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Abstract

During the last five decades, many different secondary constructions of bent functions
were proposed in the literature. Nevertheless, apart from a few works, the question about
the class inclusion of bent functions generated using these methods is rarely addressed.
Especially, if such a “new” family belongs to the completed Maiorana-McFarland (/\/l/\/l#)
class then there is no proper contribution to the theory of bent functions. In this article,
we provide some fundamental results related to the inclusion in MM# and eventually we
obtain many infinite families of bent functions that are provably outside MM# . The fact
that a bent function f is in/outside MM¥ if and only if its dual is in/outside MM7 is
employed in the so-called 4-decomposition of a bent function on F5, which was originally
considered by Canteaut and Charpin [3] in terms of the second-order derivatives and later
reformulated in [16] in terms of the duals of its restrictions to the cosets of an (n — 2)-
dimensional subspace V. For each of the three possible cases of this 4-decomposition of a
bent function (all four restrictions being bent, semi-bent, or 5-valued spectra functions),
we provide generic methods for designing bent functions provably outside MM¥. For
instance, for the elementary case of defining a bent function h(x, y1,y2) = f(X) ®y1y2 on
F5+2 using a bent function f on FY, we show that h is outside MM if and only if f is
outside MM, This approach is then generalized to the case when two bent functions
are used. More precisely, the concatenation f1||f1]|f2]|(1 ® f2) also gives bent functions
outside MM¥ if either f1 or fa is outside MM, The cases when the four restrictions
of a bent function are semi-bent or 5-valued spectra functions are also considered and
several design methods of designing infinite families of bent functions outside MM?,
using the spectral domain design considered in [15,16], are proposed.

Keywords: 4-decomposition, Class inclusion, 5-valued spectra functions, Bent functions,
Dual functions, Plateaued functions, Walsh support.

1 Introduction

The concept of bent functions has been introduced by Rothaus [21], as a subclass of Boolean
functions possessing several nice combinatorial properties which allowed for their great range
of applications in design and coding theory, sequences, and cryptography. A nice survey
on bent functions related to their design and properties can be found in [9], whereas their
exhaustive treatment can be found in [20]. For a detailed survey on (cryptographic) Boolean
functions, the reader is referred to the textbooks of Carlet [5] and Cusick and Stanica [11].
Two known primary classes of bent functions are the Maiorana-McFarland (MM) class
and the Partial Spreads (PS) class, which were introduced in the 1970s in [14] and [12],



respectively. Since it is not a simple matter to construct elements of the PS class practically,
an explicit subclass of PS, denoted by PS,,, was specified by Dillon in [13]. It seems quite
unrealistic that other primary classes are yet to be discovered and therefore many secondary
constructions (using known bent functions to build possibly new ones) have been proposed in
the literature. A non-exhaustive list of various secondary constructions can be found in the
following works [4,7,8,15,19,23,28]. However, the question regarding the class inclusion of
bent functions stemming from these secondary construction methods is commonly left open,
apart from a few works [1,4, 18,19, 24-26] where some explicit families of bent functions
provably outside the completed MM class are given. The main purpose of this article is to
address the class inclusion more properly and thus also to contribute to a classification of bent
functions. Nevertheless, the problem of finding efficient indicators for the inclusion/exclusion
in the completed PS class remains unanswered. This problem is equivalent to finding cliques
in a graph which is known to be NP-hard, see also [10, p. 59].

In this article, we employ a fundamental result (though not stated explicitly in the litera-
ture) concerning the inclusion in the completed MM class (denoted MM#), which involves
the dual function of a given bent function. More precisely, it can be shown that a bent
function f is in/outside MM# if and only if its bent dual is in/outside MM?#. This result
also implies that given a single bent function outside MM (or alternatively its dual) one
essentially derives a whole equivalence class whose members are also outside MM7. To
verify these results practically, we also propose a rather simple algorithm for determining
the inclusion in MM . The algorithm uses the graph-theoretic notion of a clique (complete
subgraph) to implement the second-order derivative criterion of Dillon [12], commonly used
when determining the inclusion/exclusion in MM¥. Tts performance is quite satisfactory,
allowing us to test the class inclusion for up to 12 variables efficiently. The above mentioned
fact regarding a bent function and its dual (with respect to the inclusion in ./\/l./\/l#) is then
useful when the so-called 4-decomposition of bent functions (say on F%) is considered, which
regards the decomposition into the cosets of an (n — 2)-dimensional subspace V' of F§. It was
originally investigated by Canteaut and Charpin [3] in terms of the second-order derivatives
of the dual function, whereas the similar properties were recently stated using duals of the
cosets of V' [16]. The main conclusion in [3] is that there are exactly three possible cases of
this 4-decomposition of a bent function, namely, all four restrictions being bent, semi-bent,
or 5-valued spectra functions. For each of the cases, using the necessary and sufficient condi-
tions in [16] (see Theorem 2.1), we provide generic methods (at least one) for designing bent
functions provably outside MM?*. For instance, in the elementary case of defining a bent
function h(x,y1,y2) = f(x) @ y1y2 on FSH using a bent function f on F% (corresponding
to a bent 4-decomposition since h = f||f||f]|(1 ® f)), we show that h is outside MM¥ if
and only if f is outside MM?. This approach is then generalized to the case when two
bent functions are used. More precisely, the concatenation f1||f1]|f2||(1 f2) also gives bent
functions outside MM if either f; or fo is outside MM7. This also naturally leads to a
recursive construction of bent functions outside MM# on larger ambient spaces.

The cases when the four restrictions of a bent function are semi-bent or 5-valued spectra
functions are also considered and several design methods of designing infinite families of bent
functions outside MM7 are proposed. We remark that the cardinality of bent functions



that are provably outside MM is extremely large which is also emphasized for instance in
Remark 3.3, where a single dual bent function on F§ which is not in MM gives rise to ~ 270
bent functions on Fi? that are not in MM# as well. This only concerns our design method
of concatenating four suitable semi-bent functions (using a dual which is not in MM™),
however our other constructions are similar in this context. Most notably, it seems that
the presence of linear structures in these semi-bent functions (being restrictions of a bent
function) is of no relevance for the class inclusion. More precisely, the use of a dual bent
function outside MM for their specification is sufficient for ensuring that the resulting bent
function is outside MM# as well. A similar conclusion is valid when a sophisticated notion
of duals of 5-valued spectra functions is employed for the same purpose, see for instance
Theorem 3.7. Again, having a bent dual outside MM¥ ensures that the concatenation of
four suitably selected 5-valued spectra functions generates bent functions that do not belong
to MM# (regardless of the presence of linear structures in these constituent functions).

The rest of this paper is organized as follows. In Section 2, we give some basic definitions
related to Boolean functions and discuss the concept of dual for some important classes of
Boolean functions. The design of bent functions provably outside MM# is addressed in
Section 3. More precisely, for each of the three possible cases (bent, semi-bent, or 5-valued
spectra functions), we provide construction methods for specifying suitable quadruples of
these functions so that the resulting bent functions are provably outside MM?7. In Section
4, we consider the design of bent functions by selecting 5-valued spectra functions in the
generalized Maiorana-McFarland class. However, it remains an open problem whether this
approach can generate bent functions outside MM7. Some concluding remarks are given in
Section 5.

2 Preliminaries

The vector space FY§ is the space of all n-tuples x = (z1,...,x,), where z; € Fy. For
x = (z1,...,2p) and y = (y1,...,¥yn) in Fy, the usual scalar (or dot) product over Fy is
defined as x-y = 2151 @+ - - B X, yn. The Hamming weight of x = (z1,...,z,) € F§ is denoted
and computed as wt(x) = Y i, z;. By “Y°” we denote the integer sum (without modulo
evaluation), whereas “@)” denotes the sum evaluated modulo two. With 0,, we denote the
all-zero vector with n coordinates, that is (0,0,...,0) € F7.

The set of all Boolean functions in n variables, which is the set of mappings from Fj
to o, is denoted by B,. Especially, the set of affine functions in n variables is given by
A, ={a-xdec:acFy, € {0,1}}, and similarly £, = {a-x:a € F§} C A,, denotes the
set of all linear functions. It is well-known that any f : F§ — Fy can be uniquely represented
by its associated algebraic normal form (ANF) as follows:

f(xlw--;xn) = @ Au <H~Tzul>7 (1)

ucky

where z;, A\y € F2 and u = (uy,...,u,) € Fy.



For an arbitrary function f € By, the set of its values on F% (the truth table) is defined as

Ty = (£(0,...,0,0), £(0,...,0,1),..., f(1,...,1,1)).
The corresponding (41)-sequence of f is defined as

((_1)f(0,...,0,0) (_1)f(0,“.,0,1) 7 (_1)f(1,...,1,1))'

Xf= , e

The Hamming distance dg between two arbitrary Boolean functions, say f,g € B,,, we define

by
() = X €F: f(x) # 90} =2 — Sxs o

2
where x ¢ - Xxg = erwg(_l)ﬂx)@g(x).

The Walsh-Hadamard transform (WHT) of f € B, and its inverse WHT, at any point
w € [F} are defined, respectively, by

and

(1)) =277 3" W (w)(—1)“™. (2)

wely
The derivative of f € B, at a € [}, denoted by D, f, is the Boolean function defined by
D,f(x) = f(x®a)® f(x), for all x € Fy,

and the second order derivative of f € B, at a,b € F3, denoted by DaDy, f, is the Boolean
function defined by

DaDpf(x)=f(x)® f(xDa)® f(xdb) D f(xdadb), for all x € F7.

A function f : F§ — Fs is said to have a linear structure v € F5* if Dy f(x) = f(x®y)®f(x) =
c for all x € F3, where ¢ € Fo.

The Maiorana-McFarland class MM is the set of n-variable (n is even) Boolean functions
of the form

f(x,y) =x-7(y) @ g(y), for all x,y € Fj'*, (3)

where 7 is a permutation on IFZ/ 2, and ¢ is an arbitrary Boolean function on Fg/ 2 We
recall that the completed class is obtained by applying the so-called extended affine (EA)
equivalence to the functions in a given class. More precisely, if we consider the class MM,
given an arbitrary f € MM defined on F3, this affine equivalence class includes a set of
functions {g} obtained by

9(x) = f(Ax+b)dc-xdd,



where A € GL(n,F3) (the group of invertible matrices under composition), b,c € F4} and
d € Fy. Thus, the completed class MM# can be defined as

MM#* = {f(Ax®b)dc-xPd: f € MM, A e GL(n,Fs),b,c e F},d e Fy}.

The following lemma, due to Dillon [12], is of crucial importance for the discussion on
class inclusion.

Lemma 2.1. [12, p. 102] A bent function f in n variables belongs to MM¥ if and only if

there exists an 5 -dimensional linear subspace V' of Fy such that the second-order derivatives

DaDpf(x) = f(x) & f(xDa)d f(x©b)& f(xdadb)
vanish for any a,b € V.

2.1 Bent and plateaued functions and their duals

Throughout this paper we use the following definitions related to bent and plateaued func-
tions:

e A function f € By, for even n, is called bent if Wi(u) = 22(—1)7"® for a Boolean
function f* € B,,, which is also a bent function, called the dual of f.

e Two functions f and g on F} are said to be at bent distance if d(f,g) = 27142721,
Similarly, for a subset B C B, a function f is said to be at bent distance to B if for
all g € B it holds that dy(f,g) = 2" + on/2-1

e A function f € B, is called s-plateaued if its Walsh spectra only takes three values 0
and 425" (the value 95" is called the amplitude), where s > 1 if n is odd and s > 2
if n is even (s and n always have the same parity).

A class of 1-plateaued functions for n odd, or 2-plateaued for n even, corresponds to
so-called semi-bent functions.

e The Walsh support of f € B, is defined as Sy = {w € Fy : Wy(w) # 0} and for an
s-plateaued function its cardinality is #S5; = 2"~* [3, Proposition 4].

e A dual function f* of an s-plateaued f € B, is defined through W (w) = 973" (—1)f" ),
for w € Sy. To specify the dual function as f* : Fy~° — Fy we use the concept
of lexicographic ordering. That is, a subset E = {eq,...,eqn—s_1} C F} is ordered
lexicographically if |e;| < |e;+1] for any i € [0,2"° — 2], where |e;| = Z?:_& €in_1-j2
denotes the integer representation of e; € Fy. Since Sy is not ordered in general, we
will always represent it as Sy = v @ E, where E is lexicographically ordered for some
fixed v € Sy and ey = 0.

A direct correspondence between F5™* and Sy = {wo, ...,wyn—s_1} is achieved through
E so that for the lexicographically ordered F5 ™% = {x¢,X1,...,Xn—s_1} we have
Fxi)=f(voe) = fw), (4)

where x; € F57°, e; € E, 1 € [0,2"7° —1].



Remark 2.1. Throughout this article, from the design perspective, the dual of an s-plateaued
function f : F§ — Fo will be denoted by f* and is consiaiered as a function on Sy (that is
[*: S = Fa). However, as specified in (4), the notation f~ associates this dual to a function
defined on F5™°, that is 7 F37% — Fs.

2.2 Specifying 5-valued spectra functions through duals

We first recall certain notations, introduced in [16], useful in handling the 5-valued spectra
Boolean function which has two different non-zero absolute values.

Let the WHT spectrum of a function f : F§ — Fy contain the values 0, %c;, £eo (¢1 #
c2), where c1,ca € N. Some of the results in [16] are stated in a more general context,
but since the 4-decomposition of bent functions is our main objective we only consider the
cases ¢; = 22 and ¢y = 2("t2)/2 ahove. For i = 1,2, by SJ[j] C F3 we denote the set

S][ﬂ ={ueFy:|[Ws(u)| = ¢}, and we can define the functions T Sj[f] — F9 such that the
following equality holds:

0 ug sty s
W u) = ’ * - f f ’ 5
() { ci- (~1)0™, we sl ie (1,2 (5)

For i =1,2,let v; € Fy and E; = {eg), e e;?iil} c Fy (e(()i) = 0,,) be lexicographically

ordered subsets of cardinality 2" such that S][f] = {w(()i), - ,wéi)ii 1} =v; ® F;, where wj(.i) =

gi)7 for j € [0,2* —1]. Clearly, the lexicographically ordered set E; imposes an ordering
on Sj[f] with respect to the equality wj(i) =v;® eg.i)
and the fact that the cardinality of Sj[f] is a power of two the function 73]7 as a mapping from

IE‘SZ to g, is defined as

v, be

. Using the representation of S][f] =v;DE;

FaG) = fvioel) = frwi), jefo,2h 1], (6)

where IF;‘Z = {x0,...,Xq9r;_;} is ordered lexicographically.

A more specific method for designing 5-valued spectra functions on Fy (thus Wy(u) €
{0, +2"/ 2,:t2n7+2}), originally considered in [16], will be used in Section 3.4 for specifying
suitable quadruples of such functions whose concatenation will give bent functions outside

MM#.

2.3 Decomposition of bent functions

The decomposition of bent functions on Fg, n is even, to affine subspaces a @ V, for some
k-dimensional linear subspace V' C F%, was considered in [3]. For a bent function § € B, the
restriction to a @ V is denoted by fasy and it can be viewed as a function from F§ — Fy
using

faEBV(Xi) = faGBV(a@ Vi)v (&S [O’ 2k — 1]7 (7)



for lexicographically ordered V = {vq,...,vox_1} and F§ = {x0,...,Xor_1}. This identifica-
tion between V and F’Z“ , and thus the definition of fagy : IF’§ — [Fo, strongly depends on the
ordering of V.

The 4-decomposition of a bent function f € B,,, as a special case considered in [3], then
defines four subfunctions on the four cosets of some (n — 2)-dimensional linear subspace.
More precisely, for nonzero a,b € Fy with a # b this (n — 2)-dimensional subspace is
defined as V = (a,b)*, where the dual of a linear subspace, say S C F3, is defined as
St={xeFy:x-y=0, Vy € S}.

Let (f1, f2, f3, f4) be such a decomposition, that is, f1,..., f1 € B,_2 are defined on the
four cosets 0, @ V,a® Vb @ V,(a® b) @ V respectively, thus Q = (a,b) and Q ® V = F}
(with @ NV = {0,}). Such a decomposition is called a bent 4-decomposition when all f;
(1 € [1,4]), are bent; a semi-bent 4-decomposition when all f; (i € [1,4]) are semi-bent;
a J-valued j-decomposition when all f; (i € [1,4]) are 5-valued spectra functions so that
Wy, € {0,£2(n=2)/2 £27/2} [3]. These are the only possibilities and we strictly have that
all the restrictions have the same spectral profile, for instance the restrictions cannot be a
mixture of bent and semi-bent functions.

The 4-decomposition was fully described in [3] in terms of the second-order derivatives
(with respect to a and b) of the dual * of a bent function §. Alternatively, the approach that
will be used in this article, this decomposition can be specified in terms of Walsh supports
and duals of its restrictions f1,..., fy [16]. Note that functions f; are considered as functions
in (n — 2)-variables in terms of relation (7) (that is when dim(V) =k =n —2).

Theorem 2.1. [16] Let § € By, be a bent function, for even n > 4. Let a,b € Fy \ {0,}
(a #b) and V = (a,b)L. If we denote by (f1,..., f1) the 4-decomposition of f with respect
to'V, then (fi,..., f1) is:

i) A bent 4-decomposition if and only if it holds that f; & f5 @ fa & fi = 1.

ii) A semi-bent 4-decomposition if and only if functions f; (i € [1,4]) are pairwise disjoint
spectra semi-bent functions.

iii) A five-valued 4-decomposition if and only if the following statements hold:
a) The sets SJ%] = {0 € P32 Wy, (9)| =22} (i € [1,4]) are pairwise disjoint;

b) All SE] — {9 e FP2: |Wy,(0)] = 2nT_2} are equal (i € [1,4]), and for Fya SJ[%] 5 Fy
it holds that f[*%l P f[ZLQ Jay f[*2]’3 D f[Z]A -1

In the rest of this article, we consider the canonical 4-decomposition so that a = (0,0, ...,0, 1),
b = (0,0,...,1,0) € F} and consequently V = FS_Q x {(0,0)} in Theorem 2.1. Then, the
function f is the concatenation of f; € B,_o which we denote by f = fi||f2|| f3|| fa-

3 Decomposing bent functions - design methods

From the design perspective, Theorem 2.1 allows us to specify (possibly new) bent functions
by specifying suitable quadruples of bent, semi-bent, or 5-valued spectra functions. We



develop these ideas below more precisely in the rest of this section, but before this we propose
an efficient algorithm for testing the inclusion in MM .

3.1 An algorithm for determining whether f € MM

We first describe an algorithmic approach to determine whether a bent function is outside
MM# . The algorithm is based on Lemma 2.1 and some graph-theoretical concepts.
Let f € B, be a bent function. Set I' = (V, E)) to be a graph with edge set

E = {{a,b}:a,b € F3.; DDy f = 0},

and vertex set V' C 3, consisting of all distinct vertices appearing in the edge set E. For
simplicity, we do not add 0 to V as DyDyf = 0 for all b € Fon. With this approach, we
reduce the size of the vertex set V as D,Dyf # 0, for some a,b € F3,.. In practice, the size of
the vertex set becomes relatively small and for instance in dimension n = 8 we could verify
that typical values for |V| are 0 and 6. We also remark that we consider the graph I' to be
simple as there are no loops (DD, f = 0 holds for all a € Fan); and it is not directed since
DyDyf = DyD,f for any a,b € Fan.

From Lemma 2.1, we know that we need to find an (n/2)-dimensional linear subspace
V' of Fon on which the second-order derivatives of f vanish. From the graph-theoretical
perspective, this problem corresponds to finding a clique A ( a complete subgraph) of size
2"/2 _1 in the graph I" and additionally checking whether V/(A)U{0} forms a linear subspace
in 3. Finding a clique in a graph is known to be an NP-complete problem and, specifically,
the time complexity of this search would be of size O(2"2n/2). However, in practice, this
number is much smaller because the number of vertices (namely |V'|) of the graph I is almost
negligible compared to 2". The full Sage implementation has been added to the appendix.
It might be of interest to optimize further the performance of this algorithm so that larger
input sizes can be efficiently tested.

We have considered 100 bent functions in dimension 8 and the average time needed to
check whether one function is outside MM was approx. 17 seconds. For n = 10, the
average time for checking the property of being in or outside MM? was 30 minutes. On the
other hand, when n = 12, the time complexity is approximately 22 hours on average. For
the purpose of this article, the proposed algorithm is sufficiently efficient and is superior to
a straightforward approach of checking all n/2-dimensional subspaces and verifying the van-
ishing property of the second-order derivatives. Most importantly, all the examples provided
in this article (in certain cases the ANFs are also given) can be efficiently checked using the
Sage algorithm given in Appendix. We also note the following interesting observation.

Remark 3.1. We remark that the dual of a bent function f € MM, given by f(x,y) =
x-mw(y) @ h(y) for x,y € FQ/Q, where ™ is a permutation on IFS/Q and h is arbitrary, is
apparently in MM (see for instance [5] for the specification of f*). The same is true when
f € MM is considered since the class inclusion is invariant under the EA transform.



3.2 Defining suitable bent 4-decompositions

Recently, a quadruple of distinct bent functions, satisfying that i @ f5 @ f5 @ f; =1, was
identified in [2]. It was additionally shown that their concatenation fi||f2||f3||f1 is provably
outside the MM7 class. More precisely, the authors considered a quadruple of bent functions
(not all of them being in MM¥) that belong to the C and D class of Carlet [4] and their
suitable “modifications” for this purpose. Nevertheless, the following results show that the
same method can generate new bent functions outside MM when a single bent function
(alternatively a pair of bent functions) outside MM is used.

Theorem 3.1. Let n be even and f be a bent function in n variables. Set h(x,y1,y2) =
f(X)®y1y2 fory; € Fo, so that h = f||f||f||fI|(1@ f) € B4z is also bent. Then, f is outside
MM if and only if h is outside MM .

Proof. 1t is well-known that h = f||f[|f||f||(1 ® f) € B2 is bent if f is bent. Notice that
‘f is outside MM if and only if A is outside MM’ is equivalent to *f is in MM¥ if and
only if h is in MM™’.

Suppose first that h is outside MM#, thus we want to show that f is outside MM7.
Assume on the contrary that f is in MM, thus there exists (at least) one linear subspace
V C F% with dim(V) = n/2 such that Dy Dy f = 0, for any a’,b’ € V. Let E =V x
{(0,0), (0,1)} which is a subspace of F3 2 of dimension /2 4 1. We then have that

D(ar ay,02) D (v 1 b2) 0 = 0,

for any a’,b’ € V and (a1, a9), (b1,b2) € {(0,0),(0,1)}, thus the second-order derivative of
h vanish on E. Hence, h is in MM# which contradicts our assumption that h is outside
MM#.

Now, we show that f is outside MM? implies that h is outside MM7%. Assuming
f & MM#_ then for any subspace V' C F3 with dim(V') = n/2, we can always find two vectors
a’,b’ such that Dy Dy f # 0. Let E C F} x F3 be any subspace with dim(E) = n/2 + 1.
There are two cases to be considered.

a. If dim(E N (F3 x {(0,0)})) > n/2, then we can find two vectors (a’,0,0), (b’,0,0) and
consequently
D(a’,O,O)D(b’,O,o)h = DyDy f#0.

b. If dim(E N (F3 x {(0,0)})) < n/2, then we must have E N ({0,} x F3) = {0, } x F3
since dim(E) = n/2 + 1 (using that dim(E N (F§ x F3)) = n/2 + 1). Here, there are
three cases to be considered.

(a) If Dy Dy f = 0 for any two vectors (a/,0,0), (b’,0,0) € EN (Fy x {(0,0)}), then
we can specify (aj,as) = (1,0), (b1,b2) = (1,1) so that

D(ay,a2) Dby b2) (192) = 1.
Thus,

D(ar.a1,a2) Dot b1 52)h = Dar Dot f © Di(ay a0) Doy ) (Y192) = 1 # 0.

9



(b) If Dy Dy f = 1 for any two nonzero vectors (a’,02), (b’,02) € E N (Fy x {02}),
then we select (ag,a2) = (1,0), (b1,b2) = (0,0) so that

D(a17a2)D(b17b2)y1y2 = 0.
Thus,

D(ar.a1,a2) Do 51 82) = Dar Dot f © D(ay a0) Doy ) (Y192) = 1 # 0.

(¢) If Da Dy f # const. for two nonzero vectors (a’,02), (b’,02) € E N (Fy x {02}),
then
D(a’,al,az)D(b’,bl,bg)h = Da/Db/f 7'5 const.

This concludes the proof.
O

Corollary 1. Let n and m be even positive integers and h be a bent function in By,. Then,
the function f(X, 91,2, Ym) = h(X) D Y192 D - - ® Ym_1Ym is outside MM if and only
if b is outside MM .

Now, we investigate another non-trivial selection of bent quadruples (different from f =
fillfillfill (1@ f1), which satisfy the necessary and sufficient condition f; @ f5 @ f5 @ fi = 1.
It turns out that the basic concatenation method of using just two bent functions, where at
least one of them is outside MM also generates bent functions outside MM,

Using the convention that f(x,0,0) = f1(x), f(x,0,1) = fa(x), f(x,1,0) = f3(x) and
F(%,1,1) = f4(x), the ANF of f = fy|| ol sl fu is given by

F(xy1,92) = fi(x) @yi1(f1 ® f3)(x) D y2(fi @ f2)(x) D y1y2(fr @ fo® f3® fa)(x). (8)

Theorem 3.2. Let n = 2m be even and fi,fo € B, be two bent functions. Set f =
fillfillf2l|(f2 @ 1), which by (8) gives

F(x,y1,92) = (L@ y1) f1(X) © y1f2(x) D y1y2, x € Fy,y1,y2 € Fa. (9)
If either fi or fy are outside M¥, then f € Buyo is bent and outside M.

Proof. Since f{ @ f{ @ f3 @ (f2® 1)* =1, then f is bent.

For convenience, we denote a = (a’, ag,as), b = (b’,be,b3) € Fy x Fy x Fa. Let V be an
arbitrary (m -+ 1)-dimensional subspace of Ff*2 From Lemma 2.1, it is sufficient to show
that for an arbitrary (m+ 1)-dimensional subspace V' of FSH one can always find two vectors
a,b € V such that D(a/ 4y 05) Db bo,b5) f (X Y1, y2) # 0 for some (x,y1,92) € Fg“. We have

D(a’,ag,ag)D(b/,bz,bs)f(X7 Y1, yZ) = (1 @ yl)Da’Db’fl (X) ©® lea’Db’fQ(X)
@®as Dy (fl ) f2) (X ) a’) @ bo Dy (fl ) f2) (X ) b,)
Paobs B agbs.
(10)
There are two cases to be considered.
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a. Assuming that dim (V N (F5 x {(0,0)})) > m implies the existence of two vectors a =
(a/,CLQ,CLg),b = (b/,bg,bg) € V such that a’ 75 b/, as = ag = by = b3 = 0. Firstly,
suppose that fs is outside MM#. Thus:

Dar Dy fo # 0.

From (10), for y; = 1, we obtain

D(a a3,a5) Db/ b2 b5) f (%, 1, 42) = Dar Dy fa(x) # 0.

Thus, we have found a,b € V such that DDy f(x,1,y2) # 0, which also implies that

DaDy f(x,91,92) # 0.
Now, assume that f; ¢ MM?#. Similarly, there will exist two vectors a = (a”, ag,a3),b =

(b”,b2,b3) € V such that a” # b”, ag = ag = by = b3 = 0, for which D Dyr f1 # 0.
Setting y; = 0 in (10), we obtain

D az.a5) Db b b3) f (%, 0, y2) = Do Dy f1(x) # O,
and again we conclude that DaDy f(x,y1,y2) # 0.

b. When dim (V N (F% x {(0,0)})) < m, we have VN({0,} xF3) = F3 since dim (V N (F§ x F3)) =
m + 1. Furthermore, we can find two vectors a = (a’,as,a3),b = (b, be,b3) € V such
that 8’ = 0,,,b’ = 0,,, as = 1,b2 =0, and a3 = 0,b3 = 1. From (10), we have

D(o,,1,00D0,,0,1)f (X, y1,92) = 1 # 0. (11)

Thus, there is no (m + 1)-dimensional linear subspace of 15"2”2 on which the second-order
derivatives of f vanish, i.e., f is outside MM,
O

Example 3.1. Let fi1, fo € Bg be defined by fi(x,y) =x-y and fa(x,y) = x-m2(y) ® do(x),
respectively, where T = (0,1,2,3,4,5,8,10,6,12,7,15,13,11,9,14) is a permutation of F3
in integer form and x,y € Fs. We note that fi € MM¥ and fo € Dy \ MM¥. Let
f1. = (f1, f1, fo, fo @ 1) and f2 = (f2, fo, f1, f1 @ 1) be defined via (9). Using the algorithm in
Section 3.1, we have confirmed that f1,f2 € Big are both bent function outside MM,

An iterative design of bent functions outside MM follows easily from Theorem 3.2.

Corollary 2. Let fi, fo € B, be two bent functions such that either fi or fo is outside
MM* . Set 1Y = (f1, f1, fo. o ©1) and 157 = (fo, fo, fr. fr ©1). For k> 2 we define

fgk) _ (fgkfl)’fgkfl)’ gkfl)’ gkfl) ® 1)

and k k—1 k—1 k—1 k—1
() — (1) =) ghd) ) gy )

Then, fgk) and fgk) are bent functions in n + 2k variables outside MM .
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3.3 Semi-bent case of 4-decomposition

The construction of disjoint spectra semi-bent functions was treated in several articles, see [17]
and references therein. In terms of the spectral design method in [17], constructing quadruples
of semi-bent functions on F§ (with n even), whose spectra belong to {0, +2"3° }, with pairwise
disjoint spectra can be easily achieved by specifying suitable Walsh supports. It has already
been observed in [15,27] that trivial plateaued functions, having an affine subspace as their
Walsh support, essentially correspond to partially bent functions introduced by Carlet in [6]
which admit linear structures. Nevertheless, the selection of these Walsh supports as affine
subspaces or subsets will be shown to be irrelevant for the class inclusion of the resulting
bent functions, which will be entirely governed by the bent duals.

3.3.1 Known results on the design methods of plateaued Boolean functions

Before proving the main results of this section, we will give a brief overview of some known use-
ful results obtained in [17] regarding the construction and properties of s-plateaued Boolean
functions. For simplicity, we adopt these results for semi-bent functions, thus s = 2, and
employ only the parts relevant for our purposes.

Theorem 3.3. [17, Theorem 3.3 (with s = 2)] Let Sy = v EM = {wo,...,won—2_1} C F3,
for somev € Fy, M € GL(n,F3) and subset E = {eg,e1,...,em-2_1} C FY, wheren is even.
For a function g : F3~% — Fy such that wt(g) = 2" + 2"3°~1 o wt(g) = 2773 — 9" -1
(having bent weight), let the Walsh spectrum of f on T} be defined (by identifying x; € Fy~>
and w; € Sy through e; € E using (4)) as
QnTﬁ(—l)g(xi) foru=veoeMeSs
Wi(u) = ’ T (12)
0, u¢ Sy

Then:

i) f is an 2-plateaued (semi-bent) function if and only if g is at bent distance to

(I)f = {¢u : Fg_2 — IFZ C Xou = ((_1)u-wo’ (_1)UIW17 ceey (_1)11'&)277,7271)7 w; € Sfa uc Fg}(l?))

it) If E C FY is a linear subspace, then f is semi-bent if and only if g is a bent function on
F3—2,

Remark 3.2. Since |S¢| = 2"2 and the absolute value of the Walsh coefficients in Theorem

3.3 1s 2%2, Parseval’s identity Zueﬂ?g Wy(u)? = 22" is clearly satisfied. For ease of notation,
we will consider f € Byy2 and use a dual bent function g € B,. The Walsh support Sy C
IF'SH with |S¢| = 2", can be specified as a binary matriz of size 2" x (n + 2) of the form
Sp=(c®FyM) 1T, 2 Ty,, M € GL(n,Fy) and ¢ € F. Here, the part ¢ ® F5M is an affine
permutation of Fy and corresponds to the first n columns of Sy; whereas the last two columns

Ty, 0Ty, of Sy are binary truth tables of pi, po € By.
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To construct nontrivial semi-bent functions (whose Walsh supports are subsets), one can
employ bent functions in the MM class defined by

g(x,y) = x-9(y) @ t(y); x,y € Fy/? (14)

where 1) is an arbitrary permutation on IF;/ and t € B, /3 is arbitrary.

Theorem 3.4. [17, Theorem 4.2] Let g(x,y) = x-9(y), X,y € Fg/z, be a bent function, n is
even. For an arbitrary matric M € GL(n,Fq) and vector ¢ € Fy, let Sy = (c® EM) T, T,
where E = FY is ordered lexicographically and p € By, we have:

i) Let E1, E5 be subspaces ofIFg/2 such that y(Eq) = Ef and define u(x,y) = ¢, (X)o5,(¥),
where ¢, denotes the characteristic function of E;. Then, f : IF;J“Q — [y specified using
Sy and the dual g as in Theorem 3.3, is a semi-bent function.

ii) Let L be a subspace of FY and define u(x,y) = ¢p(x). If v~Y(v + L*) is an affine
subspace for all v € F5, then f : Fg+2 — [y, specified using Sy and the dual g as in
Theorem 3.3, is a semi-bent function.

3.3.2 Bent functions outside MM? using semi-bent functions with suitable du-
als

By employing the above results, the authors in [17] also proposed a construction method
of disjoint spectra plateaued functions, see Theorem 4.4 in [17], and additionally showed
that these functions can be efficiently utilized for the construction of bent functions. For the
particular case of specifying four semi-bent functions on FSH, by using a bent dual g € B,,, it
is convenient to express ]1'7'72ZJr2 = V@ Q where for simplicity V = F% x {(0,0)} and Q = 0,, xF3.
The main idea is then to specify disjoint Walsh supports of semi-bent functions f; on the
cosets of V' in F3 ™2, Again, the use of a suitable bent dual g € B,, (taken outside MM?) is
decisive when the design of bent functions outside MM is considered.

Theorem 3.5. Let g ¢ MM¥ be a bent function in n variables. For an arbitrary matriz
M € GL(n,F,) and vector ¢ € F3, let Sy = (c @ FEM) 2 Ty, 1 Ty, C F2, where t1,ty € B,
such that g(x,y) & viti(x,y) @ vata(x,y) is bent for any vi,va € Fy, where X,y € IF;L/Q.
Let Q = {0,} x F% = {qo,q1,q2,q3} and set Sy, = q; & Sy, for i = 0,...,3. Then, the
functions f; € By12, constructed using Theorem 3.3 with Sy, and g, are semi-bent functions
on Fg“ with pairwise disjoint spectra. Moreover, the function § € Byy4, whose restrictions

are ﬂa¢®]F§+4 = fi (thus § = f1l|f2||f3]|f1), where a; € {0,412} x F3, is a bent function outside
MM#,

Proof. Let ¢ € F§ and M € GL(n,F,) be arbitrary. Let Sy = (c ® F§M) T}, 1 T},, where
t1,t2 € By. The columns of ¢ @ F§M correspond to affine functions in n variables, say

li,...,l, € A,. Thus, the function g ® v - (l1,...,ln, t1,t2) is bent for any v € IE‘SH. Hence,
g is at bent distance to @ = {¢py € B, : Ty, = (0-wp,...,u-woen_1), w; € Sy, u € Fg”}.
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Let Sy, = Sy ®q; and q; € Q@ = {0,,} x F2. By Theorem 3.3, the functions f; € By, 42, whose
Walsh spectral values at u € IFSH are defined by:

ntd v
_ ) 27 (1) a= (e (x4, i) - Mt (x4, i), ta(xi, yi)) @ qi € Sy,
Wfi(u) = )
0, u ¢ S fi
(15)
are 2-plateaued (semi-bent) functions, for i = 0,...,3.
By [17, Theorem 4.4] mentioned above, the functions f; € B,to are pairwise disjoint
spectra functions (this is also obvious from the definition of Sy,). Furthermore, we have

Uqeo(q® Sy) = F3 2 and the function f € B,,14 is bent by Theorem 2.1 i4). For convenience,

we write u = (a, 8,7, w;) € FS/Q X Fgm x F3 x F2. Let A = (t1(a, B),t2(cr, ). We know

that for some q; € @ we have that (o, 3,7) = (o, 8,A) ® q;j. Then, the Walsh-Hadamard
transform of f at u € IFSJFQ evaluates to:

Wf(u) = Z (_1)f(x7Y7z’t)®(x’yvzvt)'u
(x,y,2,t)E(FG/?)2 x (F3)?

Z (_1)f((x7y72702)®ai)@((xuyvzv()?)@ai)'u

(x,y,2)€ (]F;L/?)2 xF2

(_l)ai~u Z (_1)fi(x,y,z)@(x,y,z)'(a,ﬁ,’y)

(x,y,2)€(Fy/?)2 x F2
3

(12 Wy, (@, 8,7) = Y (1) "Wy, (o, 8, A) @ @)
1=0

SDI W (0, 5,4) = (1) (-1
2 (Cyelap)sau,

I
M- LM LM

[e=]

~.

I
[\&) —~

Hence, f* is defined via g which is outside MM?# and it follows that * is outside MM¥.
By Remark 3.1, it means that § is outside MM, O

Since ¢ € B, is supposed to be a bent function outside MM#, we can employ the class
Dy of Carlet [4] or certain families of bent functions in C and D that are provably outside
MM# [18,24,25]. Alternatively g can be taken from the recent classes SC and CD [1,2], which
are specified in Corollary 3 below. Notice that the subspaces L, E1, F» used to define g in
Corollary 3 below, satisfy certain conditions with respect to the permutation 7, see [4,24,25].
However, there exist efficient design methods for specifying bent functions in the above classes
that are provably outside MM# [1,2,18,24,25]. On the other hand, for t,ty € B, we use
certain indicators that preserve the bentness of g(x,y) @ vi1t1(x,y) ® vate(x,y). The results

are summarised in the following corollary, where we denote dy(x) = H:ﬁ (x; @ 1) which is

the indicator function of the subspace 0,,/5 X Fg/ 2,
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Corollary 3. With the same notation as in Theorem 3.5, if a bent function g € B, and
t1,te € By, are defined by:

i) g(x,y) =x7(y) @ do(x) € Do \ MM*, t1(x,y) = ta(x,y) = 6o(x), x,y € F5"%,

i) g(x,y) = x-7m(y)®1,1(x) € C\MM?, t1,ty correspond to 1,1 (x) or §(x), X,y € F3/2,

i) g(x,y) = x - 7w(y) @ 1,0(x) ® o(x) € SC\ MM, t1,ty correspond to 1. (x) or

60(X)a X,y € ]Fg/27 or

w) g(x,y) = x-7(y) ® 10(x) ® 1p, (x)1p,(y) € CD\ MM™, ti(x,y) = ba(x,y) =
1,0 (X)7 X,y € FQ/Q;
then | € B4 is a bent function outside MM?

In the following example, we take g € Dy \ MM in 8 variables to construct a bent
function in 12 variables outside MM?# by means of Theorem 3.5. The result was also
confirmed using our algorithm in Section 3.1.

Example 3.2. Let g(x,y) = x - 71(y) ® do(x), x,y € F3, be a bent function in Dy (out-
side MM™), where 7 = (0,1,11,13,9,14,6,7,12,5,8,3,15,2,4,10) is a permutation of F3
represented in integer form. Let ¢ € FS and M € GL(8,F,) be arbitrary, say,

000100171
11111101
01110101
11011111
¢=(0,010,L1L11), M=| o o | o 0 1 1 1
11000001
010000171
11011100

Let Sy = (¢ ®F3 - M) 1 Ts, 1 Ty, where Ty, is the truth table of the function do(x) viewed
as a function on F3. That is, do(x,y) = do(x) € Bs. Then, fi € Big defined via Sy,
and g, using Theorem 3.3, are pairwise disjoint spectra functions, where Sy, = Sy @ q; and
Qi € Q = {03} x F3. In other words, f = (fo, f1, f2, f3) € Bi2 is a bent function and can be
viewed as a concatenation of four semi-bent functions. Furthermore, using our algorithm in
Section 3.1, we have confirmed that § lies outside MM¥. The ANF of f is given by (22) in
Appendiz.

The following remarks are important with respect to the cardinality of bent functions
outside MM or the presence linear structures of the constituent semi-bent functions.

Remark 3.3. Notice that the number of possibilities of selecting Sy, (which is a binary
matriz of size 2" x (n + 2)) is quite large. We have 2" possible choices for ¢ € F4 and
[Ti_o (2™ — 2%) choices for M € GL(n,F,). Thus, for fized Boolean functions ti,ts € By, we
have 2™ [Tp_, (2" — 2K) choices for S¢. For example, for n =8 this number equals ~ 27°-2.
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Remark 3.4. The existence of linear structures in the semi-bent functions f;, used in The-
orem 3.5 to specify §, is of no importance when determining whether f € MM™. We have
confirmed this, using our algorithm from Section 3.1, by verifying that the resulting bent func-
tions are always outside MM™ provided that the bent function g used to define the dual of
fi (by means of (15)) is outside MM¥ . It is completely irrelevant whether these semi-bent
functions possess linear structures (having affine supports Sy,) or not.

3.4 Four bent decomposition in terms of 5-valued spectra functions

To specify 5-valued spectra Boolean functions, the authors in [16] provided a sufficient and
necessary condition that the Walsh spectra of f; (corresponding to two different amplitudes)
must satisfy, see Section 2.2. The notion of totally disjoint spectra functions was also intro-
duced in [16], which can be regarded as a sufficient condition so that the Walsh spectrum
specified by (5) is a valid spectrum of a Boolean function.

Definition 3.1. [16, Definition 4.1] For two disjoint sets Sj[cl], ][02] C F3, with #S][cl]—l-#S][?] =

M 4 922 < 9™ we say that functions ffi] : S}l] — o and f[*Q] : S][?] — Fa are totally disjoint

spectra functions if it holds that
Xi(uw)X2(u) =0 and |Xq1(u)|+|X2(u)| >0
for all u € FY, where X;(u) = Zwes[i](—l)fﬁ](w)eeuw, fori=1,2.
f

Remark 3.5. Note that the second condition implies the nonexistence of a vector u € Fy
for which X1(u) = Xo(u) = 0. Without this condition, the notion of totally disjoint spectra
coincides with non-overlap disjoint spectra functions in [22].

Furthermore, a generic method of specifying totally disjoint spectra functions was also
given in [16].

Construction 1. [16] Let n, m and k be even with n = m + k. Let h € B, and g € By, be
two bent functions. Let H be any subspace of F§* of co-dimension 1, and let H = FJ"\H. Let
also By = F5 x H and Ey = {0} x H. The Walsh spectrum of f € B,,, with (a, B) € F§ xF,
can be constructed as follows:

(_1)g(a)@h(ﬁ) . 271/27 (o, B) € )
Wi(a, 8) = q (=1)M5) .2m/24k - (a, 8) € By (16)

0, otherwise.

Then, Wy is a valid spectrum of a Boolean function f € B,. Let now

fila,B) = gla)@h(B), (a,p)€Er
fg(Oé,,B) = h(/B)v (a)ﬁ)EEZ-

Then, f1: E1 — Fy and fo : Eo — Fy are totally disjoint spectra functions.
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Now, we need to specify a quadruple of 5-valued spectra functions which are all of this
kind and, additionally satisfying the condition given by item ii) of Theorem 2.1. More
precisely:

a) The sets Sm = {9 € Fy72: W, (9)| =22} (i € [1,4]) are pairwise disjoint;

b) All 5[2] = {0 eFy?: Wr(W)|=2"2 } are equal (i € [1,4]), and for f§ , : H — Iy
holds that f[Q] 1 @f2]2 @f[Q 5 @f2]4

When k& = 2, Construction 1 can generate suitable quadruples of 5-valued spectra func-
tions (which are individually totally disjoint spectra functions) as shown below.

Theorem 3.6. Let n =m + 2 be even so that m is also even. Let h € By, and g € B = Bo
be two bent functions. Let H be any subspace of F3* of co-dimension 1, and let H = F3"\H.
Let also Ei D =TF2x H and E ={cW}xH, fori=1,...,4, where c®) € F3 and c) # cU)
for1<i#£j<4. We speczfy the spectra of f; € B, as follows:

(—1)9(@ShPB)+d on/2 (o B) € EY’)
Wy, 8) =S (-1 . 2°°+2 (a,p) € EY (17)

0, otherwise,

where d = 1 ifi = 4, otherwise d = 0. Then, the function f € B2 given as the concatenation
= fllf2llf3]| f1 is a bent function.

Proof. The functions f; € B, specified by (17), are clearly 5-valued spectra functions. We
need to verify that their spectra corresponds to Boolean functions. By Construction 1, this
is true for fi. Due to the definition of Ey) and Eéi), the same is true for any f; which are
all Boolean 5-valued spectra functions. Now, the condition for a valid 4—decon?1))osition into
7

5-valued spectra functions is given by ¢4i) in Theorem 2.1. The supports Ey’ are clearly

disjoint by their definition, whereas Ey) are defined on the same subspace of ;. The last
condition that the bent duals defined on Ef) satisfies f) 1 @ fiy 2 ® fi 3 ® fip4 = 1 follows
from the specification of the spectra on EY), using the fact that d = 1 only when ¢ =4. [
Remark 3.6. Since d = 1 when i = 4, the complement of the dual is used for the fourth
constituent function fy. This ensures that the bent duals satisfy f[Z],l@f[;],z@f[z]73@f[*2},4 =1
Nevertheless, this is not the only choice and the bent duals can be specified in other ways
(through the complement operation) as long as their sum equals 1.

The following examples illustrate the details of this construction and the possibility of
getting bent functions outside MM?#. Notice that the dual h used to specify f is not
necessarily in MM7.

Example 3.3. Let n =8 and let h € Bg, g € By be defined by h(xg,...,x5) = xox1 ® rox3 H
x4x5 € MM and g(xo,x1) = xox1. Using the mathematical software Sage, we constructed
the functions ) € Bg fori=1,...,4 defined by (17) and their ANF’s are given as follows:

fi(zo, ..., z7) = zox1 @ 223 B 45 B TaT6TT B X627,
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fo(zo, ..., x7) = xow1 D o3 B T4T5 B T4TeTT B T4T6 B TeX7,
fa(zo, ..., x7) = zox1 © T2y B TaT5 B T4T6T7 B TaX7 B T6X7,

fa(xo, ..., x7) = 2ox1 © T2w3 ® X425 B T4T6xT7 O T4x6 O T4x7 D T4 O Tex7 D 1

Then, the function f € Big given as the concatenation f = fi||f2||f3]|f1 is a cubic bent
function defined by

f(.’L‘(), e ,.7}9) = 2ox1 D X2x3 D a5 D TaXeT7 D TyXexy O TaX7Xg D Tyx8T9 D TeL7 D TRT9.
Using our algorithm in Section 3.1, we could verify that f € MM¥.

On the other hand, the following two examples illustrate that selecting the dual A to
be outside MM the resulting bent functions (constructed using Theorem 3.6) are outside

MM*,

Example 3.4. Let h € Bg defined by h(x,y) = Tri(zy") + do(x), x,y € Fo, be a bent
function in the class Do \ MM¥ [}, 24], and let g € By be defined by g(zo,r1) = xox1.
Using Sage we constructed the functions f; € Biy for i =1,...,4 defined by (17). Then, the
function f € Bia given as f = fi||f2||f3l|fa is a bent function of algebraic degree 5. This time
the function f, whose ANF is given by (20) in Appendiz, is outside MM .

Example 3.5. Let n = 10 and h € Bg, g € By be bent functions, where g(xg,z1) = zox1. The
function h € Bg, whose ANF is given by (19) in Appendiz, lies in PS* and is outside M#.
Using Sage, we constructed the functions f; € Big fori=1,...,4 defined by (17). Then, the
function f € Bia given as f = fi||fa||f3||fa is a bent function of algebraic degree 5. Again, it
could be confirmed that f is outside MM¥ (its ANF is given by (21) in Appendiz).

The above examples indicate that the conclusions (related to the dual) given in Section
3.2 seem to be applicable in this case as well. More precisely, the class belongingness of f in
Theorem 3.6 is strongly related to the choice of the dual bent functions.

Theorem 3.7. Let f € B, 12 be constructed by means of Theorem 3.6, thus f = fi||fa||f3]|f4
where f; € B,,. Then, f is outside MM if and only if the dual bent function h € B,_s in
Theorem 3.6 is outside MM .

Proof. By Remark 3.1, f is outside MM? if and only if its dual f* is outside MM,
Hence, it is enough to show that f* is outside MM™. The “duals” of the restrictions f; are
actually given by (17). By the definition of f*, we have that (—1)/ (W = 2‘nT+2Wf(u) for
any u € Fg”, since f € B, 1o. For convenience, we write u = («, 3,7) € F3 x FJ* x F2 with
n = m+2 as used in Theorem 3.6. We notice that in general, using that x = (x, 25,11, Tp12),
we have

Wi(a,B,7) = ) (-1)ftotux
xEFY xF2
= Z (_1)f(xl7010)+(aﬂﬂ)'xl + Z (_1)f(x11071)+(a7ﬂ)'x/+’72
x€F2 % (0,0) x€F2 x (0,1)
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+ Z (—1)7 L0+ B)x"4m Z (—=1)7 LD+ (@)Xt 142

x€F7 x(1,0) x€FYx(1,1)
= Wfl (O‘HB) + (_1)72Wf2(057ﬁ) + (_1)71Wf3(a75)
+ (_1)71+W2Wf4 (avﬁ)' (18)

Hence, for any fixed v € F3, we can compute the value of Wy(a, 8,7) by using the Walsh
spectra of the constituent functions f;.

We first notice that Wy, (a, ) = (—1)5) . 2 72+2 when (o, B) € Eéi), and furthermore

by construction the sets Eél) are mutually disjoint for ¢ = 1,...,4. Hence, if for instance
(o, 8) € BV then Wy, (o, B) = (—1)h8) . 2"°42 and W, (o, 8) = 0 for 2 < i < 4, which
implies that W (a, 8,7) = (=1)5) .25+ when (a, 8) € Eél). The other cases when (a, 8) €
Eg) for ¢ # 1 are similar.

Now, considering the case (o, 3) € Eii), we first notice that Fp := Eil) = ... = E§4)
(by construction), where Fy = F3 x H as in Theorem 3.6. In addition, Wy, (a, 8) =
(—1)9()®hB)+d . 9n/2 where d = 1 when i = 4 only. This also implies that Wy, (o, 8) =
Wi, (o, B) = Wy (ar, B) = =Wy, (e, ) when (o, §) € Ey. Therefore, using (18), we have

Wi(a,3,0,0) = Wy (a,B8) + W (e, B) + Wg(a, B) = Wy, (a, B) = 2Wy, (, B)
Wi(a,3,0,1) = Wy (e, B8) = Wp(a, B) + Wg(a, B) + Wy, (a, B) = 2Wy, (, B)
Wf(a,ﬁ,l,O) = Wfl(a>ﬁ)+wf2(a76)_Wf3(a:ﬁ)+wf4(a’5):2Wf1(047 )
Wi(a, 8,1,1) = Wy (o, 8) = Wy, B) = Wiy(a, B) = Wy, (a, B) = —2Wy, (o, B)

Hence, Wy (o, B,71,72) = 2-2"/2(—1)9(0‘)@"(6)*%” when (o, 5) € E7, where g(a)®h(5)+7172
falls into the framework of Theorem 3.1 and additionally Remark 3.1 applies. Notice that the
case (o, ) ¢ Eq and at the same time having Wy, (o, 8) = 0 is already covered above since
then (o, 8) € Eéj) for some j # . This is a consequence of the fact that £; U (U?:lEéi)) = F3.
To summarize, the dual f* is equal to g(a) @ h(8) + y172 when f* is restricted to the
subspace (a, 3,7) € F1 x F3 and to h(j) when f* is restricted to the complement of F; x F2.
Notice that g is a 2-variable quadratic bent function, thus g(aq, @e) = ajag. Therefore, using
the assumption that h ¢ MM?  Remark 3.1 and Corollary 1 imply that f* ¢ MM and

hence f & MM7.
0

4 5-valued spectra functions from the generalized MM class

Another method of specifying 5-valued spectra functions, also given in [16], uses the gener-
alized Maiorana-McFarland class (GMM).

Theorem 4.1. [16] Let Ey C F§ with 1 < s < [n/2]. Let By = Ey x Fy, where Ey = F$\Ep
and 0 <t < |n/2|. Let ¢g be an injective mapping from Ey to Fy™°, and ¢ be an injective
mapping from Ey to By *7'. Let X = (v1,...,2,) € F} and Xig) = (w5,...,25) € IF%_“LI.
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f € By, is defined as follows:

) = P0(X(1,5)) - X(st+1,n)» if X(1,s) € Eo
P1(X(1,540)) - X(srt41,n)s 0 X(1,s40) € E1
Let
To = {o(n) [ n € Eo},
and

Ty = {$1(0) | 6 € Er}.

Then, we have
a) Wy(w) € {0,£2775,£2"7571 if t £ 0 and Ty C Fy x T1, where Ty = Fy *~\Ty;
b) Wy(w) € {0,£2"75, £2n=5F1Y if t =0, TyN'Ty # 0 and Ty # Ty

Example 4.1. Let n = 8,s = 3 and t = 1. Now, we employ Theorem 4.1 to construct
5-valued spectra functions fO, ..., fY that satisfy Theorem 2.1. The resulting function f =
DIFDU O D € By is then bent. Let FY = {vq,...,van_1} be ordered lexicographically.
Furthermore we note that all sets defined below are also lexzcographzcally ordered. We define
Ey = {eo ,e(lo),e2 }, where e(o) =v;, €F3, and By = Ey x Fy = {e (1) . .,egl)} C F3,
where By = F3 \ Ey. Let ¢ : E1 — 3 be defined by
qﬁl(e(l)) = VZQ), ez(»l) € F.

2

LetTl—{QSl( ):0€ B} and Ty =F3\Ty. Let T =Fy x Ty CF3 = {0,...,71} C F3 and
let ¢50 : By — T35 be defined by

85 () = virs;, € € By,
for j =1,....4. If To = {¢o(n) : 1 € Ey}, then Ty C Fo x Ty (as required in Theorem
4.1-(a)). Now let X = (xo,...,x7) € F§ and X; j) = (x4, ..., ;) € F}~ L Forj=1,2,3,4,
fU) e By is defined as follows:

FOX) = {¢ (X(0,2)) X3,y +61(4), if X2 € Eo
¢1(X( ) Xun +01(4), if Xz € E1,

where 01(j) = 1 for j = 1 and 0 otherwise. Let Sy) ={x € F§: Wi (%) = 25} and

) — {x € F§ : |Wf(]-)(x)| = 24}, Using Sage we could verify that all S§j) are pairwise
disjoint and all Séj)
Hence, by Theorem 2.1, the function f = fO||f@||f®||f@) € Bio of algebraic degree 5 is
bent, and its ANF is defined by:

are equal. Furthermore, by the construction, f[Z],l D...P f[Z]A = 1.

f(xo, cee wg) = XQL1T2X3L4DPLoT1L2L3L9DLOL1L2T4LED LTI X2L4DLYT1L2LeDLoX1L3LLD
Tox1T3%9 B XoT12428 D Xox1T4 D X0T1%6 B Tox1X7 D ToX2T4 D ToT2T5X8 D Tox2T5 D ToT2Te B

20



ToT4 D ToX5T8 D T1T2X5 B T1T2T6x8 D T1T5 D T1T6x8 D X1T6 D Tox3x4 B X2T3T9 D Tax4Tg D
ToT5x8 B ToTeTg O Tox7 B T3T9 D T4x8 @ T5T8 D T5 D Tex8 D T7 B TeT9 D T8 D T9 D 1.

Nevertheless, using our algorithm in Section 3.1 implemented in Sage, we could confirm

that f € MM7,

As a generalization of the previous example, we give the following result. We assume that
all sets are ordered lexicographically and we denote [}y = {v(()n), V%n), . ,Véz)_l .

Theorem 4.2. Letn =2m > 8, Fy = {vém_l), v

v}, where T < 2°—1 and 47 < 2mTL
and By = Eg x Fy = {e(()l), . ,eg\l)}, where A =2 - (2™ —7) — 1 and By = F3" '\ Ey. Let
o1 : By — F3 be defined by

qﬁl(egl)) = vgm), egl) € Frq,
and let d)(()j) By — anﬂ be defined by

WRC 0
¢E)J)(e§ )) = Yitr(j—1) ez( ) e Ey
for j = 1,2,3,4 and I' = Fy x (Fy* \ T1), where Ty = {¢1(0) : 0 € E1}. Now let X =
(0, -+ Tn—1) € FY and X(; 5y = (v4,...,75) € Fj{“rl. For j=1,2,3,4, fU) € B, is defined
as follows:
FO(X) = ¢éj)(X(o,m—2)) *Xm—1n-1) +01(J), if Xom—2) € Eo
®1 (X(O,m—l)) ’ X(m,n—l) + 51(])7 if X(O,m—l) € Ey,
where 01(j) = 1 for j = 1 and 0 otherwise. Then, the function f € Bpio given as the
concatenation f = fO||f@|| S| fY is a bent function.
Proof. Firstly, we note that Wf(j)(x) € {0,42™, £2m+1} by Theorem 4.1 for j = 1,2,3,4. It
remains to show that these functions satisfy Theorem 2.1-(iii). From [16, Theorem V.6|, we
N1
have that W) (X) = £2™ it 65 (X _g)) exists, and Wy (X) = 227 if ¢ H(X(g,n_1))
exists. Let SJ[}(].) ={xeFy: [Wy(x)| = 2m+1 and 5[2}) = {x € Fy : [Wy((x)| = 2™. The

J fu
cardinality of I' can be computed as

Tl =2-|F3\ Ty = 2(2™ — |Ey]) = 2- (2™ —2(2™7 1 — 7)) = 2mFE —om¥l 4 yr — 47,

Because |I'| = 47 < 2™+ and |¢(()j)(Eo)| = T, it is easy to see that (;Séj) splits I into 4 disjoint

subsets and consequently the sets S}[}(L) are pairwise disjoint for j = 1,2, 3,4. As the function

é1 is the same for all fU), it follows that all sets S][?(]j) are equal. The condition that the
bent duals defined on S77, satisfy fiy | @ fs) o @ fiy 3 @ fiy 4 = 1, follows from the fact that
91(j) = 1 only for j = 1. O

Remark 4.1. The above statement also holds if Eqy is a collection of arbitrary T elements
mn Fg"”_l. However, (partial) computer simulations indicate that this approach only generates
bent functions inside the MM class, regardless of the choice of Ep.

Open Problem 1. Prove or disprove that the bent functions constructed using Theorem 4.2
always belong to MM regardless of the choice of Ey.
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5 Conclusions

This article significantly increases the cardinality of bent functions provably outside the com-
pleted Maiorana-McFarland class by specifying many infinite families of such functions, which
can additionally be combined for the same purpose. In the context of enumeration of bent
functions, it would be of interest to investigate whether the obtained families, that belong to
different cases of 4-decomposition, are fully/partially non-intersecting. Another important
question that remains unanswered, due to the lack of indicators for the partial spread class,
is whether these families intersect with the PS class.
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Appendix

Sage implementation of Lemma 2.1

def is_in MM(f,n):
s=[1;
for a in [1..2An-1]:
for b in [a+1..2An—-1]:
if set(ttab(f.derivative(a).derivative(b)))=={0}:
s.append([a,b]);
G=Graph(Q);
G.add_edges(s);
cl=list(sage.graphs.cliquer.all_cliques(G,24(n/2)-1,24(n/2)-1));
V=VectorSpace(GF(2),n);
Vi=sorted(V);
b1=[V.subspace([V1[0]]+[V1[i] for i in s]) for s in cl];
for K in bl:
if len(K)==22(n/2):
return True;
return False;

ANF representations of certain bent functions

Tox1T2%4 D Tox1X2T6 B XoT1X3T4 D XoT1X3T5 D XoT1X3T7 D TeT1X4X5 D TeX1T4X7 D Tox1T4 D
Tox1T5L7 D TpT1X6X7 D ToT2x3x6 D ToT2T3T7 D XoX2X4T5 B Tox2X5T6 P Tox2x527 D ToT2xs D
ToT2T6T7DT0T3T4T6DTT3T4TTDT0T3T4DToT3T5T7DT0T3T6T7DToT3T6DT0T3T7TDToT4T5T6D
XoT4Ts5 D ToxaTe D ToT5Tex7 D ToT5Xe D ToxXsT7 O ToT7 D T1T2X3T5 O T1T2X3T6 O T1T2X4T5 D
T1T2T4TeDPL1T2T4 BT 1X2T5L6PL1X2T5PL1T2X6L7 PL1T2Xx7PL1T3T4T7 P L 1T3T5T6PL1T3L5D
T1X3L6DT1T3L7DT1T4TL7DX1T4TTDL1T4DT1T5T6DT1X5L7DT1T6DX2X3T4T5 DT2X3T4T7 D
Tox3T4 D Tox3T5Te D To2x3T5L7 D To2x3T5 D ToX4T5Te D ToTaTsT7 D XoXaXs D ToxaT7 D xoTg D
ToxeX7 D o7 O T3T4T5X7 D T3x4TeT7 © T3T5L6 D T3T5 D T3xeL7 O T3T6

(19)

TOL1T2X6+LoT1X2X7+LoT1T2XL9+T X1 L2LIL10F+L0L1L2X9X 11 FLoT1X2L10L11+L0L1T3T4+
TOT1L3T5 + TOT1X4 + ToT1X7 + ToT1XT9 + TOL1X8T10 + TOL1T9L11 + TXT1T10T11 + ToT2T3Te +
TX2T4+ToT2X5+ToT2L7+TOT2LLY+XT0L2LL10+LoL2X9L11 +TL0T2L10L11+LL3T4+ToT3L5+
TOT3T6+TOTITT+TTIT8LY9+L0TIT8T10TL0L3T9T11 +T0T3210T11 +L0T6 T T1T2T3T4+T1T2T4+
X1T2Te + T1X3T5 + T1X3T6 + T1XT5 + T1Te + T1X7 + T1T8L9 + L1TT10 + L1T9X11 + T1X10T11 +
T2X3T4+X2X3L5+X2X3T6+TaTa+Taxe+Tax7+X2X8T9+T2T8L10+XL2X9T11 +T2X10211+T3T4+
T4T5T6T7 + T4T5T6TITY + TAT5T6T8T10 T TAT5T6L9T11 T T4T5L6L10211 T T4T5T6 + T4T5T7 +
TAT5LITY + T4L5T8L10 + T4L5T9X11 + T4T5T10X11 + TaX5 + T4TeX7 + T4TEXIT9 + T4LeTL10 +
TATELYT11 +T4T6L10211 +T4T6 +T4T7 +T4T8T9 +T4T8T10 T T4T9T11 +T4X10T11 + T4+ T5TeT7 +
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T5LELILY + T5LLIL10 + L5LeL9L11 + L5LeL10L11 +L5Le + L5L7 + T5L8L9 + T5X8L10 + L5L9xL11 +
T5T10T11 + T5 + TeT7 + TeT8TY + TETT10 + TeT9T11 + T6T10T11 + T + T7 + T8T10 + T9T11 + 1

(20)

Tox12205 DXL 1X2T6 DXT123T6 D XoT1X3T7 D LoX1T3X8T9 DXoT12328%10D Tox1T3x92T11 D
T0T123210711DT0T124T6DT0T1T4T7DLT0X1X48T9DToT1T4T8T10DT0L 12429211 DT0T1T4210711D
ToZ124 D ToT125T6 D ToT1T6T7 O ToT1T6X8T9 O ToT1X6T8T10 D ToT1T6T9211 D ToT1T6X10711 D
o126 D ToT223%5 O L2427 D ToX2X4X8T9 D ToT2X4T8T10 D ToX2X4L9T11 D ToX2X4T10211 D
ToT2T5%6 D ToT2Ts B ToTaTe D Toxax7 O ToT2X8T9 D ToT2T8T10 D ToT2T9T11 S ToT2X10T11 D
TOL3TALE B ToL3T4XT B TOL3TLXILY D LoT3TLLYL10 P LOXL3L4T9X11 P ToL3T4X10L11 P Tox3T4 D
ToT3T5L7DT0T3T5TTYDTT3T5L8T10DT0T3T529211DT0T3T5T10011DPT0T3T6T7DToT3T6T8T9D
TOLITELIL10DPLOLITLELYL11DPLOLILEL10L11DPLOTAL5LT7PDLYT4LELIL9DPLOL4L5LIX10DPLoLAT5L9L11D
TT4T5210T11DT0T4TeTTDT0T4T6T8TIDTT4T6T8T10DT0T4T6L9T11DT0T4T6T10T11DT0T4T6D
TX4T7 D XoT4TLY D ToT4T-T10 D ToT4T9T11 D ToT4T10T11 D XoT5T7 D ToT5L8T9 D ToT5T8X10 D
ToT5L9T11 D ToT5L10T11 D Toxs D ToxeT7 D ToTexsTo D ToTeXgT10 D ToTeT9T11 D ToTeT10T11 D
Tox7 D Toxrsx9 B Tex3T10 D ToT9T11 P TeT10T11 D T1T2x3T4 D T1T2T3T7 B T1XT2X3T8T9 D
T1T2X328%10 D T1X223T9T11 D T12223T10211 P T1T2X4X5 B T1T2T4T6 D L1224 B T1T2X526 D
T1T2T52T7 D T1X2T528T9 D T1T2T5T8%10 D T1X2T5X9211 B T12225210211 B T122%5 D T1T227 D
T1X2X8L9DX1X2X8T10DPL1X2X9T11DPL1X2X10X11DPL1T3L4X5BT1T3X4X6DPL1X3X4X7DX1X32428T9D
T1232428T10DT1T3T4T9T11 DT123T4210T11 D 212325 DT123T6T7 DL123T628T9 DT123T6T8T10D
T123T629T11DT12326210211DT123T6DT123X7DT1T3T8T9DX12328210DT123T9211DT123210T11D
T1T4T5%6 D T1T4T527 D T124T528%9 D T1X4T528T10 D 124529711 D 12425210211 D 1T5T6 D
T1Te D T1T7 D T128T9 D T128T10 D T1X9x11 D T1T10L11 D X2X3T4T5 D T2X3L4Te D T2T3T5T6 D
T2T3T6T7 D T2T3T6T8T9 D T2T3T6T8T10 D T2T3T6X9%11 B T2X3T6T10711 B T2X3%6 D T2T3T7 D
T2T3x8%9 D X22328T10 D T2x329x11 O T2T3210T11 D T2T4X526 D T2T4T6T7 O T2T4T623T9 D
ToT4TELRT10 D T2X4TeT9T11 D T2T4T6L10T11 D T2X4Tg D To2Tg D Toxs5T6x7 D T2T5X6T8T9 D
T2T5T6L8T10 D L2X5L6L9T11 D T2T5T6X10L11 D X2X527 D T2T5X8%9 D T2X528T10 D X2X5X9211 D
T2T5210211 B To2T7 B T228T9 D 22810 D T2T9x11 D T2x10T11 D T3T4T5X7 D T3T4T528T9 D
T3T42528T10DT3T4T5X9711 DXT3L4T5210T11DT3T4T6 DT3T5L6T7 DL3T5T6X8L9 DXT3T5T6T8T10D
T3T5L6L9L11 P X3T5T6L10L11 D X3X5T6 D X325 D x3x6X7 B X3T6X8L9 D T3TeLx10 P T3TeT9x11 D
T3T6210711 D T3%6 D T8T9 D T10T11

(21)

f(xo,...,211) = TT1T2X3%8 B TT1L2L3Ly B TOT1L2L4LY B TOT1L2T4Ty B ToT1T2T5Tg P
TOT1X2X5L9 D LoX1T2T5 D ToT1T2T6X8 D ToT1X2L62L9 D ToXT1T2T6 D ToT1T2X728 D ToT1X227L9 D
TOT1L2X7DTT1T228 P LT 1T2T9 P LT 1T2PToT1T3TeLIDB LT 1T3T6T9PLoT1T3T6DToT12328D
ToT12329 D ToX1T4T5 D ToT1T4T6x8 D ToT1T4T6T9 D ToT1T4%6 D Tox1242T7 D ToT12478 D
TOL1T4T9PL0T1T4DPT0L1T5L6L8DToL1L5L6L9DLOT1T5L6DLoL1T5L3DLOL1T5L9DPLoT1LLTLID
ToT126X7T9 D ToT1TeX7 D ToxT1T628 D ToX1X6XL9 D ToT1T6 D ToX12728 G ToT1X729 D ToT127 D
Tox1T8 D ToT1T9 D ToT2T3L4X8 B ToT2T3L4XT9 B ToT2T3T5 @ ToT2T3TeL] D ToT2T3TeLg D
ToT2T3T6DToT2T3T7DTOT2T3T8DT0T2T3T9DT0T2L3DTOT2T4T5T8DLOT2T4T5T9DT0T2L4L7T8D
TOT2XL4T7L9 D ToTaTaxs D TeT2X4Tg @ TeXaxy @ ToL2x5Texs O ToT2X5Texg D ToT2XsTe D
ToT2T5T7 D TT2T5T8 B ToT2Ts5Ty9 D ToTaTeTrTy & ToTaTeTrTyg D ToT2TeX7 D ToT2TeTg D
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ToX2XegloDToLaLePDLoLoX7Xx3DLoT2T7TLYPLoL2X8DLoL2X9DLYL2DLX3TLXELIDLOLIL4LeLYD
TOT3T4T6 D ToT3T4T7 D ToXT3T4T8 D TpT3T4T9 D ToT3TETY D ToT3TeTg D TT3T7 D ToT3xg O
Tox3209 D xoT3 D Tox4T5T6L8 D ToXaT5L6L9 D LoX4T5Le D ToLaT5T D XoT4L5T9 D ToXaTeL7xg D
TT4T6T7T9 D ToT4TeT7 D TT4T6T8 D ToT4TeT9 D TT4T7T8 D ToT4T7T9 O ToT4T7 D ToT428 D
ToXaTg D Toxg D ToTs5xexy D ToTsXeLg D ToXsxy D Toxsxg D oy D TogLegX7xy D ToTeLrLg D
ToTexg D ToTeTg B ToTe B Tox7xs B ToX7x9 B Tox7 B Toxg D Toxg D T1X2X3T4 D X1T2T3T528 D
T1L2T3T5L9 D L1T2X3L5 D L1T2X3LeL8 D T1X2X3LeL9 D T1X2L3TE D T1X2L3T] D T1X2L3T9 D
T1L2TAT5LS P T1T2T4X5L9 B T1X2X4LeL] P T1X2XL4LeT9 P T1X2L4Te P T1X2L4T7 P T1XT2L4T8 P
T1X2T4T9DT1T2T5L6D X1 X2T5L7LIDT1X2X5L7T9DT1T2T5X7DX1T2T5L8DLT1T2X5L9DXT1T2T5 D
T1T2XeT7LY D X1T2XeX7L9 D T1T2X6X8 D T1X2T6Lg D X1T2x6 DX 1T2x7T8 DL1X2T7X9 DX 1XL2x7 D
128 O T1T2T9 D T1T2 D T1T3X4T5 © T1X3T4T6 D T1T3T4X7 O T1X3T5T6T8 D T1T3T5T6L9 D
T123T5L6 D T1X3T528 D X1X3T5L9 D T1X3T6xs D 1T3x6T9 D T1x3T7 D T1x328 D T1X3T9 D
T1T4T5T6T8 D T1T4T5T6T9 D T1T4T5T6 D T1T4T5T8 D T124T5T9 D T1X4T6X8 D T1T4T6T9 D
T1T4T7 D L1428 D T1X4T9 D T1T5X6T7X8 D T1T5LeX7L9 D T1X5T6X7 D L1T5Tex8 D T1T5T6L9 D
T1T52728 D T1T527T9 D 212528 D 12529 B 125 D 1X62728 D T1T6T7T9 O T1T6T7 S 1628 D
L1269 D X106 D T1X728 © x1T709 D T12X8 D T1X9 D ToX3T4T5T8 D T2L3T4T5L9 D ToX3T4TeL] D
T2T3T4T6T9 O T2T3T4T6 D T2T3T4T8 O TaX3T4T9 D T2X3T5T62T8 D T2T3T5T6T9 D T2X37526 D
Xox3T5X7 D Tax3T5x8 D Tax3T5X9 D Tox3T5 B Xax3Xex7 D Tox3Texs D Tox3Texy D Tox3Te D
Tox3TY P Lox3T9 D Lox3 D ToL4T5TeLY P LoT4AT5LEL9 P T2T4L5L7X8 D L2X4X5L 7Ty B XoT4T5L7 B
ToX4T5L8DT2T4T5L9DX2X4T5 DT2T4TX7XDX2T4TELTLIDL2X4TeLTDT2L4LXDX2T4T6L9 D
LT 4L7X8 D To2X4T7X9 D ToT4XT8 D X2TaTg D T2T5X6T7X8 D T2L5X6T7Lg D T2Xs5X6T7 D ToT5Lexs D
ToT5TeTY D ToT5Te D ToT5T7x8 D ToT5T7Xg D Toxs5T7 D TaT5T8 D Tox5T9 D x2Ts5 B ToTgr7Ts D
T2XeX7LY9DPT2xex8s B X2TeL9DXox7Xx8PL2X7X9P X283 PT2x9P T2 P L3L4X5T6X8DL3T4X5T6T9 D
T3TAT5T3 D T3TLT5L9 D T3TAT5 DL3T4T6TT DL3L4TETI D T3IT4L6X9 D T3T4T6DL3T4T8DT3T4XT9D
T3T5TeL8 D T3T5T6L9 P T3L5L7 B X3x5x8 D T3T5T9 D T3TeL8 D T3Lexg B x3x7 B X308 B T3xg B
T4T5T6T7T8 D TaT5T6T7T9 D T4T5T6T8 D TaT5T6T9 D T4T5T7T8 D T4T5T7T9 B T4T5T8 D T4T5T9 D
Tax5 D TaxeX7L8 D T4aTeL7L9 D TaTeX7 D TaTely D TaTeTg D T4l D TaT7X8 D TaX72x9 D Te4x8 D
TaT9DT1 D T5T6T7T8DT5T6T7T9 D T5L6T7 DT5T6T8DT5T6T9DT5T7T8DT5T7T9 D T5T7DT518D
529D w5 DxeT7L8 B rex7x9 Drer7 DT D L9 DT Dr7r8DT7L9D X811 DT3B T9x10DT9D 1
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