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Abstract

Weak coin flipping is an important cryptographic primitive, as it is the strongest known secure two-
party computation primitive, that classically becomes secure only when certain assumptions are made
(e.g. computational hardness), while quantumly there exist protocols that achieve arbitrarily close to
perfect security. This breakthrough result was established by C. Mochon in 2007 [arXiv:0711.4114],
however, his proof of existence was partially non-constructive, thus, setting back the proposal of ex-
plicit protocols. In this work, we report three different solutions to the quantum weak coin flipping
problem. In particular, we propose different methods that result—either analytically or numerically—in
the operators needed to construct weak coin flipping protocols with different levels of security, includ-
ing nearly perfect security. In order to develop these methods, we study the quantum weak coin flipping
problem from both an algebraic and a geometric perspective. We also analytically construct illustrative
examples of weak coin flipping protocols achieving different levels of security.
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1 Introduction

The problem we study in this paper is rather easy to state. Suppose there are two parties, conventionally
called Alice and Bob, who are placed in physically remote locations and can communicate with each other
using a communication channel. They wish to exchange messages over this channel in order to agree on a
random bit, while having a priori known opposite preferred outcomes. This is easy to do—Alice flips a coin
and sends a message with the outcome to Bob. However, this requires Bob to trust Alice. Can Bob modify
the scheme to be sure that Alice did not cheat? More generally, can we construct a protocol, which involves
an exchange of messages over a communication channel, to decide on a random bit while ensuring that an
honest party, i.e. one that follows the protocol, can not be deceived? It turns out that if one communicates
over a classical communication channel, then a cheating party can always force their desired outcome
on the honest party; unless we make further assumptions, such as computational hardness. On the other
hand, if Alice and Bob use a quantum communication channel, then protocols solving this problem up to
vanishing errors have been shown to exist [ ]. This was a seminal result from 2007, however there
is a non-constructive part in this analysis, which implies that we know there exists a solution without
knowing the solution itself. In this paper, we build upon the previous pioneering works to develop explicit
protocols for quantum weak coin flipping, as this problem is referred to in the literature.

The coin flipping problem, since 1983 when it was introduced by M. Blum [ ], occupies an inter-
esting place in the overall landscape of cryptography. In 1994 it was shown that the—even today—widely
used public key cryptosystem RSA can be broken using a quantum computer [ ]. A decade earlier,
a method for key distribution using quantum channels was proposed [ ] whose security, in principle,
relied only on the validity of the laws of physics. It was thought that quantum mechanics could also rev-
olutionize secure two-party computation. This is another branch of cryptography comprising protocols in
which two distrustful parties wish to jointly compute a function on their inputs without having to reveal
these inputs to each other. Success here, was marred by a cascade of impossibility results. In a central re-
sult of classical cryptography, it was shown that a primitive called oblivious transfer is universal for secure
two-party computation [ ], but there exists no protocol that offers perfect security without relying on
further assumptions, such as computational hardness; classical secure two-party computation with perfect
security is thus impossible [ ]. Oblivious transfer deprived quantum mechanics of being the panacea
for cryptography, as it was shown that even if the communication is quantum, oblivious transfer can not
be implemented with perfect security [ ; |. Bit commitment, a secure two-party computation
primitive weaker than oblivious transfer was targeted, but it turned out to be also impossible—in the same
sense—even in the quantum setting [ ]. Thus, coin flipping was considered, an even weaker secure
two-party computation primitive, which has two variants: strong and weak coin flipping (WCF). In a coin
flipping protocol the two distrustful parties need to establish a shared random bit; for strong coin flipping
the preferences of the parties are unknown to each other, in contrast to WCF where the parties have a
priori known opposite preferences. And while strong coin flipping suffered the same fate as that of oblivi-
ous transfer and bit commitment [ ], WCF was poised for fame; it is the strongest known primitive in
the two-party setting which admits no secure classical protocol, but can be implemented over a quantum
channel with near perfect security [ ].

In particular, in a quantum strong coin flipping protocol a dishonest party can successfully cheat
with probability at least % [ ], and the best known explicit protocol' has a cheating probability of

% + }—1 [ ]. As for WCF, the existence of protocols with arbitrarily perfect security was proved non-

constructively, by elaborate successive reductions of the problem based on the formalism introduced earlier
by A. Y. Kitaev for the study of strong coin flipping [ ]. Consequently, the structure of the protocols

LA strong coin flipping protocol with the minimum cheating probability is known [ ], but relies on the use of near perfect
WCEF as a black box.



whose existence is proved was lost. A systematic verification led to a simplified proof of existence by D.
Aharonov et al. [ ], but over a decade later an explicit, nearly perfectly secure WCF protocol was
missing, despite various approaches ranging from the distillation of a protocol using the proof of exis-
tence to numerical search [ ; ]. While an explicit WCF protocol has remained evasive, several
connections have been discovered. In particular, nearly perfect WCF provides, via black-box reductions,
optimal protocols for strong coin flipping [ ], bit commitment [ ] and a variant of oblivious trans-
fer [ ]. Tt is also used to implement other cryptographic tasks such as leader election [ ] and
dice rolling [ ].

The most significant advance in the study of WCF was the invention of the so-called point games,
attributed to A. Y. Kitaev by C. Mochon [ ]. In this context, there are three equivalent formalisms
which can be used to describe WCF protocols and their security properties: explicit protocols given by pairs
of dual semi-definite programs (SDPs), Time Dependent Point Games (TDPGs) and Time Independent Point
Games (TIPGs). The existence of quantum WCF protocols with almost perfect security was established
using the TIPG formalism [ ], however the proposal of explicit protocols was hindered by the fact
that no constructive method was given for obtaining a protocol from a TDPG, while they were shown to be
equivalent. In this work, we start by constructing a new framework that allows us to convert point games
into protocols granted that we can find unitaries satisfying certain constraints; we further use perturbative
methods to obtain a protocol with cheating probability % + 11—0, improving the former best known protocol
with cheating probability % + % [ ].2 We then introduce a more systematic method for converting the
point games used by C. Mochon (including the ones approaching perfect security) into explicit unitaries,
which in turn can be readily converted into explicit WCF protocols. This approach also circumvents part
of the previous formalism, thus leading to a simplification of the overall context. However, it is tailored
for the aforementioned point games and it is not expected a priori to work in general. To address this,
we develop a numerical algorithm that allows us to provably perform the non-constructive step in the
aforementioned conversion of a TDPG into an explicit protocol. This, in effect, permits us to numerically
construct WCF protocols corresponding to any TIPG. Finally, we give another analytic solution to the
point games employed by C. Mochon, which is inspired by the techniques used in the numerical solution
and it is exact; it is not affected by the algorithm’s numerical accuracy.

Below, we briefly introduce the various formalisms® in order to be able to informally describe and
summarize our contributions in Section 1.1. In Section 2, we present these formalisms in more detail, as
we need to build on these results afterwards.

Let us start with two features of WCF. First, without loss of generality, we can say that, if the outcome
value of the bit is 0 it means that Alice won, while Bob wins on outcome 1; since in a WCF protocol the
parties have opposite known preferences this is just a matter of labeling. Second, there are four situations
which can arise in a WCF scenario, of which three are of interest. Let us denote by HH the situation where
both Alice and Bob are honest, i.e. they follow the protocol. We want the protocol to be such that both
Alice and Bob (a) win with equal probability and (b) are in agreement with each other. In the situation
HC where Alice is honest and Bob is cheating, the protocol must protect Alice from a cheating Bob, who
tries to convince her that he has won. His probability of succeeding by using his best cheating strategy is
denoted by Pj, where the subscript denotes the cheating party. The CH situation where Bob is honest and
Alice is cheating naturally points us to the corresponding definition of P}. The situation CC where both
players are cheating is not of interest to us as nothing can be said with respect to the protocol; neither
party is actually following it.

The trivial example of a WCF protocol is where Alice flips a coin and reveals the outcome to Bob over
the telephone. A cheating Alice can simply lie and always win against an honest Bob; that means P, = 1.

2Strictly speaking, these are families of protocols whose cheating probability approaches the said value asymptotically.
3We have suppressed the technical details.



On the other hand, a cheating Bob can not do anything to convince Alice that he has won, unless it happens
by random chance on the coin flip. This corresponds to Pj, = % We say that a protocol has bias € if neither
party can force their preferred outcome with probability greater than 1/2 + ¢, for € > 0. For the above
naive protocol the bias is € = max[PZ, PE] - % which amounts to € = %; the worst possible. Constructing
protocols where one of the parties is protected is nearly trivial; constructing protocols where neither party
is able to cheat against an honest party is the real challenge.

Given a WCF protocol it is not a priori clear how the maximum success probability of a cheating
party, P /B should be computed, as their strategy space can be dauntingly large. It turns out that all
quantum WCF protocols can be defined using the exchange of a message register interleaved with the
parties applying the unitaries U; locally (see Figure 1) until a final measurement— say II4 denoting Alice
won and [T denoting Bob won—is made in the end. Computing P}, in this case reduces to a semi-definite

Alice  Message Bob

Figure 1: General structure of a WCF protocol.

program (SDP) in p, the corresponding quantum state: maximize P}, = tr(Il4p) given the constraint that
the honest party follows the protocol. Similarly for computing Py we can define another SDP. Using SDP
duality one can turn this maximization problem over cheating strategies into a minimization problem
over dual variables Z4,p. Any dual feasible assignment then provides an upper bound on the cheating
probabilities PZ B Handling SDPs is, in general, straightforward, but in this case, there are two SDPs, and
we must optimize both simultaneously. Note that we assume that the protocol is known and we are trying
to bound P} and P;. However, our goal is to find good protocols. Therefore, we would like a formalism
which allows us to do both, construct protocols and find the associated P, and Pj. A. Y. Kitaev gave us
such a formalism.

He converted this problem about matrices (Z, p and U) into a problem about points on a plane, and C.
Mochon called it "Kitaev’s Time Dependent Point Game formalism” (TDPG). Therein, we are concerned
with a sequence of frames, also referred to as configurations. Each frame is a finite collection of points
in the positive quadrant of the xy-plane with probability weights assigned to them. This sequence must
start with a fixed frame and end with a frame that has only one point. The fixed starting frame consists of
two points at (0, 1) and (1, 0) with equal weights 1/2. The end frame must be a single point, say at (S, a),
with weight 1. The objective of the protocol designer is to get this end point as close to the point (%, %
as possible by transitioning through intermediate frames (see Figure 2) following certain rules. The magic
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Figure 2: Point game.

of this formalism, roughly stated, is that if one abides by these rules, then corresponding to every such
sequence of frames, there exists a WCF protocol with P}, = a, Py, = 8.

Let us now describe these rules. Consider a given frame and focus on a set of points that fall along a
vertical (or horizontal) line. Let the y (or x) coordinate of the ith point be given by z,, and its weight by
Pg;» and let zj,, and py,, denote the corresponding quantities for the points in the subsequent frame. Then,
the following conditions must hold:

1. the probabilities are conserved, viz. }; py, = X; ph;

2. forallA >0

Azg, Azp,
. < - . 1
i )L+Zgipgl _Z/“.+Zhiphl ( )

From one frame to the next, we can either make a horizontal or a vertical transition. By combining these
sequentially we can obtain the desired form of the final frame, i.e. a single point. The points in the frames
and the rules of the transitions arise from the variables Z,,p of the dual SDP and their constraints, re-
spectively. Just as the state p evolves through the protocol, so do the dual variables Z4,5. The points and
their weights in the TDPG are exactly the eigenvalue pairs of Z4,p with the probability weight assigned
to them by the honest state [/) at a given point in the protocol. Given an explicit WCF protocol and a
feasible assignment for the dual variables witnessing a given bias, it is straightforward to construct the
TDPG. However, going backwards, constructing the WCF dual from a TDPG is non-trivial and no general
construction is known.

Before proceeding, it is useful to encode the points on a line and their weights into a function from the
interval [0, o0) to itself. Let

[[a]] (2) = 5a,z> ()
ie. [a] (z) is zero when z # a and one when z = a. The transition from a given frame to the next is written
as Y, pg; [26:]| = i pn; [2n; - The corresponding function is written as t = 3, pp, [z, 1 — X g, [24: ] If
the transition/function satisfies the conditions 1. and 2. above, it is termed as a valid transition/function.

If we restrict ourselves to transitions involving only one initial and one final point, i.e. [[zg]] - [zu],
the second condition reduces to z; < zj,. This is called a raise, and it means that we can always increase
the coordinate of a single point. What about going from one initial point to many final points, i.e. [[zg]] -
Y. Pn; [ 2n; |7 Note that the points before and after must lie along either a horizontal or a vertical line. The
second condition in this case becomes 1/z;, > (1/z), which means that the harmonic mean of the final
points must be greater than or equal to that of the initial point, where (f(zy)) := ( > f(zh,-)Phi) / (Zj phj).
This is called a split. Finally, we can ask what happens upon merging many points into a single point, i.e.
i Py [[Z_‘]i]] — [[z1]]. The second condition becomes <zg> < zp, which means that the final position must
not be smaller than the average initial position. This is called a merge. While these three valid transitions
do not exhaust the set of possible valid moves, they are enough to construct games approaching bias 1/6.

Let us consider a simple game as an example (see Figure 2). We start with the initial frame and raise
the point (1, 0) vertically to (1, 1); this is a raise, an allowed move. Next we merge the points (0, 1) and



(1, 1) using a horizontal merge. The x-coordinate of the resulting point can at best be .0 + 3.1 = 1 where
we used the fact that both points have weight 1/2. Thus, we end up with a single point having all the
weight at (%, 1). This formalism tells us that there must exist a protocol which yields P}, = 1 while P} = %,
which is exactly the telephone protocol that we presented earlier. It is a neat consistency check but it
yields the worst possible bias. This is because we did not use the split move. If we use a split once, we
can, by essentially matching the weights, already obtain a game with P}, = Py = ‘/%
corresponding to this bias were found [ ; ; ] before the point game formalism was known.

In fact, this bias, € = \/% - %, is exactly the lower bound for the bias of strong coin flipping protocols. It was

. Various protocols

an exciting time —we imagine—as the technique used to bound strong coin flipping failed for WCF. The
matter was not resolved, and this protocol remained the best known WCF protocol for some time; until
C. Mochon showed that using multiple splits at the beginning followed by a raise, and thereafter simply
using merges, we can obtain a game with bias almost 1/6 [ ]. Obtaining lower biases, however, is
not a straightforward extension of the above, and we need other moves which can not be decomposed into
the three basic ones: splits, merges and raises.

1.1 Contributions
1.1.1 TDPG-to-Explicit-protocol Framework (TEF) and a protocol approaching bias 1/10

In Section 3 we provide a framework for converting a TDPG into an explicit WCF protocol. We start
by defining a “canonical form” for any given frame of a TDPG, which allows us to write the WCF dual
variables, Zs, and the honest state |i/) associated with each frame of the TDPG. We then define a sequence
of quantum operations, unitaries and projections, which describe how Alice and Bob transition from the
initial to the final frame. It turns out that there is only one non-trivial quantum operation, U, in the
sequence. Using the SDP formalism we write the constraints at each step of the sequence on the Zs and
show that they are indeed satisfied. The aforementioned constraints can be summarized as in Theorem 1
below. In Section 3 one can find the full version, Theorem 31, together with its proof and a detailed
description of the framework.

Theorem 1 (TEF constraint (simplified)). If a wunitary matrix U acting on the space
span{|g1),|g2) ..., |h1), |ho) ...} satisfying the constraints*

Ulo) =|w),
D g 1hi) (il = > %, EaU |3} (il UTER 2 0 3)
can be found for every transition (see Definition 14 and Definition 15) of a TDPG, then an explicit protocol

with the corresponding bias can be obtained using the TDPG—to—Explicit—protocol Framework (TEF). Here,
{19:)}, {|hi)} are orthonormal vectors. If the transition is horizontal, then

* the initial points have x,, as their x-coordinate and py, as their corresponding probability weight,
e the final points have xp,, as their x-coordinate and py, as their corresponding probability weight,
* Ej, is a projection onto the span{|h;)} space,

¢ |0) = 2i VPg: 19i) [N X Pgir W) = i VP, [hi) [N 2 P, -

If the transition is vertical, the x4, and x, become the y-coordinatesy,, andyp,, with everything else unchanged.

4We use A > B to mean that A — B has non-negative eigenvalues; we implicitly assume that A and B are Hermitian.



The TDPG already specifies the coordinates xj,, x;, and the probabilities py,, py, satisfying the scalar
condition Equation (1), therefore our task reduces to finding the correct U which satisfies the matrix con-
straints Equation (3). Given such a unitary U we show in detail how we can progressively build the se-
quence of unitaries corresponding to the complete WCF protocol. In fact, we need to reverse the order of
the operations in the sequence we get in order to obtain the final protocol. Note that the message regis-
ter is initially decoupled, then it gets entangled, and finally emerges decoupled again. This simplifies the
analysis, and also entails that we don’t need to keep it coherent for the whole duration of the protocol.
Keeping the message register coherent for each round individually is sufficient. We continue by introduc-
ing what we call the blinkered unitary, that satisfies the required constraints for split and merge moves.
In particular, any valid transition from m initial to n final points that can be implemented by means of
the blinkered unitary, can be seen as a combination of an m — 1 merge and an 1 — n split (see Section
3.1.1 and Appendix C). With these the former best known explicit protocol with bias 1/6 [ ] can
already be derived from its TDPG. We finally study the family of TDPGs with bias 1/10 and isolate the
precise moves required to implement it. These can not be produced by a combination of merges and splits,
therefore, we need to look beyond the blinkered unitary. We give analytic expressions for the required
unitaries and show that they satisfy the corresponding constraints. This allows us, in effect, to convert
the family of games with bias 1/10, proposed by C. Mochon into explicit protocols, thus breaking the bias
1/6 barrier. However, we essentially guessed the form that the blinkered unitary and the unitaries of the
1/10 game should have in these cases, and then showed that they indeed satisfy the required constraints.
Games achieving lower biases, though, correspond to larger unitary matrices, therefore this approach be-
comes untenable. We overcome this issue in Section 4, where we find a way to systematically construct
the unitaries for the whole family of C. Mochon’s games achieving bias e(k) = 1/(4k + 2) for arbitrary
integers k > 0.

1.1.2 Exact Unitaries for C. Mochon’s assignments—an algebraic solution

As we saw, TEF allows us to convert any TDPG into an explicit protocol, granted that the unitaries satis-
fying Equation (3) can be found corresponding to each valid transition used in the game (see Theorem 1).
Using A. Y. Kitaev’s and C. Mochon’s formalism [ ], we have that the following—an even weaker
requirement—is enough (see Section 4.1): Suppose that a valid function, ¢, can be written as a sum of valid
functions. Then, in order to obtain the effective solution for t (see Definition 34), it suffices to find unitaries
corresponding to the valid functions appearing in the sum.

We consider the class of valid functions that C. Mochon uses in his family of point games approaching

bias e(k) = —= for an arbitrary integer k > 0. These are of the form (see Definition 32
1k+2 y g

S —f(xi)

t= y ——~
Py Hj#(xj - Xi)

[[xi]],

where 0 < x; < x3 -+ < X, € R, f(x) is a polynomial®, and the notation follows Equation (2). We refer
to these as f-assignments and in particular, when f is a monomial, we call them monomial assignments.
We observe that the f-assignments can be expressed as a sum of monomial assignments, and we give
formulas for the unitaries corresponding to these monomial assignments. There are four types of monomial
assignments—which we call balanced or unbalanced (depending on whether the number of points with
negative weights in the point game is equal to the number of points with positive weight or not) and
aligned or misaligned (depending on whether the power of the polynomial f(x) is even or odd). The
formulas for their solutions (see Definition 34) and their proofs of correctness comprise most of Section 4
whose central result is summarized in the following theorem.

Swith some restrictions which we suppress for brevity



Theorem 2 (informal®). Lett be an f-assignment (see Definition 32). Then, t can be expressed ast = Y; a;t!
wherea; > 0 andt] are monomial assignments (see Definition 32). Eacht] admits a solution (see Definition 34)
given in either Proposition 39, Proposition 40, Proposition 41 or Proposition 42, depending on the form of t/.

Here, we present the case of a balanced and aligned monomial assignment givenby t = ), x;Z P, [xn, -

— xg: Py; ﬂxgi]] with b = m/2being an integer. Given an orthonormal basis {|h1), |h2) . .. |An),191) 5 1g2) - - - |gn)} >
the solution (see Definition 34) is
n &3 (L (XR)" [w') (0’| (Xg)'TT; .\
= .C.

i=—b V Chi C!]i

Where Xh = ;1:1 xhi |hl> <hi|’ |W> = ?:1 Phi |hi>a |W’> = (Xh)b |W>: Chi = <W,| (Xh)inil_i (Xh)i |W,>:

projector orthogonal to span{(X;,) "1 |w’), (Xp) "1 1H#2 |jw’y ..., |w)} i<o0
H}J{,- := { projector orthogonal to span{(X;)~? [w’), (Xp) 0" [w’),... (X)L W)} i>0
I i=0,

and Xy, [0), [0}, cg,, Hgli are defined analogously.

In Section 4.5 we illustrate as an example the construction of a WCF protocol with bias 1/14 from the
corresponding point game by means of the TEF and the analytical solutions to the monomial assignments.

Having found these unitaries, we have effectively solved our problem, since the TEF allows the conver-
sion of point games—including the ones with arbitrarily small bias—into WCF protocols with the respective
bias. We should also note that this approach bypasses one of C. Mochon’s reductions, thus providing not
only a solution but also a simplification of the formalism. However, we considered a specific family of point
games (the one proposed by C. Mochon). Our next contribution provides a solution which is applicable
beyond these point games.

1.1.3 Elliptic Monotone Align (EMA) algorithm

We now introduce the Elliptic Monotone Align (EMA) algorithm (Section 5), which allows us to numeri-
cally find the unitary corresponding to any strictly valid function (see Definition 127), thus being applicable
beyond the family of point games used above. If we remove the projector in Equation (3), we can express
the inequality as X > UXgUT where Xj, X, are diagonal matrices with positive entries (see Section 5.1).
It is possible to show that, without loss of generality, we can restrict ourselves to orthogonal matrices (see
Appendix E). Once we restrict to real numbers, the set of vectors Ex, := {|u) | (u| Xp, |u) = 1} describes the
boundary of an ellipsoid, since Y}; u?/ (x};l) = 1 for xp, fixed and u; variable. Similarly, &, or represents
a rotated ellipsoid where O is orthogonal (see Figure 3). The larger the xj, (or xg,) is, the higher is the
curvature of the ellipsoid along the associated direction. Geometrically, the aforesaid inequality can be
seen as the containment of the Ey, ellipsoid inside the Sox,or ellipsoid, as we describe in Section 5.2. The
orthogonal matrix we are looking for also has the property O |v) = |w) from Equation (3). Imagine that
in addition, we have (w| X}, [w) = (v| X, |v) which in terms of the point game means that the average is
preserved; such is the case for the merge move. In terms of the ellipsoids, this means that the ellipsoids
touch along the |w) direction. More precisely, the point |c) := |w) /4/{w| X} |w) belongs to both Ex, and
Eox,or- Since the inequality tells us that the smaller Ex,, is contained inside the larger oy, or, and we
now know that they touch at |c), we conclude that their normal vectors evaluated at |c) must be equal.
Furthermore, the inner ellipsoid must be more curved than the outer one at the point of contact. Mark
the point |c) on the SoxgoT ellipsoid, and imagine rotating the Ex, ellipsoid to the SoxgoT ellipsoid. The
normal vector at |c) must be mapped to the normal vector of Exy, at this point. It turns out that to evaluate

%We suppressed some constraints on f for brevity.



Ex Eox, 01

Ex h “;Xh

Figure 3: On the left the ellipsoids correspond to the diagonal matrices X, and X}, and the vectors |w)
and |v) indicate the direction. On the right, the larger ellipsoid is now rotated to 0X,07, and the point of
contact is along the vector |w) = O |v).

the normal vectors |ny) on Ex, and |ng> on &y, at the marked point, we only need to know Xj, Xy, [0) and
|w). Complete knowledge of O is not required and yet we can be sure that O |ng> = |np) which means O
must have a term |np) <ng|. In fact, we can even evaluate the curvature from the aforesaid quantities. It
turns out that when this condition is expressed precisely, it becomes an instance of the same problem we
started with one less dimension, allowing us to iteratively find O, which so far we only assumed to exist.
This, however, only works under our assumption that (w| Xy, [w) = (v| X, [v). Whenever this is not
the case, we resort to the following method. Recall that a monotone function y is defined to be a function
which has the property “x > y = p(x) > p(y)”. An operator monotone function is a generalization
of the aforesaid property to matrices, which in our notation can be expressed as “X;, > 0X,07 =
p(Xp) = Op(X,)O”. It is known that for a certain class of operator monotone functions, y, the inverse
p~ ! is also an operator monotone. Using these results in conjunction with results from [ ] we can
show that, after an appropriate scaling of the ellipsoids, there is always an operator monotone y such that
(w| p(Xp) lw) = (o] p(Xy) v). This result also admits a simple geometric interpretation. It means that to
establish that Ex, is inside Eox, o1, We can—instead of looking at all different directions and make sure
that Ex;, is indeed inside Epx or— look along a single direction |w) and make sure that all the different
ellipsoids &,(x,) are inside the corresponding aou(xy)oT ellipsoids along just this direction, for every
operator monotone y in the class indicated earlier. Since the orthogonal matrix which solves the initial
problem also solves the one mapped by y, we can use our technique on the latter to proceed. It is essentially
a combination of these steps that constitutes our EMA algorithm, which is informally summarized below.

Definition 3 (EMA algorithm (informal)). Given a valid transition, the algorithm proceeds in three phases.
1. INITIALIZATION

« Bring the final points close to zero until the corresponding ellipsoids start to touch (tightening
procedure).

« Find the spectrum of the matrices which represent the ellipsoid. Evaluate the smallest matrix
size n needed to represent the problem using ellipsoids.

« Using the aforesaid, define (X,E"),Xg("), |w(n>> , |v(n)>) := X" where the superscript denotes
the size of the matrix and vectors.



2. ITERATION
Input: X(k)
Output: X*1 | the vector |u}(lk)> and the orthogonal matrices Og(k), O](lk)

Procedure:

« Shrink the outer ellipsoid until it touches the inner ellipsoid (tightening procedure).
« Use operator monotone functions to make the ellipsoids touch along the |w) direction.

« Evaluate the curvatures and the normal vector along the |w) direction.

(k)

« Use the curvatures to specify X*~V and find the orthogonal matrices Og(k), Oh

3. RECONSTRUCTION
Evaluate O™ recursively using O%) = Og(k) (|u}(lk)> <u}(lk)’ + O(k_l)) O;lk).

Theorem 4 (Correctness of the EMA algorithm (informal)). Given a transition of a TDPG, the EMA Algo-
rithm always finds a U such that the constraints in Theorem 1 are satisfied.

In Section 5.4 one can find the complete algorithm and the proof of its correctness; in particular Defi-
nition 79 and Theorem 80 are the corresponding formal statements. The results obtained from a numerical
implementation of the EMA algorithm are discussed in Section 5.5.

Despite the apparent simplicity of the main argument there were many difficulties we had to address
in the course of this approach. First, we had to extend the results about operator monotone functions in
order to use them for the tightening procedure and be certain that the solution stays unchanged under
these transformations. We also extended some results related to different representations of the aforesaid
transitions, as these situations arise in the tightening procedure (see Section 5.3.1). Finding an easy method
for evaluating the curvatures—by means of the Weingarten map—(see Sections 5.2 and 5.4 and Appendix
F) is also a key ingredient of our analysis. The trickiest part of the algorithm is to handle the cases where
one of the tangent directions of an ellipsoid has infinite curvature. In these cases, the analysis presented
so far breaks down, as the normal vector is no longer well-defined,; this is for instance the case for the split
move. To address this issue we had to introduce what we call the wiggle-v method (see Section 5.3.3 and
Section 5.4).

By employing the EMA algorithm we can numerically convert any point game—including those with
arbitrarily small bias— into a WCF protocol. However, such a numerical approach has downsides, as it relies
on assumptions concerning the accuracy of the algorithm. For instance, we assume that the algorithm can
find the roots of polynomials and diagonalize matrices with arbitrary precision; this is not exactly the case,
though, as errors arise related to these processes. Therefore, we also propose an analytical solution based
on this geometric approach and inspired by the EMA algorithm, as described below in Section 1.1.4.

1.1.4 Exact unitaries for C. Mochon’s assignments—a geometric solution

Our last contribution is yet another analytic solution for the f-assignments of C. Mochon’s point games,
based this time on the ellipsoid picture. The main result of this geometric approach is summarized in a
restatement of Theorem 2 as follows:

Theorem 5 (informal’). Let t be an f-assignment (see Definition 32). Then, t can be expressed ast = Y; a;t]
where a; > 0 and t] are monomial assignments (see Definition 32), and each t] admits a solution (see Defini-
tion 34) of the form given in either Proposition 102 or Proposition 104.

’Some constraints on f have been suppressed for brevity.
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We prove this result in Section 6. We first show how to construct the solution for the simplest f-
assignment; the one for which f(x) = x° = 1. We call it the fy-assignment because of the zeroth degree
of the polynomial. This construction has all the basic ingredients needed for finding the solution corre-
sponding to higher degree monomial assignments, and can be explained intuitively.

Consider an fy-assignment to which we are applying the aforementioned ellipsoid approach, assuming
that the contact condition, i.e. (w|Xj|w) = (v| X, |0) holds, until the point where we have obtained a
problem of the same form with one less dimension. It turns out that for an fy-assignment, this contact
condition holds, and, in fact, it continues to hold for all sub-instances of the problem analogously. More
precisely, these conditions correspond to (w| (Xp,)* |[w) = (o] (Xg)k |o), for successively larger integers
k > 0. Furthermore, since the assignment is a valid function, we know that an O satisfying the necessary
conditions exists (see Corollary 144 and Lemma 146). This allows us to iteratively find the solution, O, for
the fy-assignment in Section 6.1. This procedure, however, breaks down for monomial assignments as the
contact condition ceases to hold after a number of iterations. The key idea then, is to invert the inequality
and use X < 0X; 10T instead of X}, > OXgOT. Intuitively, for a monomial assignment of degree m, the k
that appears above in the contact condition starts from m; using the inverse leads to successively smaller
k and this allows us to iteratively find the solution, O, to monomial assignments in Section 6.2. Having the
solutions for monomial assignments effectively gives us the solution to any f-assignment, thus permitting
us to construct WCF protocols for the whole family of these point games, including the ones achieving
bias arbitrarily close to zero.

11



2 Existence of almost perfect quantum WCEF protocols

The contents of this section are based on two works: the first is by C. Mochon [ ]—part of which
is attributed to AY. Kitaev—and the second is by D. Aharonov, A. Chailloux, M. Ganz, 1. Kerenidis and L.
Magnin [ ], who simplified and verified the former. We present the results needed to understand
and build our analysis upon, but for their proofs we refer to the original works [ ; ].

2.1 'WCF protocol as an SDP and its dual
Any WCF protocol can be expressed in the following general form (see [ ] and page 9 of [ 1):

Definition 6 (WCF protocol with bias €). For n even, an n-message WCF protocol between two parties,
Alice and Bob, is described by

« three Hilbert spaces: A and B corresponding to Alice’s and Bob’s private work-spaces (Bob does not
have any access to A and, similarly, Alice for B) and a message space M;

« an initial product state |¢/o) = |¢A,0> ® |1//M,0> ® |¢B,o> €EAQ®M® B;

« a set of n unitaries {U;,...U,} acting on A ® M ® B with U; = Uy ; ® I for i odd and U; =14 ® Ug;;
for i even;

- a set of honest states {|i;) : i € [n]} defined as |;) = U;U—; ... U; |o);

« aset of n projectors {Ey,...E,} actingon AQ M ® Bwith E; = E4; ® I for i odd, and E; =4 ® Ep;
for i even, such that E; |i;) = |¢;);

. two positive operator valued measures (POVM:s) {HI(AO), Hl(ql)} acting on A and {H(O), Hg)} acting on
B.

The WCF protocol proceeds as follows:
+ In the beginning, Alice holds |¢A’0> |¢M’0> and Bob |¢B,o>-
« Fori=1ton:

- If i is odd, Alice applies U; and measures the resulting state with the POVM {E;,I — E;}. On
the first outcome, she sends the message qubits to Bob; on the second outcome, she ends the
protocol by outputting “0”, i.e, she declares herself to be the winner.

- If i is even, Bob applies U; and measures the resulting state with the POVM {E;,I — E;}. On
the first outcome, he sends the message qubits to Alice; on the second outcome, he ends the
protocol by outputting “1”, i.e., he declares himself to be the winner.

— Alice and Bob measure their part of the state with the final POVM and output the outcome of
their measurements. Alice wins on outcome “0” and Bob on outcome “1”.

The WCF protocol has the following properties:

« Correctness: When both parties are honest, their outcomes are always the same: Hl(qo) @Iy ®
T g} = T @ Iy @ T [yn) = 0.

« Balanced: When both parties are honest, they win with probability 1/2:
2 2
Pa=Y @Iy ® 1Y) = Land Py =1 @ Iy ® 1Y |y)| = 1.

12



« e-biased: When Alice is honest, the probability that both parties agree on Bob winning is P, <
Conversely, when Bob is honest, the probability that both parties agree on Alice winning is P} < %+e.

For a depiction of the protocol see Figure 4.

[Va,0) [¥a,0) [VB,0)
PAM,0
Ua,1
{Ea1,1-Ep1}
PAM,1
Us,2
{EB,2,1—Ep,2}
PAM,2
Ua,3
{Ea3,1-Eas3}
PAM,3
UB,n
{EB,n’I[ - EB,Y!}
PAM,n
0) (1 0) (1
(), nyy (), iy}

Figure 4: Every quantum WCEF protocol can be cast into this general form.

To define the bias of the protocol, we need to know P} and Py corresponding to the best possible
cheating strategy of the opponent. This is formalized by the following (primal) semi-definite program:

Theorem 7 (Primal).
Py, = max Tr( (Hl(;) ® Iyv) pam.n) over all pan; satisfying the constraints

o Tra(pamo) = Trus (o) (Wol) = |Ya0) (Yao:
e foriodd, Try(pam.i) = TVM(EiUiPAM,i—lUiTEi);
e fori even, Try(pam.i) = Trm(pam.i-1)-

Py =max Tr((Ly ® Hg)))pMB,n) over all ppp; satisfying the constraints
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e Trm(pmpo) = Tram(I%o) (Yol) = [¥Bo) (VB
« fori even, Trar(pump,i) = Trm(EiUipmp,i-1U; Ey):;
e foriodd, Trpe(pms.i) = Trm(pmB,i-1)-

Remark 8. In fact, one can restrict to unitaries without loss of generality (see page 9 of [ ]) by simulat-
ing the projections as coherent measurements and absorbing them into the final measurement. Generality
is not lost because (a) the projections can only improve the bias and (b) a protocol with projections can be
converted into one without projections. The use of projectors, though, can simplify the proofs, as we will
see later. One could have, in addition to the measurement {E;, I — E;}, introduced a similar measurement,
say {F;, 1 — F;}, before the unitary. This would yield tra(pan.i) = trM(EiU,-FipAM,,-_lF,-UiTE,-) for the SDP of
Py,

Notice that P; depends on Alice’s actions specified in the protocol —as we optimize over all possible
actions of Bob—and thus involves variables such as paa; and Ua;. Analogously, P) depends on Bob’s
actions.

A feasible solution to an optimization problem satisfies the constraints but is not necessarily optimal.
For the primal problems, a feasible solution gives a lower bound on P} and Py (for details and the proof
see [ ; ]). Instead, we can consider the corresponding dual problems, a feasible solution to
which gives an upper bound on P, and Py, (for details and the proof see [ ; ]). We can further
prove that in this case strong duality holds [ ; ]; this means that the optimal value of the
dual program yields P} and Py, exactly and not just a bound. In terms of the protocol, it means that there
exist cheating strategies corresponding to the optimal values of the dual.

Theorem 9 (Dual).
Pp, = min Tr(Za !lﬁA,o> (EbA,ol) over all Z4 ; under the constraints

1. Vi, ZA,i > 0;
2. fO?‘i Odd, ZA,i—l ® I[M > UZ l-EA,i(ZA,i ® ]IM)EA,,'UAJ;

3. forieven, Zyi1=2Za;;

4 Zp, =1,
P} = min Tr(Zp !1//B,o> <¢B,0D over all Zp ; under the constraints

1. Vi, Zg; > 0;
2. forieven, Iy ® Zp;-1 2 Uy, Epi(Iy ® Zp)EpiUpy;
3. foriodd Zg;_1 = Zp;;
4 Zp, =TIV
We add one more constraint to the above dual SDPs.

5. |¢A,0> is an eigenvector of Za o with eigenvalue f > 0 and|¢3)o> is an eigenvector of Zg o with eigenvalue
a > 0.

Remark 10. As in Remark 8, the dual SDP for P; would have yielded the constraint

Zpi-1 @Iy > FA,iUZ,iEA,i (ZA,,' ® I[M) EaiUaiFa; for i odd.
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In the next subsection we will see why the fifth constraint is useful; before that we define the dual
feasible points to be those that satisfy this constraint:

Definition 11 (dual feasible points). We call dual feasible points any two sets of matrices {Zay, ..., Zan}
and {Zp,, ..., Zpn} that satisfy the conditions 1 to 5 as listed in Theorem 9.

Related to the dual feasible points, the following proposition also holds (see [ ; ] for the
proof):

Proposition 12. P, = inf a and Py = inf § where the infimum is over all dual feasible points and f, a are
defined in constraint 5 of the definition of the dual feasible points.

2.2 TDPGs with EBM transitions/functions

We would like now to remove all inessential information from the two aforesaid dual problems; that is the
basis information. A. Y. Kitaev achieved this by considering, at a given step, the dual variables Z4, Zp as
observables with |i/) governing the probability. This combines the evolution of the certificates on cheating
probabilities with the evolution of the honest state—the state obtained when none of the parties is cheat-
ing.® Let us start with the definition of the function ‘Prob’, which essentially permits us to remove the
basis dependence of the dual SDP.

Definition 13 (Prob). Consider Z > 0 and let IT[#] represent the projector on the eigenspace of eigenvalue

z € spectrum(Z). We have Z = Y, zII[#]. Let |i/) be a vector, not necessarily normalized. We define the
function Prob[Z, /] : [0, 00) — [0, 0) as

i if z € sp(Z

ProbZ, #1(2) = {é”“ 9) ifzesp(2)

else.

If Z = Z4 ® Iy ® Zg, using the same notation, we define the 2—variate function Prob[Z4, Zp, {] :
[0, 00) X [0, 00) — [0, 00), with finite support, as

Prob[Z4, Z, ¥](za, zB) =

{«m M=l @ Iy @ TI18) [y if (24, 28) € sp(Za) X sp(Z5),
0 else.

We would like the point game framework to be protocol-independent. The following definitions of
Expressible by Matrices (EBM) transitions facilitate such a description.

Definition 14 (Line Transition). A line transition is an ordered pair of finitely supported functions g, h :
[0, 00) — [0, c0), which we conveniently denote as g — h.

Definition 15 (EBM line transition). Let g, h : [0, 00) — [0, ) be two functions with finite supports. The
line transition ¢ — h is EBM if there exist two matrices 0 < G < H and a vector |{), not necessarily
normalized, such that g = Prob [G, |¢/)] and h = Prob [H, |¢/)].

Definition 16 (EBM transition). Let g, h : [0, c0) X [0, 00) — [0, c0) be two functions with finite supports.
The transition g — h is an

« EBM horizontal transition if for all y € [0, ), g(.,y) — h(.,y) is an EBM line transition, and

80riginally, using a similar maneuver, A. Y. Kitaev settled the solvability of the quantum strong coin flipping problem by
giving a lower bound on its bias [ ].
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« EBM vertical transition if for all x € [0, ), g(x,.) — h(x,.) is an EBM line transition.

Remark 17. When clear from the context, we refer to an EBM line transition also as an EBM transition.

When we wrote the dual SDP, the order of the constraints got inverted, i.e. the condition associated
with the final measurements and states appeared first and the condition associated with the initial state
appeared in the end. We expect the final state to be an EPR-like state to which two points of the point
game can be associated in the basis-independent description of the dual (2—variate function from Defini-
tion 13), while the initial state of the protocol should be unentangled and correspond to a single point in
the basis-independent description of the dual. The rules for moving these points must be related to the
dual constraints and they are already formalized into EBM transitions. The notation

1 xy=xandy,=y

0 else

[[xg’ yg]] (x,y) = {

is useful for the description of the EBM point games that follows.

Definition 18 (EBM point game). An EBM point game is a sequence of functions {go, g1, . .., gn} with
finite support such that

» 9o =1/2[[0,1] +1/2[[1,0];

« for all even i, g; — g¢;4+1 is an EBM vertical transition,;

« for all odd i, g; — ¢gi+1 is an EBM horizontal transition;

« gn = 1] p, «] for some a, f € [0,1]. We call [, «] the final point of the EBM point game.

Since we started with a WCF protocol, considered its dual and re-expressed it as a TDPG (which is just
a basis-independent representation), the following proposition (for the proof see [ ]) should not
come as a surprise.

Proposition 19 (WCF = EBM point game). Given a WCF protocol with cheating probabilities P}, and
Py, along with a positive real number § > 0, there exists an EBM point game with final point [[P; +6,P) + 5]].

The converse statement—given an EBM TDPG the corresponding WCF protocol can be constructed—is
not as easy to see, but indeed it holds. By using only “allowed moves” one can be sure that there exists
a corresponding sequence of unitaries U;, measurements I14,5 and an initial state [¢/y) complemented by
the dual variables Z4; and Zg; which certify the bias corresponding to the coordinates of the final point
in the point game.

Theorem 20 (EBM to protocol). Given an EBM point game with final point [ S, «], there exists a WCF
protocol with Py < a and P, < f.

One can find a proof in [ ; ]. We also sketch an alternative proof later in Section 3 after
Theorem 31. This establishes the equivalence between EBM TDPGs and WCF protocols.
2.3 TDPGs with valid functions

To check whether a given transition is EBM is not an easy task; A. Y. Kitaev and C. Mochon [ ] intro-
duced the following alternative characterization of EBM line transitions in order to simplify the analysis.
We use the notation from Equation (2).
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np

Proposition 21. Let g — h where g = 27:91 Pg: x5 and b = T pn, [xn, ]| with all x,,, xp, being non-
negative and distinct (xg, # x4, and xp, # xp, for every i # j), and py,, pn, > 0. Then, the transition is EBM if
it is strictly valid, i.e. the following equality holds and the inequalities are strictly satisfied:

np g
Z Pn; = Z Py;
i=1 i=1

h; = i
= P A+ Xh; > Py

Xg;
— VA>0, and Z Xn,Ph; = Z Xg,Dg; -
Conversely, a transition is valid, i.e. satisfies these inequalities (see also Definition 120), if the transition
g — h is EBM.

Whenever g and h have disjoint support, we can equivalently consider the function t = h — g and
rewrite the above relationships as

Z tH(x) =0

xesupp(2)
Z t(x)fi(x) >0 ¥A>0, and Z t(x)x > 0,
x esupp(x) x esupp(x)
A
where  fi(x) = a :Cx) (4)

We may therefore speak of valid and EBM functions instead of transitions (see Definition 120, Definition 106
and Corollary 123), and rephrase Definition 18 in terms of EBM or valid functions instead of transitions
(see Definition 109). We can also extend the definitions of EBM line/horizontal/vertical transitions to EBM
or valid line/horizontal/vertical functions (see Definition 108). The proof of the above Proposition 21, as

presented in [ ; ], uses an interesting connection with operator monotone functions through
conic duality arguments, and in Appendix A we include the conic duality analysis leading to the proof. In
[ ; ] the authors start by noticing that the set of EBM functions is a convex cone K and its

dual, K*, is the set of operator monotone functions. Then, they show that the bi-dual cone, K** = cl(K), is
the set of valid functions. This way, they prove that the set of EBM functions and the set of valid functions
are the same up to closures. We also briefly sketch this proof in Appendix B in the course of showing that
the aforementioned sets are also equal to the set of functions satisfying the constraints of our framework
introduced in Section 3.

This alternative characterization of EBM transitions significantly simplifies the analysis, as it removes
entirely the matrices and trades them for scalar conditions, albeit infinitely many of them, one for each
A > 0. This simplification, though, comes with a catch. The two cones—the cone of EBM functions and
the dual of the cone of operator monotone functions—are the same, but given an element in the second we
do not have a recipe for finding the matrices certifying that it is an EBM function; only their existence is
guaranteed and this is where C. Mochon’s approach becomes non-constructive. Without these matrices,
we can not find the protocol.

Below, we present examples of valid transitions describing allowed moves in a TDPG. In the first, we
see what can be done with a single point; we can increase its coordinates to raise it in the frame. The
second example is that of merging two (or more) points into one, and the third is about splitting a single
point into two (or more). The proofs for the validity of these transitions can be found in [ ].

Example 22 (Point raise). p [[x,]] = p [xx] with x, > x, is a valid transition.
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Pg1%Xg1 Pgr%g,

Example 23 (Point merge). py, [x4, ] + £, [%0.] = Py + Pg,) [xr] with x, > .
transition, or generally 3, py, [%4, | = (Z; pg;) [xn] with x5 > (x,) is a valid transition.

is a valid

&_}_phz

Xpy  Xn,

Example 24 (Point split). p, [x,] = pr, [xn, ]| +pn, [xn, ]| with py = ps, +pn, and % > is a valid

1

transition, or generally (3; px,) [[xg]] — i ph; [ xn, ]| with ng > <$> is a valid transition.

2.4 Time-Independent Point Games (TIPGs)

The protocol with bias 1/6 [ ] can be expressed as a TDPG which uses only the moves described in
Example 22, Example 23, Example 24. However, the point game formalism can be further simplified, and it
is in this simplified formalism that C. Mochon constructed his family of point games achieving arbitrarily
small bias. Instead of considering the entire sequence of horizontal and vertical transitions, he focused on
just two functions (hence the name time-independent), as described below:

Definition 25 (TIPG). A time-independent point game (TIPG) is a valid horizontal function, denoted by a,
and a valid vertical function, denoted by b, such that

1 1
a+b=1[p,a] - 5[[0’1]] - 5[[1,0]]
for some @, f > 1/2. Further

« we call the point [ 5, a] the final point of the game, and

« we call the set S = ((supp(a) U supp(b)) \supp(a + b), the set of intermediate points.

Remark 26. When clear from the context, we may use the word TIPG even when a + b is not necessarily
[B. ] — 3 ([0.1] + [1,0]) but some other function, ¢, with finite support in [0, ) X [0, o) satisfying
ersupp(c) c(x) = 0.

Theorem 27 (TIPG to valid point games). Given a TIPG with a valid horizontal function a and a valid
vertical function b such thata+b = 1[[f, ] — 5 [0, 1] — 5 [ 1, 0], we can construct, for alle > 0, a valid point
game with its final point being [ f + €, « + €], where the number of transitions depends on €.

If we have a valid point game we can combine the horizontal and vertical functions to obtain a and b.
In particular, if the valid point game with final point [ 8, «] is specified by ay, a; . . . a, valid horizontal and
b1, bs ... b, valid vertical functions, then the corresponding TIPG is specified by a = 3.7 a; and b = Y1, b,
which are horizontally and vertically valid, respectively, and satisfy a + b = [ 8, «] — 3 [0,1] — 3 [1,0].

It is a little counter-intuitive that a TIPG can be converted to a valid TDPG with an arbitrarily small
cost on the bias, as it is not clear how a time ordered sequence can be extracted. We might run into
causal loops; we expect a point to be present to create another point which in turn is required to produce
the first point. The trick is to employ the method of the catalyst state [ ; ]: we deposit a
little bit of weight wherever there is negative weight for a, for instance, and then we can implement a
scaled down round of a and b. The scaling is proportional to the weight that is placed in the beginning.
Repeating this procedure multiple times yields the required final state along with the catalyst state which
stays unchanged. Absorbing the catalyst state leads to a small increase in the bias. The number of rounds
increases with how small we want this increase in the bias. In particular, we have the following corollary,
whose proof along with the proof of Theorem 27 can be found in [ ; 1.

Corollary 28. Consider a TIPG with a valid horizontal function a = a* — a~ and a valid vertical function
b=b"—b"suchthata+b = a] —1[0,1] — 1 [1,0]. Let T be the largest coordinate of all the points that

appear in the TIPG. Then, for all € > 0, we can construct a point game with O (”bel#) valid transitions and
final point [+ €, a + €]
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2.5 C.Mochon’s TIPG achieving bias e(k) = 1/(4k + 2)

The existence of quantum WCF protocols with arbitrarily small bias was established by C. Mochon as
follows. He constructed a family of TIPGs, parametrized by an integer k > 0, such that the final point is
[[% +e(k), % + e(k)]], where e(k) = 1/(4k + 2). To achieve bias e(k) we must have k = O(é), therefore for

large k we achieve almost zero bias [ ] (see Figure 5a). Let us briefly describe the general structure
l
1]
k = 2 points

(a) Hlustration of C. Mochon’s TIPG for k =
2.

1

O OO0 o0 6o000

a=(w Tw

(b) C. Mochon’s TIPG may be understood in three stages, the initial splits, the ladder, and the raises.

Figure 5: Mochon’s TIPG

of these games. Apart from their initial points, [0, 1] and [ 1, 0], all the other points involved are placed
on a regular lattice, i.e. at locations of the form [[aw, bw] where a,b € N and w € (0, ). The final point of
the games is at [, @] for @ = {w = } + O () where { € N, and in general, they have the following three
stages (see Figure 5b):

1. Split. The point [0, 1] is vertically split into many points along the y-axis. The resulting points lie
between {w and T'w with {,I € N. Analogously, the point [[1,0] is horizontally split into many
points along the x-axis.

2. Ladder. This is the main non-trivial move of the games parametrized by an integer k > 0, and it
consists of points along the diagonal and along the axes (see the second image in Figure 5b). The
points on the axis are transformed by the ladder into the final points [ — ko, a] and [[a, « — ko ].

3. Raise. The two points [a — kw, @] and [@, « — ko] are raised to the final point [, «].

For each integer k > 0 there exist parameters w,I' € (0, 00) such that the two initial splits are valid,
the ladder corresponds to a horizontally and vertically valid function, and a = % +0 (%) (see [ ;

D

The key technical tool that C. Mochon introduced is the following: given a set of point coordinates, he
constructed a way of assigning non-trivial weights to them such that this assignment is valid while still
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retaining considerable freedom. This weight assignment is parametrized by a polynomial and works for
essentially all polynomials up to a certain degree. In other words, he simplified the validity condition by
restricting to a class of functions which are easy to manipulate and valid by construction.

Lemma 29. Let
* X1, X3 ...Xn be non-negative and distinct real numbers,
e f be a polynomial of degree at most n — 1 satisfying f(—A) > 0 forall A > 0.
n —f(x)

Then, a = Xio [T 0= [x:] is a valid function.
J#i\Xj i

This function q, i.e. the function that C. Mochon uses to assign the probability weights to the points of
his TIPGs, is what we call in our analysis an f-assignment; in Section 4 we provide for this Definition 32,
which is tailored to our purpose of constructing an analytical solution.
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3 TDPG-to-Explicit-protocol Framework (TEF) and bias 1/10 game and
protocol

In this section, we give a framework for converting TDPGs into explicit protocols granted that an EBM-
like condition (see Definition 15) holds, and we then use it to construct the unitaries that specify WCF
protocols approaching bias 1/10.

Our goal is to construct a protocol (see Definition 6) such that its dual (see Theorem 9) matches a given
TDPG. The main difference in our construction, compared to [ ]and [ ], is that the message
register decouples after each round by suitably placing the cheat-detection projectors. Consequently, the
non-trivial constraint that the dual matrices must satisfy turns out to be similar to the EBM condition.
With Definition 13 in mind, intuitively, the most natural way of constructing Z and |/, given an arbitrary
frame, is to construct an entangled state that encodes the weight, and define Z to contain the coordinates
corresponding to this weight. The so-called Canonical Form makes this precise.

Definition 30 (Canonical Form). The tuple (|¢/), Z4, ZB) is said to be in the Canonical Form with respect
to a set of points in a frame of a TDPG’ if [/} = 3; VP; |ii) ap®|@) s Z4 = X x: i) (i 4 and ZB = ¥ y; 1i) (il
where |¢) ), represents the state of extra uncoupled registers which might be present.

The label |ii) corresponds to a point with coordinates x;, y; and weight P; in the frame (see also Fig-
ure 6a). It is tempting to imagine that we systematically construct, from each frame of a TDPG, a canonical
form of |¢) s and Zs, and the unitaries can be deduced from the evolution of |i/). However, this approach
has two problems: first, the unitaries are not necessarily decomposable into moves by Alice and Bob who
communicate only through the message register and, second, the constraints imposed on consecutive Zs,
of the form Z, { ® I > U,I (Z, ® I) Uy, are not satisfied in general. Our approach solves these issues. The
outputs of our framework are variables indexed as |l//(,-) > Ziy, U(;) (see Definition 18 and Proposition 19)
and they are produced in the reverse time convention with respect to the protocol. This means that the
variables at the ith step of the protocol (which follows the forward time convention) would be given by
;) = |¢( N_,-)> ,Zi = Z(N-i and U; = U(Jf Noi)" Furthermore, our results extend naturally to the case where

U; may not be unitary and contains projections, e.g. U;E; = E(n-;) U(TN_Z.). After presenting the framework,
we construct the unitaries that implement the three basic moves of a TDPG given in Example 22, Exam-
ple 24 and Example 23. When generalized to n points these moves are enough to construct the protocol
with bias 1/6 from its TDPG [ ; ], however they do not exhaust the set of possible moves and

we need to consider more advanced ones to go below bias 1/6.

3.1 The framework

Let us start with an informal outline of our framework. Assume that a canonical description is given. Let
the labels on the points we want to transform be {g;}, and let us also assume that we wish to apply a
horizontal-transition, i.e. Alice performs the non-trivial step. Let the labels of the points that will be left
unchanged be {k;} (see Figure 6b). We can write the state as

V) = Z \Pg: 19:9:) a5 + Z VP, [kiki) ap | ® (M) -

i

°0ne could define the canonical form for any frame but we only use it for those arising from TDPGs.
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[22)

yp =0

(a) Frame of a TDPG

Yga 921

Yk = Yn ek > |kk) |hfr)

gyt

(b) The points which are unchanged from one frame to another are labeled by {k;}. Among the
points that change, the initial ones are labeled by {g;} and the final ones by {h;}.

Figure 6: lllustrations for the Canonical Form

We'!? want Bob to send his part of |g;) states to Alice through the message register. One way is that to
conditionally swap to obtain

V) = Z VPgi 19:9i) am ® Im)p + Z Pk |kiki) ap ® [m) s -

This way, all the points align along the y—axis, while the respective x—coordinates remain the same due to
the fact that it is a horizontal transition. Let {h;} be the labels of the new points after the transformation.
We assume that h;, g; and k; index orthonormal vectors. Alice can update the probabilities and labels by
locally performing a unitary to obtain

V) = Z VP, [hihi) ap ® |m)p + Z VPk; [kiki) ap ® [m)pr .

It is precisely this step which yields the non-trivial constraint. Bob must now accept this by ‘unswapping’
to get

W) = | D VP Ihihidas + D VPR, Ikikid a | © Iy

0To be explicit, for X € {A M,B}, the Hilbert space X is the span of the orthonormal vectors
g x bi- {lkidxc bi {hidxc i Im) }
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In the actual protocol the sequence is in the reverse time convention. Note also that we add a few extra
frames to the final TDPG to go from a given frame to the next of the original TDPG. This is irrelevant,
when resource usage is not of interest, as the bias does not change.

We now fill in the details and prove the correctness of the above sequence of steps.

1. First frame.

V) = Z P, 19:9:) a5 + Z VP, [kiki) ap | ® [m)y

i

Z8) = % la) Gila+ Y ki) Gkl
Z8y = 3 va 190 il + ) ui ki) (il

Proof. Follows from the assumption of starting with a Canonical Form. O

2. Bob sends to Alice. With y > max{y,, } the following choice

W) = D Vo 19:9 4 © Im)p + D VB ikidap ® Im)yg

_ 7SWP{gm}
U(l) = UBM

Z8y =28 and Z8) =yl + Yy 1K) (il

is a viable choice, in the sense that it satisfies the properties (1) !1//(2)> = Uy |¢(1) > and (2) U(Tl) (Z?z) ® ]IM) Uy 2

B
(Z(l) ®]IM)

Proof. We have to prove that the above properties (1) and (2) are satisfied. (1) It follows trivially from
the defining action of U(y).
(2) For ease of notation, let U = U(;) and note that U = U, so that we can write

U (Zg) ® I[M) U

=y|U (1§ e 1™ U +U (15" e 1M) U
—————
outside U’s action space

+U (Z Yk, |ki) (ki| ® ]I) U= Z(z) R Iy > Z(l) ® Iy

outside U’s action space

so long'" as y > y,, which is guaranteed by the choice of y. ]

1By the action space of U we mean the space where U acts non-trivially.
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3. Alice’s non-trivial step. Consider the following choice

W) = > NP hihidan ® Img + > VPr lkiki) ap ® [m)
E)U(z) = E() (Iw) (o + other terms acting on span{ |h;h;), [9igi)}) 4ur
Z{sy = Do Whid il + ) i k) (kal - and - 23 = 26,

where
2i VPg: 199 i \Ph; |hihi)
o) = s w) = JE@2) = [hi} Chila + ) [ki) (kila) ®1
’ Vi Pgi v Vi Ph; @ (Z 4 Z A) M
subject to the condition
xp. |hihi) (hih;| > x5.E2 U2 19:9:) {gi -|UT E (5)
h; 1N inj g9:2(2)Y(2) 19i9i7 \9iYi (2)~(2)

and the conservation of probability, viz. 3. ps, = X pr,. We claim that this choice is viable, in the

sense that it satisfies the conditions (1) E ;) |¢(3)> =U(y) |¢(2)>, and (2) Zg) ®ly > E2) Uy (Zé) ® I[M) U(TZ)E(Z).

Proof. We must show that (1) and (2) as above hold. For (1) we observe that E(y) |¢(3)> = |¢(3)> and
the statement holds by construction of U(y).

(2) Consider the space H = span {|g191) ,|g292) - - -, |h1h1), |ho, hy) . .. } which is a subspace of A®M
(space of Alice and the message register). One can write A @ M = H & H*. We separate all
expressions which act on the H space from the rest. We start with the RHS, excluding the U(y)’s,

Zl ®Tu = ) x4, 19190 (gigil + ) g, 191) 91l ® (L= g} {gil) + D i, ki) (il @ 1.

I

Note that Zé) ® Iy is block diagonal with respect to H @& H+, with term I making the first block
(corresponding to H), and the rest constituting the second block. Next consider the LHS,

Z{ © Ty = Y i, Ihiha) Chikil + ) i, i) (hil ® (L= [ha) hil) + ) i, ki) kil © L

I

which is also block diagonal with respect to H @ 9+ and has only term I in the first block. Con-

I } wrt
7—[J_

H &H™). Let us first evaluate the non-H part where we only need to apply the projector. The result
after separating equations where possible is

U
sequently, only on these will U(;) have a non-trivial action (as U(z) is of the form [

3 i) (il @ (T [hs) Chal) 2 0, and Y (x, = x¢,) ki) kil T2 0,

which imply xp,, > 0. The non-trivial part yields

Dt [hihs) hibil 2 ) %0, E U l9i93) (913l Uy B

completing the proof. O
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4. Bob accepts Alice’s change. The following holds:

i

Ya)) = Z D, |hihi) ap + Z VPk; |kiki>AB) ® |m)y
SWP{h,m}
Upm

EUs) =Eg)
Zy =2 and Zg =y ) Ik (il + 3w k) (il
1 1

where E(3) = (X |hi) (hil + 2 ki) <kil) g ® Iy

Proof. We have to prove: (1) E3) |lﬁ(4)> =Ug) |l//(3)> and (2) Za) ®ly = E3)Ugs) (Zg) ® I[M) U<T3>E(3).

The first equality (1) can be shown by a direct application of U'E on |¢(4) >, where E, U denote E 3
and U(s), respectively, in this proof for ease of notation.

(2) Note that
EU (Jll{f”"} ® Jlj\f’ﬂ”"}) U'E=EU (111{3'”} ® Hj{\f@”z""}) UTE+E (1[;5 'o H]{f’ﬁ”;’M}) E
- EU (111{;”} ® Jljf’”’}) UTE =" i) (mil @ 1)

Since the other term in Zg) ® I is not in the action space of U it follows that

EU(ZE) @ DUTE=y Y |h) (il @ 1™ + Y ui, [k} (kil @ L.

(4) (3)
y > |hi) (hil ® ]Il{wm} and the y, term is common. O

It only remains to show that Z3 ® Iy > EU (ZB ® I[M) U'E which holds as y 3 |h;) (hi| ® Iny >

The above analysis can be distilled in the following Theorem 31, which includes the so-called TEF con-
straints, i.e. the conditions of our framework, which—when satisfied by some unitary—permit the trans-
formation of the TDPG into an explicit WCF protocol by means of this unitary. The proof of the theorem
is a straightforward consequence of the above.

Theorem 31. For an x-transition (where Alice performs the non-trivial step)

kaki [[xki]] + nggi [[xgi]] - thhi [[xhi]] + kaki [[xki]]
=1 =1 =1 =1

to be implementable under the TDPG-to-Explicit-protocol Framework (TEF) it suffices to find a U(,) that sat-
isfies the inequality

np g
D e Whihi) hikilayg 2 D %0, Ely Uy 19i93) 9191l ag Uy Elyy (6)
i=1

i=1

and the honest action constraint U(y) |v) = |w), where |h;) and |g;) are orthonormal basis vectors,

0) =N (D VPar l9i900asa) and |w) = N (3 VB Ihibi) au

for N([)) = ) [N @), EP = (X5 |hi) Chil 4 + X ki) (kil o) ® Iyg with Uy ’s non-trivial action restricted
to span {{|gigi)AM}, {|h,—hl~)AM}}, and |k;) correspond to the points that are left unchanged in the transition.
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Theorem 31 also leads to Theorem 20 by showing that the EBM condition implies that the inequality
appearing in Theorem 31 can be satisfied. There are two difficulties, the first is that in Equation (6) there
is a projector and the second is that the matrices have a certain dimension; neither of the two holds for
EBM. We address these issues in Section 5, by arguing that the projector can be seen as the limiting case
of one of the matrices having diverging eigenvalues (see Section 5.1). We also show in Appendix E that it
is sufficient to restrict to orthogonal matrices, and—as C. Mochon proved—in particular to matrices of size
ny +ng — 1 (see Lemma 146). Together, these establish Theorem 20.

The set of functions satisfying the TEF constraints is the closure of the set of EBM functions which,
in turn, is the set of valid functions (see Appendix B). Thus, using the TEF, we can directly associate valid
games with WCF protocols, granted that the non-trivial unitary, U(), can be found. This allows us to skip
the notion of strictly valid functions (see Definition 127) and makes our approach simpler, in some sense,
compared to the previous one which relied on strictly valid functions.

3.1.1 Special case: the blinkered unitary

So far we have not specified the non-trivial U;)—which we call U from now, and, similarly, Elgz) =
E—beyond requiring it to have a certain action on the honest state. We now define the blinkered unitary,
an important class of such unitaries, as

U =|w) (0| + o) (w| + Z |o:) (vi] + Z lw;) (w;| + Toutside M,
i i

where H = span{|g191),|9292) - - ., |h1h1), |ho, ho) ... }. We can ignore the last term and restrict our
analysis to the H-operator space, where |v), {|v;)} form a complete orthonormal basis with respect to
span{|g;g;)}, and so do |w), {|w;)} for span{|h;h;)}. The blinkered unitary can be used to implement the
two non-trivial operations of the set of basic moves, namely the merge (see Example 23) and the split (see
Example 24).

+ Merge: 91,92 = Iy
From the very definitions we construct

_ \Pg; 19191) + Py, 19292) og) = VPg. 19191) = \Pg, 19292)
B N S N

o) s [w) = |h1hy)

with N = \/pg, + pg, and U = |w) (v| + [0) (w| + [01) (01| = U'. We need

VPg; IW) VPg: IW)
N N

EU |g191) = and EU |g2g2) =

5

Pg1 X911 Pgy%Xg,

since the constraint is xy |h1h1) (hihi| > X x4,EU |g:9:) (9:g:] U'E; it becomes x;, > e ,

which is precisely the merge condition (see Example 23).

« Split: gy — hy, hy
Here, we construct

_ VPn |h1h1) + /Ph, lhah2)

y = VP, Ihih1) = P, |hzhz)
N =

N

| w1

[0) = 19191) > [w)

with N = \/pn, + pr, and U = [0) (w| + |w) (0| + |w;) (w;| = UT. We evaluate EU |g;9;) = |w) which
we substitute into the constraint to obtain

Xp, |h1h1) Chihi| + xp, |hoho) (hzha| — xg, [W) (w] > 0.
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This yields the matrix equation

[ Xh, } _ @[ P \DmPh, ] >0
Xhy VPh Ph, Ph,

Py [Py Py

I> Xg1 Xny Xny Xn,
T N2 | [PnyPry Py
Xhy Xh, Xh,

%o (ph, Pr)
N2 Xp,  Xp

2

where in the first step we used the fact thatfor F > 0, F - M >0 = 1 - \/ﬁ_lM\/l?_1 > 0, and the
last equation is obtained by writing the matrix as (| |{), and then demanding 1 > (¢|¢/). This last
equation is exactly the split condition (see Example 24).

The above two conditions can be readily generalized for an m — 1 point merge and a 1 — n points
split, respectively, by simply constructing the appropriate vectors (see Appendix C). Furthermore,
for a

« generalm — n: g1,92...gm — hi, hy ... hy transition

we can show that one obtains the constraint Zm— >

. PgiXg; i1 Phi xh , by using the appropriate

blinkered unitary (see Appendix C).

This class of unitaries is enough to convert the 1/6 game into an explicit protocol, but falls short for
point games going beyond this bias; the general m — n blinkered transition effectively behaves like an
m — 1 merge followed by a 1 — n split, which are insufficient to break the 1/6 limit. Next, we show how
to construct the unitaries for a WCF protocol approaching bias 1/10.

3.2 Bias 1/10 game and protocol

In Section 2.5 we presented the family of TIPGs achieving bias e(k) = 1/(4k + 2), where k is the number
of points involved in the non-trivial step, which was proposed by C. Mochon. Here, we consider the game
with k = 2 and by means of the TEF we construct the corresponding WCF protocol with bias 1/10.

We assume an equally spaced n-point lattice given by x; = x + jox where dx = dy is small and x, will
be determined through the constraints'?; similarly y; = yo + joy and we also define Iiyy = yp—r = Xp—k.
Let P(x;) be the probability weight associated with the point [x}, 0] which is such that

ZP(x,) =L and ZPW !
Jj=1

Similarly with the point (0,y;) we associate P(y;) where y; = x; as we also assume that x; = yo. These
choices explicitly impose symmetry between Alice and Bob which in turn means that we only have to do
the analysis for one of them.

With respect to Figure 7 we use the assignment that C. Mochon employed (see Definition 32) with

fy) = (y—2 —y)) (T4 —y;) (I, —y;) as IACTILICT I WS probabilities become

k) (Yk—y;5)
—f(yjs2)c(x;) —f(yjs)e(x;)

P(02) = 3 gty T T 3 a6y
R T e L ST T e

12Essentially, xo provides a bound on Pg.
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Po(Y)+2)
Pi(yjs1)

Pr(x;)

Figure 7: 1/10-bias TIPG: The 3 — 2 move

where we added the minus sign to account for the fact that f is negative for coordinates between y_, and I.

Imposing the symmetry constraint P (y;) = P;(x;) we getc(x;) = % where ¢, is a constant. Similarly,

the symmetry constraint for P, entails P»(y;) = P2(x;). Finally, we can evaluate P(x;) = cox()(::+xj)5x +
j

O(6x?) which, in the limit §x — 0, means that

P(x;) T (xo = x)d U (xo — x)d
Srp 2=y P [T [l

This evaluates to

N | i1 1 3 3 1 1
X0 — - —|dx= - S|dx=x=c = e=---=—.
x \X° X x \X° X 5 5 2 10

Below we consider the moves involved in this game in order to construct the unitaries of the corre-
sponding protocol and we prove that they are valid transitions. For ease of notation, henceforth, we use
|g1) instead of |g1g1), and similarly |h) instead of |h1h1).

3.2.1 The 3 — 2 move and its validity

Here, we consider the 3 — 2 move, i.e., a transition from 3 initial to 2 final points.

Recall that
o) = VPg: 191) + Py, 192) + /Pg; |93)
= N,
and let
(Pgy*Pg3)
VPg: 192) = Py, 193) = l91) + Py, 192) + VP, 193)
lo1) = o) =
NUl Nvg
2

where NZ = py, + pg, and NZ = % + Py, + pg,- Also,

VPhy |h1) + \/Ph, |h2) P, |h1) = NPk, |h2)
and |wq) = .

|lw) = N, 1 N,
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Now we define
lo7) = cos 0 [oy) +sin 6 |o) and |oj) = sin @ [oy) — cos 6 [v,),
where cos 6 ~ 1, and the full unitary as
= [w) (ol + (afor) + Blw)) (vi] +[o) (oz| + (B o7) = @ lwi)) (wil +[o) (wl.

where |a|? + |B|* = 1 for a, f € C'*. We need terms of the form EU |g;) with E = I}, This entails that EU
acts on the {|g;)} space as

EUE, = |w) (0| + B|wi) (0]] = |w) (0] +  lw1) (cos 0 (01| +sin 0 (vs]),

where E; is the projector on the {|g;)} space. Consequently we have

EU |g1) = \/J\P? [w) + [cos@ -0 — sm@\/_f\;% ] Blwi)
g L gl ]
EU |gy) = \/I\P? [w) + cose\]/\]p_g3 +sin9\]/\[@] B lwy)
g9 L 4] 17}
EU|g3)=\/p_93|w)+ —0059@+sin9@ Blwr).
Ng L G} U2

Recall that the constraint equation was

D% 1ha) (il = ) x6,EU |9i) (gil UTE 2 0

where the first sum becomes

\Ph,Ph
(xp) = (xn, — xn,)
hec. Phﬂh;\’;fhﬁ@
h

in the |w), |w;) basis. Since we plan to use the 3 — 2 move with one point on the axis, we take x,, = 0.
Consequently we only need to evaluate

[ Py, \/Pgapgz Pgy
N ﬂ(cosQ +sm0NN )

h.c. (cos W + sme\/ﬁ) Vi

% ﬁ( cos@'pgng3+sm€ p” )
g

i h.c. ( W

xngU |92> <92| UTEixgz

ngEU |g3> <g3| UTEix%

COS N, + sin =

Wy ) |ﬁ|2

which means that the constraint equation becomes

\/Ph Ph VPg2 Py . N,
(xn) = (xg) 2 (xp, — Xp,) — fcosO Ng;,ﬂf (xg, — %g;) — Bsin 0 {xg) ﬁ
>0
PhyXntPh Xn 2 0 in? 0 2c0s 0'sin O+/pgs Pg, =
hec. W - 1Bl COS (Pgaxgz +PgrXgs) + (;;H/Nz) (xg) + Noj Nog (xg, = xg3)
0,/ Ng

Since this transition is average non-decreasing viz. (xp) — <xg> > 0 (see Lemma 135 and Lemma 33), we
set the off-diagonal elements of the matrix above to zero and show that the second diagonal element is

BThere is some freedom in choosing U in the sense that « |v) + § |w;) would also work instead of a |U{> + B |w1)(in that case
|o) (w| should be replaced by |v1) (w|), as these do not influence the constraint equation.
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positive. Setting the off-diagonal to zero one can obtain € by solving the quadratic equation in terms of
although the expression is not particularly pretty. To establish existence and positivity we need to simplify
our expressions.

So far, everything was exact. To proceed, we write 9& = O(dy) at most (where dy = Jx is the lattice

spacing) and we take §y to be small. Thus, to first order in 0 Ng , the constraints become

SR Con, = ) — PR (g, — %), 2
=0 + O (5y”)
B (xg) No,
and
+ Xg, + Pg, X, V 2
phthl phlxhz |ﬂ|2 pgs 92 ngz 93 0 g pg3pg ( gz _ ng) + O(5y2) > 0.
Nh Nvl Nl}z NgNlJl

L. N, . .
If our claim is wrong when we evaluate ON—g, we will get zero order terms but as we show later, indeed,
02

GNLZ = O(6y?). With respect to Figure 7 we have

—f(yj+2) —f(yj+)
Po(yjs2) = pp, = ——2 Pi(yjs1) = pg, = ——2t "
2(Yj+2) = Ph, 43802042 1(Yj+1) = Py, 32007y 141
—f(yj-1) —f(yj-2) f(0)dy
P i) = - P i) = = P i) = =,
l(x]) Ph, 3. 25y2yj_1 2()(.']) Py, 4. 35y2yj—2 (x]) Pg Yjr2yjr1Yj-1Yj—2

where we assumed f(0) > 0 and f(y) < 0 for y > y, y; = yo + 8y, and we scaled by dy. We now convert
all expressions to first order in dy:

5
FYpam) = fy) + Z_];mey FOY) = —— = - —m 2 + O(3¥?),

Yj+m Yj y j

where 3—1; is 3{9(;)

|y;- We define and evaluate

_f(y '+m) af f
f (-

) voes 2)],
kéy*yjsm kyﬁy yj) J

Pl =
where f means f(y;). In this notation

th:P122’Ph1 :Ps_l and sz:Pl_zz’Pgazpsl'

With an eye at the off-diagonal condition we evaluate

my pmy _ 1 1 2 3f f 2
Fo T _@(yﬁyz) [f féy( 2y yj)(m1+m2)+0(5y )]

L 11 m my\ o (3f f) 2}
Prapm= =y ) o (e 2 sy (2 - L) v o2
k" ke yj5y2[ (k1 kz)f (k1 kz) y(ay Yyj (09

Moreover, we have

and

—r—_ [p2 p- 1 L of _f 2
PhiPhy, = P12P6 yj5y2\/12-6 [f +f5y ay yj +O(5y)

N} =P}, +P;' = r” 52[f+0(5y2)],
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and similarly

of _f
Vot SN s e e e e

J

[—f +0(8y")] and N2 = —— [f + 053]

N} =Pi; + Py +py, =
12 Pg 1y;0y

4yj5y2

where we already neglected the terms that contribute to the ratio ]I\]\I_g in higher than first order. Actually,
0
forf=1

4w oo £+ 3 (5 - ) - -5 (3 - ) + 00w
sz (xg)

This shows that to first order the off-diagonal term is zero for 6 = 0. Now, we show that the second diagonal

= 0(5y%).

element is positive to first order in 8y. Using the fact that 6 & = O(8y?), the positivity condition reads
v2

PhyXhy + PhXny  PgsXgs + PgaXgs

N} N2

+0(51%) > 0,

which, in turn, becomes

Phyj1+Peyjve  Pgyjz + Piyjen

N? NZ

+0(8y*) = 26y + O(Sy®) > 0.

This establishes the validity of the 3 — 2 transition for a closely spaced lattice. Note that only the proof
of validity was done perturbatively to first order in dy. The unitary itself is known exactly, as 8 can be
obtained by solving the quadratic. Using f(y) = (y, — y)(I1 — y)(I> — y) we can implement the last two
moves in Figure 7 as they constitute a3 — 1 and a 2 — 1 merge. The only remaining task is to implement
the 2 — 2 move of the last step, because previously we assumed +/py, # 0.

3.2.2 The 2 — 2 move and its validity

We claim that the 2 — 2 move can be implemented using
= |w) @] + (o) + B |w1)) (1] + o) (W + (B |o) — a|wi)) {wi]

where as before |a|* + |B|* = 1,

) = g7 (VPu: b9+ \Par1920) 1) = = (VB 1)+ ).

1 1
o) = N, (\/sz lg1) — VPg: |92>) and |wy) = Fh (Vphz |h1) = \Pn, |h2>) .
9
We evaluate the constraint equation using

VP [w) + Be9aein \po lwi) VP, [w) = Be™PaeiPh \ [y |wy)

EU |g1) =

EU |g2) =

Ny ’ Ny
and
| (wl (wi]
tp_ 1 n=pq)
EU|g1) {(q:1|U'E= — |w) g Pe 9’ \[Pg, D1
9 |wi) 1B by,
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as

= Y

(xn) = (xg) NL;) (VPR PR, (X, = Xn,) — P\DPaiPas (Xgy — Xg,) |
h.c. Nigz [thxhl + P Xn, — I.Blz (szxg1 +p91x92)]

where we absorbed the phase freedom in f, a free parameter, which will be fixed shortly. We use the same
strategy as above and take the first diagonal element to be zero. We must show that

1Phy (X 1 X 2) 1
\ /Mu =p<1 and — [phth1 + Ph, Xh, — |,8|2 (g, %g, +pg1xgz)] > 0.

Pg:Pg. (x91 - xgz) Ng
For this transition f(y;_,) = 0, which we use to write

2]
(k+2)6y = —(k +2)ady, witha = — a—f = —yj-2) (T2 = yj—2).

Yj-2 Yj-2

d
Flypun) = a—];

From Figure 8 we have
~f(y-1) _ a+0(Sy)
3-26y’yj1 60yy;

Xhy = Yj-1, Xp, = Yj+2

—f(yp2) _a+0(y)
4 - 30Y*y sz 36yy;

phy, = Pi(x)) = s Phy = Pa(yjs2) =

while
fOdy  _ f(0)8y+0(5y*)
Yj+2Yj+1yj-1Yj—2 y}* ’

-f(yj+1) _ a+O0(dy)
= P i = =
Pa: = P1(yje1) = - 28y%yj1 20yy;

Pgl :P(xj) =

xg, =0, Xg, = Yj+1.
This entails

Yj+2

Yj+1

Figure 8: The first 2 — 2 transition

go [pnp G =) _ \/yaam(ay) _ \/ (T~ yy2) (T~ y;-2) + Oy)
pg1pgz (x!il _xgz) f(O) 1—‘1F2 -

where we used f(0) = y,I1I; and the fact that dy is small compared to I's. Analogously, for the second
condition we have

1 ) 1
ng [phth1 +Ph1xh2 - |ﬂ| (szxgl +Pg1xgz)] Z ng [phthl +Ph1xh2 _szxg1]

1 1
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where the last step holds for §y small enough. The 2 — 2 move corresponding to the leftmost (see Figure 9)
and bottom-most set of points can be shown to be implementable similarly.

Pi(y+1) = Iy

Yit2

Yi+1

Yi-2 <

Figure 9: The final 2 — 2 transition.
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4 Approaching bias e(k) = 1/(4k + 2) : an algebraic solution

While we succeeded at constructing the unitaries involved in the bias 1/10 protocol, we did not follow a
systematic method. Here, we construct the unitaries corresponding to the valid functions that characterize
C. Mochon’s point games (see Lemma 29). These, together with the TEF, allow us to construct explicit
WCEF protocols with bias approaching e(k) = 1/(4k + 2) for arbitrary integers k > 0. In this section, the
unitaries we construct are additionally real (i.e. orthogonal matrices). As we shall see in Section 5, since
this restriction anyway does not lead to a loss of generality,'* all vector spaces considered here are over
the field of real numbers.
Notation:

« For a Hermitian matrix A with spectral decomposition (including zero eigenvalues) A = }; a; |i) (il,
we define the pseudo-inverse or the generalized inverse of A as A := ;4,150 a; ' i) il.

« We write functions ¢ with finite support in the following two ways (unless otherwise stated): (1) as
t = Y, pi[[xi] where we assume p; > 0 for all i € {1,2...n} and that x; # x; for i # j and (2)
ast = X pn, [xn, | = 207 pos [x5: ]| where pp, and py, are strictly positive and x5, and x,, are all
distinct.

4.1 The f—assignments

We start with the definition of f-assignments tailored to the purpose of the analysis that follows.

Definition 32 (f-assignments). Given a set of real numbers 0 < x; < x3--+ < X, and a polynomial of
degree at most n — 2 satisfying f(—-A) > 0 for all A > 0, an f-assignment is given by the function

C —f (xi)
= _— i = h —dJ,
' [ 1jzi(xj = xi) [ I
N— —

=pi

(up to a positive multiplicative factor) where h contains the positive part of ¢t and g the negative part
(without any common support), viz. h = 3., o pi [xi]l and g = 3., <o (=p2) [x:]-

« When f is a monomial, viz. has the form f(x) = cx9, where ¢ > 0 and g > 0 we call the assignment
a monomial assignment. For ¢ = 0 we call the assignment an fy-assignment.

« We say that an assignment is balanced if the number of points with negative weights, p; < 0, equals
the number of points with positive weights, p; > 0. We say an assignment is unbalanced if it is not
balanced.

« We say that a monomial assignment is aligned if the degree of the monomial is an even number
(g =2(b - 1),b € N). We say that a monomial assignment is misaligned if it is not aligned.

An fy-assignment starts with a point that has a negative weight regardless of the total number of points
and thereafter, the sign alternates. With this as the base structure, working out the signs of the weights for
monomial assignments is facilitated. The only mathematical property which is needed to find an analytic
solution, turns out to be the following:

14Briefly, we introduce the so-called Expressible-By-Real-Matrices (EBRM) transitions and functions, which are the analogue
of EBM transitions and functions with the further restriction that the matrices and vectors involved are real; we then show that
we can reduce the problem from EBM to EBRM transitions (see Appendix E).
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Lemma 33. Fix integersm < n—2 andn > 2. Consider an f-assignment of the formt = }; % ]
forn points 0 < x; < -+ < x, and use it to implicitly define py, and py, as follows: t = 3;(xp,)™ pn, [xn, ]| —
i)™ g, [x4: ] Let {x') = 3i(xn) o, — 2i(x4.) pgi- Then, {x') = 0 for 0 < I < n — 2. Further,
<x”‘1> = 2 (%) " pn, — 2i(xg.) " pg; = (=1)™" which is strictly positive when n + m is even (i.e. when t
is unbalanced misaligned and balanced aligned (see Definition 32)).

For the proof we refer to Appendix D.1.

Suppose that the f-assignment'® can be decomposed into a sum of valid functions, and let us call these
valid functions in the decomposition, constituents. In Section 1.1.2 we claimed that in order to implement
the valid function corresponding to an f-assignment it suffices to implement the constituent functions.
Let us briefly justify this claim. The difficulty is that the constituent functions might be negative at various
locations, where there are no points present. A similar difficulty was encountered while transforming
a TIPG into a TDPG, and it was handled using the technique of the catalyst state (following [ ;

]), as we described in Section 2.4 after Theorem 27. This technique also applies here; for the f-
assignment of the TIPG, we can again use a catalyst state, scale the constituent functions accordingly, and
proceed thereafter as in the original proof [ ], to obtain the corresponding TDPG. The orthogonal
matrices for the constituent functions are, thus, sufficient to get a TDPG with the same bias as for the
f—assignment. This motivates Definition 34 below. We can then apply the TEF from Section 3 to the
TDPG and obtain a WCF protocol approaching the same bias as the TIPG that we started with, in the limit
of infinite rounds of communication. We emphasize that while we used the term valid functions, it was
only for convenience and not a necessity.'°

Definition 34 (Solving an assignment). Given a finitely supported function t = Y7, pp, [xn, ] —Z?:gl Py; [[xgi]]
and {|g1), lg2) - .. |gng>, |h), |ho) ... |hnh>} an orthonormal basis, we say that an orthogonal matrix O
solves t if O satisfies the following: O |v) = |w) arrlld Xy > EhOXgOTEh where |v) = Z?:gl VPy: 19
lwy = X APh; [hid, X = 200 xn, [hi) (hil, Xg = 2.2, xg, 19:) (gi| and the projector Ep = Y7, [h;) (hil.
Moreover, we say that t has an effective solution if t = }’;c; t/ and t/ has a solution for all i € I, where I is

a finite set.

We first give a decomposition of an f-assignment into monomials which happens to be quite general.
Another decomposition and its applications are given in Appendix D.2.

Lemma 35 (f-assignment as a sum of monomials). Consider a set of real coordinates satisfying 0 < x; <
X2+ < Xp and let f(x) = (r1 —x)(rz —x)...(rx —x) wherek < n—2. Lett = Y, pi[x:] be the
corresponding f-assignment. Then

=D ), [x]].

i=1 nj#i(xj - xi)

where o > 0.

I5While an f-assignment is a valid function for all polynomials f satisfying the conditions in Definition 32, in what follows, we
restrict to polynomials f with real roots. In fact, to be consistent with Definition 32, the roots must additionally be non-negative.

16We already argued along similar lines in Section 3 after Theorem 31 but for readability, we adapt the reasoning to the present
discussion. Recall from Section 2.3 that (strictly) valid transitions were introduced as an alternative characterization of EBM
transitions (see Proposition 21) to simplify the formalism—to show that a transition is EBM we need to verify constraints in-
volving matrices, while to check its validity we need to verify constraints on scalars. In Appendix B we establish that the set
of TEF functions, i.e. the set of functions which satisfy the constraints of Theorem 31, is equal to the set of valid functions (see
Definition 126), which, in turn, due to conic duality, is equal to the closure of the set of EBM functions (see Definition 106). Here,
we find the matrices themselves, therefore, we may work with TEF functions directly and circumvent the part of the formalism
which uses conic duality (see Appendix A).
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In the course of our analysis we have to use matrix inverses, therefore having a coordinate equal to
zero breaks our argument. However, we can use the following lemma that tells us that the solution to the
f-assignment is invariant under a shift of the origin.

Lemma 36. Consider a set of real coordinates satisfying 0 < x; < xz -+ < x, and let f(x) = (a1 — x)(az —
x)...(ar — x) where k < n — 2 and the roots {a;}*_ | of f are non-negative. Lett = Y-, p; [x:] be the
corresponding f-assignment. Consider a set of real coordinates satisfying 0 < x;+c¢ < xp+c--+ < Xy +¢
wherec > 0 and let f'(x) = (a1 +c—x)(az+c—x) ... (ar+c—x). Lett’ = 3. p! [[xl’]] be the corresponding
f-assignment with x| := x; + c. The solution to t and tot’ are the same.

Proof sketch. We write t = 7% pp, [xn, ] — Z?jl Py ﬂxgi]] and define Xj, := 277 xp, |hi), Xy = Z?zgl xg, 19i)-

If ¢ is solved by O then we must have X}, > E,0X,0” E;,. We then show that X, +clj, > E,O(X, +cl;)O”Ej,
where I, := Z?Z’ll |hi) (hi| and I, := Z?jl |gi) {(gi|. Together with the observation that p = p; as the c’s
cancel, this establishes that O also solves t’. Since c is an arbitrary real number, it follows that O solves ¢

if and only if it solves t’.
We now establish X > EhOXgOTEh & Xp+clp 2 E,O(X, + c]Ig)OTEh. Observe that

Xp > ExOX,0"Ey, & Ep(Xy - 0X,0")E, 20 "+ Xp, = EnXnEn
& Ep(Xp+clpy — O(Xy = clpg)OT)Ey 2 0 & Xj +cly, = ELO(Xy + clpg)O" Ep,

where Ipy =1L Further,
Xy +clpg = Xy +cly = EpO(X, + clpg)OTEpy > ERO(X, + cly)OTEy,
which together yield
Xp, > EyOX,0TE, &= X+ cly > E,O(Xy + cly) O Ey.
O

Having decomposed the f-assignment into a sum of monomial assignments, we now give the solution
for each one of the different types of monomial assignments.
4.2 Solution to the f;-assignment
We begin with the solution of the fy-assignment. We first look at the balanced case, where the number of
points involved, 2n, is even. This corresponds to an n — n transition, i.e. a transition from n initial points
to n final points.
4.2.1 The balanced case
Proposition 37 (Solution to balanced f;-assignments). Let

ot =30 pn [xn ] = Ziei by, [%:]| be an fo-assignment over {x1,xz ... x2n}

e {lh1),|h2) ... |1hn),191),192) - - - |gn)} be an orthonormal basis, and

e finally
n n
Xp = ), |hi) (hil = diag(p,, %3, 0,...0),Xg = > xg, |9} (gil = diag(0,...0,xg,,... xg,),
n-zeros n-zeros
n n
(W) = " P Vi) = (Phys - Phys 0,0 10) 5= " \fpg, 192) = (0,0, /gy, - /Pgn) "

n-zeros n-zeros
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Then, . .
w1 (T (X)) (o (X,) TIE

gi-1
0 := Z — + hc
i=0 Vchicgi

satisfies X, > ExOX,07Ey, and O |v) = |w), where E, := Y, |h;) (hil, H}f_l = Hg{l =1,

H}Jz_,- := projector orthogonal to span{(Xh)i [w), (Xh)i_1 [w),...Iw)}, cp, = (W] (Xh)il'I}Jl‘i_1 (Xh)i [w),
and analogously
H;i := projector orthogonal to span{(Xg)i o), (Xg)i_1 [0),...10)}, cq; = (ol (Xg)iHJ‘ (Xg)i [o).

gi-1

Proof. Using Lemma 33 for 2n points, we get
<xk>:0 for ke{0,1,2...,2n -2}, 7)

and
(x*"1) > 0. (8)

We define the basis of interest here, essentially using the Gram-Schmidt method. Let
[wo) := [w)

_ (I Jwo) (wol) (Xp) [w)
|wy) =
Chy

(1= 25 ) o) 6 )
i) += = - ©)

We indicate the term with the highest power of X}, appearing in |wy) by
M(wi)) = (25} - ()" )

where the scalar factor represents the dependence on the highest power of xj, (appearing as <x,ll>) in [wg).

For instance, here the (xflk> factor comes from /cp,, . Note that the projectors can be expressed in terms of
these vectors more concisely,

i
My, = 1= = > |w) (wj].
=0

It also follows that O can be re-written as O = ;-’:_01 (|wj> <Uj| + |vj> (wjl), where |0j> is analogously
defined. It is evident that O |v) = |w). Let D = X}, — EhOXgOTEh and note that <vj| D |v;) = 0 (because
Xy, |0;) = 0 and Ey, |v;) = 0'7). We assert that it has the following rank-1 form

0 ... 0
D=|: - :
0 ... <Wn—1| D |Wn—1>
7The conclusion holds even without the projector as O maps span(|v1), [v2),...[0)) to span(|wi), [w2) ... |w,)) on which

Xy has no support.
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in the (|wo), |w1),...|wpn—1)) basis, together with (w,_1| D |[w,_;) > 0. To see this, we simply compute
<Wi| D |W]> = <W,| Xh |W]> — <W,| OXgOT |Wj> = <W,| Xh }WJ> — <Ui|Xg !Uj) .

For (i, j) for any 0 < i,j < n — 1 except for the case where both i = j = n — 1, the two terms are the
same. This is because the term with the highest possible power [ (of <xl>) in {(w;| Xy, |w j> can be deduced
by observing

M((wil)XhM(|wj>) = <x,21i> . <x}21j> . <x}i1+j+1>. (10)

For the analogous expression with gs to be the same, we must have 2i,2j and i + j + 1 < 2n — 2, using
Equation (7). The first two conditions are always satisfied (for 0 < i, j < n—1). The last can only be violated
when i = j = n — 1. This establishes that the matrix has the asserted form. To prove the positivity of
(Wn-1| D |wp_1), consider (w,_1| Xp, [wy—1) and (v,-1]| Xy |[0-1). When these terms are expanded in powers
of (x,’j > and <x;C > respectively, only terms with k > 2n — 2 would remain; the others would get canceled

due to Equation (7). From Equation (9) it follows that

1 ) 1 i
(Wp—1| D |wp—1) = - {w] (Xh)Zn 2+1 |lw) = —— (o] (Xg)zn 2+1 o)
n-1 gn-1
and it is not hard to see that c;, , = Chn_1(<x}21”_2> , <xlz;n—3>,'”, (xi}) does not depend on <xl21n_1> (and
analogously for ¢y, ,). Also, ¢s,, , = ¢g, , =t cp-1. We thus have
xZn—1>
(Wn_1| D |wp_y) = L >0
n—-1

using Equation (8). Hence, X} — EhOXgOTEh > 0.
In the above, we assumed span{|w), X, |w) ,Xi |w), ..., X} Iw)} equals span{|hi), |h2) ... |hn)} which is
justified by Lemma 134. O

4.2.2 The unbalanced case

We now consider unbalanced fj-assignments, and we start by reviewing the result we just proved from a
slightly different perspective to see where it fails in this case. We write D;; = (w;| D |w j>, and note that
the maximum power, [, which appears as <x!l] /h> is given by max{2i, 2j, i + j+ 1}. This yields a matrix with
each term depending on the power as

Do ({x))
D10(<x2>,...) D11(<X3>,...) h.c.
D= D20(<x4>,...) D21(<x4>,...) D22(<x5>,...)

We represent this dependence as

(x)

2

() (v
MO\ ) ) )
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For concreteness, consider the balanced f;-case over {x1, x3, x3, x4}, where (x) = <x2> = 0 and <x3> > 0.
For this two-dimensional case, we have

M(D) = [ . <£3> } >0,

Using the same method for an fy-assignment over {x;,x;...x5}, we have (x) = <x2> = <x3> = 0 and
<x4> > 0, and trying to solve in three dimensions, we would obtain

0 0 (x*)
M(D)=| 0 0 (x*) (11)

() =) &)

which does not seem to work directly. It turns out that the projector appearing in the TEF constraint,
removes the troublesome part and yields a zero matrix. This unbalanced assignment takes three points to
two points. We define X}, := diag(xs,, x4,,0,0,0), [w) = (\/Ph,» VPhy» 0,0,0) along with |wp) := |w) and
|wi) == (I— |wo) {wo|) X5, [wo) . We can write E;, = YI_, |w;) (w;| and have the same unitary as before,
except that now |v;) is left unchanged, ie. O = X1_; |w;) (0] + |02) (v2]. We can show that D’ = Xj, —
EhOXgOTEh > 0 because every vector in |i) € span{|vy), |01), |vs)} satisfies D’ |y) = 0 (as Xp, [¢/) = 0 and
En |¢/) = 0). This entails that it suffices to restrict to a 2 X 2 matrix in span{|wy), |w1)}. From Equation (11)
this is zero, hence D’ = 0. By generalizing this example, we can obtain the solution for an unbalanced
fo-assignment, as presented in the following Proposition:

Proposition 38 (Solution to unbalanced fy-assignments). Let
o t = 305 pn, [xn ] = 2y pgi [ %4: )], be an fo-assignment over 0 < x; < xp -+ < X301

e {|h1),|h2) ... |hn=1),191),192) - . . |gn)} be an orthonormal basis, and

e finally
n-1 n
Xy = ) xp, |hi) (hil = diag(p,, .- xp, 0,0, Xg = > xg,19:) (gil = diag(0,...0 ,xg,,...,xg,),

n zeros n—1 zeros

n-1 1
) = 3P ) = i 0000 = 3 VBl = (00 i )
i=1 — =1 e
n zeros n—1 zeros
e and Ep .= 21 ki) (hil.
Then, ) .
O = nz_i H;{i—l (Xh)l |W> <U| (Xg)lngli’l + h c|+ Hgln—z (Xg)nﬂ |0> <U| (Xg)n71H;n72
satisfies Xy > ExOXy0" Eyy and EO [v) = |w), where H}J'l_—l =1y, =1L

H}t := projector orthogonal to span{(Xp)" |w), (Xp)" " [w),...|w)}, cp, = (w] (Xh)il'[ﬁH (Xn)' |lw),
and analogously

H; := projector orthogonal to span{(X,)" [0}, (X,)" " [0}, ... |0} }, cg, = (0| (X‘,])’Al'IgLi_1 (Xy)' o).
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Proof. In this case, we use Lemma 33 for 2n — 1 points. We have

<xk> =0 (12)

but this time, k € {0,1,...2n — 3} and <x2"_2> > 0. We define the basis similarly by setting |wy) = |w)
and for all k € Z satisfying 0 < k < n — 2 we have

mh 60wy (1= S ) (wil) ()€ )

Chy Chy

|wi) =

We also define |vg) := |v) and for all k € Z satisfying 0 < k < n — 1 we have

oy oz D 09 ) (1 2 o) o) ) 1
Ug) == = ’

cgk Chy,

This means that O = 2?2_02 (Jwi) (vi| + |v;) {wi])+|vn) (vn| and so E,O |v) = |w) follows directly. To establish
D =X, - EhOXgOTEh > 0, it suffices to show (w;| D |wj> > 0 for i, j € Z satisfying 0 < i,j < n— 2. Just
as in the balanced case, this is because D |v;) = 0, as X}, [v;) = 0 and Ej, |v;) = 0. As before, we denote the
highest-power term of X, appearing in |wg), for k in {0,1...n — 2}, by

M(wi)) = (x5} - ()" )

and analogously, the highest power of X, appearing in |vx) for k in {0,1,...n - 2}, by
M) = (x2) - (X" o) .
Again, the highest power [ of (xl> in {w;| D |wj> is max{2j, 2i, i+ j+1} which can be deduced by evaluating

M((wiI)XhM(|wj>) = <xij> . <x}21i> . <x;l+j+1>, and similarly

M((0i]) ExOX,0E, M (J07)) = <x§f > : <x§"> : <x;'+f“>.
The highest possible power is attained for i = j = n — 2. This yields 2n — 3 and thus, using Equation (12),
we conclude that (w;| D |wj> =0forall0 <ij<n-2 O
4.3 Solution to monomial assignments

There are four different types of monomial assignments depending on whether they are balanced or un-
balanced and aligned or misaligned. One could find a single expression for all of them but it does not
seem to aid clarity, therefore we present the solutions to all four different types separately. To go beyond
the previous solutions to the fy—assignments, the additional technique we introduce here is the use of the
pseudo-inverses X,' and X;, but the idea is essentially unchanged.

4.3.1 The balanced case

Even monomials (as opposed to odd monomials) seem to align well at the bottom; see Figure 10a, therefore
justifying our choice to call them aligned (as opposed to misaligned).

Proposition 39 (Solution to balanced aligned monomial assignments). Let
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_ ) ) o) |
|wh) 7) >0
<ZL‘(j> =0 |w)) <.'1:‘r’> =0 [v})
[w}) (z°) =0 (z°) =0
(z*) =0 Jwh) (z) =0 [vg)
[wh) (%) =0 (x®)|=0
@H]=0 (%) =0
(z') =0 [w'y) =0 [v2s)
L) @9 =0 (@) =0
. <0 o1
(@) 2n = 8, m = 2b = (b) 2n = 8, m = 2b — 1 = 3. Balanced
2. Balanced aligned misaligned monomial assignment

monomial assignment

Figure 10: Balanced monomial assignments

e m = 2b be an even non-negative integer
o t= i X pn, [ ]| = Xity x4 pg, [xg:]]. be a monomial assignment over 0 < x; < x; -+ < xan

e {|h1),|h2) ... |hn),191)5192) - - - |gn)} be an orthonormal basis, and

e finally
Xp, = thi |hi) Chil = diag(xp,, ... xp,,0,...0), Xy = ngi l9i) {gil = diag(0,...0,xg,,...%g,),
i=1 S~—— i=1 ——
n
W)= " VP, 11y = (VPhos - - VP 0, ..0)" and |w') = (Xi)" [w),
i=1 S~——
n zeros
n
[0) = > \Pa 190 = (0,0, \/pg,. . [Pg) " and [0} := (X,)" [0}
=1 S~——
n zeros
Then,

b (T (X3 [w') G0'] (X)'TTS
0 := Z by i + h.c.
—b VCh;Cy;
satisfies Xp > EhOXgOTEh and ELO |0’y = |w’), where we write (Xh/g)_k instead of (X];'/g)k (fork > 0),
Ep = Xy [hi) Chil s cn, = (w'] (Xa)'TT; (Xp)' [w')

projector orthogonal to span{(Xp,) " |w’), (Xp) "2 |jwy ..., |w')} i<0
Hfli := { projector orthogonal to span{(Xp,) ™" |w’), (Xp) ™2+ |w’), ... (Xp)" L |w)} i>0
I i=0,

and analogously ¢y, := (v'| (Xg)il'lgli (Xg)i |0’y and

projector orthogonal to span{(Xg)_'i|+1 o), (Xg)—|i|+2 [0y ..., ]0")} i<0
I, := | projector orthogonal to span{(Xy) ™t [v"), (Xy) "1 o), ... (X)) o)} i>0
I i=0.
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Proof. The orthonormal basis of interest here is

omEw)
|wi> = which entails (13)
h;

Iy i=0
0 .
Hti =4I = 2jein w]’> <wj’ i<0 (14)
L -5, |w]’.> <w]<| i>0

where Ij, := Ej,. We define |z)l’ > and Hgli analogously. Here, we keep track of both the highest and lowest

power, [ in (w’| X}ll |w’) and (0’| Xé |o”), which appear in the matrix elements <w1’| D |w]’> To this end, we

use (x1) i= (w/| X! |w’) = (w] X142 |w) and <x;> = (v'| X! [0') = (o] X2 |0). We denote the minimum

and maximum powers, [, by

(G 1wy G 1) i=0
M(|wi)) = (<x;2|i|> (X)), ()’ Iw’>) i<0
(G62) Ca 2 1wy, (7)) Iw)) >0,

and we define D := X}, — EhOXgOTEh = <wl’| (Xh - EhOXgOTEh) |wj’.>, as usual. It suffices to restrict to the

span of the {|wl’>} basis because X}, |Ul’> =0and Ey |Ul’> = 0. The lowest power, [, appearing in D is attained
fori=j=-b(as—b <i,j < n—>b—1). This can be evaluated to be —2b by observing that

M DxM w0 = ((22) (522) (2) G () an’)

where we multiplied component-wise. To find the highest power, /, in the matrix D, note that for i, j > 0

we have Y
McGwipxamii) = ((5) () () o () (7))

so | = max{2i,2j,i + j + 1}. As argued for the fy-assignment, ] = 2n - 2b - 1fori = j =n->b -1,
otherwise [ < 2n — 2b — 1. Thus, only the D,,_p_1 ,—p—1 term in D, depends on <x2" —2b- 1> All other terms,
at most, depend on < h2b> , ( }:Zb“) .. < 2n—2b- 2> ie. (xh> (xh> ( 2n— 2> The analogous argument
for <vl’| Xy ’0]’.>, the observation that (wl’| D |wj> = (wl. | Xy |wj>—<vi|Xg ’vj>, and the fact that <x0> = <x1> =

- = <x2"_2> = 0 entail that these terms vanish. It remains to show that D,_p_1 ,-5—1 = 0. Noting that
in <Wr,1—b—1| D |w”1_b_1>, the only term which would not get cancelled due to the aforesaid reasoning, must
come from the part of |w;1_ b—1> containing X Z‘b ~1|w’). It suffices to show that the coefficient of this term is
positive because we know that <x2”_2b_1>' = <x2"_1> > 0. We know this coefficient to be exactly 1/cp,, , |,
(see Equation (14) and Equation (13)) establishing that D > 0. O

To proceed further, it is helpful to have a more concise way of viewing the proof. Let us consider a
concrete example of a balanced aligned monomial assignment with 2n = 8 and m = 2b = 2 (see Figure 10a).
We represent the range of dependence of <W6|Xh |w6> on (xé) diagrammatically by enclosing in a left

bracket, the terms <x3> = (x)" and <x2> = <x0>, (replacing |w) with |w6>) and writing !w(’)> next to it.
Similarly, for |w11> , !w{) and |w§> we enclose in a left bracket, the terms

{0 G ) ) = {7 )
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() () () = () () (),
and {(x7). (). ()} = {(2) (7)o (),

respectively. The highest power [ of (xé) that appears in <wl’ |Xh |w]’> is I = 7 when (and only when)

i = j = 2. Thus, the matrix D, restricted to the subspace spanned by the { |wl’ >} basis (again, we can
safely ignore the subspace span{lvlf >} because D ’z)l’ > = 0), has only one non-zero entry which we saw was
positive as (x”) > 0.

A direct extension of this analysis to the balanced misaligned monomial assignment fails, as we can
see concretely in the case with 2n = 8 and m = 2b — 1 = 3 (see Figure 10b). From hindsight, we write both
the |vlf>s and the |wi'>s. We start with |w6> = Xz/z |w) and |06> = X;/Z |ug), and as before, enclose the terms
{<x°>, = <x3> , <x1>, = <x4>} in a left bracket. We then multiply |w(’)> with X;l (and |U(’)> with Xg_1 respec-
tively) and project out the components along the previous vectors. We represent these by |wi1> and |0i1>,
and in the figure we enclose the terms {(x) = (x_2>', (x?) = (x_1>' ...{x*) = (x)’} in the left and right
brackets. We do not go lower, because then we pickup a dependence on <x‘1> which persists for subsequent
vectors. In general, we stop after taking b steps down (here b = 1). We go up by multiplying |w(')> with X,
(and |06> with Xj resp.) and projecting out the components along the previous vectors. We represent these
by ’w{> and !U{) and in the figure we enclose the terms {(x) = (x_2>/, <x2> = (x_1>/ .. <x6> = <x3>'} in
the brackets. Finally, we construct |wé> and |0§> by taking a step up using X;, and Xy, respectively. These are
essentially fixed to be the vectors orthogonal to the previous ones, once we restrict to span{|h;), |hz, ) ... |hn)}
and span{|g1),|gs2, ) ... |gn)}. Taking a step down using X;l and Xg_1 we could have constructed |wiz>

v’_2>, but these are the same as |w§> and v§>, as we have a 3-dimensional space. If we were to use
0=, (|wl’ > (vl’ | +h.c.) then we would have obtained dependence on <x7> in the row corresponding
to |wé> and a dependence on <x8> for the term <wé|D |w§> This already hints that the matrix is neg-

and

0 b
ative because it has the form [ c ] with b # 0; thus this choice cannot work. We therefore define

b
O := ( ! 1 |wl’> <vl’| + h.c.) + |wé> (wé’ + |vé> <v§| Further, instead of using

i=
X > Ex0X,0"E, (15)

for establishing positivity, we equivalently use

2 0x,07 (x;)'?, (16)

Ep > (X;)
which is easily obtained by multiplying by (X ;)1/ 2 on both sides. The reason is that to establish positivity,
we must include |wé> in the basis (we can neglect the null vectors of Ej), and even though the RHS of
Equation (15) would not contribute, the LHS would get non-trivial contributions along the rows. Using the
inverses allows us to remove this dependence. To see this, note that span{|wi1> , |w6> e |wé>} equals the

h-space, i.e. span{|hy), |hs) ... |h,)}. Further, span{X;/2 |w{>}?:_l also equals the h-space (but the vectors

are not, in general, orthonormal any more). Finally, observe that X;/ 2 |w£> is a null vector of the RHS of

1
=1

Equation (16). Therefore, to prove the positivity it suffices to restrict to span{X;/ 2 |wl’ )}
normalized vector in this space can be written as

An arbitrary

Z}:—1 “iX;lz/Z |th>

YL axl? |o7)
= X207 ()2 |y) = s A
\/§ l{j:—l aiaj (wl’\ Xy,

;) N

Z},j:—l aidj <v{|Xg U]"
= (x5 P0x,0T (X)) 2 1Y) = i) =1

Z},j:—l aiaj <wlf|Xh w]’>

) =

’
W
J>

43



where we get equality by noting that < fX | >s depend on (at most) {(xg> , <x§> . <x§>} and analo-

gously <w{|Xh |WJ’> depend on (at most) {(xh> , <x;21> e (x;’l)} which are the same as <xi> =0forie
{0,1,...6}. Since we proved the RHS of Equation (16) equals 1 for all normalized |¢/)s, we conclude that
we have the correct unitary.

Proposition 40 (Solution to balanced misaligned monomial assignments). Let
e m = 2b — 1 be an odd non-negative integer (i.e. b > 1)

et=3", xp "on, [xn, | — 2y Xg: Py; |[xgi]], be a monomial assignment over {x1,x; ... Xzn}

o (|h1), lho) .. |hu) s 191)51g2) - - - |gn)) be an orthonormal basis

* finally
Xp, = thi [hi) Chil = diag(xy,, ... xp,,0,...0), X, = ngi l9i) {gil = diag(0,...0,xg,,...%g,),

i=1 — i=1 —
n zeros n zeros

|w) = (\Ph, -- VPhn,O .0) and |w') = (Xp)"7% [w)

n zeros
_1
o) = (0 Pgrs -+ \Pgs) and [0”) = (X5)" 7 [0} .
n zeros
Then,

Iy (Xp)' [w) '] (Xg)'TI, X"t ") ('] (X" bTIE

0:= Z %t he ..,
= b+l VCh;Cgi Cgn-bn
Ty (X)) 0w (W' (X)L
Chn—b

satisfies X, > E,OX,0"Ey and E,O [0”) = |w’), where we write X}:/ instead of(X;l/g)k fork >0, cp, :
(w’] (Xp)'TL; (Xn)" [w'),

projector orthogonal to span{(X};')m_l [w’y, (X;l)".l_2 [w'y ..., |w')} i<0
Hi := { projector orthogonal to spai1{(X;l)b_l |w’),(X}*I)b_2 Wy, W) Xy W) (X)) W) >0
I i=0,

and analogously cg, = (v'| (X,)'TI, (Xy)" [v"),

projector orthogonal to span{(Xg")lil_1 [o”), (Xg")lil_2 [0”y...,]0")} i<0
H;‘i := { projector orthogonal to span{(X_‘;)b’1 [0y, (Xg*)b’2 '), ...[0"). Xg[0"),... (X))} i>0
I i=0.

Proof. The proof is very similar to that of Proposition 39. The orthonormal basis of interest here is

I (X0) [w')

i) = L
which entails
Iy i=0
H}llz Iy, - Z],1W;><W} i<0
Ih_zj——bn wj'> <wj’ i>0
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where [, := Ej. We define |Ul’ > and H; analogously. Our strategy is to keep track of the highest and lowest

’
).

’
For brevity we write (x;)' = {w’| X;l |w’) and <xé> = (0| Xé |o”). The minimum and maximum powers,

powers, [, in (w’| X}ll |w’) and (v’| Xé |o”), which appear in the matrix elements <wl’| Xy, ’w]’> and <Ul’

I, are denoted by

((X?)/ lw), (x0)’ IW’>) i=0
M(|w)) = (<x;2|i|>/ (X0l Jwy, (x0) |W/>) <o
(<x};2(b—1)>, ()~ 'y, (2 () |W,>) s

Establishing X, > E,OX,0” Ej, is equivalent to establishing

En > X, ?0X,0"X; ", (17)

It is easy to see that X, 1/2 |w b) is a vector with zero eigenvalue for the RHS as XgOT |Wr’l—b> = 0. Any
vector |{) € span{|g;), | g2) - - . |gn)} is a vector with zero eigenvalue for both the LHS and the RHS. Thus,
for the positivity we can restrict to span{|h;), |hz),... |h,,)}\span{X}ll/2 |wr’l_b>}, i.e. to vectors in the h-

space orthogonal to X;l/ 2 |wr’l_b>. It turns out to be easier to test for positivity on a larger space. It is
n—b

clear that span {Xé/z |wl’>} bt = span{|h1), |h2) ... |hn)} = span{!w > 1——b+1’ (due to Lemma 134). As
i=—b+1

neglecting vectors with components along X;l/ 2 |wr’l_b> suffices to satisfy Equation (17), we can restrict to

span{X, 1/2 |w > ;:_bb_ +11 (which might still contain vectors with components along X}ll/ 2 |wr’l_b> as the basis
vectors are not orthogonal but it only means that we check for positivity over a larger set of vectors).

These ensure that the troublesome vectors |w;l_b> and |Ur/l—b> do not appear in the remaining analysis. Let
[y = (Zf_ i1 XX 1/2 fw{)) /¢ where ¢ = \/(¥/|{/). To establish Equation (17), it is enough to show that for

all choices of ¢;s,
T ey (of] X [of)
1> (Y] X, 20x,0" % |y) = =1 (18)

n-b-1 ’ ’
2 jm e X <Wi|Xh ’Wj>

where the second step follows from X;/ZOTX:/Z ) = Z:l——b+1 1/2 |0 > and the last step follows from
the counting argument below. Start by noting that

() = (5271} and (%) = () =+ = (%) = 0. (19)
To determine the highest power of [ in (w’| X}, !'|w’y which appears in the matrix elements (wl’ | Xy, |w]’> (for
—-b+1<i,j <n->b-1)it suffices to consider the expectation values (w e 1|Xh |wn b 1> To this end,

we evaluate
MWy  DXeM(wr, 1))

’ ’ , , , )
= (<x}:2(b’1)> <x;z(b71)> <x;2(b71)+1> ,<x}21(n—b—1)> <xz(n—b—1)> <x}21(n—h—1)+1>)

= (Cony o (2 () (i) (2))
The highest power is, manifestly, I = 2n — 2. To find the lowest power [ in (w’| X;lz |w’) appearing in

(w |Xh ‘w > (for =b+1 < i,j < n—b —1) it suffices to consider (w !Xh !win). To this end, we

b+1
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evaluate
MU DXMA ) = ((57070) (270 ) (707%) () (30 )
= () Gy (o2, (1) (i) (i)
The lowest power is, manifestly, [ = 1. We thus conclude that the numerator of Equation (18) is a func-

tion of (xp), <x}21> .. <x}21”_2> and, an analogous argument entails that the denominator is a function of

<xg> , <x2> yee <x§”_2> with the same form. Using Equation (19), we conclude that the numerator and the

denominator are the same. O

4.3.2 The unbalanced case

The techniques we have used so far also work when the number of points in a monomial assignment are
odd, i.e. for unbalanced monomial assignments, both aligned and misaligned. We illustrate how the so-
lution is constructed by considering a concrete example of an unbalanced aligned monomial assignment.
We start with 2n — 1 = 7 points and m = 2b = 2 (see Figure 11a). We use the diagrammatic repre-
sentation introduced previously. In this case, we have 4 initial and 3 final points; the standard basis is
{191),192) 5 - - - 194) , |h1) , |h2) , |h3)}. The basis of interest is again constructed by starting at [w’) and using

|vg) il

=0 jo5)

[“’1/1) 1,. =0 M])] :,‘
(z%)|=0 EU’(Q @?) =0 "“(11
0 L (z)|=0

(1) (
[w” 1) <;r0) =0 [v’ ) (%) =0

[ J 0] ® O O o]
(@2n-1=7,m=2b =2 Un- (b)y2n-1=7,m=2b-1=1.
balanced aligned monomial assign- Unbalanced misaligned mono-
ment. mial assignment.

Figure 11: Visualizing unbalanced monomial assignment with simple examples.

X,! until we reach (x°), and then by using Xj, until the space is spanned (analogously for [0”) with X!
and Xy). It is {|0i1> , |06> , |0{> , |U£>} and {|wil> , |w6> , |w{>} In the same vein as the earlier solutions, we
define O := Z}:_l (|wl’> (vl’| + h.c.) + ’vé) <v§| In X, > EhOXgOTEh, the |vé> term is removed by the pro-
jector, Ep := Y7 |h;) (hy]. Using (x°) = (x) = --- = (x°) = 0 and the counting arguments from before, it
follows that D = X}, — E;OX,0TE), = 0.

For an unbalanced misaligned monomial assignment let us consider the example with 2n — 1 = 7 and
m = 2b—1 = 1. We have 3 initial and 4 final points; the standard basisis {|g1), |g2), |g3) » |[h1), |h2), . .. |ha) }.
We construct the basis of interest by starting at |[w’) and using X}, until the space is spanned (analogously
for |o’) with X,). More generally, we first go down for b — 2 steps (which is zero in this case), until (x) is
reached in the diagram. The bases are {|v(’)> , !U{) , |vé>} and {|w6> , |w{> , |wé> , |w§>} As before, we define
0 = Y2, (|w)) (v]| + hec.) + |w}) (wj|. This time we use Ej, > X:/ZOXgOTX}:l/2 which is equivalent to
Xy = EhOXgOTEh for Ey, := Z?:l |h;) (h;]. Using an argument similar to the balanced misaligned case, we
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can reduce the positivity condition to

’
;)

2
2 j=0 i) (wi] X |W_;>

2
Zi,j:O aidj <Uz,

but the counting argument doesn’t make the fraction 1. This is because we now have an <x2> dependence
in the denominator and an <x§> dependence in the numerator. However, we also know that this term only

appears in <w5| X |wé> that too with a positive coefficient (as we saw in the unbalanced fy—assignment).

g
denominator ensuring the inequality is always satisfied. We state the general solution for both these cases

and prove their correctness below.

Further, we know (xZ) > <x6> and therefore we can conclude that the numerator is smaller than the

Proposition 41 (Solution to unbalanced aligned monomial assignments). Let
e m = 2b be an even non-negative integer
ot = X "o, [xn, ] — 2 1 Xg; Py [[xgi]], be a monomial assignment over {x1, Xz ... Xan_1}

e (Jh1), ko) ... |hn=1),191),192) - - - |gn)) be an orthonormal basis

e finally
n—1 n
Xp = thi |hi) (hil = diag(xp,, ... Xp,_,,0,...0), Xg := ngi lgi) (gil = diag(0,...0,xg,,...xg,),

i=1 ~— i=1 ~~—

n zeros n—1 zeros
|w) = (\Phy» - - - VPh, 0.0 .0) and |w') = (Xp)" [w),
n zeros
o) := (0 0.0, \Pgr \Pas - - - \[Pgn) and [0} = (X,)" o).
n—1 zeros
Then

In-b-1

nb32 Hﬁi (Xp)' W) (@' (Xg)ingl,- L I, (X )P 0" (o[ (Xg)" P
+ n.c.
i—b VCh;C; Cgn_pr

satisfies Xp > EhOXgOTEh and EyO |0’) = |w’), where by X}:/kg we mean (X}_:/g)k for k > 0, and all
Chy» Cgi» I'Ifl_, Hgli are as defined in Proposition 39.

Proof. Many observations from the proof of Proposition 39 carry over to this case. We import the defini-
tions of {!w >}n _b ? and {|v >}" !, together with the observations that M(<Wib|)XhM(|Wib>) has no
dependence on a term (xé) with l < —2b and that M(< b 2|)X;,M(’w )) has no dependence on a
term (xé)l with | > 2n—2b—4+1 = 2n—3—-2b. We can restrict to span{|w > ’W—b+1> fwn b 2)} to estab-
lish the positivity of D := Xj,— E,0X,0" Ej.. Using the analogous observation for M (( . b’)X M(|v’_ b)) and
M((vn b 2|)X M(|vn b 2)), along with the fact that <xl>/ = <xl+2b> and <x°> = <x1> =...= <x2”_3> =0,
it follows that D = 0. O

Proposition 42 (Solution to unbalanced misaligned monomial assignments). Let
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e m = 2b — 1 be an odd non-negative integer

o t= 20 X pn [xn ] - o Xg: s [x,: ] be a monomial assignment over {x1, x5 . .. xan-1}

(Jh1), 1ho) - Nhn) s 191) 5 1g2) - - - |gn-1)) be an orthonormal basis

e finally
n n—1
Xy, = thl. |hi) (il = diag(xp,,...xp,, 0,...0)X, = ngi lgi) (gl = diag(0,...0,xg,,...%g,_,),
n—1 zeros n zeros
b—
[W) = (\Phy> - - - VPhy» O, - 0) and |w') = (X)" 7 lw),
n— lzeros
p-1
lo) == (0 0, \/Pgys - - - A[Pgny) and [07) := (X4)7"2 |0) .
n zeros
Then
I (Xp)' [w) (0’| (X) T, L, (Xn)"™ blw’y (w!| (Xp)™ bH
0= Z hs 99 he + —
i=—b+1 VEhiCai Chn_p

satisfies X > EhOXgOTEh and E O |0’y = |w’), where by X;/’; we mean (X;/g)k fork > 0, and all
Chy» Cgi» Hi_, H!}Li are as defined in Proposition 40.

Proof. For this proof, we can use the definitions and observations from the proof of Proposition 40. We

import the definitions of {|w >} r . and {!U >} bl along with the observation that

MUy DXRM(W,,1))

has no dependence on a term (x;l)/ withl < -2b+2and

M(<W:z—b—1 |)XhM(|Wr/1—b—1 >)

has no dependence on a term <xl > with [ > 2n—2b—1.Also from the previous proof we have that establishing
Xp = EhOXgOTEh is equivalent to establishing

Z:l]——bﬂ aiaj <”z,| Xy ’UJ,>

n—-b— ’ ’
Zl]— b1 i <Wi|Xh |Wj>

for all real {a;}!” bb+11 We know that (x) = <x2> = ... = <x2”_3> = 0. As we have the dependence on
x2n=2} we can’t conclude that the fraction is one. However, as we saw in the proof of Proposition 39
< > p p )

2n— 2>

dependence on <x in the denominator only appears in the <w”1_ bt | Xy, |w;l_ b—1> term, that too with the

positive coefficient, 1/cp, , . The analogous statement holds for the numerator. This, using <x2”_2> > 0,
entails that the denominator is larger than or equal to the numerator, concluding the proof. m]

48



4.4 Main result

Our observations so far can be combined to prove Theorem 2, which we formally state here.

Theorem 43. Let t be an f-assignment (see Definition 32) on strictly positive coordinates (without loss of
generality; see Lemma 36). Suppose f has real and strictly positive roots. Then, in order to obtain its effective
solution (see Definition 34), it suffices to write it ast = ; a;t] where o; are positive and t, are monomial
assignments (see Definition 32 and Lemma 35). Furthermore, each t] admits a solution given by either Propo-
sition 39, Proposition 40, Proposition 41, or Proposition 42.

Proof. In Section 4.1 we established that it suffices to express an f-assignment as a sum of monomial
assignments and find the solution for each one of them, in order to find the solution to the f-assignment.
A monomial assignment now, can be balanced or unbalanced and aligned or misaligned (see Definition 32).
The solution in each case is given by either Proposition 39, Proposition 40, Proposition 41, or Proposition 42.

O

4.5 Example: a bias-1/14 protocol

The f-assignment for the TIPG approaching bias €(3) = 1/14 (k = 3 for e(k) = ) has the following
form. Let
Xg=0<r{ <ry<xf <xy;<xXy<xXy3<xXs<x,<Ir;<ry<rs.

This is an f-assignment (see Figure 12) on {x/, x7 ... x¢} with f(x) = (r{ —x)(r; —x) (r; —x) (r; = x) (r; = x)
viz.
6

—f'(x)
i=0 Hjii(x],' - xl,)
For a positive number A, we can consider an f-assignment on {xo,x;...xs} where x; = x/ + A, with
f(x)=(r1 =x)(r2 —x)...(rs —x) where r; = r] + A viz.

t' =

B

Lemma 36 guarantees that the solution to t and ¢’ are the same. We decompose t into a sum of monomial
assignments, i.e.

=

6
—r1rar3rsts (rarsrars 4 rirsrars + rirarsrs + rirarsrs) (=x;)
AN o ]1+Z [x:]
Py [T (x; = x:) [T (3 — x1)

1

_052( xl 0(3( xl 0{4( xl C(S( xl)
Z [T (xj — xi) [[XI]] +Z [Tz (xj - I[ ]]+Z [Tjzi(x; — [[XI]] Z [Tz (xj = xi) [[XI]]

l l

11T v A% VI

where a; is the coefficient of (—x)! in f(x). Since the total number of points in each assignment are 7, they
are unbalanced monomial assignments. Terms L, Il and V each have an even powered monomial therefore
they correspond to the aligned case. Their solutions, thus, are given in Proposition 41. Analogously, the
remaining terms II, IV and VI each have an odd powered monomial therefore they correspond to the
misaligned case. Their solutions, thus, given in Proposition 42.
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k = 3 points

L
L—H&W
w
i

o9
Py
T
o OO0 0000
1 740" (@i, 9;) Pi=Pg—==+9
—1 1 N
7§+H+0

Figure 12: The TDPG (or equivalently, the reversed protocol) approaching bias e(k = 3) = 1/14 may be
seen as proceeding in three stages, as illustrated by the three images (left to right). First, the initial points
(indicated by unfilled squares) are split along the axes (indicated by the filled squares). Second, the points
on the axes (unfilled squares) are transferred, by means of the ladder described in Section 2.5 (indicated
by the circles), into two final points (filled squares). Third, the two points from the previous step (unfilled
squares) and the catalyst state (indicated, after being raised into one point by the little unfilled box) are
merged into the final point (filled box). The second stage is illustrated by the TIPG,—or more precisely, by
its main move, the ladder—approaching bias 1/14. The weight of these points is given (up to a constant)
by the f-assignment shown above. The roots of the polynomial correspond to the locations of the vertical
lines and the location of the points in the graph is representative of the general construction.

Let us now see how all these pieces fit together to give the full protocol. We describe the procedure
in the language of TDPGs each step of which can be thought of as a short-hand to denote an exchange
and manipulation of qubits between Alice and Bob, granted that the associated unitaries are known. As
we have already done all the hard work in finding these unitaries'®, we can now proceed at this level of
description. Concretely, the bias 1/14 game (see Figure 12) goes as follows:

1. The first frame. This simply corresponds to the function £ ([0, 1] +[1, 0]).

2. The split. Deposit weights along the axis as specified by the TIPG; more precisely, split the point
[0, 1] into a set of points along the y—axis and analogously, split the point [ 1, 0] into a set of points
along the x—axis, to match the distribution of points along the axis by the bias 1/14 game.

3. The Catalyst State. Deposit a small amount of weight, dcatalyst, at all the points that appear in
the TIPG. This can be done by raising the points which are along the y-axis, i.e. if the points
along the axes are denoted as }’; pspiit,i [0, y: ]|, then raise them to obtain };(pplit,i — Sspliti) [0, yi ]| +
2, Ocatalyst [xi y;], where Ocatalyst > 0 can be chosen to be arbitrarily small and the second sum is
over points (x;, y;) which appear in the TIPG (excluding the axes'?).

4. The Ladder.

181n this section we found the unitaries for f-assignments and in Section 3 we found those corresponding to splits and merges.
®One needs to use the analogous procedure, ie. use Y; Psplit,i [xi, 0] as well for the one point of the TIPG which has a
y—coordinate smaller than that of the points along the y—axis.
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(a) Denote the monomial decomposition of the valid functions by constituent valid functions.
Globally scale these constituent valid functions sufficiently so that no negative weight appears
when they are applied.

(b) Apply all the scaled down constituent horizontal valid functions.
(c) Apply all the scaled down constituent vertical valid functions.

d) Repeat these two steps until all the weight has been transferred from the axes into the two final
p p g
points of the ladder®’.

The unitaries corresponding to these constituent valid functions correspond to the solutions of the
monomial assignments.

5. Raise and merge. Raise and merge the last two points into the point (1 — §”) [[% + 6", % + 5”]] where
&’ represents the total weight used by the catalyst, while §”” comes from the truncation of the ladder.
Then, using the method developed in the proof of Theorem 27 in [ ; ], the catalyst
state can be absorbed to obtain a single point [[% + 0, ‘7* + 5]]. Thus, PZ = P; = % + 1—14 + 8, where § can
be made arbitrarily small by making the catalyst state smaller and the ladder longer.

The protocol is the reverse: it starts with a single point corresponding to uncorrelated states and whose
coordinates encode the cheating probabilities, and ends with two points along the axis with equal weights,

corresponding to the state —lAAi;%lBB .

201t would automatically become impossible to apply the moves once the weights on the axes becomes sufficiently small.
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5 Elliptic Monotone Align (EMA) algorithm

So far we have exclusively studied C. Mochon’s point games. In the following, we construct a numerical
algorithm that generates the required unitary for any given A-valid function (see Definition 120). Note that
corresponding to any WCF protocol with valid functions, one can find a WCF protocol with strictly valid
functions (see Lemma 132), which in turn are A-valid for some finite A (see Lemma 129, Corollary 123);
thus we do not lose generality by restricting to A-valid functions.

5.1 The Canonical Projective Form (CPF) and the Canonical Orthogonal Form (COF)

One can formalize the TEF constraint Equation (5) by associating to each transition, what we call a Canon-
ical Projective Form (CPF). This essentially compiles the coordinates and weights which define a transition,
into vectors and matrices.

Definition 44 (Canonical Projective Form (CPF) for a given transition). For a given transition (see Def-
inition 14) the Canonical Projective Form (CPF) is given by the set of m X m matrices Xj, Xy, O, D and
m-dimensional vectors |v), |w) given by

np

g
Xh = Z Xp; |hl> <hl| s Xg = ngi |gl> <gl| P
i=1

i=1

W) = > pa, 1ha), o) = " \fpg, lgi)
i=1 i=1

D = X;, - E,0X,0"E},

and O is a unitary which satisfies O |0) = |w),
where Ep, = X |h;) (hil, {lgl), lg2) - .. |gng>, |hi), |ho) ... |hnh>} are orthonormal basis vectors and m =
ng + np.

A transition satisfying the TEF constraint Equation (5) corresponds to D > 0 for the associated CPF,
motivating the following definition.

Definition 45 (legal CPF). A CPF is legal if D > 0.

So far, we have only recompiled the TEF constraint, into a supposedly more usable form, i.e. into a
CPF. However, removing the projector from the CPF, allows one to interpret the legality condition above,
geometrically and this, as we mentioned in the introduction, is at the heart of the EMA algorithm. To this
end, we define a Canonical Orthogonal Form for each transition.

Definition 46 ((n, £)-COF for a transition, £&-COF for a transition). For a given transition (see Definition 14)
and two numbers n > max(np, ny) and & > max(x,, xp, . . .xhnh), an (n, £)-COF is given by the set of n X n
matrices X, Xy, O, D and vectors |v), |[w) where

Xy, = diag(xp,, Xp, - . s Xy, £ &...) and X := diag(x,,, xy, . . .,xgng,0,0 ce)s

g nh
[0) = > \pg, li) and |w) = > VP, li),
i=1 i=1
D = X;, - 0X,0"

and O is an orthogonal matrix which satisfies O |v) = |w) .
A ¢-COF is an (n, £)-COF with n = nj, + ng — 1.
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The legality condition this time, is defined in the limit of £ — co. We explain this shortly.

Definition 47 (n-legal COF, legal COF). An (n, £)-COF is an n-legal COF if D > 0 in the limit & — co. A
legal COF is a £-COF such that D > 0 in the limit £ — co.

The EMA algorithm would produce a legal COF for a given A-valid transition. However, to use TEF,
we need a legal CPF for the transition. We therefore first observe that a legal COF also yields a legal CPF.

Imagine one finds a legal COF corresponding to some transition. Then, they can sandwich D between
a positive matrix, say E, as EDE to get

UX,U'

§71 2 §71 2

5—1/2 . §—1/2

=E

Note that D > 0 <= EDE > 0, because E is diagonal. Since the COF is legal, D > 0 for £ — o
and in this limit E becomes a projector. After some relabeling (and appropriately expanding the space to
m = ng + nj, dimensions) the inequality reduces to a CPF. This observation readily extends to the n-legal
case where n < ny + nj,. These arguments establish the following statement:

Proposition 48. Consider a transition (see Definition 14). If there exists an n-legal COF corresponding to i,
then there also exists a legal CPF for this transition.

One can also show the reverse, i.e. that given a legal CPF one can find the corresponding m—legal COF.
In particular, we are given

=Ep

Replacing the appended diagonal zeros in the first matrix (the one containing Xj) with 1s yields an equiv-
alent inequality. Next, we can conjugate by a permutation matrix to get

Finally, we write the diagonal zeros in Ej as 1/£'/2 and use the reverse of the trick above to recover an
m~—legal COF with m := ny+nj. This sketches the proof of the following proposition. The full proof requires
some care, and since we do not use it further, we omit it.

Proposition 49. Consider a transition (see Definition 14). If there exists a legal CPF corresponding to it, then
there also exists an m-legal COF for this transition with m := ng + ny,.

Two aspects of the definition of COFs merit further discussion. To this end, recall that to convert
an arbitrary point game into a protocol (with essentially the same bias), it suffices to consider A-valid
transitions. Further, a A-valid transition is also an EBM transition (see Corollary 123). Thus, it suffices to
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show that EBM transitions admit a COF (for details, see Appendix E). With this in mind, the first aspect
of the definition of COFs which is noteworthy, is that we used orthogonal matrices. This was because
one can show that EBM transitions are the same as EBRM transitions, i.e. EBM but with the additional
constraint that the matrices involved are real (see Appendix E.1). The second noteworthy aspect is that the
dimensions of the matrices involved is taken to be ng + nj, while for EBM/EBRM, we did not have any such
constraint. It turns out one can always generate matrices of size ny + nj, — 1 from arbitrary sized matrices
corresponding to an EBM/EBRM transition (see Appendix E.2). In the following, we discuss the geometric
interpretation of the COF.

5.2 The inequality as containment of ellipsoids and Convex Geometry tools

In this section, we show that the matrix inequality of the form 0 < G < H can be geometrically viewed
as the containment of an ellipsoid inside another. Consider an unnormalized vector |u) = ¥, u; |h j> with
u;j € R. The set {|u) | (u| Xp, |u) = 1}, where X}, = diag(xp,, xp, ...), describes the surface of an ellipsoid.
This is easy to see as the constraint corresponds to

2 2
Xp, U2 + xp,us + - - - = 1 which is of the form —;+—3+--- =1
a; 4
This is the equation of an ellipsoid in the variables {u;} with axes a; = 1/4/Xp;,a2 = 1/4/Xp,.... An
inequality would correspond to points inside or outside the ellipsoid. If we start with some arbitrary
(possibly unnormalized) vector |u), then the point on the ellipse along this direction is given by &, (|u)) =
w Finally, the set {|u) | (u] OXgOT |u) = 1} also corresponds to the equation of an ellipsoid with

V(I Xp u)

axes {1 / \/xgi} except that it is rotated by O. We can define a similar map from a vector |u) to a point on

the rotated ellipsoid as &E,(|u)) = S Y — Accordingly, our inequality can be seen as

V@UXgUT [u)

Xp—0X,0" 20 &= (u| Xy |u) — (u|OX,0" [uy >0 V|u)
= Wl0X,0"|u) <1 V{|u)|{ulXpu) =1},

which means that every point denoted by |u) on the h-ellipsoid must be on or inside the g-ellipsoid. If
(xp) — (xg> = 0, then for |u) = |w) the inequality saturates. This, in turn, means that also for &, (|w)) the
inequality is saturated as it is the same vector up to a scaling, with the difference being that E,(|w)) is a
point on the h-ellipsoid. Since the inequality is saturated it means that the ellipsoids must touch at this
point, i.e.,, E;(|w)) = Ep(|w)); moreover, the curvature of the smaller ellipsoid should be larger than the
curvature of the larger ellipsoid at the point of contact. Therefore, the curvature of an ellipsoid and the
normal vectors along the direction of the contact are important in our analysis.

To formalize our approach we apply tools from Convex Geometry in the case of ellipsoids. One can
find more details in Appendix ?? and a presentation of these results on general convex bodies in Section
2.5 of the book by R. Schneider [ ]. The central tool of our analysis is the so-called Weingarten map,
which— defined intuitively—is the differential of the normal vector at a given point on the ellipsoid (or
any manifold in general). Employing the Weingarten map permits us to evaluate curvatures and related
quantities at the point of contact, as briefly described below. Let the point of contact be |¢) = )’ ¢; |i). Then,
the normal vector at this point is |u(c)) = N (X xjc; |i)), where we denote N (|¢/)) = |¢) /\/{¢|¥). For a
normalized direction vector |u) the support function corresponding to an ellipsoid X is given by

h(u) = Vu| X1 u) = ‘/Z X lul, (20)
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The derivative of the support function yields the point on the ellipsoid where the tangent plane corre-
o
sponding to the direction |u) touches the said ellipsoid, and it is given as 9;h(u) = 3;:(:;. Furthermore, the

second derivative of the support function

1,1,
X;OX; Uil

1
h(u) (_ h2(u)
contains as eigenvalues the radii of the curvature of the ellipsoid at the aforesaid point and as eigenvectors

the directions of the principle curvature. Hereafter, we omit the 1/k factor as it cancels out in the equations
of interest.

ajaih(u) = +xi_15,-j) (21)

5.3 Definitions and lemmas for the EMA algorithm

Solving the WCF problem has been reduced to finding explicit matrices for a given EBM transition g =
S Doy [x5:] = k= 7 pn, [xn,] where g and h have disjoint support or, equivalently, for a given EBM
function a = h—g= 3" pp, [xn,] - 25, P [x,:]- Here we describe our EMA algorithm, which runs by
converting iteratively the above problem into the same problem of one less dimension until it is solved.
We start by setting the notation involved.

At step k of the iteration, the transition g — h and the associated function a = h — g are given by
g% — K™ and a® | respectively, and they remain fixed for each step. Therefore, we do not write an
explicit dependence on it in the following definitions. By [Xmin, Xmax] We denote the smallest interval
containing supp(a), and we call it the support domain for a. Similarly, we refer to the smallest interval
containing supp(g)Usupp(h) as the transition support domain for the transition g — h. We use the variables
x> £ € R to denote an interval [y, &] 2 [Xmin, Xmax]- In Section 1.1.3 we motivated the use of operator
monotone functions to make the ellipsoids touch along a certain direction; the following definitions are
tailored to this purpose.

Definition 50 (f} on (@, f)). fi : (a0, f) — R is defined for A € R\[-f, —a] as fi(x) := %

Definition 51 (fj on [, fB]). fo : [@ f] — R U {oo,—c0}?! is defined for A € R\(-p,—a). For A €
R\[-pB, —a] we define fj(x) = %

For A = - and —a we keep the same defn except for x = §, @ in which case we define f_3(f) := oo
and f_y(a) := —o0.

As we also described in Section 1.1.3, we have to expand the smaller ellipsoid until it touches the larger
one. An ellipsoid corresponding to a positive diagonal matrix, X}, (as in Section 5.2), is smaller than another
ellipsoid corresponding to y X, for 0 < y < 1. If the X} matrix corresponds to a function h, what would
be the corresponding function for yX,? The following definition of h, formalizes the answer. We also
introduce [, which helps us check the validity condition for a transition.

Definition 52 (I, l)l,, ay). Consider the transition g — h and let a = h — g. For y € (0,1] we define the
finitely supported functions h, : R — [0, ) and a,(x) : R — R as

hy(x) == h(x/y) and ay(x):=h,(x)—g(x).

Let Sy = [Xmin(¥), Xmax(y)] be the support domain of a,.
We define [, : R\ [~Xmax(¥), =Xmin(y)] — R as

L= ) a®fik)

xesupp(ay)

where f) is defined on S,. We also define l)l, =, ay(x)x.

xesupp(ay)

21This is the extended real line with 1/c0 = —1/c0 := 0.
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We now define a function, m, which, given the transition g — h, indicates if the transition correspond-
ing to the scaled ellipsoid g — h,, is valid.

Definition 53 (m(y, y, £)). We define m : ((0,1],R,R) — {0,1} to be

0 if any of the following root conditions hold

m(y, x, &) = {

1 else,

where the first root condition is satisfied if there exists a A € R\(=¢, —x) such that [,(1) = 0, and the
second root condition is satisfied if l; =0.

As we are dealing with different representations of the same object, it is useful to define a relation
between the matrix instance of the problem—involving matrices—and its function instance that involves
transitions and functions.

Definition 54 (Matrix Instance, X — Function Instance, x). For a Matrix Instance defined as the tuple
X = (Xp, Xy |w), |v)), where X, X; are diagonal matrices and |w), [v) are vectors on R" for some n
with equal norm, i.e. (w|w) = (v|v), we define the Function Instance to be the tuple x : (g, h, a), where
h = Prob[Xp, |w)], g = Prob[Xy, [v)] and a = h — g.

Definition 55 (Attributes of the Function Instance, x). For a given tuple x := (g, b, @) as in Definition 54
we define the attributes ny, ng, {py, }, {pn, }, {x4, }, {xn,} as they appear by declaring g — h to be a transition,
ie.,

« ny as the number of times h is non-zero,

« n4 as the number of times g is non-zero,

* {Phi}> {xhi}’ {pgi}’ {xgi} lmphCltly as h = Z?:hl phi ":xhi]] > g = Z:l:gl pgi [[xgi]] fOI' phiﬁ Pgi > O

The support domain for a is denoted by [Xmin, Xmax |, i-€., the attributes Xpin, Xmax are defined to be such that
[ Xmins Xmax] 1s the smallest interval containing supp(a).

Definition 56 (Attributes of the Matrix Instance, X). For a tuple X as defined in Definition 54 we have the
following:

« Spectral domain: The spectral domain of X is denoted by [y, £] where the attributes y, & are such that
[ x, £] is the smallest interval containing spec{X, & Xp}.

« Solution: We say O is a solution to the matrix instance X = (Xp, Xy, [w), |0)) if X), > OXgOT and
O |v) = |w).

« Notation: With respect to a standard orthonormal basis {|i) }, we use the notation Xj, := Z{;l yn, 1) €il,

Xy = Xy Yg, 1) (il, [w) = DI, v, 1), and o) = 2, g, 11).

With the notation in place, we can now state and prove some results that we need in our algo-
rithm. First, we generalize the results obtained in [ ] about operator monotones and their rela-
tion with EBM functions. Second, we prove some results that formalize the intuitive notions of tighten-
ing—stretching the smaller ellipsoid until it touches the larger ellipsoid. Finally, we generalize them in the
case where the curvature of the smaller ellipsoid becomes infinite.
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5.3.1 Generalizations

Our approach for achieving the aforementioned generalization is schematically represented in Figure 13.
Our starting point would be the relations between EBM, EBRM and COF which we already outlined (see
the discussion above Section 5.2) while deferring the details to Appendix E. For readers familiar with those
details, our main objective here is twofold. First, we generalize the relation between EBM and EBRM func-
tions (see Corollary 144) from matrices with their spectrum in [0, A] to matrices with their spectrum in
[x, é]- Second, we extend the result from valid functions to valid transitions, including the case of over-
lapping support. To establish the first, our strategy is to find a relation between [0, A]-valid functions (see
Definition 120) and [y, £]-valid functions (which we define shortly) and then a relation between [0, A]-
EBRM functions (see Definition 140) and [y, £]-EBRM functions (which again, we define shortly). Then
we use the link (see Corollary 144) between [0, A]-valid and [0, A]-EBRM functions to establish the equiv-
alence of [y, £]-valid functions and [ y, £]-EBRM functions. Along the way we sharpen our understanding
of operator monotone functions which should make the definitions of f;, [ and m (see Definition 52 and
Definition 53) obvious. The second objective can be met with by a single, albeit, slightly long argument.

Corollary Corollary 144

a(x) is — a(x) is
A —valid A —EBRM
{ Cor. Corollary 65 § Cor. Corollary 67
Yy y
L
a(x’ — y) is o, a(x’ — y) is
[ €] - valid [x.£] - EBRM
{§ Lemma 69
h—gis
Lemma 146
[x’,&’] EBRM =
[x’¢'] - COF
ivial
ifa=h-gand =

[x. &l Uspec(g+h) C [, ¢]

Figure 13: Generalization schematised.

Let us start with extending our definition of the COF to accommodate matrices with their spectrum in
[x. ¢l

Definition 57 (COF with spectrumin [ y, £]). For a given transition g — hlet [ y, £] be such that it contains
supp(g) and supp(h). We define the COF with its spectrum in [ y, £] by the set of nXn matrices X, X, O, D
and vectors |0), |w) where

Xp, = diag{xp,, xp, .. o> Xy, & & .} and X, := diag{xy,, xy, .. s X Xo X - =

[0) = > Py i) and |w) = > VP, 1)
i=1 i=1

D::Xh—OXgOT, n=ng+n,—1
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and O is an orthogonal matrix which satisfies [v) = O |w).
Definition 58 (Legal COF with spectrum in [y, £]). A COF with spectrum in [y, €] is legal if D > 0.

Definition 59 (Operator monotone functions on [ y, £]). A function f : [y, €] — R is operator monotone
on [y, &] if for all real symmetric matrices H, G with spec(H®G) € [y, £] and H > G we have f(H) > f(G).

Lemma 60. f(x) is an operator monotone function on [ y, &] if and only if f'(x”) = f(x’ — x0) is an operator
monotone function on [y + xo, £ + x0].

Proof. Consider real symmetric matrices H > G with spec(H @ G) € [y, ¢] and let f(x) be operator
monotone on [y, £]. We must consider f/(x") = f(x = x” — x¢) which is the same as f"(x + xp) = f(x).
We show that f” is an operator monotone on [y + xo, & + x¢]. Note that H' := H + xl and G" := G + x,l
are such that H” > G’ and spec(H’ @ G’) € [y + xo, £ + x¢]. Note that f'(H’) = f(H) and f'(G’) = f(G)
because

f/(H) = f'(H + xol) = Opf’ (Hy + xo1) O} = Opf (Hy)O; = f(H)

and similarly for G where H = OthOZ for Oy, orthogonal and H; diagonal. Since f is operator monotone
on [y, &] we have f(H) > f(G) which entails f'(H’) > f’(G’). Since this holds for all H’, G’ with their
spec(H’ ® G’) € [y + xo, £ + x9] we can conclude that f’ is an operator monotone on [y + xo, & + xo]. The
other way follows by setting y + x to y, & + xo to &, xo to —xo but since all these were arbitrary to start
with, the reasoning goes through unchanged. ]

Corollary 61 (Characterisation of operator monotone functions on [0, A]). Any operator monotone func-
tion f : [0, A] — R can be written as

F(x) = co+ erx — / ﬁd(b(ﬂ)

with the integral ranging over A € (—oo, —A) U (0, o) satisfying/ md@(i) < co,

Proof. Consider the characterisation given in Lemma 118 according to which we had f(x) = ¢; + c;x +
f %dw(/l) with f ﬁdw(k) < 00, We can write

f(x) = C(/) +C1x+/ (A - A )d&)(ﬂ) =Co+C1X — / _)LZda)(/l)

A+x A+x

where with d = A2dw(A) we obtain the claimed form. Note that the finiteness of f %dw is necessary to
conclude that ¢y = ¢; + f %dm is also finite. O

Corollary 62 (Characterisation of operator monotone functions on [y, £]). Any operator monotone func-
tion f' : [ x, €] — R can be written as

1
A+ x!

f'(x") =cy+cx’ — / do' (1)

with the integral over A’ € (—oo0, —&) U (—x, ) satisfying/ o da’ (1) < oo,

1
+x) (1+A+y)

Proof. We follow the convention that x” € [, £] while x € [0, & — y]. From Lemma 60 we know that f(x)
is operator monotone on [0, & — y] if and only if f'(x") = f(x’ — x) is operator monotone on [y, £] where
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x" = x+ y. Since we already have a characterisation for f(x) we can characterise f’(x’) as f(x"— y). From
Corollary 61 we have

e o), [
) =aral -0 - [ oA =g - [ S5

where A’ = A — y. Since we had A € (—o0,—(& — y)) U (0,) it entails A’ € (—o0, —¢) U (—y, o). The

condition on the integral f /{1(&/{—&)) < oo can be expressed in terms of 1’ as / % < oo with
dd'(A') =da(A" + x). With ¢; = ¢} and ¢ = ¢y — ¢1 y we obtain the claimed form. O

We now generalize the definition of A-valid functions to [y, £]-valid functions.

Definition 63 ([ y, £]-valid function). A finitely supported function a : R — R with supp(a) € [y, &] is
[x, §]-valid if for every operator monotone function f on [y, {] we have X cqupp(a) a(x)f(x) 2 0.

Remark 64. Since in Corollary 62 d®’ is a measure, to establish [y, &] validity of functions, it would
suffice to restrict our attention to operator monotones f’'(x’) = x’, f'(x’) = —ﬁ with x” € [y, €],
A" € (=00, =8) U (=), ).

By shifting the characterisation of operator monotone functions we can shift valid functions as well.

Corollary 65 (a(x) is [y, £]-valid &= a(x’ —xp) is [y + xo, & + x0]—valid). A finitely supported function
a: R — R with supp(a) € [y, &] is [ x, &] —valid if and only if the function a’(x") := a(x’ — xp) : [0,00) —> R
is [x — xo, € — x0] —valid.

Proof. ais [, ] valid entails X\ csupp(a) @(x) f(x) 2 0 for all f operator monotone on [y, £]. We can write
the sum as } a(x” — xp) f(x" — x9) > 0. Using Lemma 60 we note that f'(x") = f(x" — x,) is operator
monotone on [ y + Xy, &+ xg]. For a’(x”) = a(x’ — x¢) we thus have }’ a’(x’) f’(x") = 0 which means a’(x")
isa [ y + xo, &£ + x9] —valid function. The other way follows similarly. O

We have, thus, established a relation between [0, A]-valid functions and [ y, £]- valid functions, and we
proceed to establish its analogue for EBRM functions.

Definition 66 (EBRM on [y, £]). A finitely supported function a : R — R is EBRM on [, £] if there exist
real symmetric matrices H > G with their spectrum in [ y, ¢] and a vector |w) such that a = Prob[H, |w)] -
Prob[G, |w)].

Corollary 67 (a(x) isEBRM on [y, (] & a(x+ y) isEBRMon [0, & — x]). A finitely supported function
a:R — R with supp(a) € [x, &] is EBRM on [y, &] if and only if the function a’(x) := (x + y) : [0,00) - R
is EBRM on [0, & — y].

Proof. If aisEBRM on |y, £] it follows that there exist real symmetric matrices with H > G and a vector |w)
such that spec[H ® G] € [y, ¢] and a = Prob[H, |w)] — Prob[G, |w)]. Clearly, H :=H - [ > G — yI = G’
and a’(x) = Prob[H’, |w)] — Prob[G’, |w)] = a(x + y) with spec[H’ ® G’] € [0,& — y]. This means a’ is
EBRM on [0, & — y]. The other way follows similarly. O

We combine the above to prove the equivalence between [y, £]-valid and [ y, £]-EBRM function:

Lemma 68 (a(x) is [y, £]-valid function <= a(x) is EBRM on [y, £]). A finitely supported function
a: R — R with supp(a) € [y, &] being [ x, &]-valid is equivalent to it being [ y, £]-EBRM.

Proof. From Corollary 65 we know that a(x) being [y, £]-valid is equivalent to a(x + y) being A-valid
with A = £ — y. From Corollary 144 we know that a(x + y) is equivalently EBRM on [0, & — y]. Finally
using Corollary 67 we know that a(x + y) being EBRM on [0, & — y] is equivalent to a(x) being EBRM on

[x. &1 O
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It only remains to extend the result from valid functions to valid transitions:

Lemma 69 (EBRM function <= EBRM transition even with common support). If we write an EBRM
function a with spectrumin [ y’,&'] asa = h—g with h, g : [0, c0) — [0, 00) which may have common support,
then g — h is an EBRM transition with spectrum in [y, &] and with the smallest matrix size being at most
ng +np — 1, where [ y, £] is the smallest interval containing [ y’, £'] and supp(h) U supp(g).

Conversely, if g — h is an EBRM transition with spectrum in [y, &] and with the smallest matrix size
being at most ng +ny, — 1, with h, g : [0,00) — [0, 00) which may have common support, thena = h— g is an
EBRM function with its spectrum in [ y, £].

Proof. To prove the first statement we write a = a* — a~ with a* = Z:l:hl Ph [xn,]] and a™ = Z?jl Py, EAR
for a*,a” : [0,00) — [0, 00), represent the positive and the negative parts of a. Note that a* and a~ by
virtue of this definition can’t have any common support. Consider A = 3™ ¢; [x;] : [0,00) — [0, o0) to
be such that h = a* + A and g = a” + A. This is always the case because h — g = a. Consider the case where
supp(A) N supp(a) = 0. In this case ng = ng + np and np = nj + ny. Since a is an EBRM function we have
a legal COF, viz O’XéO’T < X, and |[w’) = O’[v’), of dimension n” = nj + n, — 1 from Lemma 146. To
obtain the matrices corresponding to g — h we expand the space to n = ny + nj, — 1 dimensions and define
Xg=X;0X, Xp =X, ®X,0=0"&L |v) = [v') + XL,y Veix1-p |i) where X = diag{x1,x...xn, }. This
is just an elaborate way of adding the points in A to the matrices and the vectors in such a way that the
part corresponding to A remains unchanged. The other cases can be similarly demonstrated with the only
difference being in the relation between ny, ng and nj, n;. Suppose A is non-zero only at one point. If A
adds a point where a™ had a point then it does not contribute to increasing the number of points in g (that
is ng = ny), but it does increase the number in h (that is n, = n; +1). This means that we have one extra
dimension to find the matrices certifying g — h is EBRM which is precisely what is needed to append that
extra idle point as described above. Similarly one can reason for adding a point where a* had a point and
finally extend it to the most general case of supp(A) N supp(a) # @ which may involve multiple points.
For the converse, since g — h is an EBRM transition from Lemma 146 we know that it admits a legal
COF, that is OXgOT < Xp and O |v) = |w) with dimension ny + n, — 1. To show thata=h—g =a* —a~
is an EBRM function it suffices to show that a is a valid function. This follows directly from the COF
and operator monotones as Of(Xg)OT < f(Xp) implies (v| f(Xy) [v) < (w|f(Xp) |w) which in turn is
D h(x)f(x) — 2 g(x)f(x) > 0 and that is the same as ) a(x) f(x) > 0 for all f operator monotone on the
spectrum of Xj, ® X, viz. a is valid. From Lemma 68 we conclude that a is also EBRM with size at most
ng+np — 1. O

5.3.2 For the finite part

In this subsection we formalize the notions of tightening and stretching of ellipsoids and present some
results that are relevant to perform the tightening/stretching in the course of the EMA algorithm.

Fact 70 (Weyl’s Monotonicity Theorem (see [ 1)). IfH is positive semi-definite and A is Hermitian then
l l : l -th . .. .

/1]. (A+H) > )Lj (A) for all j where /11. (M) represents the j' largest eigenvalue of the Hermitian matrix M.

Corollary 71. IfH > G then Ajl.(H) > A}(G) forall j.

We now state a continuity condition which we subsequently use to establish that when we stretch
the h ellipsoid, there would always exist the perfect amount of stretching that makes the h ellipsoid just
touch the g ellipsoid. The non-triviality here is that we have to conclude this without fully knowing the
ellipsoids.

Claim 72 (Continuity of [). Let [Xmin, Xmax| be the smallest interval containing supp(a). [(A) is continuous
in the intervals A € (—Xxpin, 0] and A € [—co, —xmax) (see Definition 52).
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Proof. Since I(A) is just a rational function of A it suffices to show that the denominator doesn’t become
zero in the said range. The roots of the denominator are of the form A+x = 0 for x € {{xy,}, {xs,}}. Hence
the largest root is A = —xpi, and the smallest A = —x,x. Neither of the intervals defined in the statement
contain any roots and therefore we can conclude that /(1) is continuous therein. Note that the function f;
on [ Xmin, Xmax | is not even defined for A in (—xmax, —Xmin)- O

Lemma 73 (Tightening with the matrix spectrum unknown). Consider a finitely supported valid func-
tion a. Let [Xmin(Y), Xmax(y)] be the smallest interval containing supp(a,) (see Definition 52). Consider
m(y, Xmin (¥)> Xmax(¥)) as a function of y (see Definition 53). Then, m has at least one root in the interval
(0,1].

Proof. To prove the claim it suffices to show that [, (1) has a root in the range (0, c) for some y € (0, 1].
Note that we are given a valid function a which means supp(a) € [0, ). We assume that [,-;(4) > 0 for all
A € (0, 00) because if this was not the case then we trivially have y = 1 asaroot, i.e. m(1, Xpin(1), Xmax (1)) =
0. Since } h(x) = ) g(x), we have

x
A+x

AN = Y A ALE) +1) = Y ge@AE) +1) = YT hE) T = D 9()

Therefore for the remainder of this proof we redefine f} = %ﬁ without changing the value of I or by
extension [, (the 1/ factor is partly why we restricted A to (0, o) instead of the more general (—xmin, ©)).
Note that lim, o+ [, (1) < 0forall A € (0, o) because hy (x) = h(x/y) which means lim,_,y 3 h, (x) fa(x) =
lim, o 3 h(x) fo(yx) = 0 since limy_,o f3 (x) = 0. This, in turn, means that

lim, ¢+ [, (1) = = X g(x) fa(x) < 0. Each term constituting [, (1) is finite for A € (0, c0) since for A > 0 the
denominators are of the form A + x which are always positive. Hence [, (1) as a function of A € [0, o) and
Y € (0,1] is continuous. By continuity then between y = 0* and y = 1 there should be a root.

It remains to justify why we extended the range of A from (0, 00) to (—09, —xXmax) U (—Xmin, ) in the
definition of m (see Definition 53) as it appears in the statement of the lemma. This is due to the fact that
I, (1) is continuous for A in the stated range (see Lemma 72) and so there might be a root which appears
in the extended range. o

Once we are guaranteed that there is at least one perfect stretching amount, we want to know the
spectrum of the matrices. We state a slightly more general result which is a direct consequence of the
previous results.

Lemma 74 (Matrix spectrum from a valid function). Consider a valid function a, i.e. an a such thatl(1) > 0
and ' > 0 forall A € [0, 00) (see Definition 52) and let [ y, £] be such that for all A € [—o0, —&) U (—y, o] we
have I(A) > 0. Then, there exists a legal COF, corresponding to the function a, with its spectrum contained in

Lx. £1-

Proof. Since I[(A) > 0 for A € (—oo,—&) U (—y, o) and I' > 0 we know from Corollary 62 that a is [y, £]-
valid. From Lemma 68 we know that a is EBRM on [y, £]. Finally, from Lemma 146 we know that there
exists a legal COF with spectrum in [y, ]. O

Recall that our analysis involves operator monotone functions f with the property that ! is also an
operator monotone (see Section 1.1.3). We now establish that fj s (see Definition 51) also have this property.

Lemma 75 (H > G < fi(H) > fi(G)). Let H,G be real symmetric matrices, [y, ¢] be the smallest
interval containing spec[H ® G| and f; be on (x, ) (see Definition 50; f; is defined for A € R\[—¢, —x]). Then,
H > G ifand only if fA(H) > f1(G).

61



Proof H > G = fi(H) > fi(G) because f; is an operator monotone function for matrices with
spectrum in [y, £]. We prove the converse. We find the inverse function of f; and show that it is also an
operator monotone. Start with recalling that for x € [y, £] we have

-1 1
= = — = —— — A
y=h) = X==y
where A € R\ [y, £]. Thus f;l (y) = —% — A. For a given A either f; () and f; (&) are both greater than zero
or both less than zero. Hence the operator monotones f;,(y) on [f3(x), f(£)] permit A’ = 0. Consequently
foo(y) = _—yl is an operator monotone on [f;(x), f1(£)]. A constant is also an operator monotone. Thus

we conclude f/{l (y) is an operator monotone on the required interval establishing the converse. O

5.3.3 For the infinite part; wiggle-v

The results of the previous section permit us to tighten the ellipsoids as needed, and after that we need to
find the operator monotone f) for which the ellipsoids touch along a certain direction. Under the action
of this operator monotone it is possible that the curvature along some direction becomes infinite, i.e., the
corresponding matrix has a divergence (see the case of an ellipse getting mapped to a line). Our algorithm
fails in this situation because the associated normal vector is ill-defined. To remedy this problem, we show
that tightness is preserved under the action of fj. This means that if for some A’ we consider the ellipsoids
obtained by applying f)- and we find that they touch along a certain direction, then for some other A’ # A’
they continue to touch but along a different direction. This allows us to consider the sequence leading to
the divergence, and we use it in the analysis of the algorithm. We start by showing this result in the case
where everything is well-defined, and then extend it to the divergent case.

Lemma 76 (Strict inequality under f;). H > G if and only if f,(H) > f1(G) where f is on (x,&) D
spec[H @ G].

Proof. Note that H > G <= H’' == H+ Al > G+ Al = G’, where 1 € (R U {oo,—c0})\[-¢, —x]
by Definition 50. There can be two cases, either both matrices are strictly positive or both are strictly
negative. Let us consider the former, and the latter follows similarly. We have

H >G >0 I> H/—1/2G/H/—1/2 I< H/I/ZG/le/l/z g1 < G'il,

where the first and third inequalities follow from the fact that multiplication by a positive matrix doesn’t
affect the inequality and the second follows from matrix diagonalization. The last inequality is the same
as f1(H) > f1(G) completing our proof. O

Corollary 77 (Tightness preservation under f3). Let H > G and f) be on (x, &) D spec[H @ G]. There exists
a|w) such that (w| (H — G) |w) = 0 if and only if there exists a |w, ) such that {w,| (f(H) — f1(G)) |wy) = 0.

Proof. The contrapositive of the aforesaid condition is that fy(H) > fi(G) if and only if H > G which
holds from Lemma 76. O

Lemma 78 (Extending tightness preservation under f; to apparently divergent situations). Let X}, X, be
diagonal matrices with spec[Xp] € (y,&], spec[Xy] € [y, &) and let fy be on [—&, —x]. Let, further, O be an
orthogonal matrix such that X, > OXgOT.

There exists a vector |w) such that (w| (f_,_g(Xh) - Of_sr(Xg)OT) |w) = 0 if and only if there exists a |wy)
such that (wx| (f1(Xn) — Ofa(Xy)OT) [wp) = 0 for a A € R\(=&,—y).

Similarly, there exists a vector |w) such that (w| (f-,(Xy) — Of_)((Xg)OT) |w) = 0 if and only if there
exists a |lwy) such that (w;| (fi(Xn) — Oﬁ(Xg)OT) lwy) =0 forad € R\(=¢ —y).
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Proof. In this tightness statement the problem is that X}, has an eigenvalue £ which means that f~:(X3) is
not well-defined. We assume that X}, can be expressed as

’
Xp = [ Xh H// ]
where X, has no eigenvalue equal to { and I” is the identity matrix in the subspace. We can write

’
Xp, > 0X,0T = Sy

A& ] > Of3(X,)0T for 2 € R\[-&, ]
— [ LX) r !

0f(X,)0T [ ! A€ R\[-& ]

GO ] a1z ]

where the last expression has a well-defined limit for A = —¢£. This establishes the contrapositive of the
statement we wanted to prove once we note the following: If (w| (f-¢(Xs) — O f_g(Xg)OT) |w) = 0, then

I[H

0 . . . .
[ % } |w) = 0, otherwise due to the spectrum constraint of X, the aforesaid expression would be co.

This entails

’

I[I

Of_¢(Xg)0" [ I lw) = 0.

A 7 g )
< |([ I f_g(ﬂ//)—l/Z f—f(ﬂ”)_l/z

The proof for the case of f~,(X;) follows similarly. ]

5.4 The algorithm
We first present our algorithm and then we motivate and prove the correctness of each step.

Definition 79 (EMA Algorithm). Given a finitely supported function a (we assume it is A-valid (see Def-
inition 120)) proceed in the following three phases:

« PHASE 1: INITTALIZATION

- Tightening procedure: Let [xmin(y), Xmax(y’)] be the support domain for a, (see Def-
inition 52) where y’ € (0,1] is a variable. Let y € (0,1] be the largest root of
m(y’, Xmin(¥')s Xmax (Y”)), and let xmax = Xmax(y) and Xmin = Xmin(y)-

- Spectral domain for the representation: Find the smallest interval [ y, £] such that [, (1) > 0
for A € (RU {co,—co})\[x,&]. If supp(g), supp(h) is not contained in [y, £] then from all
expansions of [ y, £] that contain the aforesaid sets, pick the smallest. Relabel this interval to

Lx. £].

- Shift: Transform a(x) — a’(x’) := a(x’ + y — 1), where instead of 1 any positive constant
would do (see Corollary 67). Similarly transform

g(x) > g (x) =g(x"+y—-1) and h(x) = k' (x") = h(x"+ y - 1).

Relabel a’ to a, ¢’ to g and h’ to h.

- The matrices: For n := ny + n, — 1 define n X n matrices with spectrum in [y, ¢] and n-
dimensional vectors as

Xg(n) =diag[y, x. . . - x4, Xy, ...,xgng] and X}E;’) = diag[yxp,, yxn,, - - VX, s EE ..,
v(n)> = [0,0...,,/pg1,‘/pg2,..., ,/pgng],|w(")> - [\/Phln/thww phnh,0,0...],

where g = Z?jl Py Ingi]] and h = Z:lzhl P, [xn, -
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- Bootstrapping the iteration:

*

*

Basis: { t}(l'_1+l)>} where t}(lfl+1)> = i) for i = 1,2...n with |i) referring to the standard
basis in which the matrices and the vectors were originally expressed.

- . — (x® x(m
Matrix Instance: X" = (X", X, ’|W(n)> , |U(n)>}‘

« PHASE 2: ITERATION

- Objective: Find the objects 'u}(lk)> , O_;k), O,gk) and s,

- Input: Assume we are given

*

*

*

. (k+1)
Basis: {’thi >}

Matrix Instance: )_((k) = (X,Ek),Xg(k), |w(k)> , |U(k)>) with attribute X(k) >0

Function Instance: X — x&) = (%), g(k) (k)

- Output:

*

Basis: {’u}(lk)>,’t}(:)>}

Matrix Instance: X (k=1 = (Xék_l),Xg(k_l), |w(k‘1)>,|v(k‘1)>) with attribute y*~V > 0
Function Instance: X(*~1) — x(k=1) = (p(k=1)_g(k=1) q(k-1))

Unitary Constructors: Either Oék) and O,(lk) are returned or 0% is returned. If O is
returned, set O_ék) = 0% and Olgk) =1L

Relation: If s%) is not specified, define s¥) := 1.

If s = 1 then use
ol — O;k) (|u’(lk)> <u}(lk)| + O(k—l)) or

else use .
0 = [0 () (u¥] + 04 o]

- Algorithm:

*

*

Boundary condition: If n; = 0 and nj, = 0 then set ko = k and jump to PHASE 3.

Tighten: Define X}gf,) = y’X®) where y” € (0,1] is a variable. Let y be the largest root of
m(y’, )()(,,k), §}(f)) for a'®) where )()Efc) , 5;5) are such that | )(;fc), 555)] is the smallest interval
containing spec[X}E]:,) @Xg(k)]. Relabel X}EI;) to X,Ek), )()(,k) to y¥) and §)(,k) to £%), and a)(,k) to

a®, h}(,k) to h(), l;k) to IK). Update xpin and Xiay to be such that supp(a'®)) e [xr(nkizl, xr(nka)x]
is the smallest such interval. Define s(¥) := 1.
Honest allgn If ll(k) = 0 then define n= _X(k) +1

(k) . 5o (k) (k) ._
X, =X, +n X, =X+

Else: Pick a root A of the function [®¥) (1’) in the domain R\ (=&, — y(%)). In the following
two cases we consider the function f; on [y, ]

o If 1 # —xy® then: Let n = —f3(y®) + 1 where any positive constant could be chosen
instead of 1. Define

X = A+, X0 = A 0.
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o If A = —y® then: Update s’¥) = —1. Let n = —f,(¢¥)) — 1 where any positive constant
could be chosen instead of 1. Define

1(k) _ (k) k) _ (k)
x/ 0 = 0 X xR,

WhereX ®) =-fi (X(k)) n,X, ”(k) =-fi (X(k)) 1, and make the replacements
}U(k)> - ‘w(k)> and |w(k)> - ‘v(k)>.

* Remove spectral collision: If 1 = —y® or A = —¢() then

1. Idle point: If for some j’, j, we have q_ék,) = q}(lk) and y(k,) = yhk) then the solution is

given by Definition 81

Jump to End.

(k) (k)

2. Final Extra: If for some j, j* we have dg; > 4y, and y(k)

= yh (k) then the solution is

given by Definition 82

Jump to End.
3. Initial Extra: If for some j, j* we have q < q;lk) and y(k) = yhk) then the solution

is given by Definition 83
Jump to End.
* Evaluate the Reverse Weingarten Map:

1. Consider the point |w(*)) /\/<w(k)|X;l(k) |lw®)) on the ellipsoid X;l(k). Evaluate the

(k)
normal at this point as ‘u(k)> =N (Zn ,/ph k) '(k) ‘ (k+1)>). Similarly evaluate

| (k>> the normal at the point [o(X)) /\/<w(k) | X'(k) |w(®)) on the ellipsoid X'(k)
2. Evaluate the Reverse Weingarten maps Wh(k) and Wg(k) along |u > and | (k)>
spectively. For a given diagonal matrix X = }};y;|i) (i > 0 and normal vector
—1,-1,, ..
|u) = 3;u; |i) the Reverse Weingarten map is given by W;; = —w + yil&j)

where r = /Y y; 'u?,

3. Find the eigenvectors and eigenvalues of the Reverse Weingarten maps. The eigenvec-
tors of W form the h tangent and normal vectors { <|t}(lk) >} , |u](1k) >} The correspond-

ing radii of curvature are obtained from the eigenvalues {{r,(f) 1, 0} = {{c}(:)_l}, 0}
which are the inverses of the curvature values. The tangents are labeled in decreasing
order of radii of curvature (which is increasing order of curvature). Similarly for the
g tangent and normal vectors. Fix the sign freedom in the eigenvectors by requiring

<tlgf)|w(k)> > 0and <t_(§ik)|0(k)> > 0.
* Finite Method: If 1 # —£%) and 1 # —y®, (finite case) then
1L oW .= |u<k>>< <k>) sk 1|t(k)>< £ k)
: : 9i
k- k) |, (k B Ak |, (k (k)
2. [pk=D) = 00 [p(®)) — < u |o< o )>’”h >
and !w““”) = |w(k)> - <u(k>|w(k)> ’u<k)>.

k— k k k k— k k
3. DeﬁneX( b —dlag{c() ()..., }(lk) 1, X( b —dlag{c_,(}l),céz). Cgk)l}
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4. Jump to End.
* Wiggle-v Method: If A = —§(k) orA=-— )((k) (infinite case) then

1. |u,(1k>> renamed to ’ﬂ}(lk)>, 'u;k)> remains the same.

2. Let 7 = cos O = <u;k) |U(k)> /< (k) |w(k)> Let |t( )> be an eigenvector of X, 'B)~1 with
zero eigenvalue. Redefine

|u}(lk)> :=cos 0 |ﬂ}(lk)> +sin6 |f}(lk)>,

(k)\ _ : _(k) - (k)
‘thk > —s(—sme‘uh >+cos€‘th >)
where the sign s € {1, —1} is fixed by demanding <t,5]:) |W(k)> > 0.

3. 0®) and |U(k_1)> , |w<k—1)> are evaluated as step 1. and 2. of the finite case above.

4. Define

/(k 1) (k)

(k) ek }X'(k b = diag{cy,’, .. Cgk)l}

= dlag{c Che,

Let [)(’(k D, &(-=D] denote the smallest interval containing spec[X; (k1) g X'(k 0.

Let I’ = —y’®*=D 4+ 1 where instead of 1 any positive number would also work Con-
sider fi» on [y’*, &®*=1] andlet n = —fi: (¥’ V) + 1. Define

k— 1(k— k- (k-
X = oG e X5 = o) .

5. Jump to End.
* End: Restart PHASE 2 with the newly obtained (k — 1)-sized objects.

« PHASE 3: RECONSTRUCTION
Let ko be the iteration at which the algorithm stops. Using the relation

o= (L0 o)

(or its transpose ifsk) = —1), evaluate Ok from Otko) .= Ii,, then 0% ) from O | then O*3) from
O%2) and so on until O™ is obtained. O™ solves the matrix instance X" we started with. In terms
of EBRM matrices, the solution is given by H = X}En), G= O(”)XgO(”)T, and |w) = |w(”)>.

Theorem 80 (Correctness of the EMA Algorithm). Given a A-valid function, a, the EMA algorithm (see
Definition 79) always finds an orthogonal matrix O of size at most n X n where n = ng + ny, such that the
constraints on O stated in Theorem 1 corresponding to the function a, are satisfied.

Definition 81 (Spectral Collision: Case Idle Point).

®\ [0\ |®
(o)) 7).

(k+1) (k+1) (k+1)
B B B

t(k) >} component-wise

hi—1
t(k+1)>, ¢

_] 1

k
o .— |a,~)<t(k+1)
hi |’

(k+1)>

hji1

(k+1)
el
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Component wise

where {la1),az) ... lak)}

(k+1)\ |, (k+1) (k+1)
{2 )l )l )

{ (k+1)> ‘t(k+1)>
hy hy

LUt | (es) (Uet1) o
A H T R T i=s.

(k+1) (kD) ’t(k+1)> }
h i h]’+1 hy j<j

LD\ |G| (D) (k+1)
thy >‘t’1j Ht +1> ‘thk >}

(kD) ’t(k+1)> (k+1)>
iy hj hje [0

(k+1)
t’lj—l >

()
T

Jj'-1

t(k+1)> .

h]'+1

{

and
(k-1) _ (k) [, (k+1) (k+1) (k=1) ._ A(k) y (k) ()T (k+1) (k+1)
X, = Z Yp, |th,- > <th,- and X =0"X,"0 ~ Yn, |th]_ > <th,-

(k+1)
thj >] ’

)= ) -7

This specifies the matrix instance X*~1) . {X(k Y X(k 2 wEDY oD}

t;§1f+1)>] and |v(k71)> =N [O_(k) )v(k)> — \/Ph,

Definition 82 (Spectral Collision: Case Final Extra). X(x~V : (X(k b X(k b |w(k DY, k=Y, whereX(k R

WOV (0] X = ity 60 |0 (49, otk [ gD ! <k>>] kDY =

N [Zfz_ll N q;l]_c_l) |t}(l]_c) >] and the coordinates and weights are given by

k-1 (k=1)
Zl 11 yh

component-wise

(k=) (k1)
{q EUAE A L R

(k) (k) (k) (k) (k) }

[
(k=1) (k 1) (k) (k) (k) (k) (k) (k) (k)
{le s gpey w2 bg50995 = 9n; 099500 99502 - ng}
y o (k)}

component-wise {

{ (k-1) (k- 1)} component-wise

Ygr 5 Ygrs Yo
(k 1) (k 1) COmpOn_ent'WiSe (k) (k) (k)
{yhl ’ "yhk 1 - yh}+1 ""yhk }

the basis is given by
t(k) >} component-wise

®\ |,
(o)) [

(k+1) (k+1) (k+1)
{le chl >,]th2 )

h;
. . (k) _ (k+1)
The orthogonal matrices are given by O," = 3. |t,° (a;| where

(k+1)
by :

(k+1)
> thj+2 >

(k+1)
thj—l >

(k+1)
> thj+1 >

k k k S (k ; ~(k
), .. -lap) = ) [19) |52 )} and Of = 6% 100,

Thics
. ~ k k k k k k k
with 6® :zN[ /q;j) |u}(1> + & - g | )>}N[ m < ( >| o {: < </>”

(k) (k) (k) (k) |, (k) [ ( (k) (k)
ngf ) > n, thj’ >] N[ q-"f < ’ ”
(k) (k)
+ Z ‘th,— ><thi |

ie{l kN

+ N
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Definition 83 (Spectral Collision: Case Initial Extra). X~V .= (X}Ek_l),Xg(k_l),|w(k‘1)>,\v(k‘”)) where
k k k-1 k-1) k k) — k— k-1 k)
t( )>< ( )| ( : - Z (1 tf(li)> <t}(li |’ ’U(k 1)> =N [z:z&l1 Vqét )|tf(li >]’

|w(k‘1)> =N [Zi-:ll A /q}(ll_c_l) |t}(lk)>] and the coordinates and weights are given by

I

o)l
0, i e 0 o)

[y, ...yfep) e 0 00

{ylg,: 1 y;(ll,: 11)} component- Wlse{ b y;(ll,?l}

the basis is given by

{s”)-[6) -

(k) component-wise
-t =
k-1

(k+1) (k+1) (k+1) (k+1) (k+1) (k+1)
{thj >”th1 >”th2 > i > Ty > Thjva > hie >}
The orthogonal matrices are given by O}(lk> =00 ¥ |a;) <ti(f+1) where

component-wise {

(BN [N LE ] e
) )

} [ <k<<k>| F“ﬁ}
-

{lar), .. la)}

G® _N[ /qék,’ )4 4 o qgo

(k) (k) (k)
0 ) -
DN R IA!
ie{1,..k}\Jj

and O( ) is given by the basis change Ht("“)>

+ N

|

= {1}

Below, we describe in detail the exact steps of the algorithm and then provide a proof or justification
for the claims made in each step.

5.4.1 PHASE 1: INITIALIZATION

We are given a A-valid transition g — h and the EBRM function a = h — g. Since the function is EBRM we
know that there exist matrices H > G and a vector |i/) such that a = Prob[H, |{/)] — Prob[G, |¢/)]. We also
know that the maximum matrix size we need to consider is n, + nj — 1. We want to know the spectrum of
the matrices involved to proceed. In terms of the ellipsoids H > G means that the H ellipsoid is inside the
G-ellipsoid. We try to expand the H-ellipsoid (which means scaling down the matrix H) until it touches
the G-ellipsoid. If we already knew H and G, we could find the spectrum; however what we know is the
function a = h — g. We use the equivalence between EBRM and valid functions to perform the tightening
procedure even without knowing the matrices. We use a, = h, — g, where h,(x) = h(x/y) and check if a,
stays valid as we shrink y from one to zero. We stop when we see any signature of tightness. Using this
a, we determine the spectrum of the matrices certifying the EBRM claim.
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We start with the tightening procedure until we find some operator monotone labeled by A for which
l,/(A) disappears. This corresponds to the ellipsoids touching, since after applying this operator monotone
the ellipsoids must touch along the |w) direction.

Tightening procedure Let [Xyin(y’), Xmax(y")] be the support domain for a,, with y” € (0, 1] a variable,
and y € (0, 1] the largest root of m(y’, Xmin (y"), Xmax(¥”))- Let Xmax := Xmax(¥) and Xmin := Xmin (y)-

First we must show that there would indeed be a root of m as a function of y’ in the range (0, 1]. This
is a direct consequence of Lemma 73. Second we must show that if we can find the matrices certifying
a, is EBRM, then we can find the matrices certifying a is EBRM. This follows from the observation that
yXn > 0X,0T = Xj > yX;, > 0X,07.

We found a signature of tightness, and we can proceed to find the spectrum of the matrices involved.

A€ (RU {oo,—co})\[ x, &]. If supp(g), supp(h) are not contained in [y, ] then from all expansions of
[x. €] that contain the aforesaid sets, pick the smallest. Relabel this interval to [y, &].

The interval so obtained contains the spectrum of the matrices that certify a, is EBRM. This is justified
by Lemma 74 using the fact that l)l, > 0 from the previous step.

We need our matrices to be positive to be able to use the elliptic picture. We therefore shift the spectrum
so that the smallest eigenvalue required is one (or any positive number).

Spectral domain for the representation Find the smallest interval [y, £] such that [,(1) > 0 for

Shift Transform
a(x) > ad'(x") =alx"+y-1)

where instead of 1 any positive constant would do (see Corollary 67). Similarly transform
g(x) = g’ (x") =g(x"+ y—1) and h(x) = ' (x") = h(x"+ y - 1).

Relabel a’ to be a, ¢’ to be g and h’ to be h. We do not deduce h and g from a as its positive and negative
part because they might now have common support due to the tightening procedure.

We use Corollary 67 to deduce that if a(x) is EBRM with spectrum in [ y, €] then a’(x’) = a(x’+ y — 1)
is EBRM with spectrum in [1, £ — y + 1]. We must also show that if we can find the matrices certifying a’
is EBRM then we can find the matrices certifying a is EBRM. This is a direct consequence of the fact that
X; > OX!;OT = Xp—-(x-DI=20(X; - (x - 1)I)OT. The orthogonal matrix, O, remains unchanged.

With the spectrum determined and adjusted to the elliptic picture, we fix everything except the or-
thogonal matrix by using the COF (up to a permutation).

The matrices For n := ny + n, — 1 we define n X n matrices with spectrum in [y, £] and n-dimensional
vectors as

Xg(n) =diag[x, X, ... X, Xg, ..., Xg,, | and X}E;’) = diag[yxn,, yxn, - -, Yxn,, £ & ... 1,
v(n)> = [0,0...,1/pg1,‘/pgz,..., ,/pgng] ,‘w(”)> - [‘/Ph1>W/th’~--a phnh,0,0...],

where g = Z?jl pg: [[x5:] and h = X7 pp, [x,]. Note that ny and n, may be different. We use Lemma 69
to deduce that g — h is a valid transition from the validity of a. Then, we use Lemma 146 to write the
diagonal matrices as described above given the valid transition g — h, up to a permutation. Our objective
is to find a matrix O(™ such that O™ |U(")> = |w(") >, while satisfying the inequality X,En) > O(”)Xg(") omT,
Finally we employ the description containing the basis and the matrix instance, which can be iteratively
reduced to a simpler form.
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Bootstrapping the iteration

- Basis: { t]y”l)» where t}(l7+1)> := |i) for i = 1,2...n where |i) refers to the standard basis in which

the matrices and the vectors were originally written.

- Matrix Instance: X" = {XPE"),Xg(”>, lw™), o)},

5.4.2 PHASE 2: ITERATION

We take as input the matrices X, X}, together with the vectors |[w), |v) and produce the same objects with
one less dimension. We also output objects that, once we have iteratively reduced the problem to triviality,
can be put together to find the orthogonal matrix O. See Figure 14 for a schematic reference.

Input: X® with x* > 0.

Tighten

X® with x*) > 0 s.t.

either {! =0 or [, = 0 for some A
Honest Align

X' with X' *) >0
st Ma®) =0

If A= - or —x Else

Spectral Collision

Yes No
Reverse Weingarten

Wiggle-v Method Finite Method

Output: X(kfl) with X(""I) >0

05,0, s® ) 1811)
Figure 14: Overview of the main step, the iteration, of the algorithm (excluding the boundary condition).
« Objective: Find the objects |u}(lk)>,0_g(k), O}(lk) and s®). These objects together relate O®) to O~

where O%) and 0%~V solve the matrix instances X¥) and X*=1) respectively.
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+ Input: We assume we are given

cee ) |4 (kD)
Basis: {|th,- >}

Matrix Instance: XK = (X}Ek),Xg(k), |W(k)> , |U(k)>)’
with attribute ¥ > 0

Function Instance: X(®) — x() = (h(k),g(k), a(k))

+ Output:

Basis: {|u}(lk)>,’t}(:)>}

Matrix Instance: )_((k_l) = (X’Ek_l)’xg(k‘l), |w(k_1)>,|v(k‘1)>) with attribute X(k—l) >0
Function Instance: X*7V — x(k=1) = (p(k=1) g(k=1) "q(k=1))

Unitary Constructors: Either O;k) and O;lk) are returned or 0% is returned. If O%) is returned,
set O;k) := 0" and O](ik) =L

Relation: If s%) is not specified, define s =1,
If s®) = 1 then use
0 1= 00 () b 00~ o0

else use .
o = [0 (i) ()] + 0% ) 0|

Our task is to solve the matrix instance X(k), i.e. find an orthogonal matrix 0™ such that
X}(lk) > O(k)Xg(k)O(k)T and 0% |U(k)> = |w(k)>. We assume that the solution exists and show
that the solution to the smaller instance, denoted by X(k_l), must also exist. More precisely,
we show that O'%®) must have the form 0% = (|u}(lk)> <u,(lk)| + O(k_l)) 0™ which satisfies the

aforesaid constraints, granted that we can find O™V acting on a k — 1-dimensional Hilbert

(k)
h

space orthogonal to ‘u > and satisfies constraints of the same form in the smaller dimension,

viz. X}(lk_l) > O(k_l)Xg(k_l)O(k_l)T and 0K~V |o(k=D) = |1y (k=D)) Hence the assumption that
0™ is a solution allows us to deduce that O'*~) must also be a solution. This allow us to
iteratively solve the problem. In certain trivial cases, where a point appears both before and
after a transition i.e., Xg(k) and X}(lk) have a common eigenvalue, the solution is of the form

(k) _ 4 (|, & (k) (k-1)\ A5(k)
0® = 0 (|u) (] + 01 0.
Finally, in one of the “infinite” cases denoted by the “wiggle-v method” the solution has the

form .
o< [[h) o )or]

« Algorithm:
If we reach a stage where the vector constraints have disappeared then we can simply stop:

Boundary condition: If ny = 0 and nj, = 0 then set ko = k and jump to PHASE 3.
We assumed that an O%) satisfying the necessary constraints exists, which means that there
exists an O%) such that X,Ek) > O(k)Xg(k)O(k)T as there is no vector |v(k)> , |w(k)> to impose

71



further constraints. Using Corollary 71 with H = X,gk) and G = O(k)Xg(k)O<k)T we conclude
that O'®) need only be a permutation matrix. Note that this step can never be entered right
after the X(™ instance as we start with assuming ng,np > 0. Further, since the protocol by
construction always returns X}, and Xj in the ascending order the permutation matrix is I.

Finally, we deal with the case, where we need to expand the inner H-ellipsoid (which corresponds
to shrinking the H matrix) until it touches the outer G-ellipsoid working with the function a.

- Tighten: Define X}Ek,) = y’X® where y’ € (0,1] is a variable. Let y be the largest root
Y

of m(y’, )()g(), 5);5)) for a’® where )(;fc), §;{C) are such that [ )()(,,k), §}(f)] is the smallest interval

containing spec[Xlgk,) EBXg(k)]. Relabel Xlgk) to X}Ek), )(;k) to y*) and §)(,k) to £ and a)(,k) to a®),
Y Y

h;k) to (K, lﬁk) to 1K) (for ease of notation). Update xyin and xpax to be such that supp(a(k)) €

[xl(nlir)1 , xr(lﬁ)x] is the smallest such interval. Define s(¥) := 1.
Our task is to show that m as a function of y’ has a root. Unlike the first tightening procedure
this time we know the spectrum of the matrices involved. Since we know that the matrix in-

stance has a solution we know that l,,—; (1) > 0 and l;,,zl > 0for A € (RU{oo, —c0})\ [)(;21, §)(,{<=>1]
using Lemma 68. We also know that )()(/,k) > 0 which means that a*) is a valid function (as de-

duced by the function instance of X(¥)). Thus we can show that m(y’) has a root in the required
range by using the same reasoning as in Lemma 73.

The tightening procedure guarantees that we find a A corresponding to an operator monotone.
After applying this function, the ellipsoids—which we do not even know completely yet—must
touch along the |w) direction. This is the key to reducing the problem to a smaller instance of
itself. Recall the picture with the H ellipsoid contained inside the G ellipsoid. If, in addition, we
know that they touch at a given point then it must be so that the inner ellipsoid is more curved
than the outer ellipsoid. When expressed algebraically, this condition essentially becomes the
requirement that an ellipsoid H*~), encoding the curvature of the ellipsoid H*) at the point
of contact, must be contained inside the corresponding G~V ellipsoid which encodes the
curvature of the G'¥) ellipsoid. The vector condition also reduces similarly. Subtleties arise
when A happens to have boundary values in its allowed range as this yields infinities.

- Honest align: If ') = 0 then define n = —y® + 1
r(k k r(k
Xh( ) ::X}E ) +77anng( ) =Xy +1.

Else: Pick a root A of I (1’) in the domain R\(=£®, — (¥ In the following two cases we
consider the function f; on [y®, £%)].

“If A # -y, thenlet n = — f,(x®) + 1 where any positive constant can be chosen instead
of 1. Define
1(k k 1(k k
X/ = HOC) + X = AT + .

*If A = —y®, then update s = —1. Let n = —f,(£®) — 1 where any positive constant
could be chosen instead of 1. Define

1(k) _ (k) (k) _ (k)
Xh =Xy anng = Xh ,

m(k k 1k k
where Xh( )= —f,1(X,(l )) —nand X, ® = _fA(Xg( )) -1

and make the replacements

’U(k)> — ’W<k)> and ’w(k)> —

o).
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If 2 = — % or =) it means that at least one of the matrices (among Xg(k) and X}(lk) under f3)

diverges. We must remove eigenvalues common to both matrices as isolating the divergence
makes it easier to handle.

- Remove spectral collision: If = —y®) or A = —£%) then

If it so happens that the coordinate and its corresponding probability are the same we must
leave the associated vector unchanged (up to a relabeling). The following simply formalizes this
procedure and encodes the remaining non-trivial part into a problem of one less dimension.

1. Idle point: If for some j’, j, we have q;k,) = q}(lk) and y(k,) = yhk) then the solution is given

by
(k) (k)
“uh >’|th1 >’ I, >’ hkl
t(k+1)>

k+)\ |, (k+D)\ |, (k+1)
B B e B

k
6" = 3" i) (15",
i=1

component wise

(k) >} component-wise

(k+1)

(k+1)
etk >}

where {|a1),laz) ... |ax)}

{

(k+1)\ |, (k+1) (k+1)
G )l )l

f(k+1) ‘t(k+1)> (k+1)>
By hj A

(k1)
hy, >

[ ‘t(k+1)> }
Ry hi j<j

.....

(k+1)\ |, (k+1) (k1) \ |, (k+1) (k+D)\ |, (k+1)\ |, (k+1D)\ |, (k+1) (kD)

{thl >"thz > | '1> t’l'+1> Ve >’thj' >’)thj > ‘t’lﬂ > i >} i>J
(k+1) (k+1) (k+1) P
(T MU BN i=J.
(k D, (k) (k+1) (k+1) (k=1) _ A(k) (k) A(K)T _ (k+1) (k+1)
=3y ek ><thi XD =0k xR o Un, )thj ><thj ,

i£j

o)) ). =0 - )
This specifies X X (k-1 {X(k Y X(k 1) | (e 1)> |U(k 1)>

Jump to End.

We want to find an O%) such that X(k) > O(k)X(k)O(k)T and O%) |v(k)> = |w(k)> We do
(k) O(k)X(k)O(k)T and de-
fine | (k)> O(k) |v) for an O( ) to be specified later. The re-arrangement is such that x,,

this in two stages. First, we re-arrange the entries of X; k) as Xy

sits at the j, j location while the rest of the elements of Xg( ) are arranged in increasing or-
der. Second, we solve our initial problem under the assumption that j = j’. The non-trivial

part here is showing that we can consider O'¥) to be of the form (17 Gl + O(k_l)) o
without loss of generality.

Let us start with the first step. We denote the orthogonal matrix O = }3; |b;) {(a;| by
{la1),las),...lax)} — {|b1),|b2),...|bx)} where {|b;)} and {|a;)} are two orthonormal
basis. With this notation and for j < j’, we define Oz(,k) as

{ ,gllc+l)> t;(ll,;+l)> ‘t(k+l)>}

s
(k+1)\ |, (k+1)
{ ty >"thz >

t(k+1)>

] 1

t(k+1)>

*Thja

,,,,,

By

t(k+1)> ‘ (k+1)>

t(k+1)>

(k+1) (k+1)>
h e [ g ’
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for j* < j we define it as
“t}(lk+1)> t(k+1)> ’t(k+1)>} R

hy hy
(k1) () () (Uet))
Ip, U, . hi | Py

LA I8 Lo o
and for j' = j we set O(k) =1 For the second step, we solve under the assumption that
j' = j. We have X( ) = = diag{xy,,xg, ... x5 } and X(k) = diag{xp,, xn, ... xp, } Which are

such that 1, = x5 o) = (. M NG W) = (i T ) e

such that qn; = qgj. Let us define the matrix instance to be X'(k) = {X,Ek),X!;(k), }U’(k)> , |w(k)>}.
We have to find an 0’®) such that X,Ek) > O’(k)Xg'(k)O’(k)T and 0’(K) |v’(k)> = |w).
Let X,(k_l) - {X}Ek_l),Xg,(k_l),

(k+1)>
bt )

(k+1) ‘ (k+1)>
t Lt s
hj/ > hj

v’(k_1)> , fw(k_1)>} be the matrix instance obtained after

), ety =

removing the j™ entry from the vectors, i.e., |v’(k‘1)> = Xizj Vg |t

2izj \h; ’t(lf+1)> and similarly define

r(k-1) _ ’ ’
Xy = diag{x/ Xgys X ...xgj_l, Xgiur . Xy} and

X}Ek_l) = diag {xhl,xh2 Xhj_1» Xy - - Xng }. Note that a®) = a*=V as the j™ point
gets canceled. This means that if there is an 0’®) satisfying the aforementioned con-
straints a¥) is EBRM on the spectral domain of X¥). Since a® = a*~V we know
that a’*= is also EBRM on the same domain. From Lemma 69 (we justify that k is
large enough separately) we conclude that there must also exist an O’*~V which satis-
fies X}Ek_l) > O'(k_l)Xg'(k_l)O/(k_l)T and 0’(k-1 |0’(k_1)> = |w(k)>.

With all this in place we can claim that without loss of generality we can write O’%) =
|thj> <thj| + 0’1 pecause if we can find some other O’®) which satisfies the required
constraints then there exists an 0’*~") which satisfies the corresponding constraints in

the smaller dimension and that means we can show O’*) also satisfies the required con-
straints

(k) _ (k+1) (k+1) (k-1) (k+1) (k+1)
X, = Xn; )thj ><th- +X, 2 Xg; ‘thj > <thj
(k+1) (k+1)
0 ()thj > <thj

/(k=1)) 5/ (k) (k+1> (k+1)
O (65 ) (8]
U/(k)> _ /q,gj 1! U,(k-1)> _ /q,gj 1 >+‘w(k—1)> _ ‘w(k—1)>.

It remains to combine the two steps to produce the matrix O | the vectors {|n§lk)> , {’t,(lk) >H,

along with X~V We use Xg'(k) = Oz(,k)Xg(k) Oj(,kﬁ from the first step and substitute it in
the inequality which we showed would hold, i.e.

i O/(k—l)X;(k—l)Ol(k—l)

. O/(k—l))T _ O/(k)X;(k)O/(k)T’

along with
o'k

> + ok

(k) 1(k) 7 (k) A1()T _ Ar(k) A (k) (K)T ~r(k)T
X, =2 0"X; 0 =0""0,"X,0,"" O
and using O;,k) |v(k)> = |v’(k)> we have

)

0'(k)> =0

=)
Comparing to the form X,Sk) > O(k)X(k)O(k)T
o) |0(k)> = |w(k)> for 0% = (’n;k)>< (k)‘ + 0= 1)) 0W), we get 0F) = O(k) (k)>
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’t,(fH) and OF~Y = 0’(k=1  Note that this 0% is consistent with comparing the equality
J

with the form 0% |U(k)> = |w(k)>. The basis for the (k — 1)-dimensional problem, is the

same as before except for the fact that we removed |t(k+1)> We define

{;(:)> }(lk)>_ }(lk)l>}_{t}(liﬁl)’t}(liﬁl)‘..t}(lfjl)’t}(lle)’ t}(llkm)}

Identifying XK~V = {X}Ek‘l),xg(k‘l), oD, |wik= 1)>}

with )_(’(k_l) = {X,(lk_l), ng(k—1), fv’(k_1)> , |w<k—1) >} we complete the argument since ok-1)

was already identified with 0”1,

. Final Extra: If for some j, j* we have ¢
X*D o= (x5 xFD kDY) Jo®kDY) where X5V = k5 (i_c D |t(k)>< <k)‘

k- k- k k
X = By ) (1)
) 512 VD ) o
|W(k 1)> N[Z / (k 1)

(k) (k)

s > 4, and y(k)

y(k) then the solution is

t(k) >} where the coordinates and weights are given by

{ (k-1) }(IIZ 11)} Compon:ent'Wise{ }(1 (k) ""q}(lk) ’q;(z]le ] q}(llz)}

0 )
{ (k-1) ;Ikc 11)} Compon:ent-wise{ ; ,...y;l,:)}

{yl(zlf 1), N }(11; 11)} Componzent—wise{ ’(l) y;(lk) y}(l;j?l y}(l;;)}

the basis is given by

i) )

{ (k+1)> |t(k+1)> ’(lk+1)>}
k

h
. . (k) _ (k+1)
The orthogonal matrices are given by O,"" = 2. |t,° (a;| where

(an). -ty = {ju®). |2 -6 )}

and O;k) =0 O_ng), where

N k k k k
oM =N [\/q,ﬁj) )+ \Jas - |

(k) (k) (k)

Vo g f4) -
(k) (k)

¥ Z |th,- ><th,- ‘

ie{l,..k}\J

(k) >} component-wise
hk 1 B
(k+1)>

Z

t(k+1)>

(k+1)
hjy f >

> |"hjn

t(k+1)>

[ Thjs2

>]~W< ) i (12
) P N N |

+ N

Jump to End.
We are given X® = (X, XM, |w®), [o®}),

where X® = 5k 4® <k+1>><t<k+n

5

i=1 h h; h;

(k) _ (k) [ (e+1)\ [ (k) (k) [ (k1) (k) [ (k)
X3 = S vy |t ><thi+ o) = 3k, g e >and|w(k)> DTl >
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with the corresponding function instance being x*) = (k) () () where
a® = Tici a0y G Wh] = Sicqr o 9o Vo] = (a5, =4, us,]. Since we assume that
X has a solution it follows that a® is [y, £]-valid. Thus the transition g*V .= ¢ —

(k) = h1 js also [y, £]-valid where g**=V comprises n;k_l) = n;k) points and %1
comprises nilk R }(lk) — 1 points (using the attributes corresponding to the function

instance (kK1 gtk=D p(k=1) _ 5(k=1)) " We denote this by g = 2791 Pg:[xg;] and h =
Z?zhl Ph, [xn,]). Since k = n(k)+n(k) 1 the aforesaid relation yields k—1 = n( 1)+n,(lk_1) -1
We conclude that the matr1x 1nstance

X(k—l) = (X(k_l), (k-1) ‘ (k71)> |U(k—1)>

where X(k D _ Z (lf 1) }(zk)>< + (k)

(k=1) _ vk-1 (k 1) (k) (k)
X0 =2 ) (67
_ - k=) |,k
|U(k 1>> =N[Z,~:11 / ( 1) | 4 )>]
and [wk D) = & [Zfz_ll \/qff_l)

t

k) >] has a solution for

he
(k- 1) (k-1)| component-wise [ (k) (k) (k) (k) (k)
{ “hyey } - { Dy 2 9ny 2Ty D qhk}
(k- 1) (k-1)| component-wise (k) (k) (k) (k) (k) (k) (k)
{ oo Aggy } = { 2995 2997 ~ 9y 2995410995042 - qgk}
(k 1) (k 1) COmpOrEnt-Wlse (k) (k)
{ygl s Ygry } - { - Ygx }
(k- 1) (k-1)| component-wise [ () (k) (k) (k)
{yhl >0 Thy } - {yhl v Yny Ynga o yhk}

as the corresponding function instance x*~V is indeed given by (h(k=V, gk=1 g(k=1) =
a'®)). Here { t(lf) } constitute an orthonormal basis which we will soon relate to tlglfﬂ) >

We used q_,gl =0as y(k) = x. To verify this note that k — 1 > n;k_l), which means that

many g, are zero; by convention we write the smallest eigenvalue, y first to increase the

matrix size so the firsti =1,2... [k —1 - n;k_l)) qis are zero. This means that there must
exist an O~ which solves X1,

Let us see carefully the following basis change. Note that X, > O’Xg’O’T with O’ [0”) = |w’)
is equivalent to X, > 0X,0" with O |o) = |w) where O = 0] 0’0y, O, [v) = [0"), Op, |w) =
lw’), OnXnO] = X}, 0X,0] = X which is easy to see by a simple substitution. We first ex-
pand the matrix X~V to k dimensions as follows. We had X;Ek_l) > O(k_l)Xg(k_l)O(k_l)T
with 0%~ [pk=D) = |w(k=D'} which we expand as

) (uf)] - X

Yn;

_x'(K)
7Xh

) ) i i) ) i

=07(k) -y (k)
O =Xy

with o' ®) = A [ ) + o)
and [ ©) = N[ [} + pus-)|.

The matrix instance X'®) := (X;l(k),X_,;(k), |v’(k)>,|w’(k)>) yields x’® = x®) We can

now use the equivalence we pointed out above to establish a relation between X,Ek) >
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O(k)Xg(k)O(k)T and X};(k) > O’(k)Xg'(k)O'(k)T by finding O, and Oj,. We define, somewhat
arbitrarily,

(k) (k) (k) component-wise
fs ) J”) - [ )

(k+1)\ |, (k+1)\ |, (k+1) (k+1) (k+1) ()
{|thj >"th1 >’)thz >""thj—1> ’thj+2>' thy, >}

We require O( ) |w(k)> |w’(k) > This is a permutation matrix given by {| (kH) > e

(k) (k)
() ...

which we require to satisfy Oék) |v(k)> = |v’(k) > First, observe that

Olgk) |U(k)> = ,/qéf) |u}(lk)> + Zf:z 1/qéf) |t}(f_)l> We now apply
00 o ) o = D] [V 4
) B [ -

)\ [, (k)
+ie{1;<}\j'|thi ><tki |

t(k+1)>

P Thja

(k+1)
thk >} —

(f) >} and this yields O;(,k)T ;,,<k) O;(lk) = X,Ek). It remains to find Og(k)

|

+ N

to get O(k) |v(k)> = fv’(k)> where we defined (_)(k) = O(k)O(k) Using y(k) = y;k,) we can
also see that O(k)T '(k)O(k) is essentially X( ) with X at }t(’ﬁ )> replaced by y,, (= yn,).
One can conclude therefore that Xg(k) > Oék) Xg(k) O;k) T Substituting we get
X},l(k) > O/(k)xg’(k)ol(k)T > O/(k)O;k)Xg(k)Og(k)Tol(k)T
KT (k) (k) S AT ~r(k) 3K) (k) 3T ~r(k)T A(k)
= 0,"'x,00," >0, oMo x;¥ 6,7 0" Mo,

[ S——
=0(k)

= XV = o0WxPokT
and similarly
o'k v/(k)> _ ’W/(k)> - Or(k)(j;k) |U(k)> _ o’(lk> |W(k)>

— o® |v(k)> - |W<k>>,

concluding the proof.

3. Initial Extra: If for some j, j” we have q(k,) < q;k) and y(k,) = yhk) then the solution is

X1 = (X(k D XD kDY Jo kDY) where x (¥ = 7k (l_c D |t(k)>< (k)’
k-1 k 1 k k
=it ) ()

_ - k— k
jo(k-1) :N[Zfﬂl oD t}(ﬁ)>],
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and |w(k 1)> N [Z v (k D |t(k)>] with the coordinates and weights given by

) Tl
D T )l
[ P )l i)
A )

and the basis is given by

[0 ) i =
{|t}(1/;+1)> t(k+1)> )t(k+1)> ‘t(k+1)> )t(k+1)> ’t(kﬂ)) (k+1)>}
The orthogonal matrices are given by O}(lk) =00 ¥ |a;) <t,(lf+1)

hy hy hj 1 h]+1 hj+2 hy
component-wise k k k k
an), . lagy} ) [0) 0 ) @)

0 2 ) ) o [

where

|

N0 - g )~ \Jal® | ,Ek>]N[\/;< |- \/7<}<1k>]
W\ ()
+ie{§‘k}\j|thi i

(k+1) (k) (k) (k)
thk >} - {|uh >’|th1 > thk 1>}

and O( ) is given by the basis change {| (k+1)> e
Jump to End.

This proof is very similar to the previous.

We are given X = (X(k) X(k)’ |w(k)>,|z)(k)>),

where X(k) Zl 1Y }(lk) t(k+l)> <t,(f+l) ,
k k k k k k k k

Xg( ) = Zl 1Y ;z) t( +1)> <t’(li+1) s |U(k)> Zl 19 ;z) |t( +1)> |W(k)> Zl 19 }(1 ) t(z+1)> with the

corresponding function instance being x¥) = (h(®), g®), (%)) where

a® =3 Pyl + @ -l D vl

ie{1,..k}\j ie{l,..k}\J

Since we assume that X(¥) has a solution it follows that a*) is [y, £]-valid. Thus, the transition
(K] _; p(k=) g also [y, £]-valid where g~ comprises n(k_1> = <k) -1

points and A~ comprises nilk Vo= ( )
function instance (b1, g(k=1) h(k_l) —g(k 1)) We use the notation g = Zi=1 Pg:[xg,] and h =
X7 ph,[xn,]). Since k = i +n') - DD 1 = k-1, We

conclude that the matrix instance X(k D .= (X(k 1),Xg(k 1), |w(k 1)> , |v(k_1)>) where Xlgk_l) =

k-1 k k k k - k— k-1 k
Z (i ) i(1,)><tl(1,) ’ ’(li)><tlgi)” |U(k 1)> = /\{[211'211 quz : tf(li)>]’

gk = gB) 5 g

points (using the attributes correspondlng to the

1, the aforesaid relation yields n,

k- k—
XD o photy (k-n

gi
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and

|W(k—1)> =N [Zlel A /q;l];_l) |t,(f)>} has a solution for

[ gimpy e 0 00 0 g0 )
{q;ic v ;i 11)} Compon:ent-wise{ (k) q;f>~ q‘((]jc)1 q;fil q;f)}

{yéf o ;f 11)}Compon§nt-wi88{ (k)’ ygc)1 y;jc)ﬂ__ yéf)}
)

as the corresponding function instance x*~V is indeed given by
(R g(k=1) (k=) = 4(k)) " Here {| ¢ )>} constitute an orthonormal basis which we will

soon relate to ‘ ,5k+1)> We used the fact that q(k) =0 as yh = & To verify this note that
i k

k-1> n}(lk_l) which means that many gy, are zero; by convention we write the smallest eigen-

value, xj, first all the way until x,, and then to increase the matrix size we append zeros so

the i = ny,np +1...k yield gp, = 0. This means that there must exist an 01 which solves
X (k=1

As far as the basis change is concerned, we have that X; > O’X_,;O’T with O’ [v”) = |w’) is
equivalent to Xj > OXgOT with O |v) = |w), where O = OZO’Og, Oy vy = [07), Op |w) = |w'),
OnXnOj, = X, 0X,00 = X;.

We first expand the matrix X*"V to k dimensions as follows. We already had X,Ek_l) >
O(k_l)Xg(k_l)O(k_l)T with Ok—1) |v(k_1)> = fw(k_1)> and we expand it as

o ) =

1(k
:Xh()
(k) (k) k-1 (k) |, (k) (k) (k-1) (k) (k) e\ T
() (i 00 o ) ([ 67 (7 |+ 0 0)
=0 (k) ::X;](k)

with |v'(k)> =N [1/%}
and |w’(k)> =N [,/qéf,) u

X'k = (X];(k),Xg'(k), |v’(k)> , |w’(k)>) yields x® = x(®) We can now use the equivalence
we pointed out above to establish a relation between X}(lk) > O(k)Xg(k)O(k)T and X;l(k) >

O’(k)Xg'(k)O’(k)T by finding O, and Op,. We define, somewhat arbitrarily,
(k) >} component-wise

“u’(lk)>"tf(:)> b

{ n, >”t/(f+l)> ’ ’t/(15+1)> e £i+1)>}
We require O(k) |0(k)> = |v’(k)> This is a permutation matrix given by {’ (k+1)> }gf+1)>} .
) ) )

We have O;k)T _(;(k) O;k) = Xg(k) as y}(lk) = y;k,). It remains to find O_}(lk) which we require to

(k)> + |U(k—1)>}

}(lk)> + |w(k‘1)>}. The matrix instance

(k+1)>
hj—l ’

t(k+1)>

hjn

t(k+1)>

| hjs2
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satisfy O(k) |w(k)> = |w’(k)> Let us define O(k) =0 (Zk L lai) <t,(ll_c+l)
0®) =1 we have O(k) |w(k) (k) ‘ (k)> + Zl 1y, (k) | (k)> where

component wise k k k k
{as)... lae)) {lE0) o) ) )}

N
Uf)ﬂ/\’[@( )] \/ka ®

), and observe that for

If we define
A(k) . (k) |, (k) (k) (k)
0k =N [,lqgj, |”h >+ A [qh —dg,

(k) (k) (k) (k)
+N[ ~ 4, >

dg;
IR ICA!

ie{l,...k}\j

|

we get O}(lk) |w®) = |w’K)}. We can also see that O}(lk)TX_,;(k) O_;(lk) is essentially X, with &)
at |t}(lf+1)> replaced by yp,;. We therefore conclude that Xg’(k) > (_);k)Xg(k) O;(k). Substituting we
obtain
7(k) 1(k) 3o (k) 47 (k)T 1(k) 3 (k) 3o (k) A(R)T ~/(k)T
X, = 0"VX; M0 > 00, Xy 04770
)Ty 1(k) Ak) o AT (k) AK) 3 (k) AT ~r(k)T 5 (k)
= oM x/Po" > 0MTo WM XKoo WTo!

N——— —
=0k)

— x> oW x0T,
and similarly

o'®

U;(k)> _ |W/(k)> — O/(k)O-g(k) ‘U(k)> _ (—)}(lk) |W(k)>

— oW ’u<’<>> - 'w(k)>,

which completes the proof.

- Evaluate the Reverse Weingarten Map:

1. Consider the point |w(k)> /\/<w(k)|X;l(k) |w(k)>
on the ellipsoid X, 'K) Evaluate the normal at this point as

nlk %
ul(zk)> - N( ,Ph k) '(k) ’ (k+1)>). Similarly evaluate

o)) /\/<w(k)|Xé(k) |w(®)) on the ellipsoid Xg'<k).

u;k) > the normal at the point

2. Evaluate the Reverse Weingarten maps W}:(k) and Wg'(k) along |u}(lk)> and ’u;k)>, respec-

tively. For a given diagonal matrix
X = 2 yi li) {i| > 0 and normal vector |u) = ; u; |i) the Reverse Weingarten map is given

1,1y,
by W;; = (—w +yl._15,-j) where r = /3 y_1 2,

3. Find the eigenvectors and eigenvalues of the Reverse Weingarten maps. The eigenvectors
of W, form the h tangent and normal vectors { {|t}(lk) >} , |u,(lk) > } The corresponding radii of
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curvature are obtained from the eigenvalues {{r}(lk) 1 0} = {{c}(f)_l}, O} which are the in-
verses of the curvature values. The tangents are labeled in decreasing order of radii of cur-
vature (i.e.,increasing order of curvature). Similarly for the g tangent and normal vectors.

Fix the sign freedom in the eigenvectors by requiring <tlgf) Iw(k)> > 0and <tg(ik) |v(k)> > 0.
- Finite Method: If 1 # —¢® and A # —y®, i.e. if it is the finite case then
1. 0 = |”;(zk)> < (k>| P, |t(k)> <tg§ik)
2. [pD) = 00 |p(®)) - < <k)' 0® [p(0) ‘ <k>> and [wD) = [w®)) - < }l")|w(k>> ‘“;(lk)>~

3. Define X(k D= dlag{c(k) (]:). o },

t ”k 1
}<( ) = dlag{Cg(l), g(Z) . q(l )1}

4. Jump to End.
First, we need to prove that 0™ must have the form

4o
(k) .— |, O\ [ () (k) (k)
for O .= u, >< ’+Z by ><tgi
X This is best explained by imagining that Arthur is trying to find the orthogonal

matrix and Merlin already knows the orthogonal matrix but has still been following the
steps performed so far. Recall that we are now at a point where

if O is to be a solution of the matrix instance

Z a'(x)x = (w| Xp lw) = (0| X; [0) = (w| X} [w) = (w] OXg’OT |w) = 0.

From Merlin’s point of view along the |w) direction the ellipsoids X; and OX_(;OT touch.
Suppose he started with the ellipsoids X;, X/ and only subsequently rotated the second
one. He can mark the point along the direction |0) on the X/ ellipsoid as the point that
would after rotation touch the X; ellipsoid because as X; — OXg’OT the point along the |v)
direction would get mapped to the point along the direction O |v) = |w). Now, since the el-
lipsoids touch it must be so, Merlin deduces, that the normal of the ellipsoid X/ at the point

lo) /4/{v] X4 |v) is mapped to the normal of the ellipsoid X at the point [w) / [{w|X] |w)

when X/ is rotated to OX;OT, ie. O |ug> = |up).
From Arthur’s point of view, who has been following Merlin’s reasoning, in addition to
knowing that O must satisfy O |v) = |w) he now knows that it must also satisfy O |ug> =

|un).
Merlin further concludes that the curvature of the X/ ellipsoid at the point |0} /+/(0| X4 [0)

must be larger than the curvature of the X, ellipsoid at the point [w) /,/{w|X] |w). To

be precise, he needs to find a method for evaluating this curvature. He knows that the
brute-force way of doing this is to find a coordinate system with its origin on the said
point and then imagining the manifold, locally, as a function from n — 1 coordinates to
one coordinate, call it x,,(x1, x2 . .. X,—1). The curvature of this object is a generalization of
the second derivative which forms a matrix with its elements given by dy,dy; x». Since this
matrix is symmetric he knows it can be diagonalized. The directions of the eigenvectors
of this matrix he calls the principle directions of curvature and the curvature values are
the corresponding eigenvalues. He recalls that there is a simpler way of evaluating these
principle directions and curvatures by using the Weingarten map. The eigenvectors of the
Reverse Weingarten map W), evaluated for X, at |w), yield the normal and tangent vectors
and the corresponding eigenvalues are the radii of curvature (curvature is the inverse of
the radius of curvature). Similarly for the Reverse Weingarten map W, evaluated for X at
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|v). With this knowledge Merlin can write, for some éij € R such that }}; éijéjk = Oik,

oM = |up) <ug| + Z 0;j |th,»> <tgj|
Lj

=) Cunl + > O ltn,) (tn, ||| 1) Catgl + > Jen,) (k] |-
ij i

—o(k-1) —0W)

He then turns to his intuition about the curvature of the smaller ellipsoid being more than
that of the larger ellipsoid. He observes that equivalently, the radius of curvature of the
smaller ellipsoid must be smaller than that of the larger ellipsoid. To make this precise
he notes that the Weingarten map W, gets transformed to OWg’OT when X/ is rotated as

OXg’OT. He considers the point [w) /,/(w| X] |w), which is shared by both the X; and the

OXg'OT ellipsoid. It must be so that along all directions in the tangent plane, the smaller
X; ellipsoid must have a smaller radius of curvature than the OXg’OT ellipsoid, i.e. for
all |t) € span{!thi>}, Wy |ty < (¢ OWg’OT [t). Restricting his attention to the tangent
space he deduces the statement is equivalent to W, < OWg’OT. He writes this explicitly
as ), c;lil |thi> (thif <X cg_ilO }tgi> <tgi| OT. Now he uses the form of O he had deduced to
obtain ¥ c;! |tn, ) (tn,]| < T ;0% |t ) (tn,| 0%V, From this he concludes that the
inequality Xlgk_l) > O(k_l)Xg(k_l)O(k_l)T must hold.

Arthur summarizes that Merlin’s reasoning entails that O must always have the form

ok — (‘u]gk)> <u;(lk)| + O(k—l)) 0w

and that O*~) must satisfy the constraint

X}Ek_l) > O(k_l)Xg(k_l)O(k_l)T. Merlin, surprised by the similarity of the constraint he
obtained with the one he started with, extends his reasoning to the vector itself. He knows
that O%) |v(k)> = |w(k)> but now he substitutes for O%) to obtain

(|ul(1k)> <”;(lk)’ + O(k—l)) 0 o0 = |w®).
He observes that 0*~1) can not influence the |u}(lk)> component of the vector O |v(k)>.

He thus projects out the

u}(lk)> component to obtain

O =) -G )

=[o(k-1) =|wk-1))

olk=1) (@(k)

z,(k)> — (up| O

With this, Arthur realizes, he can reduce his problem involving a k-dimensional orthog-
onal matrix into a smaller problem in k — 1 dimensions with exactly the same form. Since
Merlin’s orthogonal matrix was an arbitrary solution and the constraints involved do not
depend explicitly on it but only on the initial problem, Arthur concludes that this reduction
must hold for all solutions.

- Wiggle-v Method: If A = —£®) or A = — y*) then
The above method of matching the normals works well as long as the appropriate operator

monotone—the one that gives X; and X for which |w) /, [{(w] X, |w) is a point on both X;
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and OXg'OT)—doesn’t yield infinities. If infinities arise, it means that one of the directions
involved has infinite curvature which, in turn, means that the component of the normal along
this direction can be arbitrary. In other words, imagine a line contained inside an ellipsoid and
centered at its origin that touches its boundaries. The line can be seen as an ellipse with infinite
curvature along one of the directions. The normal of the line at its tip is arbitrary and therefore
we can’t require the usual condition that the normals of the two curves must coincide. The
solution is to consider the sequence leading to the aforesaid situation.

1. ’u}(lk) > is renamed to |L_l;(lk)>, |u;k)> and remains the same.

2. Lett =cos@ = <u;k) |v(k)> /<12,(1k> |w(k)>. Let ’f;lk)> be an eigenvector ofX,;(k)_1 with zero

eigenvalue. Redefine
‘u}(lk)> = cos 6 ‘a}(lk)> +sin 6 ’E}(lk)>

‘t}(l];)> =5 (— sin @ ﬁ,(lk)> +cos 6 ‘f}(lk)>) ,

where the sign s € {1, -1} is fixed by requiring <t}(lllj) |w(k)> > 0.

3. 0 and |v(k_1)>, |w(k_1)> are evaluated as step 1 and 2 of the finite case.

4. Define

r(k-1) |

= diag{c® ) (®

Cc

X c, ...
hy ’>"hy ? > “hi-1

h

7(k-1 . k k k
Xg( ) = dlag{cél),céz),...,C;kzl}.

Let [ y’k=1 & (k=D] denote the smallest interval containing
spec[X;l(k_l) ® Xg'(k_l)]. Let 2’ = —y’**=V 4+ 1 where instead of 1 any positive number

would also work. Consider fi» on [ y’¢=V, &*=D] ‘and let n = —f, (y’*~V) + 1. Define
k- (k- k- (k-
X5 = ) 4 and XY = £ 00 Y) 4,

5. Jump to End.
We start with the case A = —£(®). The case with A = —y¥) follows analogously. For the
moment we assume 7 = 0 for simplicity; for n # 0 the argument goes through essentially
unchanged. Since (w| f_#(Xp) |[w) — (0| f_£(X,) |0) = 0, we conclude that y}(ll_c) = ¢ implies
qn; = 0. After the application of the map f~; these y;(ll_c) s and y;f) s would become infinities
but <t}(:+1) |w> and <tg(ik+1) |U> would be zero (we suppressed the superscripts for |v(k)> and

|w(k)>). Since the eigenvalues are arranged in ascending order in X}(lk) we have y,(lllz) =¢

(k+1)
hk

i= 1,2,...]—1and|fhl> = |thi>f0ri =j,j+1,...k, 1= (i— j)+1where j is the smallest i
for which xj, = £ (their existence is a straightforward consequence of dimension counting,
k > ng + nj, — 1). We focus on the two-dimensional plane spanned by |w) and |#).

From Merlin’s point of view, since he has a solution O¥) to the matrix instance

X = (6, X0 o). [,

and the corresponding vector is |t > =: |t;). It is useful to define |Zh,-> = |thi> for

his solution is also a solution to the matrix instance

X® (1) = {ﬁ(xlgk))’ﬁl(xg(k))"W(k)>,’0(k)>}
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for A < —& but close enough to —¢& such that f3(X), f1(X,) > 0. This is a consequence of
1 being operator monotone. Using Corollary 77 and Lemma 78 we know that since the
ellipsoids corresponding to the matrix instance X(—£) touch along |w) — as we are given
that (w| f£(X) [w) — (w] OF £(X,)OT [w) = (wl £-¢(Xy) [w) — (o] f-£(X,) [o) = 0— there
must also exist some vector |[c(A)) such that

(c(M)| f(Xp) |c(A)) = {c(D)] Oﬁ(Xg)OT |c(A)) = 0; that is the ellipsoids corresponding to
the matrix instance X(4) touch along the said direction. To meet the other conditions of
the lemma it suffices to assume that X} and X; do not have a common eigenvalue which
in turn is guaranteed by the “remove spectral collision” part of the algorithm.

It is easy to convince oneself that limy_,_¢ |¢(1)) = |w)**. We can write

Jj-1

W)= 3 an[in) because (i) =

i=1

There is no such restriction on |c(4)) which can have the more general form |c(1)) =
{;11 c(A); |Zh,-> + Zf:j c(A); }fh1> where | = (i — j) + 1. Restating one of the limit conditions
fori=j,j+1...k, wehavelim)_,_¢|c(1);) = 0.If O is a solution it entails that

k—j+1

O(4) = thh fn| + Z QN)im |t;) (Fh,| | O

i,m=1

is also a solution, where Q(4) is an orthogonal matrix in the space spanned by { |fh,- )}. This
is a consequence of the fact that { |fhi>} spans an eigenspace—with the same eigenvalue
f1(&) - of f1(Xp). We can use this freedom to ensure that the point of contact always has

the form
j-1

le(1)) = ) e(A)i B, ) +5(A) 1)

i=1

where ¢(1) = 4/ Z c()t)2 which must vanish in the limit A — —¢ as its constituents
disappear in the said hmlt. Similarly,

limy,_¢c(d); = qn

Next we evaluate the normals |up (1)) at |c(A)) for the ellipsoid represented by f;(X) and
the normal |@y,) at |[w) for the ellipsoid represented by f~#(X},) to show thatlimy_,_¢ [up (1)) #
|tip,) (see Figure 15). The right-most term in

[un(0)) = N [SL fiwn)es B} + AEE) [7)] has f(8) approaching infinity and
¢(A) approaching zero as A tends to —¢&. This is why it can have a finite component along
|t;,). On the other hand, |a) = N [Z{:—ll fe(yn,)qn, |fh,->] which has no component along
|tn). Since limy_,_¢ fi(yn,) = f-e(yp,) and lim,_,_sc(A); = gy, fori € {1,2...j — 1}, we
can write

Alin_lg lup (1)) = cos @ |ay) +sin 6 |fy) := |up) .

We must use |uy,) instead of |@,) to be able to use the reasoning of the finite method.
However, we do not know cos 6 yet. We proceed as in the finite method with the as-
sumption that |c(4)) is known and then use a consistency condition to find cos € in terms
of known quantities. At this point we re-introduce the superscripts as we reduce the

22Since f,(Xp) is very close to f-£(Xp), the vectors satisfying the condition should also be very close.
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[tn)

[Zn)

[w) = le(~&)) /
Of-¢(X,)0"

- f-e(Xn)

Figure 15: A sequence leading to infinite curvature.

dimension of the problem. Let the normal and tangent vectors at O |c(1)) for fH1(Xy)
be given by {|u;"> (/1)>, {tgﬁ (/1)}}. Similarly at (1)) for f3(Xp) the normal and tan-

gent vectors are {|u,(lk) ()L)>, {t}(f) (/1)}} From the finite method we know that O¥) (1) :=
(lun(1)) (wp(A)| + 0*1) 0" where 0K = |u}(lk) (/1)> <u!§k) (/1)| + 2 |t}(lk)> <tg(l.k)| can be

used to reduce the problem into a smaller instance of itself. In particular, we must have
<u}(lk) (/1)|w> = <u,(lk) (A)| oM Q) vy = <u;k) (/1)|v> because 0%~ can influence only the

(k

b >} and the component of the vectors |w) and O¥) |o) along

subspace spanned by { ‘t

u}(lk) (/1)> must match for consistency.

We can determine cos 6 by taking the limit of the aforesaid condition as (up|w) = <ug|0>
(we suppressed the superscripts again). Substituting |up) = cos 0 |iy) +sin 6 |#,) we obtain
cosf = %

We proceed to find the limit of the reverse Weingarten maps. The reverse Weingarten map
for f3(X,) along the normal |ug ()l)) has a well-defined limit as A — —¢&. We consider the
case for f)(X}y) along the normal |up(A)). The support function as defined in Equation (20)
is finite in the limit A — —&%*. Let us denote it by k(). The reverse Weingarten map as

defined in Equation (21) is given by

1 up,(Dup,, (A) N Sim
(D2 fiyn) i (Yn,)  faloxn,)

Since lim,_,_¢ [u(A)) is well-defined, lim,_,_¢ h(A) is finite, and we only need to show
that lim)_,_¢1/f; (yp,) is well-defined. We assumed 7 is zero so f_g(yp,) # 0. If p is
not zero we must consider f_¢(ys,) + n everywhere but that changes no argument. For
i=1,2...5-1, f¢(yp,) is finite but for i = j, j +1...k, f-¢(yp,) it is not well-defined.
However 1/f_¢(yp,) = 0, and we therefore conclude that

(Wa(1))im =

Un;Uhp,

1 + Sim
R fe(yn) fe(Ynm)  f-e(Yn;)

. ime{1,2...j-1}
lim (Wp(A), =
A—=¢ 0

ime{jj+1...k}

23Use the definition of the normal to get in_luiz = in_lxizcl? = Zx,-cl? = {c| X |c), plug in |c) = |w), X = f £(X},) and then

use (w| f_z(Xp) [w) — (0| fL£(Xg) [v) = 0 which means both must be finite; not that we already dealt with the troublesome case
of co — oo in the “remove spectral collision” part of the algorithm.
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which is simply the reverse Weingarten map evaluated for f+(X},) along |up,) = cos 0 |ip,)+
sin 0 |t;) and cos 6 = <u9|v> [{@n|w). It remains to relate W}, with the reverse Weingarten
map, Wy, evaluated for f_z(X},) along |ay). It is easy to see that W), = W}, because only the
cos 0 |ay,) part contributes to the non-zero portion of W}, and the cos 6 factor gets canceled
due to the h% term. Moreover, the normal vector is an eigenvector of the reverse Wein-
garten map evaluated along it, with eigenvalue zero. This tells us that if there are tangent
vectors with zero radius of curvature then the normal is not uniquely defined. Since both
|in), |t,) have zero eigenvalues for Wy, (= W) and |u) = cos 0 |i) + sin 0 |£,) we define
[tn) = s (sin@ |ay) — cos @ |f,)) to span the same space so that |u) is the correct normal
vector and |t;) is the correct tangent vector corresponding to the point |w) of f_#(Xp,).
The final step is to convert the condition on the reverse Weingarten map into a condition on
the Weingarten map itself. After extracting the tangent vectors appropriately, one simply
needs to add a constant before inverting to obtain the Weingarten map condition. This is
done in the last step and completes the proof of the wiggle-v method for A = —¢.

To see how the same reasoning applies to the A = —y case first note that for A > —y we
have f;(X3), fi(Xy) < 0 (assuming n = 0 as before). The condition f;(Xp) > Oﬁ(Xg)OT
can then be expressed as —f(X,) > —-OT f1(X3)O with O |w) = |v) which can now be
reasoned analogously to the above analysis.

- End: Restart PHASE 2 with the newly obtained (k — 1) sized objects.

;k—l) + n(k—l)

The dimension after every iterationisk —1>n — 1 starting with the assumption

k > n;k) + n;lk) — 1. The reason is that either n;k_l) = n;k) —1lor= n;k). Similarly, either

(k=1 _ (k) (k)
n, ~=n, h

from the two vectors (from the n;k) for the wiggle-v). To see this, note that in the finite case we
remove one from both as we express the vector in a new basis. This new basis is the space where

the vector has finite support. We then remove one of the components in the sub-problem. In
(k-1)
h

as this is similar to the finite case. For the

—1lor=n, . Justification of this is simply that we remove at least one component

the infinite case, it is possible that we remove one and add one for n , assuming it is the

usual wiggle-v, but we necessarily reduce n;k_l)

other wiggle-w, g and h get swapped but the counting stays the same.

5.4.3 PHASE 3: RECONSTRUCTION

Let ko be the iteration at which the algorithm stops. Using the relation
K _ Al (], & (k) k-1)) A()
0® = 0 (|u) (| + 0*1) o}

(or its transpose if s = —1), evaluate O from Oko) .= Ix,, then 0% from 0% then O*) from Ok2)
and so on until O is obtained. O™ solves the matrix instance X(™ that we started with. In terms of
EBRM matrices, the solution is given by H = X,E"), G= O(”)XgO(”)T and |w) = |w(”)>.

5.5 Preliminary implementation

A preliminary implementation of the algorithm on python [ ], which is usable but not automated
enough for an end-user, yielded the following results.

1. fo—assignments need neither padding nor operator monotones. We have (x;) = <xg> which means that
for the first iteration we do not need to use any operator monotone function. Surprisingly, though,
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we saw that even for subsequent iterations, we do not need operator monotones; this also explained
why?** we did not need padding, i.e. the solution had size nxn for n = ny = ny,. In Section 6 we prove
it analytically, and follow this geometric approach to construct a more general solution covering
these assignments as well.

2. Moves in the bias 1/18 protocol do not need padding (no wiggle-v). We already know analytically
that there are specific cases where padding is required. However, when we tried to numerically
implement the moves involved in protocols going as low as € = 1/18, as proposed by C. Mochon, we
found that in no case was padding necessary, which means the wiggle-v method was never invoked.

3. Trick to improve the precision of the EMA algorithm. The algorithm tries to find a A such that (w| f} (Xp) |w)—
(v] f(Xy) |v) = 0. In the finite case, for consistency, we must also have (w|n; (1)) = <0|ng(/1)>. This
is because in subsequent steps, the orthogonal space is affected, therefore, if the component of the
honest states along the normals is not mapped correctly, it would not get fixed later; this would mean
there is no solution as we are only imposing necessary conditions. We observed that, numerically,
we get a better precision if we use the latter condition for fine-tuning the result—after applying the
former for obtaining a more course-grained solution. While analytically, the first condition implies
the latter exactly, this ceases to be the case numerically due to the finiteness of precision. We under-
stand this improvement as a consequence of the honest state being explicitly mapped correctly (up
to the computer’s precision) if we use the method involving normals, while in the latter this should
happen implicitly.

We also pinpointed the following limitations of this implementation:

1. Limited wiggle-v. We have not fully implemented the wiggle-v method which means that it would be
cumbersome to apply it to the general merge and split, for instance. However, for them we already
give the explicit Blinkered Unitaries. For the rest, as we already saw, it does not even seem necessary.

2. Other issues. Sometimes due to noise, arising from finiteness of the precision, our global minimizer
gets trapped into local minima and has to be guided manually by looking at the graph. This means
that a refined algorithm should be able to solve this problem. Further, we did not implement the
systematic method defined by the EMA algorithm for finding the spectrum of the matrices, but it
appears that almost any guess works for the assignments used by C. Mochon.

24T see this, note that the only time we spill over to the extra dimensions, is when we use the wiggle-v method. Otherwise,
we stay inside the first max(ng, nj,) dimensions.
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6 Approaching bias e(k) = 1/(4k + 2) — a geometric solution

It is natural to ask how the analytic solution from Section 4, which was algebraic in nature, and the nu-
merical solution from Section 5, which was geometric in nature, are related. The goal of this section is to
shed some light on this connection. Here, we again construct analytic solutions to monomial assignments
(see Section 4), but this time, using a geometric approach. To this end, we combine and extend ideas from
both Section 4 and Section 5.° We hope that having multiple ways of solving the monomial assignment
aids the construction of a general analytic solution which works for all valid functions.

We begin our discussion by contrasting our approach here with the EMA algorithm (see Section 5) and
the algebraic solution (see Section 4). Recall that the EMA algorithm resorted to numerical algorithms for
two purposes: (1) diagonalizing matrices and (2) solving polynomial equations. Since we seek an analytic
solution here, we must somehow address these issues. Issue (1) is handled using three techniques. First, we
recast the problem using isometries instead of unitaries. Consequently, unlike the EMA algorithm, where
in order to consider sub-instances of the problem one had to determine a basis for the tangent space of
the associated initial ellipsoids, here we always consider matrices of the same dimension, but each sub-
problem is described by matrices of one rank less than its parent problem. That helps, as it allows one to
reduce the rank, using only one vector which, in turn, admits an analytic description. Second, we derive and
use analytic expressions for the various geometric properties. In the EMA algorithm, their computation
relied on the aforementioned basis of the tangent space. Finally, we restrict ourselves to f-assignments
(see Definition 32). The reason for the restriction is essentially the same as that for the algebraic solution—
f-assignments are a sum of monomial assignments which are easier to analyze. This is also related to issue
(2) which arises in the EMA algorithm because, recall, that ellipsoids need to be stretched and aligned so
that the contact point is along the desired direction. This was crucial for reducing the dimension of the
problem, which is what ultimately led to the solution. Monomial assignments, we show, have the special
property that they are automatically always aligned. This may be seen as the geometric manifestation of
the properties of monomial assignments which were used to construct the algebraic solution.

We introduce some notation which partially overlaps with that of Section 4, but diverges as it is built
further. Suppose S is a 4-tuple (an ordered list with 4 elements) and we wish to refer to the third element
of S. We write this as

(%, p, %) :==S. (22)
We represent the concatenation of two tuples as (a, b, ¢) & (d, e) = (a, b, ¢, d, e). A matrix of rank at most k
is denoted by Mk, We always use a bar in the superscript to distinguish it from powers. For instance, (M k )2
refers to the square of the rank k matrix M. Given a projector I, we denote the set {II |v) | |v) € R"} by
ITR". Recall that in Section 4 we introduced the use of the symbol, 4, to represent the inverse of a matrix
G > 0 on its non-zero eigenspace, and we called it the pseudo-inverse of G.

We briefly revisit the ellipsoid picture introduced in Section 5, this time adapting the notation to ac-
commodate low rank matrices.

Definition 84 (Ellipsoid and Map). Given an n X n matrix G > 0, let IT be a projector onto the non-zero
eigenvalue eigenspace of G. The ellipsoid associated with G is given by Sg := {|s) € I[IR"| (s| G |s) = 1}.
The ellipsoid map, Eg : IR" — TIR", is defined as Eg ([v)) = |v) //{v] G |0).

Notice thatfor G = }; g; |i) (il and |s) = }}; s; |i), the equation (s| G |s) = 1 can be written as Zigisl.z =1,
which clearly describes an ellipsoid. As motivated in Section 1.1.3, and then extensively used in Section 5,
our interest in the geometry of ellipsoids stems from its connection with matrix inequalities which appear

Z5We stumbled upon this solution first, and constructed the algebraic solution later. However, in this presentation, we chose
to flip the order for clarity.
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in EBRM transitions (see Corollary 144). Let H > 0 and G > 0. One can rewrite a matrix inequality as
follows:

H-0GOT >0 & (s|H|s) - (s]OGOT |s) >0  V |s)
& (s]0GOT sy <1V {|s)|(s|H]|s) =1}.

From Definition 84 one can interpret the last step as stating that along all directions |s), the ellipsoid
corresponding to H is inside the ellipsoid corresponding to OGOT. If H and G are fixed, then finding the
orthogonal matrix O can be seen as rotating the G ellipsoid in such a way that the H ellipsoid always
remains inside.

The curvature of the ellipsoid at a given point may be given by the Weingarten Map, as we saw in
Section 5 and Appendix F. In practice, it is easier to first evaluate the Reverse Weingarten Map, which
we denote by W, and then take its pseudo-inverse, W, to obtain the Weingarten Map itself. Suppose the
ellipsoid under consideration is associated with G > 0. If G and G” are known then one can find analytic
expressions for W and W™ (see Appendix F), which are summarized in the following definition.

Definition 85 (Normal Function, Weingarten Map, Reverse Weingarten Map, Orthogonal Component).
Given a matrix G > 0, its pseudo-inverse G and a vector |0), such that G |v) # 0, we define the following
functions. We use <Gj> = <U|Gj|0> and N (|v)) = |0) /(v|v) to denote normalization.

« The Normal Function from G, |0) to a vector |u) is defined as

G |v)
(G?)”

u(G, [0))) =

+ The Weingarten Map from G, |v) to a matrix W is defined as

3
WG, |v)) = —(G+ )

1
@\ (e (6?)

« The Reverse Weingarten Map from G, G*, [v) to W is defined as

G)

Glo) (v|G -

(G lo) (0] G + G2 [0} (o G)) .

2
W(G, G, |0)) = % (G* -

|0) <v|)
@ )

« The Orthogonal Component from G, |v) to |e) is defined as
le(G, [0))) = N [lo) = (ulv) [w)],
where |u) = |u(G, [0))).
+ The Orthogonal Component from [0”), |0) to |e) is defined as

le([o”). 0))) := Nlo) = ("o} [o")].

The following lemma and remark provide properties of the Weingarten map that are relevant for our
analysis. Lemma 86 states that evaluating the Weingarten map at a given point of a rotated ellipsoid is
the same as evaluating it for the non-rotated ellipsoid and then rotating it, and Remark 87 shows that W
necessarily has one less rank compared to G.
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Lemma 86. Let G > 0 be an n X n rank k matrix and Q be an isometry from the non-trivial k-dimensional
subspace of G to an arbitrary k-dimensional subspace. Then

W (QGQ",Qv)) = QW™(G, [v))Q".

Remark 87. With reference to Definition 85, let W = W (G, G, |0)), W' = W (G, |0)) and |u) = |u(G, |v))).
Then WG |v) = W |u) = 0 and W'G |v) = W™ |u) = 0. This may be seen by a direct computation or by
inspection of the proofs of Lemma 156 and Lemma 154.

6.1 Solution to the fy-assignment

Recall that a valid function is the same as an EBRM function (see Corollary 144). Given a valid function
t =2 pn [xn ] = 2 Py, [[xgi]], it is easy to re-write the matrices that appear in the EBRM description into
a form which satisfies’® H > OGO’ O |v) = |w), where [0) = (\/Bg;. Py, - - -) and [w) = (\Pry, \Ph; - - -)
while H = diag(xp,, xp, ...) and G = diag(x,,, x4, ...). As we saw in Section 4, it suffices to restrict to
monomial assignments (see Definition 32), i.e. assignments of the form

;= N —(=x)*
i (xj = %)

for0 < x; <xp--- < x, with0 < k < n -2, to convert Mochon’s games into explicit protocols.

Recall that for fj-assignments, <xk> =0forall0 <k <n-2and (x"*l) # 0 (see Lemma 33). The
ellipsoids H and OGO touch along the vector |w) if (w| H |w) = (w| OGOT |w) = (0| G |0). This is the case
here, since (w| H |[w) — (0| G |v) = (x) = 0. This, in turn, means that the normal along |0) of the G ellipsoid,
|u(G, |v))) (see Definition 85) must be mapped to the normal along |w) of the H ellipsoid, |[u(H, |w}))), i.e.
O must have the form O = |u(H, |w))) (u(G, |v))| + Q where Q represents the action of O from the space
orthogonal to |u(G, |v))) onto the space orthogonal to |u(H, |w))). Furthermore, since H > OGO! we
must have (see Definition 85)

W(H,H, |w)) > QW(G,G", [o))Q".

i.e., the curvature of the H ellipsoid at |[w)—which is given by W(H, H", |w))—must be greater than that
of the OGOT ellipsoid along |v)?’—which is given by QW (G, G, [0))QT. The component of |v) along
|u(G, |v))) is mapped to |u(H, |w))) under the action of O, which, so far, has only been partially specified.
The remaining component is |e(G, |v))) and analogously for |w), the remaining component is |e(H, |w))).
Using these Ws and |e)s as the new matrices and vectors, it turns out that one can apply this argument
repeatedly (when the number of points, n, is even) to completely specify O. Clearly, though, this notation
rapidly becomes complicated, therefore we introduce the so-called Matrix Instance and the Weingarten It-
eration Map. The former is similar to the one introduced in Section 5 albeit with the difference that here
we use isometries and slightly different nomenclature.

Definition 88 (Matrix Instance and its properties). Let
+ n > k be positive integers,

- H* and Q’; be two k dimensional Hilbert spaces,

26See the discussion after Theorem 31; we suppressed the details about the dimensions and the spectra of matrices.
2TWe used the fact that W(G, G, [0)) |u(G, [0))) = 0
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« H >0, G 2 0 be nxn non-zero matrices of rank at most k, such that H has support only on H k and
analogously G has support only on G¥,

. |lw) € HF* and o) € Q’; be vectors of equal norm, |uy) € H* and fu_,,) € Q’; be vectors with unit
norm,

A matrix instance is defined to be the tuple X’E := (H, G, |w),|v)) and the set of all matrix instances (of
n X n dimensions) is denoted by X".
We define the following properties of a matrix instance.

o LetQ: g’; — HE be an isometry, i.e. QTQ = I, and QQT = Ij, where Iy, is the identity in H k and
similarly I, is the identity in GF. We say that Q solves the matrix instance X* if and only if

H > 0GQT and 0 lo) = |w).

« We say that X’E satisfies the contact condition if and only if (w| H |w) = (v| G |0).
« We say that X’E satisfies the component condition if and only if (w| H? |w) = (v| G? |0).

Definition 89 (Weingarten Iteration Map). Consider a matrix instance )_(’; = (H ’;, G’;, |w’; > , |vi‘>) and let

(see Definition 85)
) = e (6 ))): ) = e ()
G*1=w (Gh[oF)) HFT = w (B [wh)).
Then we define the Weingarten Iteration Map ‘W : X"* — X" by its action

XE o (HELGE Wkt ok 1)) = X

So far, we only relied on the properties of the f;-assignment for establishing that the contact condition
holds, i.e. {w|H |w) = (v| G |v). The rest of the argument about was actually quite general. We state it in
terms of matrix instances and prove it below.

Lemma 90. Consider a matrix instance X’; := (H, G, |w), |v)) which satisfies both the contact and the com-
ponent condition. Let |qu> = |u(H, |w))), u§> = |u(G, [v))) and X1 := W (XF) (see Definition 95). If O

solves the matrix instance X* then
Qk = |u’,;> <u§| + Qk_l, (23)

where Q%=1 solves the matrix instance X1,

Proof. Let (H’;, G’;, |w%>,|v’;>) = X’E and (H’;,Ga,|wm>,’vm>) = XE. The matrix inequality

_ o T _
H* > QFGk (Qk) describes the containment of the ellipsoid corresponding to H* inside the ellipsoid

= = \T
corresponding to QKGF (Qk ) . The two ellipsoids touch along the

w’;> direction if and only if

()= (et 1) -4
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where the last step follows from noting Q'; |U];> = |w’;> and the fact that Q]; is an isometry. This is precisely
the contact condition. The component condition ensures that the components of the probability vectors
along their respective normals are the same, viz. <w]; |u;‘;> = <UT< |u§> (see Lemma 153). From this we can
deduce the following three necessary conditions.

First, that Equation (23) holds. Indeed, the normal along |w’;> (see Lemma 153) of the ellipsoid H k and

that of the ellipsoid Q’;G’;Q];T must be the same. This in turn means that Q’; must map the normal ‘u§ >

along ’07‘> of the ellipsoid G* to the normal |u£> along |w) of the ellipsoid HE, viz. |u§> = |u (G];, |U];>)> —

|u£> = |u (H’;, |w’z>)> (see Definition 85). Consequently,

ok = |u’g> <u§| +0F 1 (24)
where QK71 : G¥=1 — H*~1 is an isometry as the action on the normals is completely determined.

. - = T
Second, the curvature along |wk > of the ellipsoid H* must be greater than that of the ellipsoid Q¥ G* (Qk)

along the same direction, viz.

=g (H,;’ ‘W;» > w (oFGH (QJQ)T,Q/; |0k>)

- (6 ) (o) (6 ) ) =o
~— ———
=Gk-1
= QEGE (Q’Z)T . see Remark 87

Finally, since Q’; ’0’;> | k> by acting with a projector on both sides, we obtai (I[i ’ > < |) | k> =

(ﬂ’?—|u’?><u’?’) |w’?>. Using (]Ik—’u7><u |) 0F = (1 - |u7><u |) 0F (% - | r>1<u{;|) in the LHS (follows

from Equation (24)) and Definition 85 for |e(.,.)), one obtains the equation Qi1 k-1

ok 1> = ‘w _1>. These

show that Qk_1 indeed solves Xk_l. O

6.1.1 The balanced case

Proposition 91 (The balanced fy-solution). Lett = h — g = 32", p; [x;]] be an fy-assignment over the real
coordinates 0 < x; < X3+ < xzp. Let h = X1 pp, [x1, ], 9 = X1 Py, [%4: ]| where pa,, pg, > 0, and {x,}
and {xy,} are all distinct. Consider the matrix instance X:=(Xp, Xy, |w), |0))

where Xy, = diag(xp,, Xp, ... xn,), Xy = diag(xg,, xg, . . . Xg,),

|w) = (VPhr> VPhy - - - \VPiy) Lo 10) = (\/Pgr» Py, - - - @)T. The orthogonal matrix
- k\ [k
o-$H) 4

solves X =: X" (see Definition 88) where the Weingarten Iteration Map (see Definition 95) is used to evaluate
)_(k ! (W(Xk) This, in turn, is used to obtam| > = |u(Hk |w > > and| > = |u(Gk ' > >for all k

starting from k = n, with (Hk, Gk, ’w >‘v >) = )_(k
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To prove Proposition 91, we use the following lemma which follows from Lemma 162 and Lemma 166
proved in Appendix L

Lemma 92 (Up Contact/Component Lemma). Consider the matrix instance
X" = (H",G", |w”> , |v”>). Suppose the Weingarten Iteration Map (see Definition 95) is applied | times to

obtain L o
Wn—l> , Un—l>) '

)= ),

where m > 1 and r is a multi-variate function which does not have an implicit dependence on ((G?’)"> =
<vﬁ| (G™)! ’vﬁ> for any i. Analogously, for H and |w) we have

() ) =) o). (o).

This lemma relates the contact condition of the [-th matrix instance, i.e. the one obtained after applying
the Weingarten Iteration Map [ times, to the expectation values associated with the first matrix instance.
These expectation values, for the fy-solution, are <xk> = ((Hﬁ)k> - ((Gﬁ)k> =0forall0 <k < n-2,
which means that the contact condition also holds for the I-th matrix instance, thereby allowing one to
repeatedly use Lemma 90 to determine the solution, O.

anl = (Hr:l, anl,

Then,

Proof of Proposition 91. We have already done most of the work by proving Lemma 90 and Lemma 92. To
use the Weingarten iteration once for the matrix instance X =: X" =: (H", G", |w”> , |U">), we must show
that X" satisfies the contact condition (see Definition 93 and Lemma 90), viz.

(w7 ) = (o7 67 ") = (1) - {7)
- thixhi - Zpgixyi = ZP:‘X:’ =(x) =0,
i=1 i=1 i=1

which holds due to Lemma 33. After iterating for [ steps, suppose the matrix instance one obtains is X" .
To check if another Weingarten iteration is possible, we must check if the contact condition holds, i.e. if

<anz o= anz> B <0nfz|GnTz Unfz> _

() () () = (@) (@) {en))

vanishes. We used Lemma 92 with m = 1 to obtain the RHS. Note that
(M) = (@) = (). @)

If21+1 < 2n— 2 then from Lemma 33 it follows that both terms become identical and hence the difference
indeed vanishes.”® A similar argument can be used to obtain the condition 2/+2 < 2n—2 which corresponds
to the component condition (see Definition 93). Assuming O =: O" solves X", until [ = n — 2, one can
iterate—using the Weingarten Iteration Map, W, and the Normal Function (see Definition 85)— to obtain

H" G"

|uZ> u?> uZ‘l>,..., u}ll> and u2>, ugj> u;‘_l>,..., u;> which completely determine o".
It only remains to prove that there exists an O which solves the matrix instance X". We outline this
proof in Appendix H. O
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— component

L contact

L contact

0
0
= 0" component
0
0

(x=1) #£0

Figure 16: Power diagram for a balanced fy-assignment with 2n = 6 points. Starting upwards from <x0> ,
two iterations are completed before encountering the instance where the contact condition does not hold
and the normals do not match.

It helps to represent the main argument succinctly using Figure 16. We start right above <x°> with the
matrix instance X". Set n = 3 for concreteness. The contact condition at this step corresponds to <x1> =0,
which is true as the power is less than or equal to 2n — 2 (here 2n — 2 = 4; see Lemma 33). We can thus
apply the Weingarten iteration (see Definition 95) which is indicated by the arrow?’ from <x1> to <x2>.
This yields X"~ and we can proceed with checking if <x3> = 0, which is true as the power is < 4, and

therefore we can again iterate to obtain X" %, which in this illustration is Xi. At this point, we have solved

the problem as we can evaluate |u?l> , ’u,zl> , |u}1> and |u2> , |u§> , ’u;> form )_(é, Xé,xi respectively to write

0= 22:1 |u£> <u’g<|. Note that having an even number of total points, x; < x3 - -+ < x25,, ensures that there

is a proper alignment in the diagram in the sense that both the contact condition for X2, (x*) = 0, and the
component condition, <x4> = 0, hold. As we saw in the proof, the contact condition essentially requires

that the component of |w’; > along |u£ > is the same as the component of |U]; > along |u§ > If this does not

hold, then we do not have O |v) = |w), which not only means that we don’t have a solution, but also that
our approach, which was based on that assumption, fails.

6.1.2 The unbalanced case

In the unbalanced case—where the total number of points is odd—the component condition ceases to hold at
the last step, while the contact condition still holds. This means that we can no longer apply the Weingarten
Iteration Map as the premise for Lemma 90 is not true. We have already encountered this situation in
Section 5 and the wiggle-v method we used there also works here. Let us recall that argument using our
present notation. So far, we reasoned that if one ellipsoid is contained inside another, H > QGQ?, and they
touch along a vector, |w), then the normal |ug> of the G ellipsoid along |v) = QT |w) must be mapped to the
normal |up) of the H ellipsoid along |w), by the isometry Q. This analysis requires that the normal is well-
defined which is true if the matrices have finite spectra. However, as we pointed out in Appendix A some
valid functions can not be expressed by matrices (EBM) having a finite spectrum and the merge move was
an example. To visualize this, think of the QGQ7 ellipsoid as a circle, the H ellipsoid as a line and the |w)
vector pointing along this line (see Figure 17; image on the right). The normal to the H ellipsoid along the
point of contact can have an arbitrary component along the vector perpendicular to |w). If the line is seen
as an approximation to a squeezed circle, then it is clear that a very small wiggle in |w) can significantly
affect the normal. As we have already seen this more precisely in Section 5, we content ourselves with

28The number of points here is 2n; in the Lemma they are denoted by n.
91t, strictly speaking, goes from below (x!) to above (x?); the idea was just to indicate the inclusion of the two terms for the

matrix instance X3.

94



[un)

lim, 0 |uj, (€))

[tn)

[w) = lime [w' (€))

S
lim,_,o OG’(¢)OT

lim._,o H'(e)

Figure 17: The infinite curvature case, where the wiggle-v method is applied.

the observation that there is a freedom in the choice of the normal. We can fix this freedom by requiring
that the component condition is satisfied. Denote the direction of infinite curvature (in our “circle-line”
example it was the vector perpendicular to |w)), by |t,). The freedom in correcting the normal can be
expressed by parametrizing it as

|u,’1> = cos 0 |up) +sin 0 |ty,) (26)

where |up) := |u(H, |w))). Enforcing the component condition, (w|uy) = <v|ug>, fixes 0, the parameter
which completely specifies the corrected normal, u;l> One can now apply Lemma 90 with u}'1> instead
of |up). To formalize this procedure, we define an object, Extended Matrix Instance, which is designed to
hold certain additional quantities derived from the initial matrix instance, i.e. normals and inverse of the
matrices.

Definition 93 (Extended Matrix Instance and its properties). Let

« n > k be positive integers,
« H* and G* be two k dimensional Hilbert spaces,
+ Sp be the set of n X n non-zero matrices of rank at most k with support only on HE e,

Sp == {n X n matrices M : M > 0 has rank at most k, and support only on ‘H’;}

and analogously,
S, := {n x n matrices M : M > 0 has rank at most k, and support only on G*}
« He S, G €Sy, Hny € Sp U{[.]}, Ginv € Sg U {[.]}
. |lw) e HF* and o) € g’? be vectors of equal norm,
 fun) € {lu) € H*: (ulu) = 1} U{].)} and ug) € {u) € G : (ulu) = 1} U {])}.

A matrix instance is defined as the tuple X’E = (H,G,|w),|v)). An extended matrix instance is defined as
the tuple®® MF := Xk @ (Hinvs Ginvs |un) , |ug>) for the X* matrix instance.

30K, is supposed to explicitly hold the expression for H" in terms H and its powers. Analogously for Gipy.
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The extended matrix instance is partially specified if Hiyy or Giyy equal [.] or if |up) or fug> equal |.).
We say that an extended matrix instance is completely specified if it is not partially specified.

The set of all matrix instances of n X n dimensions is denoted by X" and the set of all extended matrix
instances is denoted by M". We now define some of their properties.

e LetQ: Q’; — H* be an isometry, i.e. QTQ =1, and QQ” = I;, where I, is the identity in HF and
similarly I, is the identity in G*. We say that Q solves the matrix instance X* if and only if

H > 0GQT and 0 |o) = |w).
Similarly we say that Q resolves (reverse solves) the matrix instance if and only if

H < 0GOT and Olo) = |w).

« We say that X’E satisfies the contact condition if and only if (w| H |w) = (v| G |v). Similarly for M];.

» We say that X’E satisfies the component condition if and only if (w| H? |w) = (0| G? |v). Similarly for
MF.

« We say that X’E has wiggle-w room (€) along |t) if and only if H has an eigenvector |t;) with eigen-
value 1/e which has no overlap with |w), viz. H |t;,) = € 7! |t;) and (w|t;) = 0. Similarly, we say that

Xi‘ has wiggle-v room (€) along |tg> if and only if G has an eigenvector |tg> with eigenvalue 1/e which

has no overlap with |0), viz. G |tg> =¢! |tg> and <0|tg> = 0. For brevity, we say X’E has wiggle-w/v
room.

Below we define the Normal Initialization Map which formalizes the evaluation of the normals to initial-
ize a partially specified extended matrix instance.We also revisit the Weingarten Iteration Map by extending
Definition 89 to include extended matrix instances as well. This map now takes a rank k extended matrix
instance and constructs a rank k — 1 extended matrix instance, which however is only partially specified,
as the normal vectors are left unspecified. In order to completely specify this k — 1 rank extended matrix
instance we need to use the above two maps together.

Definition 94 (Normal Initialization Map). Given a matrix instance )_(’; =: (H,G,|w),|v)), H", and G the
normal initialization map U : X" — M" (see Definition 93) is defined by its action

X< XF @ (H', G, |u(H, [w))), |u(G, [o)))).

Given an extended matrix instance M’;, let (%=, |ug), |ug>) = Mi‘ (see Equation (22)). The normal

initialization map U : M" — M" leaves all components of MF unchanged, except for |uy,) and |ug> which
are mapped as (see Definition 85)

|up) = |u(H, [w))) and lug) = 1u(G, |0))) .

Definition 95 (Weingarten Iteration Map). Consider a matrix instance )_(7‘ = (H ’;, G’;, |w’; > , |vi‘>) and let
(see Definition 85)

) = e (e ) ) = e (1 [1))).

GE 1 = W (Gk, |o’9>), HE D = (H’;, ‘w’;>) .
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We define the Weingarten Iteration Map ‘W : X* — X" by its action
Xk (HE Gk |wﬁ> |UE>) = Xk

Consider an extended matrix instance M’; = )_(’; @ S and let ((H’;)*, (G];)*, *, *) := S (see Equation (22)).
Let (see Definition 85)
wh)).

G =W (G’;, (GF)*,

Ufc>) and (Hﬁf —W (H’E, (H’;)4,

We define the Weingarten Iteration Map ‘W : M" — M" by its action

MF o XK e ((HF)Y (G541, 1)) = M

The Weingarten Iteration and the Normal initialization maps fail when applied to cases involving in-
finite curvature, e.g. unbalanced fy-assignment. To remedy this, we formalize the wiggle-w/v part of
our approach. We start with the Wiggle-w/v Normal Initialization Map and continue with the Wiggle-w/v
Iteration Map.

Definition 96 (Wiggle-w/v Normal Initialization Map). Consider a matrix instance X’g et (H, G, |w),|v)) :

Xk with wiggle-w room along |t;) (see Definition 93). The Wiggle-w Normal Initialization Map U,, : X" —
M" is defined by its action

XE 1 XF @ (11, [.],cos 0 |u (H, |w))) +sin 0 |t4) , [u (G, [0})))

where cos 0 := (v|u (G, |0))) /{w|u (H, |w))) (see Definition 94). .
Given an extended matrix instance M, let (s, oo, |up), |ug>) := MK (see Equation (22)), the Wiggle-w
Normal Initialization Map U,, : M"™ — M" is defined by its action on |up) and |ug> (see Definition 94) as

lup) > cos O |u (H, |w))) +sinf |ty) and |ug> = |u(G,|v))).

Similarly, for a matrix instance (H, G, |w), |0)) := X’E with wiggle-v room along |tg> (see Definition 93).
The Wiggle-v Normal Initialization Map U, : X" — M" is defined by its action

)_(k — X’E &) ([] 15 lu (H, [w))), cos @ |u (G, |w))) + sin |tg>)

where cos 0 := (w|u (H, |w))) /{(v|u (G, |[v))) (see Definition 94). .
Given an extended matrix instance Mk, let (*, sk ), |ug>) = Mk (see Equation (22)), the Wiggle-v
Normal Initialization Map U, : M"* — M" is defined by its action on |u) and |ug> (see Definition 94) as

|lup) — |u (H,|w))) and |ug> — cos B |u (G, |v))) +sin 0 ’tg> .
Definition 97 (Wiggle-w/v Iteration Map). Consider an extended matrix instance M’; and let

(H’;,G’;,|w’;>,|v’;>,(H’;)*, (GFy, u’,;>)u§>) = MF.
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Further, let®! (see Definition 94)

)=l (), ) =l ) 1)

) -

%))
%))

(G =w (65 (6hy?

U}}>)’ (Hlay IW(H];, (H’E)4,N((HI;)4

The Wiggle-w Iteration Map W,, : M" — M" is defined by its action

Mi{ - (HE’GE’ |Wﬁ>, |UE>, (Hla)ﬂ’ (Gﬁ)i’ |> , |>) = Mk_l.

Similarly, consider an extended matrix instance M and let

) ) =5

(.4 ). )

Further, let (see Definition 94)
) = e () F)))- ) = e (5 [5))
GF1 = W (G’;,N ((G’;)* u’;>)) HT = (H’;, ‘w’;>),

u§>)) (HY = w (H'E, (HFY", w’;>) .

(GE)4 -w (ch, (GI;)4, N ((GIE)4

The Wiggle-v Iteration Map ‘W, : M" — M" is defined by its action
ME s (HFE GRL Wt [0 1) iRy (GR) 1), 1)) = MF

Finally, we can state the analogue of Lemma 90 in the case where infinite curvatures arise and the
wiggle-w/v method is employed.*?
Lemma 98. Consider an extended matrix instance ]\_/Ifc with wiggle-w room € along |t§> (see Definition 93).
Assume it is completely specified (Definition 93), and it satisfies both ‘LIW(A_/I];) = ]\_/Ifc (see Definition 96) and the
u’g> ulg‘>) = M and M= .= ‘W, (M¥) (see Definition 97).

We assert that if O solves M¥ in the limit of e — 0 then

contact condition (see Definition 93). Let (* Cek,

Qi‘ = |ui<> <u§| + QE, (27)

where Q%1 solves MK,
Similarly, consider an extended matrix instance M with wiggle-v room € along |t}’: > (see Definition 93).

Assume it is completely specified (see Definition 93), and it satisfies both ‘LIU(A_/I’;) = M and the contact

31Recall from the unbalanced fy-solution that a very small change in the position vector could lead to a significant change in
the normal and therefore also in the calculation of the curvature. Thus, here we infer the correct position as ( |H 4) lup)) given
the corrected normal |up).

32Even though the solution works in the limit of € — 0, this is not non-physical, as it corresponds to allowing projections in
the description of the protocol; see Section 5.
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condition. Let (*, e, u;’i> , |u§>) = ]\_/I]; and M’a = "WU(M’;). We assert that l'fQ]; resolves M’; in the limit

of € — 0 then

where QK1 resolves MF~1.,

Proof. The basic idea of the proof is that the component of the normal along the |t£ > direction can be
taken to be arbitrary in the limit of € — 0 (see Section 5.4.2). Let us consider a slightly different sequence
of matrix instances, parametrized by €, X'*(e) = (H’k(e),G’k(e), |w’k(e)>, v’k(e)>), which as e — 0

converges to lim._,o X (e) =: (Hk, GF, ’wk> , ’vk>) (see Figure 17). One can use operator monotones to

construct such a sequence explicitly and show that the solution of all these instances is the same as a
function of €. While the parameters specifying the matrix instances converge, the normal itself does not

(i)

This is because a small wiggle in ‘w’; > can significantly affect the normal as the curvature along one of

converge accordingly i.e.,

u£(6)> *

lim
e—0

the directions diverges. Hence, given H k evaluating the normal along lim._, |w’2(e)> is not the same as
evaluating the normal along |wk>.

We can iterate X’*(¢) using Definition 95 and Lemma 90, and because the complete solution doesn’t
depend on €, we can use it to iterate X¥. Since it is along |t,]f> where the curvature diverges as € — 0, the

component of the normal along this direction gets ill-defined. Therefore
lli)l’(l) |u;li<(e)> = cos 0 |u (H];, |w’;>)> +sin 6 |t£> ,

where cos 0 remains to be determined. The contact condition, <u;l’;(e)|w”;(e)> = <u;l;(e)|0’l;(e)>, in the

limit € — 0 becomes cos 6 <u (H’;, )w];>) |w';> = <u§|v’;>, since <w’;|t§> = 0, thus fixing cos 6. We define

|u,’§> = lime_, |u;l’;(e)>, and using

W) = XF(e) = (HF (), 65 (e, [T ().

U/E(€)>), in the limit € — 0, we define

X = (565 JwR ), R T))

Since the diverging term is in H ";(e) and not in G'¥ (¢) it follows that G*1 and |U’a> can be evaluated

using the usual rule specified by the Weingarten Iteration Map, ‘W on }_(’;. The relatively non-trivial part is
to show that H*~! and ’wk_1> can be analogously defined using the correct normal, ‘uﬁ > Given a direction

of contact |w), the normal vector of the ellipsoid represented by H is along H |w), or—by running the same
argument backwards— given a normal vector |u), one can obtain the direction of the point of contact as

u’g> to evaluate the Weingarten

H"|u). Since ’wk > can not be reliably used to derive quantities we use

k

h> are not hard to handle; see Section 5.4.2.

33Subtleties about degeneracies in ‘t
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map>* as in Definition 97. If Q solves )_(”; (€) then from Lemma 90 we have Q'; =

uf(©) (uf () +0 (o),
where Q]; solves )_(’i‘ (€) but doesn’t depend on €. Taking the limit and using the correct normals we obtain
Equation (27). m|

We have introduced everything we need in order to present the solution to the unbalanced f;-assignment:

Proposition 99 (The unbalanced fy-solution). Lett = h— g = X" p; [x;] be an fy-assignment over the

real coordinates 0 < x; < xp -+ < Xpn-1. Let h = Y15 pp, [xn, 1. 9 = X1ty pg: [ x4: | where pr,. pg; > 0, and
{xn,} and {xy,} are all distinct. Consider the matrix instance X:=(Xp, Xy, |w) , |0}),
where Xy, = diag(xp,, Xp, . .. Xp,_,» 1/€), Xy = diag(xy,, Xy, . .. Xg,_1> Xg,)> |W) = (\Dhy» \Phy - - - \Phpr» 0)7,
[0) = (VPgr> VPas - - - VPgnrs \/E)T. In the limit of e — 0, the orthogonal matrix

0= 1)

solves X =: X" (see Definition 93) where the Weingarten Iteration Map (see Definition 95) is used to evaluate
X1 = W(X) until k = 2, starting from k = n. The Normal Initialization Map (see Definition 94) is used
until k = 3 to obtain ‘uZ> and ‘u’g‘>, viz. W()_(k) = (* R

Uy

>'u§>) The Wiggle-w Normal Initialization
Map (see Definition 94) is used to evaluate u}él and‘ug>, viz. (L[W()_(é) = (*, *, wé> , |Ué>) @ (*, *, ui> , ‘u3>)
) = [e () [w7))) aneu) = e (5). )

Proof. The proofis essentially the same as that for the balanced case until the very last step. After iterating

Finally,

for I steps, suppose the matrix instance one obtains is X"!. To check if another Weingarten iteration is
possible, we must check if
)70 })-

(o
. (<(Hﬁ)m> ’ <(Hﬁ)m+1> L <(Hﬁ)21+m>) . (<(Gﬁ)m> , <(Gh)m+1> L <(Gﬁ)zl+m>) (28)
vanishes for bothm =1and m = 2, i.e.,

<x21+1> =0and <x21+2> =0 (29)

and for their lower power analogues (see Equation (25)). The m = 1 case is the contact condition and
m = 2 is the component condition (see Definition 93). If 2] + 2 < 2n — 3 then from Lemma 33 (we use
2n — 1 instead of n in the lemma) it follows that both terms in Equation (28) become identical and hence

the difference indeed vanishes. Consequently, until [ = n — 3, one can iterate to obtain )_(;’, X’ﬁ, .. .Xg, X2

which in turn can be used to determine |”Z> , u;’?> e, |ui> and ué’>, ugfl> e, |u2> (see Definition 94).

Since (xZ”_SZZ(”_Z)“> = 0 but <x2”_2:2(”_2)+2> # 0, we can use Definition 96 on )_(2:"_("‘2) to determine

|u,él> and |u3>. The vectors |wi> and |vi> are fixed by the requirement that O is orthogonal and O |v) = |w).
In Appendix H we show that there exists O solving the matrix instance X", therefore using Lemma 90 and

Lemma 98 we completely determine O = 3}, |u;'§> <u§|. O

In Figure 18 we show an example of an fy-assignment with 5 points.

341t is not hard to see why H*~! does not diverge as € goes to zero (granted there was only one diverging eigenvalue in H*
to start with). The idea is simply to use the reverse Weingarten map; this suppresses the divergence into zero, then one projects
out a rank-one subspace. If there was only one zero eigenvalue and if the subspace includes this eigenspace (spanned by a single
eigenvector), then the resulting matrix would not have any zero eigenvalues. This can then be inverted to obtain the Weingarten
map which is now finite and well-defined.
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J{z Y # 0 componen
XQ (%) = 0 " contact
{<x2> = 0" component
X3 <$C1> =0 contact
- le9)=0
/

(z1) #0

Figure 18: Power diagram representative of an unbalanced fy-assignment with 5 points (again n = 3).
Starting upwards from <x°> , one iteration is completed before encountering the instance where the contact
condition still holds but the normals do not match, thus the wiggle-w method (double-line arrows) is
employed.

6.2 Solution to monomial assignments

For the fy-assignments every iteration led to an increase in the power of x in the expectation value <xk>—
we were moving upwards in the power diagram, see Figure 16 and Figure 18. For monomial assignments,
though, this is not exactly the case, as there are iterations that lead to a decrease in the power of x—we also
need to move downwards in the power diagram, see Figure 19 and Figure 20. This decrease corresponds to
inverting the coordinates in the f—assignment, and in Appendix G we show that this transformation leads
to the transposition of the solution, i.e. if O solves an f—assignment, ¢, then O solves the f—assignment
resulting from the inversion of the coordinates in ¢. In the same vein, a monomial with the highest permis-
sible degree can be seen as an fy—assignment, when it comes to its solution (see also Example 159 for an
illustration of an alternative solution to this assignment). In this context, to obtain the solutions to general
monomial assignments we need to combine iterations using the matrices and their inverses. The following
Flip Map switches between these two kinds of iterations.

Definition 100 (Flip Map). Consider an extended matrix instance M" =: (H,G, |w), |v), H*iG*, lup) , |ug>).
We define the Flip Map ¥ : M" — M" as M" — (H",G", |w), |0),H, G, |up), !ug>) = F(M").

We also need a way to keep track of the powers in the contact and component conditions of the matrix
instances after a certain number of iterations in both directions. To this end, we state the following lemma
which can be proven by combining Lemma 164, Lemma 165 and Lemma 166 in Appendix L

Lemma 101 (Up-then-Down Contact/Component Lemma). Consider the extended matrix instance

[w).

Suppose the Normal Initialization Map and the Weingarten Iteration Map (see Definition 94 and Definition 95)

are applied k times to obtain M~ "k Letn—k = d and consider Md (LI(T(M’d)) Suppose the Normal
Initialization Map and the Wemgarten Iteration map are applied | more times to obtain

Mdl (Hledl|wd l> ‘Wl l> *---*).Yhen,

<5n7k71| (énfkfl)” 5n7kfl> - (<(G/71)7(21+p)> . <(Glﬁ)2k—1+p>’<(Glﬁ)2k+p>)

where y > 1 and r is a multi-variate function which does not have an implicit dependence on ((G’ﬁ)i> =
<v'ﬁ| (G'™)! |v’ﬁ> for any i. The corresponding statement for H and |w) also holds.

=UH",G™

m), (H™"(G™ 1), 1)).
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From Definition 32 we know that a monomial problem can either be balanced or unbalanced. We
find the solution in these two cases separately and in both cases we differentiate between aligned and
misaligned assignments (see Definition 32).

Proposition 102 (Solving the Balanced Monomial Problem). Let

- ; H]il(fc:)_x) il = th palxn, ] = Z 9:Pg: [[ng

be a balanced monomial assignment over the real coordinates0 < x; < X - -+ < Xap—1 < X2p, (see Definition 32)
where pp,, pg, > 0 and {xp,} and {xy,} are all distinct. For m = 0 and m = 2n — 2 the problem reduces to the
fo-assignment (see Proposition 99) using Corollary 158 in the latter case. For the remaining cases consider the
corresponding matrix instance X7 := (XU, (X”)b [w), (X”)b |0)) where

e ifb =m/2 is an integer (the aligned case) thenn =n, j' = j =1,
X)' = diag(xp,, xn, . . . xn,), X} = diag(xg,, Xg, . . Xg,),

wﬁ>i(\/p—m,\/j,—,12_..\/m), Uﬁ>i(@,@...@).

e else if b = m/2 is not an integer (the misaligned case) thenn =n+1, j' =3, j = 4,

XF = diag(xp,, Xp, . .. Xp,, 1/€), Xg"? = diag(xg,, Xy, . . . Xg,,, €),

W) = (VB VPR - VB O) o) = (pgw Pa: -+ P 0).

Letk = [WJ In the limit of e — 0, the matrix instance is solved by

- 511’) le

=n 1:U—k l:]’

’i 7i
i) (w5,

where the terms of the first sum are evaluated in the same way regardless of the alignment. We start with
M =U ()_(’7 ® ((XZ)‘I, X)), |.))) (see Definition 93, Definition 94 and Definition 95) and define

[\_/I’i = (*, u;ll> u,'11>) for n—-k+1<I1<n
using the relations
M= YW (M) for n-k+1<l-1<p-1.

s —
The terms of the second sum are also the same in both cases. We start with M' = U(F (M%) and using
the relations

iflﬁl::il(w(&lj)) for j<l-1<np-k-1

we define
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At this point, the aligned problem is solved, and we use the following relations to specify the terms of the third
sum, which solves the misaligned problem:

i = Wit
= U(TF (Wl B) = (s w?), [o2), 50 [u?). [u2))

)=o) po)))ana =) 7))

where we used Definition 100, Definition 96 and Definition 97.
Proof. We first prove that O solves X" in the aligned case, i.e. when b = m/2 is an integer (see Figure 19

—

and note that 7 = n in this case). We denote the components of M" by

M/I
I/g 70 2% #£0
e (") =0 " contact 4 {(gﬂ) =0 component
(2%) = 0 component M3 (%) =0 contact
M/’ <I5> =02 contact {<1‘5> =0 component
M; <x4> =0 M (%) =0 " contact
{ <1‘3> =0 " contact Myl v <1‘3> =0
M (2?) = 07 componen (@) = 07 contaa
{ <931> = 0" contact M:; { <1‘1> =0 component
M <x0> 0 component (@) =0 o

I
}

<

._‘J
-1
}

o |

Figure 19: Power diagram representative of the aligned (left) and misaligned (right) balanced monomial
assignment for 2n = 10 with m = 4 (left) and m = 3 (right).

w’i>,

We start by checking if M satisfies the contact condition, that is <W’ﬁ| H™ |w’F’> = (v’;’| G™ |v'ﬁ>. The

LHS is (wﬁl (X,’:’)Zb“ |wﬁ> = ((XZ)""”) and similarly the RHS is <(Xg’7)m+1>. The contact condition can
m+1> m+2>

(H'i Gl

0’l>,*...,*) ::M’l.

then be expressed as <x = 0, and similarly the component condition as <x = 0. From Lemma 33,
we know that they hold for m + 2 < 2n — 2, i.e. m < 2n — 4 (see Figure 19 with 2n = 10 which means that
m can be at most 6 for the contact/component conditions to hold). Assuming m < 2n — 4 we can apply
the Weingarten Iteration Map (Definition 95) and use Lemma 90 along with the Normal Initialization Map
(see Definition 94) to construct part of the solution, viz. use M"~! := U (‘W (M")). Suppose we iterate
times to obtain M"**. The contact condition now corresponds to

/ﬁ> .

<Wnﬁ< Wzﬁ> _ <Uzﬁ
The RHS can be written as

(o). o ")

using Lemma 92. Similarly for the LHS. The contact condition can then be expressed as <x
<x2"+2+m> = 0. From Lemma 33, we know that

H/n—x Gln—K v

(H/ﬁ)l (H/ﬁ)ZKH w

(H'™)? ’w’ﬁ> . <w’ﬁ

21<+1+m> =0

Similarly, the component condition can be expressed as
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these conditions hold if 2x + 2 + m < 2n — 2 which yields k < n — b — 2 = k — 1. Therefore, if O solves
u, > <“§i
acting on the orthogonal space which remains to be determined. To proceed, we can apply the Weingarten
Iteration Map to M"%*! and obtain ‘W (M’m) M”ﬁ‘ but this instance satisfies neither the contact
nor the component condition (corresponds to M/3 in Figure 19).

Let (H,G, |w),|v),H",G", %, %) := M~ n—k . Solving M~ n—k corresponds to finding a Q such that Q |0) =
|w) and H > QGQT. The matrix inequality can equivalently be written as H' < QG'QT. Using H and G*
decreases the powers and thereby allows us to proceed. We evaluate

+ Q" k, where Q"* is an isometry

the matrix instance then it must have the form O = 7" e+l

M = U F (W),

and let Ml = (ﬁi, Gl |ﬁ/i > , |5i >) (this step is indicated by the small triangles next to M’g and M3 in Fig-

o . : : : | ~ 1 . .
ure 19) Let the ; the matrlx instance one obtains after iterating [ times using M = := U (‘W (M))) starting with

k-1 |
5n—k—l> ,

M “be M ! The contact condition for M is
<wn—k—l’Hn—k—l Wn—k—l> _ <5n—k—l‘ Gnk-1

which effectively becomes <x_(21+1)+'”> = 0 using Lemma 101, noting that the lowest power is relevant

here, and that |w’"> = (X}'l’)m/ 2 !w”). Similarly for |U’”>. Analogously, the component condition yields

(x‘(z“z)*m) = 0. From Lemma 33, we know that these conditions hold if 0 < —(2I + 2) + m which yields

I < b — 1. This means that the rank, i.e. n — k — [, until which the contact/component condition holds is

n—7+ 1+b="b+ 1 = 2 (included), where we used k = n — b — 1. Hence, if Q" n=k resolves M then it must
have the form Qk > len—k |~l > < | due to Lemma 90, which completely specifies Qk and, together with

the previous argument, proves that O solves M".

Let us move to the misaligned case (i.e. when m/2 is not an integer; see Figure 19). We can proceed as
in the aligned case until the contact/component condition is violated. After x steps the said condition is
<x2’<+2+m> = 0 which holds until 2x +2+m < 2n -2 (using Lemma 33). This corresponds to k¥ < w -1,

which yields x < k — 1. Hence M”7%*1 is the last instance satisfying the required contact/component

conditions (this corresponds to M’?’ in Figure 19; use (n + 1) — (k — 1) with n = 5, k = 2). Supposing
O solves X"*! we deduce (using Lemma 90 and the arguments from the previous case) that it must have

the form O = 2'7 ket ;ll> <u;’ + Q’7Tk. At the instance M’”Tk = W (M **1) we flip as before to obtain

M = UTF(M"™ k)) (these are indicated by the triangles next to M'z‘ and M4 in Figure 19). We write
the contact/component condition after [ iterations as (x_(21+2)+’"> = 0 which from Lemma 33 holds if
0 < —(2+2) + m. This in turn yields | < m/2 — 1 entailing that the rank, i.e. n — k — [, until which the

contact/component condition holdsis f+1— (#—1+|—m/2]) — (|m/2] — 1) = 4 (this corresponds to M4 in
Figure 19). Continuing with the argument for the form of O, we can deduce (again, using Lemma 90 and the
previous reasoning) that Q- n—k — =y P ' > <ﬁ;| + Qg. Since M4 satisfies the required contact/component
conditions, we can iterate once more. However, at this point, only thei contact condition holds but thﬁe
component condition does not (seeiFigure 19). Consider MS =U,(W (M4)) and let (H 363, %, - - *) 1= MS

We can not apply Lemma 90 on M3 but we can apply Lemma 98 as M3 has wiggle-v room € along |n + 1)
(see Definition 93). To see this, note that the probability vectors had no component along |n+1) and

that we inverted the matrices using the flip map. This yields Q% = ~Z> < + Q% The lemma also lets
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us proceed by the application of the Wiggle-v Iteration map (see Definition 97) M~ = W, (M ). Since
at this point even the contact condition does not hold, we again apply the flip map and the Wiggle-w
Initialization Map to obtain M'é = (LIW(T(MZ)). Instead of decreasing the power of x, the contact condition
of this instance corresponds to increasing the power of x, i.e. the contact condition for M’é corresponds to
(xz(kfl)”””“) = 0 which in turn holds if 2k+m+1 < 2n—2. Indeed, 0 = 2A>2+2 | -m/2]+m+1 < 2A>2 = 0
(substituting forn = 5,k = 2,m =3weget8 =2-2+3+1<2.-5-2 = 8). Since M’é has wiggle-w
room € along |n + 1), we were justified at applying the Wiggle-w Initialization Map (see Lemma 98). This
u’/12> <u;z u;l1> <u;1 ,

determines the solution, O. O

and the orthogonality of O, determine the form of QQ = +

For unbalanced monomial assignments, either there is a misalignment at the top or at the bottom. If
the misalignment is at the top, it is easier to start by going downwards. To facilitate the tracking of powers
in this case we need the following lemma—similar to Lemma 101— which can be proved by combining
Lemma 164, Lemma 165 and Lemma 166 in Appendix L

Lemma 103 (Down-then-Up Contact/Component Lemma). Consider the matrix instance
W/fz> , Ufﬁ> ,H/ﬁ, G/Fz’ |> , |>)

Suppose the Normal Initialization Map and the Weingarten Iteration Map (see Definition 94 and Definition 95
) are applied k times to obtain Mn_k. Let n — k = d and consider ]\_/I’a = W(T(Md)). Suppose the Normal

Initialization Map and the Weingarten Iteration map are applied | more times to obtain
M-l = (H’dfl G-l ’w’dTI> v’dTI> * *) Then

<0/n7k71| (Grnfkfl)” U/n—k—l> - (<(G/71)7(2k+p)>’”"<(Glﬁ)21+pfl>’<(G/71)21+p>)’

where y > 1 and r is a multi-variate function which does not have an implicit dependence on ((G’;‘)’) =
<v’f‘| (G'™)! |v’f‘> for any i. The corresponding statement for H and |w) also holds.

M= UH™, (G,

The solution to the unbalanced monomial problem is as follows.

Proposition 104 (Solving the Unbalanced Monomial Problem). Let

2n—1 ( x np g
t—Z rn ] B EDIEA EN EDIEH M L
H];tl(x] xi) L £ hi - 9it’g [[ 9]]

be an unbalanced monomial assignment over the real coordinates 0 < x; < x3 - -+ < X2,—1 (see Definition 32)
where pp,, pg; > 0, and {xp,} and {xy,} are all distinct. For m = 0 and m = 2n — 3 the problem reduces to the
Jo-assignment (see Proposition 99) using Corollary 158 in the latter case. For the remaining cases, consider the

matrix instance X" := (X" ,X” (X” Yo lw), (X" )P [0)) where

e ifnp = n (the wiggle-v case; corresponds to odd m)
X;ll = diag(xhl,xhz < Xhy, s xhn), Xgn = diag(xgp Xgy -+ Xgp 1> 6)’

Wﬁ> = (P \Prn -+ NPh— R, of’> = (P Paz - - \Pans O,

e else if ny = n (the wiggle-w case; corresponds to even m)
Xy = diag(xp,, Xp, . .. Xp,_,, 1/€), Xg" = diag(xy,, Xy, . . - Xg,_1> Xg,)»

[w") = (VB VPR - VP O) 0"} = (g \Par -+ \Pomr VP
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Consider the wiggle-v case. Let k = W In the limit of e — 0,
n—k+1

0="S" i ucl+ > Ja) (e

i=n i=n—k

solves the matrix instance X" where the terms in the sum are defined as follows. We start with M'™ := U(X" &
((X,’;l)_l, (X;‘)_l, [Y, |>) (see Definition 94 and Definition 95) and using the relation

M= U(Ww (M) for n-k+1<l-1<n-1,

we define

(o).

Tk —
These define the terms of the first sum. For the terms of the second sum we start with M~ := U(F (M)
and using the relation

u;>)::]\_/f'i for n—-k+1<I<n.

;Tl:fu((w@)) for 3<l-1<n-k-1,

we define

Finally, we define (see Definition 96)

M = U(WL)) = (5%

) = e ) 7)) o) =] (). ).

Consider the wiggle-w case. Let k = 7. In the limit of e — 0,

/) (]

solves the matrix instance X" where the terms in the sum are defined as follows. We start with

“N/VZ>’|5Z>,*...*),

n—k+1 1

o="3, )]+

i=n i=n—-k

W= (7 (X7 @ ()7 () 1) 1))

(see Definition 94, Definition 100 and Definition 95) and using the relation

szfu(‘W(ﬁ) for n—-k+1<l-1<n-1,
we define
(*,'--*,u;z>,“;>)‘:&ﬂ for n—-k+1<l<n.
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—_ - Tk
These determine the terms of the first sum. For the terms of the second sum we start with M™% .= (L((?'(Z\_/In )
and using

M7= UW ) for 3s<l-1<n—k-1,
we define

u’l>) =M for 2<Il<n-k.

(o).

Finally, we define (see Definition 96)

M = U (W(MP)) = (55 |w

) =l ) b)) end ) = [e (1) 1))

Proof. From Figure 20 it is clear that the wiggle-v case is essentially the same as the balanced misaligned
monomial until the second to last step (the wiggle-w step after wiggle-v is not needed). Furthermore, the

U’é>,*---*),

é>’

M’
M3y #0 { 28) # 0 component

{<I7> T M/Q (") =07 contact
M (@%) =07 contact { (@5) =0 componen

{M g M (29 = 0 ot

M (1) =0 " contact A Ms (zh]=0

M.; <Is> 0 {<I3> =00 contact
{ <932> =02 contact M1 <x2> =0 component

M') (1) =0 L component {(aﬁ) Z0 0 et
{ <I0> =0 contact . M:; <I0> =0 component

! ) £ 0 Ly £

— component

Figure 20: Power diagram representative of the unbalanced monomial assignment forn = 4 2n -1 = 7)
with m = 3 (left; wiggle-v case) and m = 4 (right; wiggle-w case).

wiggle-w case is essentially the same as the wiggle-v case except that we must start by going downwards,

i.e. using M" and then flip to M’i‘ to go upwards and end with a wiggle-w iteration. The arguments for the
contact/component conditions go through unchanged using Lemma 103. O

Combining the results together, we can now formally state and prove the following theorem.

Theorem 105. Let t be an f-assignment (see Definition 32) over strictly positive coordinates (without loss
of generality; see Lemma 36). Suppose f has real and strictly positive roots. Decompose the f-assignment as
t = ); a;t;, where a; are positive and t] are monomial assignments (see Definition 32 and Lemma 35). Then,
each t] admits a solution (see Definition 34) given by Proposition 102 or Proposition 104 depending on its type;
this is the effective solution (see Definition 34) to the f-assignment t.

Proof. In Section 4.1 we established that in order to determine the solution to an f-assignment, it is suf-
ficient to express it as a sum of monomial assignments and find the solution for each one of them. A
monomial assignment is either balanced—in which case its solution is given by Proposition 102—or it is
unbalanced—in which case its solution is given by Proposition 104. O
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7 Future work

As we now have a construction for quantum WCF protocols with arbitrarily small biases, one can focus
on the following aspects of the problem.

Optimality Various questions about the optimality of WCF protocols are unanswered.

« C. Mochon’s Games. In Section 4, in order to find the solution to the f-assignment, we expressed it
as a sum of monomial assignments; this yields an increase in dimensions, which in turn corresponds
to an increase in the number of qubits required.”> One approach towards reducing this, could be
to understand the connection between the perturbatively defined unitary from Section 3 and the
exact one in Section 4, corresponding to the 1/10-bias protocols. Another approach could be to
try reducing the dimension using a standard technical lemma from [ ], which is stated as
Lemma 146 here. In [ ], for converting a TIPG into a TDPG, the catalyst state is used. For
the point game with €(1) = 1/6 bias we can, by inspection, obtain a TDPG which only requires
both parties to hold qutrits locally and exchange one qubit at each round. However, if one uses the
catalyst state approach, then the dimension of the space scales with the number rounds, which in
turn diverges as the bias (1) = 1/6 is approached. Can we convert C. Mochon’s TIPG into a TDPG
by harnessing this game structure? There is a notion of time-ordering at play—any TIPG in which
points can be moved about without involving causal loops, can be easily converted into a TDPG. The
challenge is to formalize this procedure and explore whether it can be used to lower bound the bias.
The techniques recently introduced by C. Miller [ ] for proving a lower bound on the number
of rounds needed in WCF protocols may be helpful in this respect.

« E. Pelchat-P. Ho yer games. E. Pelchat and P. Heyer [ ] proposed another family of TIPGs which
achieve arbitrarily low bias as well. It might be interesting to see if an explicit WCF protocol can be
obtained corresponding to these games; hopefully in fewer dimensions. The construction is based
on considering a combination of valid and invalid basic moves which together form valid non-trivial
moves. The challenge is to find a decomposition such that each term stays valid and is still, only
slightly non-trivial. The corresponding unitaries could perhaps be determined perturbatively, if they
involve a constant number of points unlike the terms in the decomposition of the f-assignments.

+ Framework. Constructing general tools to optimize and test the optimality of a TIPG for the number
of points and rounds in the associated TDPG would be very useful to both constructing better pro-
tocols as well as benchmarking the existing ones. One way of doing this is related to the two general
methods (see [ ] and Section 3), which are known for converting a TDPG into an explicit WCF
protocol, granted that certain unitaries are known. Understanding how they compare and if they
are optimal under an appropriately defined notion of optimality is useful. We already know that,
in terms of the time duration for which the message register must be kept coherent, the recently
introduced method of Section 3 is better. Nevertheless, in some cases, it is sub-optimal, as it fails to
produce a 1/6-bias protocol from its TDPG which matches the resource usage of the 1/6 protocol
given by C. Mochon. An obvious starting point could be to adapt the framework to work better in
this particular case.

Relaxing assumptions The assumptions we made to obtain the protocols are not realistic.

« System size. The size of the incoming system containing the message is assumed to be known, how-
ever, this is hard to enforce physically. One way of dropping this assumption could be to adapt the

35The dimension of the Hilbert space is expected to scale exponentially with the number of points involved in the f-assignment.
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following technique introduced in Ref [ ]—imposition of constraints on average energy for
prepare-and-measure-like scenarios. The main challenge in our setting is that the parties do not trust
each other. Nevertheless, the tools developed in [ ] should prove to be useful.

+ Noise. Adding noise in a WCF protocol can cause a disagreement even when both parties are honest.
It has been shown that in the absence of noise but in the present of losses, WCF can still be performed
with a certain bias [ ]. An interesting question is whether there exist lower bounds to the lossy
but noiseless setting. One way of proceeding could be to generalize the A. Y. Kitaev/C. Mochon
frameworks in order to handle an additional outcome corresponding to aborting the protocol, and
to constraint the unitaries in such a way that the cheating player can control the losses. Even a
preliminary understanding of this procedure should allow us to construct protocols with improved
bias. One hurdle is the number of rounds which, in the loss tolerant protocol, varies depending on
the strategy of the malicious player, while the A. Y. Kitaev/C. Mochon framework is designed for
protocols with a constant number of rounds. Here one should be able to extend the notion of the
“catalyst state”. Quantum computation is realistic due to error correction. This, however, does not
necessarily mean that WCF can be performed in such a setting, as it is not obvious how we can
correct errors in this adversarial scenario without compromising the security. Consider the simplest
error correcting code and the simplest WCF protocol. The honest case should work, but in the case
where a malicious party is involved, the evaluation of the bias involves the communication of the
syndrome, the error decoding and finally its correction by means of a unitary. These steps can be
directly adapted into the A. Y. Kitaev/C. Mochon framework with the seemingly minor alteration
that a malicious party can influence the unitary of the honest player in a way which is consistent with
the noise model. The challenge here would be to make the security claim independent of the noise
model. An appropriate relaxation of the constraints in the dual problem might be the key to this
conundrum. Recently, generic techniques have been proposed to study adversarial cryptographic
settings [ ] which might prove to be the right language for describing such a relaxation. One
way of approaching the problem could be to further generalize the technique so that it facilitates
the handling of noise without any error correction. This step itself should be of independent value
as its results would serve as benchmarks against which error correction based schemes must be
compared. A simultaneous but complementary approach could be to construct protocols which are
robust against specific models of noise, such as those appearing in quantum optics. The insights
from the two approaches should quicken the advance towards the final construction.

+ Device Dependence. Device-independent WCF protocols have been suggested and involve the ex-
change of quantum boxes [ ]. Their bias, however, is abysmal and to date, no improvement
has been reported and no lower bound on the bias is known. The first step could be to redefine the
protocol in a generalizable way; perhaps construct successively worse protocols—by, for instance,
using fewer boxes—and subsequently, consider them as belonging to the same family. One could try
to use PR-boxes or non-signaling boxes to understand the behavior better. A complementary ap-
proach could be to construct the analogue of the A. Y. Kitaev/C. Mochon framework where instead
of qubits and unitaries, one studies more abstract objects which simulate the exchange of boxes
and are only constrained by their statistics. Recently, WCF protocols were also considered in the
context of general probabilistic theories [ ], that are used to extend the impossibility results the-
ories beyond quantum. They used conic duality which is the key point of A. Y. Kitaev/C. Mochon
frameworks and hence, this approach could be a starting point.

A fundamental connection It is known that nearly perfect WCF implies optimal strong coin flipping
[ ]. Does this work the other way around? This question may be more general than quantum, since
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the construction in [ ] is purely classical. One way of proceeding could be to try and construct optimal
strong coin flipping protocols directly by adapting the A. Y. Kitaev/C. Mochon technique and using known,
simpler protocols as a starting point. The insight might not only help answer this question but also yield
another construction for nearly perfect WCF.

110



Acknowledgements

This research was supported by the Belgian Fonds de la Recherche Scientifique - FNRS, under grant no
R.50.05.18.F (QuantAlgo). The QuantAlgo project has received funding from the QuantERA European Re-
search Area Network (ERA-NET) Cofund in Quantum Technologies implemented within the European
Union’s Horizon 2020 program. The most substantial part of the work was done while ASA was at the
Université libre de Bruxelles, Belgium. He acknowledges support from the Belgian Fonds pour la Forma-
tion a la Recherche dans 'Industrie et dans 'Agriculture - FRIA, under grant no 1.E.081.17F. ASA also
acknowledges funding provided by the Institute for Quantum Information and Matter. CV also acknowl-
edges support from the SQIG-Security and Quantum Information Group. This work is funded by the FCT
— Fundacao para a Ciéncia e a Tecnologia through national funds FCT LP. and, when eligible, by COM-
PETE 2020 FEDER funds, under the Scientific Employment Stimulus - Individual Call (CEEC Individual)
2020.03274.CEECIND/CP1621/CT0003 and Award UIDB/50008/2020. We are thankful to Nicolas Cerf, Tom
Van Himbeeck, Kishor Bharti, Stefano Pironio and Ognyan Oreshkov for various insightful discussions.

References

[Aha+14a] Nati Aharon et al. “Weak Coin Flipping in a Device-Independent Setting.” In: Revised Se-
lected Papers of the 6th Conference on Theory of Quantum Computation, Communication, and
Cryptography - Volume 6745. TQC 2011. Madrid, Spain: Springer-Verlag New York, Inc., 2014,
pp. 1-12. 1sBN: 978-3-642-54428-6. por: 10 . 1007 /978-3-642-54429~-3 _1. URL: http:
//dx.doi.org/10.1007/978-3-642-54429-3_1.

[Aha+14b] Dorit Aharonov et al. “A simpler proof of existence of quantum weak coin flipping with
arbitrarily small bias.” In: SIAM Journal on Computing 45.3 (2014), pp. 633-679. po1: 10.1137/
14096387x. arXiv: 1402.7166.

[Amb04]  Andris Ambainis. “A new protocol and lower bounds for quantum coin flipping.” In: Journal
of Computer and System Sciences 68.2 (2004), pp. 398—416. po1: 10.1016/j. jcss.2003.07.
010. arXiv: 0204022 [quant-ph].

[ARW18]  Atul Singh Arora, Jérémie Roland, and Stephan Weis. Weak Coin Flipping. 2018. URL: https:
//atulsingharora.github.io/WCF.

[AS10] Nati Aharon and Jonathan Silman. “Quantum dice rolling: a multi-outcome generalization of
quantum coin flipping.” In: New Journal of Physics 12.3 (2010), p. 033027. por: 10.1088/1367~
2630/12/3/033027.

[BB84] Charles H. Bennett and Gilles Brassard. “Public-Key Distribution and Coin Tossing.” In: Int.

Conf. on Computers, Systems and Signal Processing. 1984, pp. 175-179.

[Ber+09]  Guido Berlin et al. “Fair loss-tolerant quantum coin flipping.” In: Physical Review A 80.6 (2009).
por: 10.1103/physreva.80.062321.

[Bha13] Rajendra Bhatia. Matrix Analysis. Springer New York, 2013. URL: https://www.ebook.de/
de/product/25252147/rajendra_bhatia_matrix_analysis.html.

[Blu83] Manuel Blum. “Coin Flipping by Telephone a Protocol for Solving Impossible Problems.” In:
SIGACT News 15.1 (1983), pp. 23-27. 1ssN: 0163-5700. po1: 10.1145/1008908.1008911. URL:
http://doi.acm.org/10.1145/1008908.1008911.

[BV04] Stephen Boyd and Lieven Vandenberghe. Convex Optimization. Cambridge University Press,
2004. po1: 10.1017/cbo9780511804441.

111


https://doi.org/10.1007/978-3-642-54429-3_1
http://dx.doi.org/10.1007/978-3-642-54429-3_1
http://dx.doi.org/10.1007/978-3-642-54429-3_1
https://doi.org/10.1137/14096387x
https://doi.org/10.1137/14096387x
https://arxiv.org/abs/1402.7166
https://doi.org/10.1016/j.jcss.2003.07.010
https://doi.org/10.1016/j.jcss.2003.07.010
https://arxiv.org/abs/0204022
https://atulsingharora.github.io/WCF
https://atulsingharora.github.io/WCF
https://doi.org/10.1088/1367-2630/12/3/033027
https://doi.org/10.1088/1367-2630/12/3/033027
https://doi.org/10.1103/physreva.80.062321
https://www.ebook.de/de/product/25252147/rajendra_bhatia_matrix_analysis.html
https://www.ebook.de/de/product/25252147/rajendra_bhatia_matrix_analysis.html
https://doi.org/10.1145/1008908.1008911
http://doi.acm.org/10.1145/1008908.1008911
https://doi.org/10.1017/cbo9780511804441

[CGS13]

[CK09]

[CK11]

[CKS13]

[Col07]

[Fri18]

[Gan09]

[GRS18]

[Hag89]

[Him+17]

[HP13]

[Kil88]

[Kit03]

[KN04]

[Lo97]

[Mil20]

André Chailloux, Gus Gutoski, and Jamie Sikora. “Optimal bounds for semi-honest quantum
oblivious transfer” In: Chicago Journal of Theoretical Computer Science, 2016 (2013). arXiv:
1310.3262v2. URL: http://arxiv.org/abs/1310.3262v2.

Andreé Chailloux and Iordanis Kerenidis. “Optimal Quantum Strong Coin Flipping.” In: 50th
FOCS. 2009, pp. 527-533. po1: 10.1109/F0CS.2009.71. arXiv: 0904.1511.

André Chailloux and Iordanis Kerenidis. “Optimal Bounds for Quantum Bit Commitment.”
In: 52nd FOCS. 2011, pp. 354-362. por: 10.1109/F0CS.2011.42. arXiv: 1102.1678.

Andreé Chailloux, Iordanis Kerenidis, and Jamie Sikora. “Lower bounds for Quantum Oblivious
Transfer” In: Quantum Information & Computation 13.1-2 (2013), pp. 158-177. arXiv: 1007 .
1875.

Roger Colbeck. “Impossibility of secure two-party classical computation.” In: Phys. Rev. A 76
(6 2007), p. 062308. por: 10.1103/PhysRevA.76.062308. URL: https://link.aps.org/
doi/10.1103/PhysRevA.76.062308.

Tobias Fritz. Does the set of operator monotone functions become larger if we restrict ourselves
to real symmetric matrices? 2018. URL: https://mathoverflow.net/questions/298359/
does - the - set - of - operator - monotone - functions - become - larger - if - we -
restrict-ourselv.

Maor Ganz. “Quantum Leader Election.” In: (2009). arXiv: 0910 . 4952v2. URL: https: //
arxiv.org/abs/0910.4952v2.

Gus Gutoski, Ansis Rosmanis, and Jamie Sikora. “Fidelity of quantum strategies with appli-
cations to cryptography.” In: Quantum 2 (2018), p. 89. por: 10.22331/9-2018-09-03-89.

William W. Hager. “Updating the Inverse of a Matrix.” In: SIAM Review 31.2 (1989), pp. 221—
239. por: 10.1137/1031049.

Thomas Van Himbeeck et al. “Semi-device-independent framework based on natural physical
assumptions.” In: Quantum 1 (2017), p. 33. por: 10.22331/9-2017-11-18-33.

Peter Hoyer and Edouard Pelchat. “Point Games in Quantum Weak Coin Flipping Protocols”
MA thesis. University of Calgary, 2013. URL: http://hdl.handle.net/11023/873.

Joe Kilian. “Founding Crytpography on Oblivious Transfer.” In: Proceedings of the Twentieth
Annual ACM Symposium on Theory of Computing. STOC ’88. Chicago, Illinois, USA: Associ-
ation for Computing Machinery, 1988, pp. 20-31. 1sBN: 0897912640. po1: 10.1145/62212.
62215. URL: https://doi.org/10.1145/62212.62215.

Alexei Kitaev. “Quantum coin flipping” Talk at the 6th workshop on Quantum Information
Processing. 2003.

Iordanis Kerenidis and Ashwin Nayak. “Weak coin flipping with small bias.” In: Information
Processing Letters 89.3 (2004), pp. 131-135. por: 10.1016/j.1p1.2003.07.007.

Hoi-Kwong Lo. “Insecurity of quantum secure computations.” In: Phys. Rev. A 56 (2 1997),
pp- 1154-1162. por: 10.1103/PhysRevA.56.1154. URL: https://link.aps.org/doi/
10.1103/PhysRevA.56.1154.

Carl A. Miller. “The Impossibility of Efficient Quantum Weak Coin Flipping.” In: Proceedings
of the 52nd Annual ACM SIGACT Symposium on Theory of Computing. New York, NY, USA:
Association for Computing Machinery, 2020, pp. 916-929. 1sBN: 9781450369794. URL: https:
//doi.org/10.1145/3357713.3384276.

112


https://arxiv.org/abs/1310.3262v2
http://arxiv.org/abs/1310.3262v2
https://doi.org/10.1109/FOCS.2009.71
https://arxiv.org/abs/0904.1511
https://doi.org/10.1109/FOCS.2011.42
https://arxiv.org/abs/1102.1678
https://arxiv.org/abs/1007.1875
https://arxiv.org/abs/1007.1875
https://doi.org/10.1103/PhysRevA.76.062308
https://link.aps.org/doi/10.1103/PhysRevA.76.062308
https://link.aps.org/doi/10.1103/PhysRevA.76.062308
https://mathoverflow.net/questions/298359/does-the-set-of-operator-monotone-functions-become-larger-if-we-restrict-ourselv
https://mathoverflow.net/questions/298359/does-the-set-of-operator-monotone-functions-become-larger-if-we-restrict-ourselv
https://mathoverflow.net/questions/298359/does-the-set-of-operator-monotone-functions-become-larger-if-we-restrict-ourselv
https://arxiv.org/abs/0910.4952v2
https://arxiv.org/abs/0910.4952v2
https://arxiv.org/abs/0910.4952v2
https://doi.org/10.22331/q-2018-09-03-89
https://doi.org/10.1137/1031049
https://doi.org/10.22331/q-2017-11-18-33
http://hdl.handle.net/11023/873
https://doi.org/10.1145/62212.62215
https://doi.org/10.1145/62212.62215
https://doi.org/10.1145/62212.62215
https://doi.org/10.1016/j.ipl.2003.07.007
https://doi.org/10.1103/PhysRevA.56.1154
https://link.aps.org/doi/10.1103/PhysRevA.56.1154
https://link.aps.org/doi/10.1103/PhysRevA.56.1154
https://doi.org/10.1145/3357713.3384276
https://doi.org/10.1145/3357713.3384276

[Moc05] Carlos Mochon. “Large family of quantum weak coin-flipping protocols.” In: Phys. Rev. A 72
(2005), p. 022341. po1: 10.1103/PhysRevA.72.022341. arXiv: 0602068 [quant-ph].

[Moc07] Carlos Mochon. “Quantum weak coin flipping with arbitrarily small bias.” In: arXiv:0711.4114
(2007). arXiv: 0711.4114.

[NS03] Ashwin Nayak and Peter Shor. “Bit-commitment-based quantum coin flipping.” In: Phys. Rev.
A 67 (12003), p. 012304. po1: 10.1103/PhysRevA.67.012304. URL: https://1link.aps.
org/doi/10.1103/PhysRevA.67.012304.

[NST14] Ashwin Nayak, Jamie Sikora, and Levent Tuncel. “A search for quantum coin-flipping proto-
cols using optimization techniques.” In: Mathematical Programming 156.1-2 (2014), pp. 581~
613. por: 10.1007/s10107-015-0909~y. arXiv: 1403.0505.

[NST15] Ashwin Nayak, Jamie Sikora, and Levent Tuncel. “Quantum and classical coin-flipping proto-
cols based on bit-commitment and their point games”” In: (2015). arXiv: 1504.04217v1. URL:
http://arxiv.org/abs/1504.04217v1.

[Sch09] Rolf Schneider. Convex Bodies: The Brunn-Minkowski Theory. Cambridge University Press,
2009. por: 10.1017/cbo9781139003858.

[Sho94] Peter W. Shor. “Algorithms for quantum computation: discrete logarithms and factoring.” In:
Proceedings 35th Annual Symposium on Foundations of Computer Science. IEEE Comput. Soc.
Press, 1994. por: 10.1109/sfcs.1994.365700.

[SM50] Jack Sherman and Winifred J. Morrison. “Adjustment of an Inverse Matrix Corresponding to
a Change in One Element of a Given Matrix” In: The Annals of Mathematical Statistics 21.1
(1950), pp. 124-127. por: 10.1214/aoms/1177729893.

[SRO2] Robert W. Spekkens and Terry Rudolph. “Quantum Protocol for Cheat-Sensitive Weak Coin
Flipping” In: Phys. Rev. Lett. vol 89, 227901 (2002) 89.22 (Feb. 21, 2002). po1: 10.1103/PhysRevLett.
89.227901. arXiv: quant-ph/0202118v2 [quant-ph].

[SS19] Jamie Sikora and John H. Selby. “On the impossibility of coin-flipping in generalized proba-
bilistic theories via discretizations of semi-infinite programs.” In: (2019). arXiv: 1901 .04876
[quant-ph].

113


https://doi.org/10.1103/PhysRevA.72.022341
https://arxiv.org/abs/0502068
https://arxiv.org/abs/0711.4114
https://doi.org/10.1103/PhysRevA.67.012304
https://link.aps.org/doi/10.1103/PhysRevA.67.012304
https://link.aps.org/doi/10.1103/PhysRevA.67.012304
https://doi.org/10.1007/s10107-015-0909-y
https://arxiv.org/abs/1403.0505
https://arxiv.org/abs/1504.04217v1
http://arxiv.org/abs/1504.04217v1
https://doi.org/10.1017/cbo9781139003858
https://doi.org/10.1109/sfcs.1994.365700
https://doi.org/10.1214/aoms/1177729893
https://doi.org/10.1103/PhysRevLett.89.227901
https://doi.org/10.1103/PhysRevLett.89.227901
https://arxiv.org/abs/quant-ph/0202118v2
https://arxiv.org/abs/1901.04876
https://arxiv.org/abs/1901.04876

A Connection with conic duality

In Section 2, we showed the existence of quantum WCF protocols with arbitrarily small biases, however, we
took the characterization of EBM transitions on faith (see Proposition 21). Here, we present the analysis
leading to this alternative characterization of EBM transitions. We see that the set of EBM functions is
a convex cone, and the dual of this cone happens to be the set of operator monotone functions which
have a surprisingly elegant and simple characterization. To harness this, we use the known fact that
for a closed convex cone, the dual of the dual is the original cone itself (also called a bi-dual). So, the
bi-dual of the cone of EBM functions equals the cone of EBM functions (up to closures). The dual of
operator monotone functions has an easy description because operator monotone functions have an easy
description. Combining these, we obtain a more useful characterization of EBM functions. This result
was first presented by C. Mochon and A. Y. Kitaev, but it was proved using matrix perturbation theory
[ ]. The argument we just sketched, however, was also outlined therein. In this section, we present
the approach of D. Aharonov, A. Chailloux, M. Ganz, I. Kerenidis and L. Magnin [ ] who worked
out a simpler proof, along the lines alluded to by C. Mochon and A. Y. Kitaev. The proofs of all the results
we present here (unless referred otherwise) can be found in [ ].

A.1 Formalizing the equivalence between transitions and functions

Working with functions instead of transitions is rather useful as it will become evident in the course of
this analysis.

Definition 106 (K, EBM functions). A functiona : [0, c0) — R with finite support is an EBM function if the
line transition a~ — a* is EBM (see Definition 15), where a* : [0,00) — [0,00) and a™ : [0,c0) — [0, o)
denote, respectively, the positive and the negative part of a (i.e. a = a* —a~ with supp(a*) Nsupp(a™) = ¢
and a* > 0).

We denote by K the set of EBM functions.

Definition 107 (K, EBM functions on [0, A]). For any finite A, a function a : [0,A) — R with finite
support is an EBM function with support on [0, A] if the line transition a~ — a* is EBM with its spectrum
in [0,A], where a= : [0,A)[0,00) and a* : [0,A) — [0,0) denote, respectively, the positive and the
negative part of a.

We denote the set of EBM functions with support on [0, A] by Kj.

If the functions g, h denoting the transition g — h have no common support, then the function de-
scription uniquely captures the said transition. In this section we restrict to such transitions and therefore
use them (i.e. functions and transitions) interchangeably.

It is useful to abstract the different characterizations of EBM functions into a property # that the
function must satisfy, and we can define games that use these $-functions. This facilitates the handling
of subtleties which arise in proving that the set of EBM functions is the same as the set of $-functions for
specific Ps.

Definition 108 (Horizontal and vertical $-functions). A P-function a : [0,0) — R is a function with
finite support that has the property #. A function ¢ : [0, 00) X [0,0) — Risa

« horizontal P-function if for all y > 0, t(., y) is a P-function;
« wvertical P-function if for all x > 0, t(x, .) is a P-function.

Suppose P-functions are EBM functions. Consider a TDPG given by the following sequence of valid
transitions

to:POZ%([[O’l]]‘*ﬂLO]])—’Pl —pa = pa=[pa]
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and define 1 =p1—po, t2=p2—p1, ...ti = pi — Pi-1. Clearly,p1 =ti+ty, pp=ta+t +io, .. .pj= —i’:1 t;.
——

)41
This effectively shows how one can construct a TDPG consisting of valid functions, {t;}, instead of valid
transitions, and motivates the following definition:

Definition 109 (point games with #-functions). A point game with $-functions is a set {t1,...,t,} of n
P-functions alternatively horizontal and vertical such that

- zloal+ 3L 0]+ X%, ti =[B.al;
e Vje{l...n}, 0 1]+i[L0]+ XLt >0.
We call [ §, «] the final point of the game.

The first condition simply encodes the initial and final frame configurations while the second condition
ensures that the “p;s”” are non-negative, i.e. each intermediate frame configuration is sensible.

Lemma 110 ((time-dependent) point game with EBM functions = (time-dependent) point game with
EBM transitions). Given a TDPG with n EBM functions and final point || , a] we can construct a TDPG with
n EBM transitions and final point [ B, a].

A.2 Operator monotone functions and valid functions

Let us start with the definition of a convex cone.

Definition 111 (convex cone). A set C in a vector space V is a cone if for all x € C and for all 1 > 0,
Ax € C.Ttis convex if forall x,y € C,x +y € C.

Noting that the state |i/) in the definition of an EBM function is unnormalized, the set of EBM functions
is easily seen to form a cone. By taking a direct sum we can establish convexity as well.

Let V be a set of vectors where the vectors are functions from [0, c0) — [0, co) with finite support.

« Visaninfinite dimensional vector space spanned by {[[x]},.. [0,00)> SINCE We can express each element
of Vasov = Y, v(x) [ x]] where the sum is over the finite support®® of v.

« The norm is given as ||o|| := [[o]l; = Xy [0(x)].
Lemma 112. K is a convex cone. Also, for any A € (0, c0), K, is a convex cone.

Definition 113 (dual cone). Let C be a cone in a normed vector space V. We denote by V'’ the space of
continuous linear functionals from V to R. The dual cone of a set C C V is

C*'={®eV’'|VaeC ®(a) >0}.

For our purpose, linear functionals can be thought of simply as functions which map objects in the
cone to a non-negative real number with the added property of being linear in its argument. We can now
formally define operator monotone functions.

Definition 114 (operator monotone functions). A function f : [0, c0) — R is operator monotone if for all
0 < X <Y we have f(X) < f(Y).

36If instead of a sum, we had used an integral, we would have had to use a Dirac delta function/distribution. However, restricting
to finitely supported functions suffices for our purpose.
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Definition 115 (operator monotone functions on [0, A]). A function f : [0, A] — R is operator monotone
on [0,A] if for all 0 < X < Y with spectrum in [0, A] we have f(X) < f(Y).
The pivotal result here is the equivalence between the cone of operator monotone functions and the

dual cone of EBM functions. To state this formally, we consider the following isomorphism. There is a
bijective mapping between ® € V’ (the space of linear functionals; see Definition 113) and fp which is de-

fined as fp(x) = ®([[x]]). By linearity, for any h = 3, h(x) [x] we have ®(}, h(x) [x]) = 2 h(x) fo(x).

We can therefore see elements of the dual cone as functions on real numbers.

Lemma 116. ® € K*, the dual to the set of EBM functions, if and only if f3 is operator monotone in [0, co].
Also, for any A € (0,00), ® € K} if and only if fp is operator monotone on [0, A].

Lemma 117 (Characterization of operator monotone functions [ 1). Any operator monotone function
f:10,00) — R can be written as

© )
F(x) = co+c1x + /0 ﬁdw(/l),

da)(/l) < 00.

for a measure w satisfying /0 Ey

Lemma 118 (characterization of operator monotone functions on [0, A] [ 1). Any operator monotone
function f : [0, A] — R can be written as

f(x) =co+cix+ / dw(/l)

with the integral ranging over A € (—oo, —A) U (0, 00) satisfying/ %da)(/l) < oo where w is a measure.

As will become clear when we discuss the dual of the cone of operator monotones, it suffices to consider
the extremal rays of the cone, i.e. operator monotones of the form Ax/(A + x) (together with 1 and x).

It is known that the bi-dual of a cone is the closure of the cone itself (see [ ] for details and the
proof):

Fact 119. Let C C V be a convex cone, then C** = cl(C) where C* is the dual cone of C.

Essentially, we define from hindsight the bi-dual of EBM functions to be the cone of valid functions.
Since the dual of EBM functions has an easy characterization, the bi-dual also has an easy characterization
which is why we are interested in it.

Definition 120 (A-valid functions). A function a : [0, A] — R with finite support on [0, A] is A-valid if
a € Ky*.
A

To be able to use the aforementioned fact we note that the cone of interest, the cone of EBM functions,
is closed when the matrices involved have a bounded spectrum. In this case, it means that the cone of valid
functions is the same as the cone of EBM functions. We state this precisely below.

Lemma 121. For A € (0, 0), K} is closed (which implies K\* = Kj).
Corollary 122. For A € (0,00), K = {a € V|V® € K;,®(a) > 0}. Further, a € K, if and only if
Yea(x)=0,Y,xa(x) = 0andVA € (—co,—A] U (0,0), >, /Hxa(x) > 0.

A seemingly cumbersome but useful restatement of this result is the following:

Corollary 123 (EBM on [0, A] is equivalent to A valid). A function a : [0,A] — R with finite support
on [0,A] is EBM on [0, A] if and only if a is A-valid, i.e., it satisfies ), a(x) = 0, Y, xa(x) > 0 and VA €
(=00, =A] U (0, 00), 3, £%a(x) 2 0.

All the statements made here assume that the matrices used in EBM functions have a finite spectrum.
Our EMA algorithm (see Section 5) heavily relies on this part of the analysis of [ ]
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A.3 Strictly valid functions are EBM functions

To be able to simplify the conditions one needs to check, it is useful to remove the condition on the spectrum
of the positive semi-definite matrices involved. This is evident from the range of A one needs to use in the
characterization of operator monotone functions (compare Lemma 118 and Lemma 117).

It is easy to describe the interior of the dual of a cone. It is also possible to relate the interior with the
closure of the cone in finite dimensions®(see [ ] for details and proofs).

Fact 124. Let C be a convex set, then int(C) = int(cl(C)).

Fact 125. Let C be a cone in the finite-dimensional vector space V.
Then int(C*) = {® € V’'|Va € C\{0},®(a) > 0}.

It turns out that K is not closed®, and recall that K* is the set of operator monotone functions on [0, o).
Recall also that K** = cl(K). Using Fact 124 we conclude that int(K™*) = int(K). In finite dimensions,
restricting to the interior of K** is easy, as stated in Fact 125. We could then simply consider points in
the interior of K* which in turn would guarantee membership in K. For infinite dimensions this result
continues to hold. To see this, we define valid and strictly valid functions.

Definition 126 (valid function). A functiona : [0, c0) — R with finite support is valid if for every operator
monotone function f : [0,00) — R we have X, cqupp(n) f(x)a(x) = 0.

Definition 127 (strictly valid function). A function a : [0, 0) — R with finite support is strictly valid if
for every non-constant operator monotone function f : [0, 00) — R we have X, cqupp(a) f(*)a(x) > 0.

One can use the characterization of operator monotone functions to explicitly characterize the set of
valid and strictly valid functions (just as we did for A-valid functions; see Corollary 122).

Lemma 128. Let a : [0,00) — R be a function with finite support such that Y, a(x) = 0. The function a is
a strictly valid function if and only if forall A > 0, 3, ~2) 5 0 and 2 x.a(x) > 0.

A+x

The function a is valid if and only if for all A > 0, 3. =49 > 0 gnd 2 x.a(x) > 0.

A+x =

The set of strictly valid functions can be also shown to be A-valid for some finite A. This means that
it would also be EBM on [0, A] which in turn means it would be an EBM function. We hence have the
following.

Lemma 129. Any strictly valid function is an EBM function.
Similarly we define valid and strictly valid transitions.

Definition 130 (Valid and strictly valid line transitions). Let g,h : [0,00) — R be two functions with
finite support. The transition g — h is valid (resp., strictly valid) if the function h — g is valid (resp., strictly
valid).

37This reasoning fails for infinite dimensions.
380ne example is the merge function. Let Pgi +Pg, = 1, X4, > x4, > 0. Consider the sequence #1,t ...t where t; :=

I[(xg> + %]] = pg: [ %4 = Pg: [xg. ] This sequence, in the limit k — oo is just a merge. One can show that for any finite k, #; can
be shown to be EBM using matrices with a finite spectrum (this is because for a 2 — 1 transition, it suffices to restrict to 2 X 2
matrices (see Lemma 146) and then one can consider the most general unitary to reach the conclusion). However, as k — oo, the
spectra of the matrices involved diverges. Thus, while the elements of the sequence t1,t ... ... are contained in K, its limit is
not. This argument does not apply to Kx (confirming the fact that K is closed) because after some finite k, #; ceases to be in K.
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A.4 From point games with valid functions to point games with EBM functions

If we construct a point game with valid functions we can convert it into a game with EBM functions with
an arbitrarily small overhead on the bias. The trick is to raise the coordinates of all the final points (ones
with positive weight) a little at each step, to convert a valid function into a strictly valid function.

Theorem 131 (valid to EBM). Given a point game with 2m valid functions and final point [, «] and any
€ > 0, we can construct a point game with 2m EBM functions and final point [ f + €, a + €].

Lemma 132. Fixe > 0. Given a point game with 2m valid functions and final point || §, ] we can construct
a point game with 2m strictly valid functions and final point [ + €, a + €].

B TEF functions = valid functions = closure of EBM functions

Let the set of TEF functions be the set of finitely supported functions t = h — g, such that for the associated
transition h — g, the conditions in Theorem 31 can be satisfied for some unitary U. An equivalent defi-
nition would be to require the transition to admit a legal CPF (see Definition 44 in Section 5). We assume
that h and g are non-negative functions without common support. Then, the following lemma holds:

Lemma 133 (TEF = closure of EBM = valid). The set of the TEF functions, the set of valid functions (see
Definition 126) and the closure of the set of the EBM functions (see Definition 106) are the same.

Proof sketch. We start by recalling that the set of EBM functions is an open set. From Definition 106 we
can see that the matrix H may have eigenvectors which have no support on |/). Consequently, one can
consider a sequence of EBM functions ¢; such that the lim;_, t; = t is well-defined, while the associated
matrix lim;_,., H; has a diverging eigenvalue. Such a case arises, for instance, when we have a merge
move in the point game. For concreteness, let x,,, x4, be the coordinates of two points that are going to
be merged into a single point with coordinate x, = pg x4 + pg,xg,, and let py , py, be their respective
probability weights, with p,, + py, = 1. Furthermore, let t; = [x, + 1/i]] — pg, [x4, ]| = pg,[ x4, ]. One can
verify that for all finite values of i, t; is EBM, but its limit t = [x3] — pg, [ x4, ] = pg,[ %4, ]| is not EBM (we
omit the details for the sake of brevity), thus concluding that the set of EBM functions is open.

To show that the closure of this set is the same as the set of the TEF functions, we need to establish that
the limit of any such sequence belongs to the set of TEF functions. This requires a combination of certain
results from Section 5. In particular, the relationship between the COF and the CPF permits one to trade
the divergence of such a matrix H for appropriate projectors. This is exactly the origin of the projectors Ej,
that appear in our analysis. The matrices H > G and the vector |{) corresponding to an EBM transition,
can be expressed in the COF,*’ X, > 0X,0". Essentially, the same orthogonal matrix O also satisfies the
TEF inequality Equation (3)*°. The TEF inequality may, in fact, be seen as the limit where H’s eigenvalues
diverge to infinity. Thus, the limit ¢ of the sequence t; indeed belongs to the set of TEF functions and this
argument readily extends to all relevant sequences.

Finally, in Appendix A we described how the authors of [ ] prove that the set of valid functions
is the same as the closure of the set of EBM functions. In particular, they start by observing that the set
of EBM functions is a convex cone K, and its dual cone K* is the set of operator monotone functions. The
bi-dual K** is the set of valid functions, and the fact that K** = cl(K) completes the proof. Since we just
showed that the closure of the set of EBM functions is the same as the set of TEF functions, we can also
conclude that the set of valid functions is the same as the set of TEF functions. O

39Recall that X}, and Xy are diagonal matrices containing the eigenvalues of H and G, respectively (in addition to X}, possibly
having a large eigenvalue with multiplicities and X}, possibly having zero eigenvalues)
400Observe that the TEF inequality is closely related to the CPF.
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C Blink m — n transition

C.1 Completing an orthonormal basis

Consider an orthonormal complete set of basis vectors {|g;)} and a vector |v) = @. We describe a
iPi

scheme for constructing vectors |v;) such that {|v), {|v;)}} is a complete orthonormal set of basis vectors.

We can do it inductively, but here instead we choose to do it by examples, as we believe it helps gain some

intuition and demonstrates the generalizable argument right away. We define the first vector to be

VPilgD - 51920 \Brlgn) - Pz lge)

’P +P1 ) Vb1 + P2
P2

which is normalized and orthogonal to |0). The next vector is

VP lg1) + VP2 192) — L |gs)

(P1+Pz)

o) =

Vo) =

e B

which is again normalized and orthogonal to |v;).
Similarly we can construct the (k + 1)th basis vector as

S VB lgk) = ‘p—;pf |gk+1)
Nk

log) =

5

_ vk (ZE pr)? .
where Ny = /Xy Pk + o and, thus, obtain the full set.

C.2 Analysis of the 3 — 2 transition
Recall that the constraint equation is

thi his) (hig| + xT09i) > ng,U |9ii) (gl U’
——

II
I 1T

where we have introduced the notation |h;;) = |h;h;). The g1, g2, g3 — hy, hy transition requires us to know
= o) (w| + |w) (0| + |o1) (v1] + |v2) w2 + [w1) (w1 .

Using the procedure above we can evaluate the vectors of interest as

Py,
o) = VPg; 1911) + \/Pg, |922) + \/Pg; 1933) o)) = VPar 1910) = 5= 1922)
- N!] , v N!]l ’
10g) = \Pg: 1911) + Py, 1922) — % lg33)
2 Ngz )
\VPh |h11) + \/Dh;, |ha2) \Ph; |h11) = \Ph, |h22)
[w) = N and  |wi) = X ,

119



N,

Ny, are normalization factors. In fact we want to express the constraints in this basis

where Ny, Ny, N,,
and to evaluate the first term of the LHS in the constraint equation we use the above to find

VPh, W)

— \Ph |wi)

Vphl |W> + Vphz |W1>
and  |hy) =

|h11) = N, N,
which leads to
I = xp, |h11) hi1] + xp, |ho2) (haal
| (w] (w1
= N2 [w) DPhiXhy + PhyXh, VPh, Ph, (Xh, = Xn,)
bl wi) | VPriPh, (X, = Xn,)  PhyXny + Phy X,

Evaluation of II is nearly trivial after expressing the identity in this basis
RCIIRCANRCA

I = x([o) (o] + |o1) {01] + |vz) (02]) = ||02)1>> x
[02)

X

For the last term Il = x,, U |g11) {(911] Ut +x¢,U |922) (g22] Al +x4,U |g33) (933| U', we evaluate

(i)

L VP
|o1) +

@

VPg:
[02) ,

/T

(i)

log) .

Pg. |v2) and

(0]

Ulgn) =
Ny Ngl Ny,
VP ()
\/r
Ulgaz) = ~2 [w) + ~——22 oy} +
Ny Ny, 9
P91+992
VPg; (_ VPg3
Ulgss) = |lw) +0[o;) +
Ng Ngz
‘ (01]
|01> ﬁ
For the first term we have (i) = x i
() abo. |Z)2> N921N91
|w> NgNgl

For the second term, we re-write U |g22) = /Py, (ng |w) — N, [o1) + x—

1
Ngl Ngz Ngl Ng

1
NZ, Ny, Ng

NgNg, NZ

- P
|vz)) with Nj = pi? Ny,

| (wl @  (wl
|Ul> L/2 N 1 1
i (i Ny, Ny, Ny, N 1Ny
to obtain (ii) = x4,pg, 105 | =~ g )
Ngleyl ngz Ngzl
|W> _NgNél N9N92 F_{;
_ 1 1 ’ Py
and finally Ulgs3) = vPo, (Vg w + 000 = xz7 le)) with Ny, = & e
‘ (01 (02] (w|
lo1)
to get (iii) = x, 1 1
g ( ) g3pgg |UZ> N!’]ZZ N Ng
i 1
w A
|w) NN, N

120



Now we can combine all of these into a single matrix and try to obtain some simpler constraints.

def

(o] (o1] (o2 (wl (wi|
[0) x
o1) x_ X91P91 _ Xg2P9; _Xgq1Pg91 xgzl’gz _X91P9; M
N?1 N Ng1Ng; " Ng, Ng, Ng1Ng ™ Ng, Ng
o2 _X91P91 xg:zl’glz x- 291991 _ *92P9; _ *93Pg3 _X91P91 _ Xg2P9 xg/sl’ya
NgyNg1 + Ng, Nj, NZ, NZ, NZ NgaNg — NgyNg ™ Ng, Ng > 0.
) _X91P91 , *92Pg; _X91P91 _ X93P9; | X93P93 Phy Xy *Phyhy 1 s VPhlyth (Xh: = xn,)
NgNgy * NgNp, NgNg; ~ NgNg; * NgNg, N NG S Nh b
\Ph1Phy Phy*hy+Phy ¥h,
[wi) N (%hy = *hy) — N

h
Despite this appearing to be a complicated expression, we can conclude that it is always so that the
larger x is the looser is the constraint. To show this and simplify the calculation, note that M can be split
into a scalar condition, x > 0 — from the |v) (v| part — and a sub-matrix which we choose to write as

(o1] (o2| | (w| (wi
lo1) T
|v2) ¢ B >0
[w) B A
|wi)
c BT A B —1RT ~1\pT . ;
We B A >0 BT ¢ >0 & C>0,A-BC'B' >0, (I-CC™")B" =0, using Shur’s

Complement condition for positivity where C™ is the generalized inverse. We can take x to be sufficiently
large so that C > 0 and thereby make sure that I — CC™! = 0. Then, the only condition of interest is

A-BC'BT >o0.

Actually, we can do even better than this. Note that if C > 0 then C"! > 0 and that the second term is of
a 0

the form
a y a
ol )]st gﬁ”b

——
B Cc-1 BT

]020,
0

because C~! > 0. We can therefore write the constraint equation as A > BC™'BT > 0 and note that A > 0
is a necessary condition. This also becomes a sufficient condition in the limit that x — oo because C™! — 0
in that case. Thus, we have reduced the analysis to simply checking if

PhiXntPhyXn,

VPhPh,

1
N? - N_g Zi Xg;Pg; N? (xhl - xhz)
\Ph,Ph, PhyXhytPh Xh, =
NZ (xhl - xhz) N2
h h

This is a 2 X 2 matrix and can be checked for positivity using the trace and determinant method or we can
use again Schur’s Complement conditions. Here, however, we intend to use a more general technique. Let

us introduce
Z XgiPgi>

(5]

1
)

Term (I) and one element from term (IIT) constitute a matrix A which can be written as

def 1 Ph;
= =) —
Ny 7 *h

| (hul (Bl

A = xp, |hiy) Chul + xn, [ha2) (haal = (xg) [W) (w| = [h11)
|ha2)

= (xg) lw) (w].

xhz
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Weuse F-M >0 < 1- \/ﬁ_lM\/]?_1 > 0 for F > 0, to obtain I > <xg> [w”) (w”|, where

Ph,

Ph
Uk M+ [ =22 |k
£ |h11) Xhy |h22)

Nn

. Normalizing this we get |w’) = W) which entails T > (xg> <xih> [w’y (w’|
1

*h

[w") =

and that leads us to the final condition <xl ) > <$> .
9
In fact all the techniques used in reaching this result can be extended to the m — n transition case as

well and so the aforesaid result holds in general.

D Approaching bias e(k) = 1/(4k +2)

Lemma 134. Consider an n-dimensional vector space. Given a diagonal matrix X = diag(x1,x,...x,) and a
vector|c) = (c1,¢y. .., cp) whereall thex;s are distinct and all the c; are non-zero, the vectors|c),X |c),... X" ! |c)
span the vector space.

Proof. We write the vectors as

Xi C1
i—1
oy =X ey = | 2
xl—lcn

We show that the set of vectors are linearly independent, which is equivalent to showing that the deter-
minant of the matrix containing the vectors as rows (or equivalently as columns) is non-zero, i.e.

1 1 ... 1 1
X1 X2 Xn C2
x2 x2 x2 Y
det 1 2 n =cC1-Cy...cp-detX
|t g n
=X

is non-zero. Notice that X is the so-called Vandermonde matrix (restricted to being a square matrix) and
its determinant, known as the Vandermonde determinant, is det(X) = [];<;<j<n(x; — x;) # 0 as x;s are
distinct. As ¢;s are all non-negative our proof is complete. O

D.1 Proof of Lemma 33

In our proof we will need the following Lemma 135, which gives a property of the f—assignments.

Lemma 135. )} L)) = 0 where f(x;) is a polynomial of order k < n — 2 where x; € R are distinct.

i=1 njati(xj_xi

The proof can be found in [ ; ].

Proof of Lemma 33. The equality <xk> = 0 for k < n— 2 is a direct consequence of Lemma 135, and we
proceed to prove the inequality (x”_1> > 0. Suppose for now that (we prove it in the end)

n (1—1

_ Nyt (30)
i=1 I—[j:#i(xj - xi)
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Define p(x;) = % so that t = }; p(x;) [ x;]]. Observe that
(x"1) = DA ()
1

_ _1\ym,n-1 —
B Z( D Hj#(xj - X;)
X 1

_( 1) ( 1)21_[]#1()(] i)
= (=D"(=D(-D" = (-1™"

where we used Equation Equation (30).
n xn1

It remains to prove Equation Equation (30). We show that d(n) = X, Moty = (=)™ ! by
J#i i

induction. The base of the induction gives us d(2) = =~ + —X— = —1. We continue by assuming that it

Xo—X1 X1—X2
holds for d(n) and take

n+l n+1

—(Xn41 = xi)xn_1 +xn+1x(l_1
din+1) = = : !
(D= ) T Y "2 )

n+l n 1 n+l n—-1

X
- Z("”“ Hm(x] ) Z [T (xj = x:)

=0, from Lemma 135

n n-1 n-1
T T4 = d(n)

1
Hj¢n+1 (xj = Xn+1)

- + (Xn+1 = Xn41)
7 Xn+1 = Xi Hj;ti,n+1 (xj — xi) " "

This completes the proof. O

D.2 Restricted decomposition into fy-assignments

The monomial decomposition we presented in Section 4.1 is not unique. Here, we give another useful
decomposition that, however, only works in a restricted case; that is when the roots of f are right roots,
as described below.

Lemma 136 (f with right roots to fy). Consider a set of real coordinates satisfying 0<x; <xp:-++<Xxpand
let f(x) = (r1 —x)(rz —x) ... (rx — x) wherek < n— 2 and the roots {r,} off are right roots, i.e. they are
such that for every root r; there exists a distinct coordinate x; < ry. Lett = Y,7_, p; [ x;]] be the corresponding
f-assignment. Then, there exist fy-assignments, {to;;}, on a subset of (x1, x5 ...xp), such thatt = ¥, a;to;
where a; > 0 is a real number and m > 0 is an integer.

Proof. For simplicity, assume that x; < r;, Vi, but the argument works in general. We can, then, write

C _f(xi)

p= ) — 2
i=1 Hjii(xj - xi)

[

_Z( (rl_xl)(rz_x1)~~(rk_xi)+_(xl_xi)(rZ_xi)”~(rk_xi) [[x]]

]qti(xj - xi) [T (xj — xi)

—(ro —xi) ... —(rog—xi) ... (rr — xy)
= (=) Z H#l(xj = X;) [[ A+ Z Hj#i,l(xj - Xi) il

i=2
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where the first term has the same form that we started with (except for a positive constant which is irrel-
evant for the validity condition; see Definition 126) but with the polynomial having one less degree. The
second term also has the same form, except that the number of points involved has been reduced. Note
how this process relies crucially on the fact that r; —x; > 0; otherwise the term on the left would, by itself,
not correspond to a valid move. This process can be repeated until we obtain a sum of fy-assignments on
various subsets of (x1,x2...xy,). O

The advantage of this decomposition is that we can immediately apply it to the f-assignment of the
bias-1/10 game. This is relevant because constructing solutions to fy-assignments is relatively easy and so
they, together with this result, allow us to derive the 1/10 bias protocol circumventing the perturbative
approach that we used in Section 3.

Figure 21: The main 1/10 move involves n = 5 points. f has k = 3 roots, all of which are right roots.

Example 137 (The main 1/10 move.). The key move in the 1/10-bias point game has its coordinates given
by xo, x1, x2, x3, x4 and roots given by I, 1, r; which satisfy xp < ; < x1 < x2 < x3 < x4 < r; < ry. Each
root is a right root here because xy < Iy, x5 < ry, x4 < ro. Hence, from Lemma 136, this assignment can
be expressed as a combination of fy-assignments defined over subsets of the initial set of coordinates and
each fy-assignment admits a simple solution given by Proposition 37 and Proposition 38 .

Another simple example is the class of f-assignments describing merge moves (see Example 23). We
place the roots of f in such a way that all points, except one, have negative weights.

I o T3 T4 Ty Te T

Figure 22: Merge involving n = 7 points. f has in total k = n — 3 = 4 right roots.

Example 138 (Merge). For merges (see Figure 22) we only get right-roots and hence, we can write them
as sums of fy-assignments and obtain the solution using Proposition 37 and Proposition 38. For n points,
the polynomial has degree n — 3 and so (x) = 0, just as expected for a merge.
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This scheme fails for moves corresponding to lower bias games. For instance, the main move of the bias
1/14 game has its coordinates given by xo, x1, X3, X3, x4, X5, X¢ and the roots of f are Iy, I, ry, ry, r3 satisfying
Xo<li <l <x3 <xp:-- <x¢ <r; <ry <rs. Here, we can either consider /5 to be a right root, in which
case I is a left root (i.e. a root which is not a right root). Or we can consider I, to be a right root in which
case l; becomes a left root. Thus for games with bias 1/14 and less, we must revert to Lemma 35, which
means we can not — at least by this scheme - avoid finding the solution to all the monomial assignments.

Since we mentioned the merge move, for completeness let us consider also the split move (see Exam-
ple 24). The situation (see Figure 23) is similar to that of merge but with one key distinction: the polynomial
has degree n — 2; it has n — 3 right roots and one left root. Thus, it can not be expressed as a sum of f;-
assignments using Lemma 136. Of course, merges and splits by themselves are not of much interest in this
discussion because we already know that the Blinkered Unitary solves them both (see Section 3.1.1).

f(=)

Figure 23: Split involving 7 points. f has k = n — 2 = 5 roots; 4 right and one left.

Notice that using the method in Appendix G we can convert left to right roots and combine the different
monomial assignment solutions to obtain the full solution.

E From EBM to EBRM to COF

In Appendix A we saw how D. Aharonov et al. prove that valid functions are equivalent to EBM functions
following their work [ ]. Here, we show that we can, in fact, do even better. Instead of EBM func-
tions, we consider Expressible-By-Real-Matrices (EBRM) functions, where the matrices are additionally
restricted to be real. Let this set be given by K’. It turns out that its dual K’* is also the set of operator
monotone functions [ ] viz. K™ = K*. The proof for K = K** from [ ], can be applied to
the real case as it is to get K’ = K*™*. Since C. Mochon’s point games use valid functions, the aforesaid
simplification justifies why it suffices to restrict to real matrices.

E.1 Equivalence of EBM and EBRM

First we define EBRM transitions and functions similar to their EBM analogues except with the further
restriction that the matrices and vectors involved are real.

Definition 139 (EBRM transitions). Let g, h : [0, 00) — [0, 00) be two functions with finite supports. The
transition ¢ — h is EBRM if there exist two real matrices 0 < G < H and a vector |/), not necessarily
normalized, such that g = prob[G, ¢] and h = prob[H, {].

Definition 140 (K’, EBRM functions; K, EBRM functions on [0, A]). A function a : [0,00) — R with
finite support is an EBRM function if the transition a~ — a* is EBRM, where a* : [0,00) — [0, 00) and
a” : [0,00) — [0,00) denote, respectively, the positive and the negative part of a, i.e. a = a* —a~. We
denote by K’ the set of EBRM functions.
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For any finite A € (0,0), a function a : [0,A) — R with finite support is an EBRM function with
support on [0, A] if the transition a~ — a* is EBRM with its spectrum in [0, A], where a* and a~ denote,
respectively, the positive and the negative part of a. We denote by K the set of EBRM functions with
support on [0, A].

Definition 141 (Real operator monotone functions). A function f : (0,c0) — R is a real operator mono-
tone if for all real matrices 0 < A < B we have f(A) < f(B).

A function f : (0,A) — R is a real operator monotone on [0, A] if for all real matrices 0 < A < B with
spectrum in [0, A] we have f(A) < f(B).

Lemma 142. K" is the set of real operator monotones on [0, A].

Proof sketch. In [ ] the authors showed that the dual of the set of EBM functions on [0, A], denoted
as K3, is the set of operator monotone functions on [0, A]. Their proof can be adapted here by restricting
to real matrices to show that K" is the set of real operator monotone functions on [0, A]. O

Lemma 143. K} = K" and K* = K", i.e. the set of operator monotones on [0, A] equals the set of real
operator monotones on [0, A] and the set of operator monotones equals the set of real operator monotones.

Corollary 144. K, = K™ = K}* = Kj, i.e. the set of EBRM functions on [0, A] = the set of A-valid functions
as the dual of EBRM functions = the set of A-valid functions as the dual of EBM functions = the set of EBM
functions on [0, A].

Corollary 145. Any strictly valid function is EBRM.

Let us sketch the proof of Lemma 143. The set of real operator monotones must contain the set of
operator monotones, since the latter are — by definition - required to work in the real case as well. The set
of real operator monotones might be bigger, but that is not the case, as we can encode an n X n Hermitian
matrix into a 2n X 2n real symmetric matrix. This is achieved by replacing each complex number a + iff

with the matrix
1 + ,5 -1
a . , )

This corresponds to writing a complex matrix W = Wy + iWy as a real symmetric matrix

Wx —Wg

Wz[Ws Wy

where Wy and Wy are real. For a Hermitian W' = W we must have Wy = W% and Wy = —WST which
makes W’ = W'T a symmetric matrix. The spectra of W and W’ are the same. This is established by looking
at the diagonal decomposition, W = USUT, which would get transformed to W’ = U’S’U’". Since S is real
S’ is also real with doubly degenerate eigenvalues (except for the degeneracy already present in S). Thus
if we have 0 < A < B then we would also have 0 < A’ < B as A — B and A" — B’ would have the same
spectrum; we used A” and B’ to represent real symmetric analogues of the Hermitian matrices A and B.
The other direction is trivial. Hence we have an equivalence which means that requiring a function to
be operator monotone on complex matrices is the same as requiring it to be operator monotone on real
symmetric matrices of at most twice the size. This establishes that the set of real operator monotones is
the same as the set of operator monotones.
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E.2 EBRM to COF

Having reduced our problem from the set of EBM transitions to the set of EBRM transitions, we now show
that each EBRM transition can be written in the COF, see Section 5.1, thus showing that A—valid functions
admit matrices of the COF. The result is actually due to C. Mochon and A. Y. Kitaev [ ], but we present
the proof here, as there was a minor mistake in one of the arguments that we corrected. The interesting
part is showing that we can always restrict to matrices of a certain size that depends on the number of
points in the transition.

Lemma 146. For every EBRM transition g — h with spectrum in [a, b] there exists an orthogonal matrix O,
diagonal matrices Xp,, X, (with no multiplicities except possibly those of a and b) of size at most ng + nj, — 1
such that ) )

Xg Xh

1 1

"h

=Xy

and the vector [) := X" [P, |i) = ?:gl \Pg: O li).
Proof. An EBRM entails that we are given G < H with their spectrum in [a, b] and a |¢) such that

np

g
g=Prob[G.19)] = > pylxs] and  h=Prob[H, )] = D p,[xa]
i=1 i=1
with py,, pn, > 0 and x4, # Xg;, xp, # xp; for i # j, but the dimension and multiplicities can be arbitrary.
First we show that one can always choose the eigenvectors |g;) of G with eigenvalue x,, such that [¢) =
Z?jl \/Pg: 1gi). Consider Py, to be the projector on the eigenspace with eigenvalue x,,. Note that |g;) :=

fj(—;ﬁw fits the bill. Similarly, we choose |h;) such that [/) = 3.7, \/Pr, |h;). Consider now the projector

onto the {|g;)} space II; = Z:.l:gl |gi) (gi]- Note that this does not have all eigenvectors with eigenvalues
€ {x4,}. Similarly, we define IT, = X |h;) (h;|. We further define G’ := II;GII, + a(I — I1y) and H’ :=
I, HIIp+b(I-I14). These definitions are useful as we can show G’ < H'. From G = I1,GII +(I-I1,) G (I-I1,)
we can conclude that IT,GII; + a(I - II;) < G. This entails G’ < G. Using a similar argument one can also
establish that H < H’. Combining these we get G’ < H’.

Consider the projector IT := projector on span{ {|gi)}?:gl, {|h:)};2.}, and note that it has dimension at
most ny + ny — 1, because [/) is in the span of {|g;)} and in the span of {|4;)}, therefore at least one of the
basis vectors is not independent. We have G” := IIG’II < ITH'Il =: H”, since we can always conjugate an
inequality by a positive semi-definite matrix on both sides. Note also that IT |i/) = |/) which means that
the matrices and the vectors have the claimed dimension. We now establish that Prob[H"”, |{/)] = h and
Prob[G”, [{)] = g. We first write the projector tailored to the g basis as IT = II; + I, , where IT;, is meant
to enlarge the space to the span{h;}}”,. With this we evaluate

G/I = (Hg + ng_) [HgGHg + G(H — Hg)] (Hg + ng_) = HgGHg + aHgL.

Then Prob[G”, |¢)] = g. By a similar argument one can establish the same claim for h. Since G”” and H”
have no multiplicities except possibly in a and b, respectively, we conclude that we can always restrict to
the claimed dimension and form. O

Corollary 147. For every EBRM transition the corresponding COF is legal.
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F The Weingarten map

Consider a curve in the plane specified by a function f. Its curvature is related to the rate of change of
the tangents of f, i.e. the second derivative of f. For a surface in arbitrary dimensions specified by f, the
corresponding quantity becomes a matrix 9;9; f. The eigenvalues of this matrix give us the curvature along
the corresponding eigenvector, however in practice it is a rather cumbersome calculation. We can use a
more general method to easily obtain an analytic solution to this problem for ellipsoids; this method is
based on the so-called Weingarten map. Intuitively, it is defined as the differential of the normal at a given
point on the manifold, and it turns out to be effectively the same as finding the aforementioned matrix of
second derivatives.

Definition 148 (Weingarten Map (Informal*!, from [ 1*%)). Let K be a manifold specified by the heads
of vectors in R”. Denote the tangent space of K at [x) € K by T|,,K. Let |uk (|x))) be the outer unit normal
vector of K at |x). The map |ux (|x))) : K — S"! Cc R" as defined is called the spherical image map, or
the Gauss map, of the interior of the manifold K. Its differential at [x), d(|uk))r =: Wy maps T},)K to itself.
The linear map Wy : Tjx)K — T|,)K is called the Weingarten map.

The so-called Reverse Weingarten map is easier to calculate, and useful due to the following result.

Theorem 149 (Informal). [ | The inverse of the Weingarten map equals the reverse Weingarten map, for
well-behaved surfaces.

We omit the exact statement of the theorem and the definition of the Reverse Weingarten map as they
are not directly relevant for us. We simply work with a formula for the Weingarten map as follows.

Definition 150 (Support Function [ ]). Given a manifold specified by a set S of vectors and a nor-
malized vector |u), the support function is defined as

hs(|u)) := sup (slu).
|s)yes

Theorem 151 (Formula for evaluating the Reverse Weingarten Map (Informal*® from [ 1)). Consider
a convex surface specified by a set S of vectors. Given a normalized vector |u), the Reverse Weingarten map,
W, evaluated along the normal specified by |u) is given by

#*hs (v’
(W), = % , where hs(|u’)) is the support function.
iy

Assuming that we can invert a matrix, using Theorem 151 and Theorem 149 we can obtain the Wein-
garten map. For ellipsoids we have:

Lemma 152. Given an n X n matrix G > 0, the support function corresponding to the ellipsoid Sg along a
normal |u) of the manifold is given by

hse (1)) = V{ul G [u).

4IThere are qualifying conditions on K which we suppressed.
42The convention therein for T and K is slightly different.
#3The qualifying conditions on the surface and certain technicalities have been omitted.
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In our analysis, we typically know the point at which we wish to evaluate the curvature. The calculation
of the support function requires the normal at that point, which can be evaluated as follows:

Lemma 153 (Normal). Given an n X n matrix G > 0, consider the manifold Sg associated with it. Let
|o) € TIR" be a vector such that Eg(|v)) is well-defined ({(v| G |v) # 0) where Il is as defined in Definition 84.
The normal at Eg (|v)) — which we also refer to as the normal along |v) — is given by |u) = G |v) /+/(v| G? |v).

Proof. Consider G = diag(xy,, xg, . .. X,,) and let [0) = (v1,05...0,). The surface S is determined by the
constraint (v| G |v) = 1 which is equivalent to )}’ x,,0? = 1. Changing the constant 1 can be thought of as
scaling the surface. Treating ).}, x4,07 as a scalar function, its gradient points along the outward normal:

|u) oc Xy 5o Xy Xg,07 1) o Xy %90 1) o G o). o

With these ingredients we can now evaluate the Reverse Weingarten Map.

Lemma 154 (Reverse Weingarten Map). Given an n X n matrix G > 0, and a vector |v) € IIR" whereIl is
as defined in Definition 84, the Reverse Weingarten Map associated with the surface Sg, evaluated at the point

Ec(|v)) is given by
— <G2> 4 |D> <U| j — Jj
We : 1/ o) (G ) ), where (G > = (v| G’ |o).

Proof. We prove this for G > 0 (for G > 0 but G # 0, it follows analogously by restricting to the non-zero
eigenspace). Let the spectral decomposition of G be given by G = Y1, x4, |9:) (g:l, and let [0) = 37, ¢; |g:).

From Lemma 153 the normal along |v) is given by |u) = G |v) /+/(v| G? |v). Writing |u) = }\I, u; |g;), the
u;s are fixed. Then, the support function evaluated along the normal |u) is given by (we denote hs (|u))

by h)

h =(ulGuy = X7, x5 u? from Lemma 152

&h x;!
= (Wo);; = non. - —%xg_jlxg_ilujui + L5y from Theorem 151
ioUj
— W =—LG'|u) (u| G+ &
G w3 7o

where we used the more general notation G = G™!. Substituting |u) in the expression for h and W we

obtain h = /S

Gy and

_1 oy 1oyl (G [ 5 o) (0]
Ws = -G — (G G )

o B GyH NG
When G > 0 and has zero eigenvalues, the spectral decomposition has m elements with m < n, ie.
G = X% Xy, 19i) {gil. The sum }}"; xg, 1”1'2 would then correspond to (u| G |u). Similar replacements can
be made to generalize the proof for G > 0. ]

Inverting the Reverse Weingarten Map is not too hard due to the following result.

Theorem 155 (Sherman-Morrison formula [ ; 1). Let A be an n X n invertible matrix and let |a),
|b) be n-dimensional vectors. Then, A + |a) (b| is invertible if and only if 1 + (b| A™! |a) # 0. Furthermore, if
this is the case, then

Alla) (b| A7

-1 _ -1 _
(A+la) b))~ =A T OIATD
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Combining the above we can also evaluate the Weingarten map.

Lemma 156 (Weingarten Map). Given an n X n matrix G > 0, the Weingarten Map associated with the
surface Sg, evaluated at the point Eg (|v)) is given by

3
<G>GIU)(UIG—

(G)
¥ (G?)? (G?) (

(G?)

w3 = G |0) (v| G* + G* |v) (0| G)

where (G) := (v]| G |v).

Proof. We prove for G > 0 and the proof for G > 0 follows analogously. By a direct computation we have
WG |v) = 0 (see Lemma 154), and applying Theorem 155 we obtain

wl =

(©) (G+G'“> <v|G), -

(G*) (G)-0

where we set A= G* = G™! and |a) = |b) = G |v) //(G) (after pulling out the 1/+/(G?) /{G) factor). Using
appropriate interpolations (for instance |a) = — |b) = (1 — €)G |v) /4/{G) instead of G |v) /+/(G)), we can
make the second term well-defined and have it diverge only as some parameter € vanishes. The quantity
we are interested in is W' = I WII}, where II} = I — |u) (u| and |u) = G |o) /+/(G). If the positive
inverse is to be well-defined, the second term in Equation (31) should disappear after the projection, i.e.
I} G |v) (v| GII;; = 0. Indeed, it does because G |v) o< |u). The non-vanishing contribution must then come
from the first term in Equation (31), IT; GIT;; = (I — |u) (u]) G (I — |u) (u|), which entails

©) i = |4
(@) (@)

The case for G > 0 where G has zero eigenvalues carries through. This can be seen by viewing the Sherman
Morrison formula as a “correction” to an inverse when one entry of the matrix is changed. The inverse of

G o) (0| G  Glo) (0| G*  (G°) Glo) (vl G
e S s R TeD WD

G we are interested in is the positive inverse G™. The entry of the matrix that we change is in this positive
subspace. Restricting the analysis to this subspace, the matrix G can be viewed as positive, yielding the
required generalization. ]

G The —1/x transformation

In Section 6.2 we claimed that the f—assignments transform in a useful way under x; +— 1/x;, and if O
is the solution to an f-—assignment, ¢, then O is the solution to the assignment that is derived from ¢
under the aforementioned transformation. Here, we prove this claim. Recall Lemma 69 which tells us that
a function is EBRM in [, ] if and only if it is [y, | -valid. For the operator monotone f;(x) = 4~ +x, this
corresponds to requiring Y; p; fa(x;) > 0 for all A € (—o0, 00)\[=¢, — x|, permitting us to replace [ x;] with
[1/x:] at the cost of a minus sign. Notice that we can also use this transformation to convert left to right
roots (see Appendix D.2).

Lemma 157. Let y,& > 0. A functiont = Y; pi[x:]| is EBRM in [, ] if and only if the function t’ =
Y —pill1/x:] is EBRM in [1/&,1/ x]. Further, if O solves the matrix instance corresponding to t with spectrum
n [y, €], then OT solves the matrix instance corresponding to t’ with spectrum in [1/&1/y].

Proof. We start with the only if part (=). We are given H, G with spectrum in [y, ¢] and a vector |w)
such that t = Prob[H, |w)] — Prob[G, |w)] and H > G. Further, H > G & H™! < G™!. Using the
spectral decomposition we have ¢’ = Prob[G™!, |w)] — Prob[H™}, |w)]. Defining H’ := G™},G’ := H™! and
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|w”) = |w), we have t’ = Prob[H’, |[w’)] — Prob[G’, |w’)] and H" > G’, where H’ and G’ have their spectra
in [1/& 1/ x]. The other direction (&) follows similarly by using a basis in which H = X}, is diagonal,
writing G = OXgOT and noting that O~! = OT. O

Corollary 158. Let0 < x; < x5 < - -+ < xp,. Then, O solves a matrix instance corresponding to

.
=) Tl
i=1 Hz#}(l _Xz)

Xj

if and only if O solves the corresponding matrix instance associated with the monomial assignment

( wl)

v=2 #J( P ZH#](% Lol

i=1
where w; = 1/x;.

Example 159 (Solving the simplest monomial assignment). Suppose the assignment we wish to solve is

t:' _+ﬂxlﬂ Zle[xz

where 0 < x; < x3--- < x,. This can be solved using the fy—solution (see Proposition 91) by writing t=

2n 1 _ . : el : . 7 _ 2n
o Tmtw=on [x:]], where w; = 1/x;, which is in turn equivalent to solving ¢’ = >.;", Hm(w] o7 Lol

(see Corollary 158 with k = 0). Instead, we solve this problem using another method; we use X instead of
X as in the usual fy—solution and the fact that }; [)ixl._k =0 for k < 2n — 2 (see Lemma 33). Let us write ¢

as
n

BN A AR Ll = 3 st 2 Lo - Y272, ]

i=1 i=1

Let the matrix instance corresponding to t be given by X" := (X}’;’,X; (X")” ! |w > X”)” ! |v >) where

X;ll = diag(xhl,xh2 .. .xhn), Xgn = diag(xgpxgz .. 'xgn)’

W) = (P, VP, - Vi), 0"} = (\Por \Pas - /Pan):

Solving the matrix instance X" requires us to find an orthogonal matrix O such that X;:’ > OXgF’OT and
QSX;)n_17|Uﬁ> = (){;’)"‘1 !w’?) The matrix inequality can be equivalently written as )N(I’z < O)N(;OT, where
Xy = (X;l’)_1 and X' = (Xg”)_l. Note that under a change of the direction of the matrix inequality the
arguments used in the proof of Lemma 90 go through unchanged. We can therefore consider the matrix

instance Xﬁ = ()N(,’;’f(gﬁ |Wﬁ> , |57’>), where !Vvﬁ> = (X}’;’)”‘1 |wﬁ> and |5ﬁ> = (Xg’fl)”_1 |Uﬁ>. After iterating

. . .oonl . . .. L
for I steps, suppose the matrix instance one obtains is X " To check if another isometric iteration is
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possible, we must check if the contact condition (see Definition 93) holds, i.e. if
(] ) (577 671 [

= r (w7 [, (57 &2 [eT) (5

-r((5” ONCE ). (5"

el ) )

ffo o))

vanishes. We used Lemma 92 (with m = 1) to obtain the RHS, and we continue using the convention that
<(X}’;’)k> = <wﬁ| (X}’?)k |wﬁ> and similarly <(X;)k> = <v’7| (ngl)k |Z)ﬁ>. Recall that from Equation (25)

(7 )= (@) = (<) &

If0 < 2n -2l -3 < 2n — 2, then from Lemma 33 it follows that both terms become identical and hence
the difference indeed vanishes (one can similarly verify the component condition). Therefore, until [ =

G~nTl

(XZ)ZHI

)
)

(X! (X7)? (Xt

n — 2 (included), one can apply the Weingarten Iteration to obtain fﬁ;’:), ﬁ}’?> e 11;'1’7_1> e |ﬁ}iz> and
ﬁ§‘>, afl> e, ﬂ;’_l> AU |d;> which completely determine O = }\7, |’:‘;1 &;|. The argument can, as

before, be concisely represented using a diagram (see Figure 24).

(z°) # 0
%*  |@?)=0
{ (%) =0 contact
% L (#%) =0 componen
{ <-T1> = 0" contact
XI (z9) =0 component

Figure 24: Power diagram representative of the simplest monomial assignment for 2n = 6 points.

H Existence of solutions to matrix instances and their dimensions

Our goal here is to show that certain matrix instances can be solved with low-dimensional matrices.
From Lemma 160 and Lemma 161 below, we know that a solution to a matrix instance corresponding
to a [y, &]-valid function always exists, granted that we pad the matrices with y and ¢ to have their size
equal to n X n with n = ny + n, — 1. We can, however, do even better. Consider the matrix instance Xk in
the notation introduced in Lemma 161. The eigenspace of H on which |w) has a component is of size ny,
(similarly for G, |v) and ny). Every time we iterate using the Weingarten map, we remove one component

from both H and |w) from within this eigenspace (similarly for G and |v)). Consequently, in the subsequent
k=1
v

step, the eigenspace of H k=1 on which ’w’a has a component, is of size nj, — 1 (similarly for Gk-1,

the size becomes n,; — 1) where the matrix instance after the Weingarten Iteration map was taken to be

XET = (HE1,GEL Wk

vk_1>). For the balanced fj-assignment, we end up with a matrix instance
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X! =: (H!,G',0,0) where the vectors disappear. The matrices H' and G! only have & and y, respectively,
as their eigenvalues and then, we trivially have H! > G. In fact, this part of the matrix plays no role and
can be removed. This justifies why we could assume that even without padding with ys and &s, the matrix
instance corresponding to the fy-assignment had a solution.

The padding becomes important, however, when we use the wiggle-w (or wiggle-v) map to iterate.
Consider again the matrix instance X¥ in the notation introduced in Lemma 161 and note that £ — oo
in these cases. The eigenspace of H on which |w) has a component is of size n,. Whenever we iterate
using the wiggle-w map, we do not remove any component from H and |w) from within this eigenspace.
This is because we introduce an extra dimension, and then project out one dimension, leaving the overall
dimension of the space unchanged. The dimension for the G and |v) case, however, drops as before. Again,
when we reach a matrix instance X!, where the vectors disappear we can use the reasoning above to justify
that matrices with fewer padded dimensions also have a solution.

Lemma 160. (Restatement of Lemma 146) Let t = h— g = X, p; [xi]] be a [ x, €]-valid function where
h=: 5% py, [xn, ]| and g == 32, py, [x4:] have disjoint support and pp,, pg, > 0 fori € {1,2...n,} and
{1, 2... ng}, respectively. Let X, and X, be n X n diagonal matrices, where n = ny + ny — 1, given by

Xp = diag(xp,, Xp,, . . Xhy,, & &... &) and X, = diag(xy,, xg,, - . Xy Xo X - X)-

Then, there exists an orthogonal matrix O which solves the matrix instance X" := (Xn, Xy, |W) , [0)).

Lemma 161. Let k, nj, and ny be strictly positive integers such that k > nj, and k > n,. Consider a matrix
instance X* =: (H, G, |w), [v)) where

np k np
H= i he) (il + > ElR) Gl [w) = > pw, Ihi)
i=1 i=np+1 i=1
ng k g
and G =) xglg) gil + D xlad(ail, 1oy =D g 19:)
i=1 i=ng+1 i=1

such that xp, # Xg;, Phy>pg; > 0 hold for alli € {1,2...np}, j € {1,2...n4}, and HE = span{|h;)},

Q’; = span{|g;)} (see Definition 93). If the isometry Q : HE Q’E solves the matrix instance )_(’; then the
function

ny n
t= th,. [, 1 - ipgi A
i=1 i=1

is [ x, &]-valid; which is equivalent to being [ y, £]-EBRM.

I Lemmas for the contact and component conditions
Lemma 162. Consider the matrix instance X" := (H", G", |wﬁ> , |vﬁ>). Suppose that the Weingarten Iteration
Map (see Definition 95) is applied | times to obtain X" := (H”‘l, G w"‘l>, U”_l>). Then, for any 1, the

G v"Tl> is a function of the expectation values <0ﬁ| (GM? |wﬁ> = ((GMP), where
the powers p range from 0 to 21 + 1 at most. The corresponding statement for H and |w) also holds.

expectation value <U”_l
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Proof. Using once the Weingarten Iteration Map we obtain:

) = ) - L&) 3
=G (NS - i (R P AR e

If we continue to iterate accordingly and express everything in terms of |v’7> and G", which are known,
after [ steps we obtain:

U"Tl> = Zl: a;(G™)! 07’> (35)
i=0
Gl =G+ li o (G™) vﬁ> <0ﬁ (G, (36)
i,j=0

where the multiplicative factors a; and a;; also contain terms of the form ((G")?), in which p ranges

between the minimum and maximum powers appearing in the sum; see Remark 163.
Indeed, we can use induction to prove that Equation (35) and Equation (36) hold for all /.
The base of the induction [ = 1 immediately gives us Equation (33) and Equation (34), , and for [ + 1 the
Weingarten Iteration Map gives
)

nol\ _ _(G"H o n
v > oy G

Un—l—l > —

nl-1 _ i, {G"HY) i | el [ aml| gl _ 1 nt |1\ [ n=l| (an-iyz o (n=iy2 | a1\ {nel| qnel
= ><u G <(cﬁ)z>(G 0 ><u (6" 12 4 (Gn 2o ><o G )
Replacing U”Tl> and G from Equation (35) and Equation (36) we get
1+1 ~ ~
o) = a(Gh o) (37)
i=0
7 ~ [+2 ~ ~ ~ ~
G =G+ Y (G v"> <u" (G™Y, (38)
i,j=0

which proves that Equation (35) and Equation (36) are valid for all .
Gn—l

We can now complete our proof by expressing <U” !

U”Tl> in terms of (G"). Substituting from Equa-
tion (35) and Equation (36), we get:

<Un—l Un—l> —

Gl

aj <v"

1
(Gfl)i+1 Z a; (Gﬁ)]
=0

uﬁ> (39)

) (o 7).

In Equation (39), we see that the minimum expectation value is ((G")°), while the maximum is ((G™)?*1),
which concludes the proof. O

3! _
GM' > ary(GM)

i!,j'=0

+

M- M-

I}
=

a; <v”

1
(G ) ;G
j=0

L

Remark 163. Notice that we left a; and a; ; undetermined and we even used the same notation for them;
obviously a; and a; ; are different in Equation (35), Equation (36), Equation (37),Equation (38) and Equa-
tion (39). For our proof their specific form is not relevant, but what is rather important are the minimum

Gl

and maximum powers, p, in {(G")?) that might appear in <U”_l ot > To estimate them, it suffices
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to observe that the minimum power in

U”_l> comes from the first term |vﬁ> and is 0, while the maximum

power that appears in ol > comes from ((G™""*1)?) (see Definition 95) and is equal to 2I. In G’:l, how-

ever, we can find an even higher power appearing in the a; ; s coming from ((G"~"*!)%) (see Definition 95)
and is equal to 2] + 1. In total these powers are always between the minimum and maximum powers on
Equation (39), thus the factors a; and a; ; do not need to be specified.

Lemma 164. Consider the extended matrix instance

M = %(H",G", |wﬁ> , |Uﬁ>, (HM™, (GM),].),1.)). Suppose the Normal Initialization Map and the Wein-
garten Iteration Map (see Definition 94 and Definition 95) are applied | times to obtain M™™!, viz. applying
]\_41i = %(W(M)) I times. Then, for any I, the expectation value <0"‘l (G"hH U"‘l> is a function of the

expectation values <0ﬁ| (GM)? !wﬁ> = ((G™)P), where the powers p range from 0 to 2L + 1 at most. The corre-
sponding statement for H and |w) also holds.

Proof. First, we need to specify the form of (G”Tl)4 as a function of G" and |vﬁ>. The first iteration gives

n—-1\ _ | .n <Gﬁ> nl|.n
v 1> = o >- <(Gﬁzz)ci v > (40)
(G" )= (G - ) ] (41)

(G")

Continuing the iterations to [ and using Lemma 162 we obtain:

U"Tl> = Zl: a;(GM)!
i=0

o ~ -1 o
(Gn—l)—i — (Gn)—i + Z ai’j(Gn)l

i,j=0

vﬁ> (42)

o") (o

Indeed, by induction we can prove that Equation (42) and Equation (43) hold for all I.
The base of the induction / = 1 immediately gives us Equation (40) and Equation (41), which hold.
For the [ + 1 instance, the Weingarten Iteration Map gives us:

(G™)/. (43)

_ — n-1 — | —
Z)n—l—l — Z)n—l _ Q(Gn—l) Un—l (44)
T )
- B o1y (i
(Gn_l_l)-q — (Gn—l)-| _ M (45)
@
Replacing U”TI> and (G"Tl )™ from Equation (42) and Equation (43), we get
L I+1
vn—l—1> _ Z i (G Uﬁ> (46)
i=0
- _ ! _ _ - - .
(G Y = (G + Z ai,j(G") v”> <U" (G", (47)

i,j=0

which concludes our inductive proof.
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Now that we proved that Equation (42) and Equation (43) hold for any I, we can proceed to the calcu-
lation of the corresponding expectation value:

1

<(Gn7—l)—|> — <Uni—l’(GnTl) UnTl> Z < Gn)1+] 1 >
i,j=0
+Zl:<”" S BICHIC Gy o), (48)
i=0 i,j/=0 =0

where we have used (G")* = (G")!, since G" is full rank.

Observe that the minimum power in the expectation value is (G"), while the maximum is ((G™)%1).
Recall though that in the multiplicative factors a; and e; j there are higher powers in the expectation values
((G™)#+1y, which from now on are the highest. Since we are iterating with respect to G* the powers are
not growing any more, but they rather decrease and we are interested on the minimum powers that are
reduced with each iteration. O

Lemma 165. Consider the extended matrix instance

M = %((HY)", (G, |~ﬁ> |~ﬁ> H",G",|.),|.)). Suppose the Normal Initialization Map and the Wein-
garten Iteration Map (see Definition 94 and Definition 95) are applied k times to obtain Mn , viz. applying
M = cZl("W(M'l)) k times. Then, for any k, the expectation value < 5= k|Gd k| 5= k> is a function of the

expectation values <U | (G™)P |w > = ((G™)?), where the minimum power p that might appear is —(2k + 1).
The corresponding statement for H and |w) also holds.

Proof. The first iteration gives:

a1\ _ |-d (G%)

‘Ud 1> - ‘Ud> <(GG(JI)2> ‘ > (49)
— ~d\3 =1 .5 ~31.5 Il ~5 ~d d d| ~Ad
R L e L S N

Continuing for k iterations, we can prove by induction that:

]5ﬂ> - i a:(G)* uﬁ> (51)
=0
Gak = (G")? Uﬁ> <Uﬁ (52)

The base of the induction k = 1 gives us Equation (49) and Equation (50), which hold, while for k + 1,
we obtain:

T _ |7k _ (G o |
; >|v )- )

(G
~d—k—-1 _ A <(Gd k) ) Nd . ~ﬂ [
Gr-an T (GTRy ) (5|6
- (O 67 6 7).
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Substituting |5di> and G4 from Equation (51) and Equation (52), we get:

uﬁ>
k+1

éd—k—l — (Gfl)4 + Z (Xi,j(Gﬁ)i_k_z

i,j=0

k+1

|5m> _ Z i (GP)ik1

i=0

(GyI=F2,

o") ("

confirming that Equation (51) and Equation (52) hold for all k. Thus, for any k the corresponding expecta-
tion value can be written as:
k
a; <Z)ﬁ Gﬁ)i—k(Gﬁ)—l Z aj(Gﬁ)j—k Z)ﬁ>
i j=0
1+k k

<5ﬂ|éﬂ |vdi> _
— — k — —
+ al< Gn)z k a Gn)l (k+1) ><U" Gn)j’f(k+l) aj(Gn)jfk 0n>'
5 ) 5

We observe that the minimum power that can appear in the expectation values is —(2k+1), Vk. The factors
a; and a; j, also contain terms of the form ((G")?), which behave as explained previously. O

M-

I
o

Lemma 166. Consider the matrix instance)_(ﬁ = (H",G", |w?’> , |vﬁ>). Using the Weingarten Iteration Map
(see Definition 95) once, we obtain:

Un—1> _ Uﬁ> _ <(<(C::)>2>Gn Uﬁ> (53)
o1 =iy G ><oﬁ G

((GM)2)?
- e e ) .

Then, for any power m, the expectation value <v’ﬁ| (G ym UE> can be expressed in terms of the ex-

pectation values <vﬁ| (GMP |vﬁ> = ((G™P) with p being at most m + 2. The corresponding statement for H
and |w) also holds.

Proof. The first step is to prove that for any power m:
m+1

G D™= (GH™+ > @i (G G (55)
i,j=0

o") (o”

Note that some of the a; ; can be zero. Indeed, we can use induction to prove Equation (55).
The base of the induction m = 1 gives us Equation (53) and Equation (54), which hold, while for m + 1 we
have

(Gn 1)m+1 (Gn 1)m Gn 1 (56)
and substituting from Equation (53), Equation (54) and Equation (55), we get
(Gn 1)m+1 (Gn)m+ Z (XU(Gn)l n> <Uﬁ
i,j=0
((G")> 7| A 1 Al A\ [ 7| ~62 a2l 7\ [, 7| ~a
((G”)2)2 v ><v G" - (G (G v ><u )+ (G™* o ><v G )
_ m+2 o _
— (Gn)m+1 " Z ai’j(Gnn)l 0n> <Ur1
i,j=0
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proving that Equation (55) holds for all m. With this in place, we can proceed to prove our main claim
about the corresponding expectation value:

(o)
m+1

G") ((G")'"+Za,-,,~(6")f " (G")f)(
i,j=0

_ (<Un (G") <Uﬁ
me+2

((Gn)2)
= ((G™)™) +a((G")™) +b((G")™2) + > @ (G )(G"))

i,j=0

A\ (GM
)= 675°

Un> <Uﬁ

7))

m+2 B ~
= > & (GHNUGH),
i.j=0
which completes our proof that the highest power is m + 2 for any m. Notice that we did not fully
specified the scalar factors a, b, @; j, (x{’ ;> as it is easy to verify, as previously, that they do not contain any
higher powers. O
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