗
t and

µGj(y) = u, y ∈ Vm where µGj is defined by (4) and u is a constant independent of j. Let g be

an arbitrary function from Ftp to Zpk . Then F (x, y) = f(g0(y)−g1(y),...,g0(y)−gt(y))(x) + pk−1g0(y) +

g(g0(y)− g1(y), . . . , g0(y)− gt(y)), (x, y) ∈ Vr × Vm is a generalized bent function.

Proof: For any (a, b) ∈ Vr × Vm, we have

WF (a, b)

=
∑

x∈Vr,y∈Vm

ζ
f(g0(y)−g1(y),...,g0(y)−gt(y))(x)+g(g0(y)−g1(y),...,g0(y)−gt(y))

pk
ζg0(y)−〈a,x〉−〈b,y〉
p

=
∑

i1,...,it∈Fp

∑
y:g0(y)−gj(y)=ij ,1≤j≤t

∑
x∈Vr

ζ
f(i1,...,it)

(x)+g(i1,...,it)

pk
ζg0(y)−〈a,x〉−〈b,y〉
p

= p−t
∑

i1,...,it∈Fp

ζ
g(i1,...,it)

pk
Wf(i1,...,it)

(a)
∑
y∈Vm

ζg0(y)−〈b,y〉
p

∑
j1∈Fp

ζ(i1−(g0−g1)(y))j1
p

· · ·
∑
jt∈Fp

ζ(it−(g0−gt)(y))jt
p

= p−t
∑

i1,...,it∈Fp

ζ
g(i1,...,it)

pk
Wf(i1,...,it)

(a)
∑

j1,...,jt∈Fp

ζ i1j1+···+itjt
p WG(j1,...,jt)

(b).

As for any j1, . . . , jt ∈ Fp, G(j1,...,jt) , (1 − j1 − · · · − jt)g0 + j1g1 + · · · + jtgt is a bent

function and G∗(j1,...,jt) = (1− j1 − · · · − jt)g∗0 + j1g
∗
1 + · · ·+ jtg

∗
t and µG(j1,...,jt)

(y) = u, y ∈ Vm
where u is a constant independent of (j1, . . . , jt), we have

WF (a, b)

= up
m
2 p−t

∑
i1,...,it∈Fp

ζ
g(i1,...,it)

pk
Wf(i1,...,it)

(a)
∑

j1,...,jt∈Fp

ζ i1j1+···+itjt+(1−j1−···−jt)g∗0(b)+j1g∗1(b)+···+jtg∗t (b)
p

= up
m
2 p−tζg

∗
0(b)
p

∑
i1,...,it∈Fp

ζ
g(i1,...,it)

pk
Wf(i1,...,it)

(a)
∑
j1∈Fp

ζ(g∗1(b)−g∗0(b)+i1)j1
p · · ·

∑
jt∈Fp

ζ(g∗t (b)−g∗0(b)+it)jt
p

= up
m
2 ζg

∗
0(b)
p ζ

g(g∗0(b)−g∗1(b),...,g∗0(b)−g∗t (b))

pk
Wf(g∗0(b)−g∗1(b),...,g∗0(b)−g∗t (b))

(a).

(9)

Hence, by (9), it is easy to see that F : Vr×Vm → Zpk is a generalized bent function if fi, i ∈ Ftp
are generalized bent functions from Vr to Zpk .

Based on Lemma 2, we give the following theorem.

Theorem 2. With the same notation as Lemma 2. The dual of the generalized bent function
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11

constructed by Lemma 2 is a generalized bent function if and only if for any y ∈ Vm, the dual

of f(g0(y)−g1(y),...,g0(y)−gt(y)) is a generalized bent function.

Proof: By (9), we have that the dual of the generalized bent function F constructed by

Lemma 2 is F ∗(x, y) = f ∗(g∗0(y)−g∗1(y),...,g∗0(y)−g∗t (y))(x) + pk−1g∗0(y) + g(g∗0(y)− g∗1(y), . . . , g∗0(y)−

g∗t (y)). Note that for a weakly regular bent function h with dual h∗, h∗ is also a weakly regular

bent function and h∗∗(x) = h(−x), µh∗ = µ−1
h . Since for any j = (j1, . . . , jt) ∈ Ftp, Gj =

(1−j1−· · ·−jt)g0+j1g1+· · ·+jtgt is a bent function and G∗j = (1−j1−· · ·−jt)g∗0+j1g
∗
1+· · ·+jtg∗t

and µGj(y) = u, y ∈ Vm where u is a constant independent of j, we have G∗j is a bent function

and G∗∗j (y) = Gj(−y) = (1 − j1 − · · · − jt)g0(−y) + j1g1(−y) + · · · + jtgt(−y) = (1 − j1 −

· · ·− jt)g∗∗0 (y) + j1g
∗∗
1 (y) + · · ·+ jtg

∗∗
t (y) and µG∗j (y) = u−1, y ∈ Vm, that is, g∗s(0 ≤ s ≤ t) also

satisfy the condition of Lemma 2. Since F ∗ has the same form as F and g∗s(0 ≤ s ≤ t) satisfy

the condition of Lemma 2, by (9), for any (a, b) ∈ Vr × Vm we have

WF ∗(a, b)

= u−1p
m
2 ζg

∗∗
0 (b)
p ζ

g(g∗∗0 (b)−g∗∗1 (b),...,g∗∗0 (b)−g∗∗t (b))

pk
Wf∗

(g∗∗0 (b)−g∗∗1 (b),...,g∗∗0 (b)−g∗∗t (b))
(a)

= u−1p
m
2 ζg0(−b)

p ζ
g(g0(−b)−g1(−b),...,g0(−b)−gt(−b))
pk

Wf∗
(g0(−b)−g1(−b),...,g0(−b)−gt(−b))

(a).

If for any y ∈ Vm, f ∗(g0(y)−g1(y),...,g0(y)−gt(y)) is generalized bent, then obviously F ∗ is generalized

bent. Suppose F ∗ is generalized bent. If there exists y ∈ Vm such that f ∗(g0(y)−g1(y),...,g0(y)−gt(y))

is not generalized bent, let a ∈ Vr with |Wf∗
(g0(y)−g1(y),...,g0(y)−gt(y))

(a)| 6= p
r
2 and b = −y, then

|WF ∗(a, b)| 6= p
r+m

2 and F ∗ is not generalized bent, which is a contradiction. Hence, F ∗ is a

generalized bent function if and only if for any y ∈ Vm, the dual of f(g0(y)−g1(y),...,g0(y)−gt(y)) is

a generalized bent function.

When k = 1, t = 1,m = 2 and g = 0, g0(y) = y1y2, g1(y) = y1y2−y2, y = (y1, y2) ∈ Fp×Fp,

Theorem 2 reduces to Theorem 3 of [6]. The corresponding function of Theorem 3 of [6] is in the

Generalized Maiorana-McFarland bent functions class (see [4]). In [15], the authors showed that

the canonical way to construct Generalized Maiorana-McFarland bent functions can be obtained

by the generalized indirect sum construction method. In [15], the authors also showed that p-ary

PSap bent functions

gs(y) = Trm1 (αsG(y1y
pm−2
2 )), y = (y1, y2) ∈ Fpm × Fpm , 0 ≤ s ≤ t
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satisfy the condition of Lemma 2 where m ≥ t + 1, α0, . . . , αt ∈ Fpm are linearly independent

over Fp and G is a permutation over Fpm with G(0) = 0.

Since the above gs(0 ≤ s ≤ t) satisfy the condition of Lemma 2 and {(g0(y)−g1(y), . . . , g0(y)−

gt(y)), y = (y1, y2) ∈ Fpm × Fpm} = Ftp, by Theorem 2 we have the following corollary.

Corollary 1. Let fi(i ∈ Ftp) : Vr → Zpk be generalized bent functions. Let gs(0 ≤ s ≤ t) :

Fpm × Fpm → Fp be defined as gs(y) = Trm1 (αsG(y1y
pm−2
2 )), y = (y1, y2) ∈ Fpm × Fpm where

m ≥ t+ 1, α0, . . . , αt ∈ Fpm are linearly independent over Fp and G is a permutation over Fpm

with G(0) = 0. Let g be an arbitrary function from Ftp to Zpk . Then the dual of the generalized

bent function F : Vr × Fpm × Fpm → Zpk defined as F (x, y) = f(g0(y)−g1(y),...,g0(y)−gt(y))(x) +

pk−1g0(y)+g(g0(y)−g1(y), . . . , g0(y)−gt(y)), (x, y) = (x, y1, y2) ∈ Vr×Fpm×Fpm is generalized

bent if and only if for any i ∈ Ftp, the dual of fi is generalized bent.

IV. A PROPERTY OF GENERALIZED BENT FUNCTIONS WHOSE DUAL IS GENERALIZED BENT

In this section, let f : Vn → Zpk be a generalized bent function whose dual f ∗ is generalized

bent. By using the knowledge on ideal decomposition in cyclotomic field, we will prove f ∗∗(x) =

f(−x). For the case of bent functions f : Vn → Fp whose dual f ∗ is bent, Özbudak and Pelen

[13] have shown that f ∗∗(x) = f(−x) holds by studying the value distributions of the dual of

non-weakly regular bent functions. Compared with the proof method in [13], our proof method

seems more concise. Before proof, we need a lemma.

Lemma 3. Let L = Q(ζpk),OL = Z[ζpk ]. Then for any 1 ≤ j ≤ pk − 1, (1 + ζj
pk

)OL = OL and

(1− ζj
pk

)OL = ((1− ζpk)OL)p
s

where s = vp(j).

Proof: For any 1 ≤ j ≤ pk − 1, by

1

1 + ζj
pk

=
1− ζj

pk

1− ζ2j
pk

=
1− ζ2lj

pk

1− ζ2j
pk

=
l−1∑
i=0

ζ2ij
pk
∈ OL

where l ∈ Zpk satisfies 2l ≡ 1(mod pk), we have that 1+ζj
pk

is a unit of OL, that is, (1+ζj
pk

)OL =

OL.

For any 1 ≤ j ≤ pk−1, let s = vp(j). Then 0 ≤ s < k and gcd(j, pk) = ps. Let M = Q(ζpk−s),

then OM = Z[ζpk−s ] and M is a subfield of L since ζpk−s = ζp
s

pk
. By
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1− ζ
j
ps

pk−s

1− ζpk−s
=

j
ps
−1∑

i=0

ζ ipk−s ∈ OM ⊆ OL

and

1− ζpk−s

1− ζ
j
ps

pk−s

=
1− ζ

j
ps
t

pk−s

1− ζ
j
ps

pk−s

=
t−1∑
i=0

ζ
i j
ps

pk−s
∈ OM ⊆ OL

where t ∈ Zpk−s satisfies j
ps
t ≡ 1(mod pk−s), we have that

1−ζ
j
ps

pk−s

1−ζ
pk−s

is a unit of OL. Note

that t exists since gcd( j
ps
, pk−s) = 1. Hence (1 − ζj

pk
)OL = (1 − ζ

j
ps

pk−s
)OL = (1 − ζpk−s)OL.

By pOM = ((1 − ζpk−s)OM)ϕ(pk−s) and (pOM)OL = pOL = ((1 − ζpk)OL)ϕ(pk), we have

((1 − ζpk−s)OL)ϕ(pk−s) = ((1 − ζpk)OL)ϕ(pk). By the uniqueness of the decomposition of (1 −

ζpk−s)OL, we have (1−ζpk−s)OL = ((1−ζpk)OL)
ϕ(pk)

ϕ(pk−s) = ((1−ζpk)OL)p
s . Hence, (1−ζj

pk
)OL =

((1− ζpk)OL)p
s .

Now we prove f ∗∗(x) = f(−x) by using Lemma 3. In the subsequent of this paper, L =

Q(ζpk),OL = Z[ζpk ] unless otherwise stated.

Theorem 3. Let f : Vn → Zpk be a generalized bent function whose dual f ∗ is also a generalized

bent function. Then f ∗∗(x) = f(−x), x ∈ Vn, where f ∗∗ is the dual of f ∗.

Proof: Consider the left-hand side of Equation (6),

ξ
∑
x∈Vn

εf (x)ζ
f∗(x)

pk
ζ〈a,x〉p

= ξ
∑

x∈Vn: εf (x)=1

ζ
f∗(x)

pk
ζ〈a,x〉p − ξ

∑
x∈Vn: εf (x)=−1

ζ
f∗(x)

pk
ζ〈a,x〉p

= 2ξ
∑

x∈Vn: εf (x)=1

ζ
f∗(x)

pk
ζ〈a,x〉p − ξ

∑
x∈Vn

ζ
f∗(x)

pk
ζ〈a,x〉p

= 2ξ
∑

x∈Vn: εf (x)=1

ζ
f∗(x)

pk
ζ〈a,x〉p − ξWf∗(−a),

where ξ = 1 if p ≡ 1 (mod 4) or n is even and ξ =
√
−1 if p ≡ 3 (mod 4) and n is

odd, εf : Vn → {±1} is defined by (5). Since f ∗ is a generalized bent function, we have

Wf∗(−a) = ξεf∗(−a)p
n
2 ζ

f∗∗(−a)

pk
where εf∗ : Vn → {±1}. Thus, for any a ∈ Vn we have

ξ
∑
x∈Vn

εf (x)ζ
f∗(x)

pk
ζ〈a,x〉p = 2ξ

∑
x∈Vn: εf (x)=1

ζ
f∗(x)

pk
ζ〈a,x〉p − ξ2εf∗(−a)p

n
2 ζ

f∗∗(−a)

pk
. (10)
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Let Xa = ξ
∑

x∈Vn: εf (x)=1 ζ
f∗(x)

pk
ζ
〈a,x〉
p . By (6) and (10), we have

2Xa = p
n
2 ζ

f(a)

pk
(1 + ξ2εf∗(−a)ζ

f∗∗(−a)−f(a)

pk
), a ∈ Vn. (11)

Suppose there exists a ∈ Vn such that f ∗∗(−a) 6= f(a), that is, ∆a , f ∗∗(−a)− f(a) 6= 0.

1) When n is even, then ξ = 1. Note that in this case, Xa ∈ OL. By (11) and Lemma 3, we

have

(2OL)(XaOL) =

 ((1− ζpk)OL)ϕ(pk)n
2 if εf∗(−a) = 1,

((1− ζpk)OL)ϕ(pk)n
2

+pvp(∆a)

if εf∗(−a) = −1.

Since 1
2
/∈ OL, we have 2OL 6= OL. Indeed, if 1

2
∈ OL, then by {ζ0

pk
, . . . , ζ

ϕ(pk)−1

pk
} is an integer

basis of OL, 1
2

=
∑ϕ(pk)−1

i=0 aiζ
i
pk

where ai ∈ Z, that is,
∑ϕ(pk)−1

i=0 2aiζ
i
pk

= ζ0
pk

. This equation

deduces a0 = 1
2
, ai = 0(1 ≤ i ≤ ϕ(pk)− 1), which contradicts a0 ∈ Z. Then by the uniqueness

of the decomposition of 2OL, we have

2OL = ((1− ζpk)OL)t (12)

for some positive integer t. From (12), we have 2Z = Z ∩ (1 − ζpk)OL. And from pOL =

((1− ζpk)OL)ϕ(pk), we have pZ = Z ∩ (1− ζpk)OL. Hence, 2Z = pZ, which is a contradiction

since p is an odd prime. So in this case, f ∗∗(−a) = f(a) for any a ∈ Vn.

2) When n is odd, by multiplying both sides of (11) by
√
p, we obtain

2Xa
√
p = p

n+1
2 ζ

f(a)

pk
(1 + ξ2εf∗(−a)ζ

f∗∗(−a)−f(a)

pk
). (13)

Recall that when n is odd, ξ = 1 if p ≡ 1 (mod 4) and ξ =
√
−1 if p ≡ 3 (mod 4). Note

that ξ2 ∈ {±1} and Xa
√
p ∈ OL since ξ

√
p =

∑
i∈F∗p

η(i)ζ ip ∈ Z[ζp] by a well known result on

Gauss sums (see [10]). By (13) and Lemma 3, we have

(2OL)((Xa
√
p)OL) =

 ((1− ζpk)OL)ϕ(pk)n+1
2 if ξ2εf∗(−a) = 1,

((1− ζpk)OL)ϕ(pk)n+1
2

+pvp(∆a)

if ξ2εf∗(−a) = −1.

Since 2OL 6= OL, by the uniqueness of the decomposition of 2OL, we have 2OL = ((1−ζpk)OL)t

for some positive integer t. Then with the same argument as 1), we have 2Z = pZ, which is a

contradiction. So in this case, f ∗∗(−a) = f(a) for any a ∈ Vn.
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V. NONEXISTENCE OF SELF-DUAL GENERALIZED BENT FUNCTION IF p ≡ 3 (mod 4) AND n

IS ODD

In this section, we will show that there is no self-dual generalized bent function f : Vn → Zpk

if p ≡ 3 (mod 4) and n is odd. Note that in [5], for p ≡ 3 (mod 4) and n is odd, the authors

showed that there is no weakly regular self-dual bent function and they pointed out that there

exist non-weakly regular self-dual bent functions. Indeed, they pointed out that the non-weakly

regular bent function g3(x) = Tr3
1(x22 + x8) from F33 to F3 is self-dual. But in fact, it is easy

to verify that g3 is not self-dual by using MAGMA and there is no self-dual bent function from

Vn to Fp if p ≡ 3 (mod 4) and n is odd according to the theorem of this section.

Let f : Vn → Zpk be a generalized bent function satisfying f(x) = f(−x), x ∈ Vn. For any

a ∈ Vn, we have

Wf (a) =
∑
x∈Vn

ζ
f(x)

pk
ζ−〈a,x〉p

=
∑
x∈Vn

ζ
f(−x)

pk
ζ〈a,x〉p

=
∑
x∈Vn

ζ
f(x)

pk
ζ〈a,x〉p

= Wf (−a),

where in the second equation we use the change of variable x 7→ −x and in the third equation

we use f(x) = f(−x). By Wf (a) = Wf (−a) and Wf (a) = ξεf (a)p
n
2 ζ

f∗(a)

pk
where ξ = 1 if

p ≡ 1 (mod 4) or n is even and ξ =
√
−1 if p ≡ 3 (mod 4) and n is odd, εf : Vn → {±1}, we

have

εf (a) = εf (−a), f ∗(a) = f ∗(−a). (14)

Note that for any generalized bent function f : Vn → Zpk satisfying f(x) = f(−x), Equation

(14) holds.

For any a ∈ Vn, let

Sa =
∑

x∈Vn: εf (x)=1

ζ
f∗(x)

pk
ζ〈a,x〉p , Ta =

∑
x∈Vn: εf (x)=−1

ζ
f∗(x)

pk
ζ〈a,x〉p .

Suppose the dual f ∗ is generalized bent. Then by the definitions of Sa and Ta, we have Sa+Ta =

Wf∗(−a) = ξεf∗(−a)p
n
2 ζ

f∗∗(−a)

pk
where εf∗ : Vn → {±1}. Since f ∗(x) = f ∗(−x), we have

εf∗(−a) = εf∗(a). By Theorem 3, we have f ∗∗(−a) = f(a). Hence, we obtain
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Sa + Ta = ξεf∗(a)p
n
2 ζ

f(a)

pk
. (15)

By (6), we have

Sa − Ta = ξ−1p
n
2 ζ

f(a)

pk
. (16)

By (15) and (16), we have

Sa = p
n
2 ζ

f(a)

pk

ξεf∗(a) + ξ−1

2
, Ta = p

n
2 ζ

f(a)

pk

ξεf∗(a)− ξ−1

2
. (17)

Based on the above analysis and (17), we obtain the following proposition. For weakly regular

generalized bent functions, the following proposition is obvious. But for non-weakly regular

generalized bent functions, the following proposition is not obvious.

Proposition 1. Let f : Vn → Zpk be a generalized bent function which satisfies that f(x) =

f(−x), x ∈ Vn and the dual f ∗ is a generalized bent function. Let εf , εf∗ : Vn → {±1} be

defined by (5). Then

1) If p ≡ 1 (mod 4) or n is even, then εf∗(0) = εf (0);

2) If p ≡ 3 (mod 4) and n is odd, then εf∗(0) = −εf (0).

Proof: Let g0 : Vn → Fp and ḡ1 : Vn → Zpk−1 satisfy f ∗ = g0p
k−1 + ḡ1. Note that when

k = 1, Zpk−1 = {0} and g0 = f ∗, ḡ1 = 0.

1) If p ≡ 1 (mod 4) or n is even, then ξ = 1. By (17), we have Ta = 0 if εf∗(a) = 1 and

Sa = 0 if εf∗(a) = −1. Suppose εf∗(0) = −εf (0). Without loss of generality, assume εf (0) = 1.

Then εf∗(0) = −1 and S0 = 0. By the definition of S0, we have
∑

x∈Vn: εf (x)=1 ζ
f∗(x)

pk
= 0. For

any i0 ∈ Fp, ī1 ∈ Zpk−1 , let

Ai0,ī1 = {x ∈ Vn : εf (x) = 1 and g0(x) = i0, ḡ1(x) = ī1} (18)

and Ni0,ī1 denote the size of Ai0,ī1 . Then we have∑
i0∈Fp

∑
ī1∈Zpk−1

Ni0,ī1ζ
i0
p ζ

ī1
pk

= 0.

By
∑p−1

i=0 ζ
i
p = 0 and the above equation we obtain

p−2∑
i0=0

∑
ī1∈Zpk−1

(Ni0,ī1 −Np−1,ī1)ζ i0p ζ
ī1
pk

= 0,
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which deduces Ni0,ī1 = Np−1,ī1 for any i0 ∈ Fp, ī1 ∈ Zpk−1 since {ζ ipζ
j
pk

: 0 ≤ i ≤ p − 2, 0 ≤

j ≤ pk−1− 1} is an integral basis of Z[ζpk ]. In particular, Ng0(0),ḡ1(0) = Ni0,ḡ1(0) for any i0 ∈ Fp.

By (14), we have f ∗(x) = f ∗(−x) and εf (x) = εf (−x). From f ∗(x) = f ∗(−x), we have

g0(x) = g0(−x) and ḡ1(x) = ḡ1(−x). And by εf (x) = εf (−x), we have x ∈ Ai0,ī1 if and

only if −x ∈ Ai0,ī1 . Note that 0 ∈ Ag0(0),ḡ1(0) since εf (0) = 1. Hence, Ng0(0),ḡ1(0) is odd and

Ni0,ī1 is even if (i0, ī1) 6= (g0(0), ḡ1(0)), which contradicts Ng0(0),ḡ1(0) = Ni0,ḡ1(0), i0 ∈ Fp. Hence

εf∗(0) = εf (0).

2) If p ≡ 3 (mod 4) and n is odd, then ξ =
√
−1. By (17), we have Sa = 0 if εf∗(a) = 1 and

Ta = 0 if εf∗(a) = −1. Suppose εf∗(0) = εf (0). Without loss of generality, assume εf (0) = 1.

Then εf∗(0) = 1 and S0 = 0. By the definition of S0, we have
∑

x∈Vn: εf (x)=1 ζ
f∗(x)

pk
= 0. For any

i0 ∈ Fp, ī1 ∈ Zpk−1 , let Ai0,ī1 be defined by (18) and Ni0,ī1 denote the size of Ai0,ī1 . Then with

the same argument as 1), we have that Ng0(0),ḡ1(0) = Ni0,ḡ1(0) for any i0 ∈ Fp and Ng0(0),ḡ1(0) is

odd, Ni0,ī1 is even if (i0, ī1) 6= (g0(0), ḡ1(0)), which is a contradiction. Hence, εf∗(0) = −εf (0).

By using Proposition 1, we obtain the following theorem.

Theorem 4. There is no self-dual generalized bent function f : Vn → Zpk if p ≡ 3 (mod 4) and

n is odd.

Proof: Let f : Vn → Zpk be a self-dual generalized bent function. Since f is a generalized

bent function whose dual is generalized bent, we have f ∗∗(x) = f(−x) by Theorem 3. And

since f is self-dual, that is, f ∗ = f , we have f(x) = f(−x). By f ∗ = f and Proposition 1,

we have εf (0) = −εf (0) if p ≡ 3 (mod 4) and n is odd. Hence εf (0) = 0, which contradicts

εf (0) ∈ {±1}. Therefore, there is no self-dual generalized bent function f : Vn → Zpk if

p ≡ 3 (mod 4) and n is odd.

VI. A SECONDARY CONSTRUCTION OF SELF-DUAL GENERALIZED BENT FUNCTIONS IF

p ≡ 1 (mod 4) OR n IS EVEN

In this section, for p ≡ 1 (mod 4) or n is even, we give a secondary construction of self-dual

generalized bent functions f : Vn → Zpk . First, we give a lemma.

Lemma 4. Let m be a positive integer and m be even if p ≡ 3 (mod 4). Let a ∈ F∗pm

be an arbitrary element. Let α, β ∈ {±z p
m−1

4 } where z is a primitive element of Fpm . Let
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fi(i ∈ Fp) : Vr → Zpk be generalized bent functions. Let g0 : Fpm × Fpm → Fp be defined as

g0(y1, y2) = Trm1 (β
2
(y2

1 + y2
2)), (y1, y2) ∈ Fpm × Fpm . Let h : Fpm → Fp and g : Fp → Zpk

be arbitrary functions. Then the function F (x, y1, y2) = fh(aαy1+ay2)(x) + pk−1g0(y1, y2) +

g(h(aαy1 + ay2)) is a generalized bent function from Vr × Fpm × Fpm to Zpk and its dual

F ∗(x, y1, y2) = f ∗h(−β(aαy1+ay2))(x) + pk−1g0(y1, y2) + g(h(−β(aαy1 + ay2))).

Proof: First note that 4 | (pm − 1). Indeed, if p ≡ 1 (mod 4), then pm ≡ 1 (mod 4) and if

p ≡ 3 (mod 4) and m is even, then pm ≡ (−1)m ≡ 1 (mod 4), that is, 4 | (pm − 1).

By Lemma 2 and (9), we only need to prove that g0 and g1 defined by g1(y1, y2) = g0(y1, y2)−

h(aαy1+ay2), (y1, y2) ∈ Fpm×Fpm satisfy the condition of Lemma 2 and g∗0(y1, y2) = g0(y1, y2),

g∗1(y1, y2) = g0(y1, y2)−h(−β(aαy1 +ay2)), (y1, y2) ∈ Fpm×Fpm . For any (b1, b2) ∈ Fpm×Fpm ,

we have

Wg1(b1, b2)

=
∑

y1,y2∈Fpm

ζ
Trm1 (β

2
(y2

1+y2
2))−h(aαy1+ay2)−Trm1 (b1y1+b2y2)

p

=
∑

z1,z2∈Fpm

ζ
Trm1 (− αβ

2a2 z1z2)−h(z2)−Trm1 (
b1−αb2

2a
z1+

−αb1+b2
2a

z2)
p

= WTrm1 (− αβ

2a2 z1z2)−h(z2)(
b1 − αb2

2a
,
−αb1 + b2

2a
)

(19)

where in the second equation we use the change of variables z1 = ay1 + aαy2, z2 = aαy1 + ay2

and α2 = −1. Since Trm1 (− αβ
2a2 z1z2)− h(z2) is an Maiorana-McFarland bent function, we have

WTrm1 (− αβ

2a2 z1z2)−h(z2)(
b1 − αb2

2a
,
−αb1 + b2

2a
)

= pmζ
Trm1 ( 2a2

αβ
· b1−αb2

2a
·−αb1+b2

2a
)−h(− 2a2

αβ
· b1−αb2

2a
)

p

= pmζ
Trm1 (β

2
(b21+b22))−h(−β(aαb1+ab2))

p

(20)

where in the last equation we use α2 = β2 = −1. Note that h is arbitrary. Hence, by (19)

and (20) we have that g0, g1 are regular bent functions and g∗0(y1, y2) = g0(y1, y2), g∗1(y1, y2) =

g0(y1, y2)− h(−β(aαy1 + ay2)), (y1, y2) ∈ Fpm × Fpm .

By (19) and (20), (1− i)g0(y1, y2)+ ig1(y1, y2) = g0(y1, y2)− ih(aαy1 +ay2) is a regular bent

function and ((1 − i)g0 + ig1)∗(y1, y2) = g0(y1, y2) − ih(−β(aαy1 + ay2)), (1 − i)g∗0(y1, y2) +

ig∗1(y1, y2) = (1− i)g0(y1, y2) + ig0(y1, y2)− ih(−β(aαy1 + ay2)) = g0(y1, y2)− ih(−β(aαy1 +

ay2)) for any i ∈ Fp, that is, g0, g1 satisfy the condition of Lemma 2.
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The following Theorem gives a secondary construction of self-dual generalized bent functions.

Theorem 5. With the same notation as Lemma 4. The function F constructed by Lemma 4 is a

self-dual generalized bent function if any one of the following conditions is satisfied:

1) p ≡ 1 (mod 4), fi(i ∈ Fp) are self-dual generalized bent functions satisfying fi = fj if

i = jβa for some 0 ≤ a ≤ 3, h : Fpm → Fp is defined as h(x) = Trm1 (x), g : Fp → Zpk is an

arbitrary function satisfying g(y) = g(y′) if y = y′βb for some 0 ≤ b ≤ 3.

2) p ≡ 1 (mod 4) or m is even, fi(i ∈ Fp) are self-dual generalized bent functions satisfying

fi = f−i, h : Fpm → Fp is defined as h(x) = Trm1 (x2), g : Fp → Zpk is an arbitrary function

satisfying g(y) = g(−y).

3) p ≡ 1 (mod 4) or m is even, fi(i ∈ Fp) are self-dual generalized bent functions, h : Fpm →

Fp is defined as h(x) = Trm1 (x4), g : Fp → Zpk is an arbitrary function.

Proof: 1) If p ≡ 1 (mod 4), that is, 4 | (p−1), we have βp−1 = (±z p
m−1

4 )p−1 = (z
p−1

4 )p
m−1 =

1, that is, β ∈ Fp. When h(x) = Trm1 (x), for any (y1, y2) ∈ Fpm × Fpm , h(−β(aαy1 + ay2)) =

Trm1 (−β(aαy1 + ay2)) = −βTrm1 (aαy1 + ay2) = −βh(aαy1 + ay2). Since fi(i ∈ Fp) are self-

dual generalized bent functions and fi = fj if i = jβa for some 0 ≤ a ≤ 3, β2 = −1, we

have f ∗h(−β(aαy1+ay2)) = fh(−β(aαy1+ay2)) = f−βh(aαy1+ay2) = fh(aαy1+ay2). Since g(y) = g(y′) if

y′ = yβb for some 0 ≤ b ≤ 3 and β2 = −1, we have g(h(−β(aαy1 + ay2))) = g(−βh(aαy1 +

ay2)) = g(h(aαy1+ay2)). Hence, it is easy to see that the generalized bent function F constructed

by Lemma 4 satisfies F = F ∗, that is, F is a self-dual generalized bent function.

2) When h(x) = Trm1 (x2), for any (y1, y2) ∈ Fpm×Fpm , since β2 = −1, we have h(−β(aαy1+

ay2)) = Trm1 ((−β(aαy1 + ay2))2) = Trm1 (−(aαy1 + ay2)2) = −Trm1 ((aαy1 + ay2)2) =

−h(aαy1 + ay2). Since fi(i ∈ Fp) are self-dual generalized bent functions and fi = f−i, we

have f ∗h(−β(aαy1+ay2)) = fh(−β(aαy1+ay2)) = f−h(aαy1+ay2) = fh(aαy1+ay2). Since g(y) = g(−y), we

have g(h(−β(aαy1 + ay2))) = g(−h(aαy1 + ay2)) = g(h(aαy1 + ay2)). Hence, it is easy to see

that the generalized bent function F constructed by Lemma 4 satisfies F = F ∗, that is, F is a

self-dual generalized bent function.

3) When h(x) = Trm1 (x4), for any (y1, y2) ∈ Fpm×Fpm , since β4 = 1, we have h(−β(aαy1 +

ay2)) = Trm1 ((−β(aαy1 +ay2))4) = Trm1 ((aαy1 +ay2)4) = h(aαy1 +ay2). Since fi(i ∈ Fp) are

self-dual generalized bent functions, we have f ∗h(−β(aαy1+ay2)) = fh(−β(aαy1+ay2)) = fh(aαy1+ay2).

For an arbitrary function g : Fp → Zpk , g(h(−β(aαy1 + ay2))) = g(h(aαy1 + ay2)). Hence, it

June 6, 2021 DRAFT



20

is easy to see that the generalized bent function F constructed by Lemma 4 satisfies F = F ∗,

that is, F is a self-dual generalized bent function.

Remark 2. One can verify that Theorem 3 of [5] is a special case of the above case 1) with

k = 1,m = 1 and g = 0. In [5], for p ≡ 3 (mod 4) and n is even, the authors only illustrated

that there exist ternary non-quadratic self-dual bent functions from Vn to Fp by considering

special ternary bent functions. Theorem 5 can be used to construct non-quadratic self-dual bent

functions from Vn to Fp for p ≡ 3 (mod 4) and even integer n ≥ 6 by using (non)-quadratic

self-dual bent functions as building blocks.

We give two examples by using Theorem 5.

Example 3. Let p = 5, k = 2, r = 1,m = 1. Let α = β = 2 and a = 1. Let fi(x) = 5x2, x ∈

F5, i = 0, 2, 3, 4 and f1(x) = 20x2, x ∈ F5. Then fi(i ∈ F5) are self-dual generalized bent

functions. Let h(x) = Trm1 (x4) = x4, x ∈ F5. Let g : F5 → Z52 be defined as g(y) = 2y2, y ∈ F5.

Then the generalized bent function constructed by Lemma 4 is F (x, y1, y2) = f(2y1+y2)4(x) +

5(y2
1 +y2

2)+2((2y1 +y2)4mod 5)2, (x, y1, y2) ∈ F3
5 and it is a self-dual generalized bent function

according to 3) of Theorem 5.

Example 4. Let p = 7, k = 1, r = m = 2. Let z be the primitive element of F72 with z2+6z+3 =

0. Let α = β = z12 and a = z. Let f0(x) = Tr2
1(4z12x2), f1(x) = f6(x) = Tr2

1(3z12x2) + 1,

f2(x) = f5(x) = Tr2
1(3z12x2) + 2, f3(x) = f4(x) = Tr2

1(3z12x2) + 3, x ∈ F72 . Then fi(i ∈ F7)

are quadratic self-dual bent functions. Let h(x) = Tr2
1(x2), x ∈ F72 . Let g = 0. Then the

bent function constructed by Lemma 4 is F (x, y1, y2) = fTr2
1((z13y1+zy2)2)(x) + Tr2

1(4z12(y2
1 +

y2
2)), (x, y1, y2) ∈ F72 × F72 × F72 . It is a self-dual bent function according to 2) of Theorem 5

and it is easy to verify that it is non-quadratic.

VII. RELATIONS BETWEEN THE DUAL OF GENERALIZED BENT FUNCTIONS AND THE DUAL

OF BENT FUNCTIONS

In this section, we characterize the relations between the generalized bentness of the dual of

generalized bent functions and the bentness of the dual of bent functions, as well as the self-

duality relations between generalized bent functions and bent functions. The main result is the

following theorem:
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Theorem 6. Let k ≥ 2 be an integer. Let f : Vn → Zpk be a generalized bent function with the

decomposition f(x) =
∑k−1

i=0 fi(x)pk−1−i = f0(x)pk−1 + f̄1(x) where fi is a function from Vn to

Fp for any 0 ≤ i ≤ k − 1 and f̄1(x) =
∑k−1

i=1 fi(x)pk−1−i is a function from Vn to Zpk−1 . For

any function F : Fk−1
p → Fp, define gf,F = f0 + F (f1, . . . , fk−1). Then

1) f ∗ is generalized bent if and only if for any function F : Fk−1
p → Fp, g∗f,F is bent.

2) f is self-dual generalized bent if and only if for any function F : Fk−1
p → Fp, gf,F is

self-dual bent.

Proof: 1) First, by Lemma 1, gf,F is bent for any F : Fk−1
p → Fp. And by Lemma

1, we have f ∗(x) = f ∗0 (x)pk−1 + λ(x) and g∗f,F (x) = f ∗0 (x) + F (λ1(x), . . . , λk−1(x)) where

λ =
∑k−1

i=1 λip
k−1−i, λi : Vn → Fp and λ : Vn → Zpk−1 satisfies that for any a ∈ Vn,∑

x∈Vn:f̄1(x)=λ(a) ζ
f0(x)−〈a,x〉
p = Wf0(a) and

∑
x∈Vn:f̄1(x)=v ζ

f0(x)−〈a,x〉
p = 0 for any v 6= λ(a). Hence,

by Lemma 1, f ∗ is generalized bent if and only if for any function F : Fk−1
p → Fp, g∗f,F is bent.

2) Suppose f is self-dual generalized bent, that is, f = f ∗. By f =
∑k−1

i=0 fip
k−1−i and

f ∗ = f ∗0 p
k−1 +

∑k−1
i=1 λip

k−1−i, we have f0 = f ∗0 , fi = λi, 1 ≤ i ≤ k − 1. As g∗f,F = f ∗0 +

F (λ1, . . . , λk−1), gf,F = f0 + F (f1, . . . , fk−1) = g∗f,F , that is, gf,F is self-dual bent for any

function F : Fk−1
p → Fp. Suppose for any function F : Fk−1

p → Fp, gf,F is self-dual bent,

that is, gf,F = g∗f,F for any function F : Fk−1
p → Fp. Let F = 0, we obtain f0 = f ∗0 . Let

F = Fi, 1 ≤ i ≤ k − 1 where Fi(x1, . . . , xk−1) = xi, we obtain fi = λi, 1 ≤ i ≤ k − 1. Hence,

f ∗ = f , that is, f is self-dual generalized bent.

By Theorem 6, if f ∗0 is not bent (resp., f0 is not self-dual bent), then obviously f ∗ is not

generalized bent (resp., f is not self-dual generalized bent). But the inverses are not true. We

illustrate this with the following two examples.

Example 5. Let z be the primitive element of F35 with z5+2z+1 = 0. Let f : F35×F3×F3 → Z32

be defined as f = 3f0 + f1 where fi : F35 × F3 × F3 → F3, i = 0, 1, f0(x, y1, y2) = Tr5
1(x2) +

(y1 +Tr5
1(z47x2))(y2 +Tr5

1(z10x2)) and f1(x, y1, y2) = y2 +Tr5
1(z10x2). Then f is a generalized

bent function constructed by Theorem 1. One can verify that f ∗ is not generalized bent, but f ∗0

is bent.

Example 6. Let f : F2
5 → Z52 be defined as f = 5f0 + f1 where f0(x1, x2) = x2

1 +x2
2, (x1, x2) ∈

F2
5 and f1(x1, x2) = 2x1 + x2. Then f is a generalized bent function and f ∗ = 5g0 + g1 where
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g0(x1, x2) = x2
1 + x2

2, (x1, x2) ∈ F2
5 and g1(x1, x2) = x1 + 3x2, (x1, x2) ∈ F2

5. Hence, f is not

self-dual generalized bent, but f0 is self-dual bent.

VIII. CONCLUSION

In this paper, we study the dual of generalized bent functions f : Vn → Zpk where Vn is an

n-dimensional vector space over Fp and p is an odd prime, k is a positive integer. We give an

explicit construction of generalized bent functions whose dual can be generalized bent or not

generalized bent. We show that the generalized indirect sum construction method given in [15]

can provide a secondary construction of generalized bent functions for which the dual can be

generalized bent or not generalized bent. For generalized bent functions f whose dual f ∗ is

generalized bent, by ideal decomposition in cyclotomic field, we prove f ∗∗(x) = f(−x). For

generalized bent functions f which satisfy that f(x) = f(−x) and its dual f ∗ is generalized

bent, we give a property and as a consequence, we prove that there is no self-dual generalized

bent function from Vn to Zpk if p ≡ 3 (mod 4) and n is odd. For other cases, we give a

secondary construction of self-dual generalized bent functions. In the end, we characterize the

relations between the generalized bentness of the dual of generalized bent functions and the

bentness of the dual of bent functions, as well as the self-duality relations between generalized

bent functions and bent functions.

REFERENCES

[1] C. Carlet and S. Mesnager, Four decades of research on bent functions, Des. Codes Cryptogr., vol. 78, no. 1, pp. 5-50,

2016.
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