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Abstract. The aim of this paper is to prove that the Scholz conjecture on addition chain is
true for all integers with v(n) = 4, v(n) is the number of �1� in the binary expansion of n.

1 Introduction

De�nition 1. An addition chain for a positive integer n is a set of integers

C = {a0 = 1, a1, a2, . . . , ar = n}

such that

∀k ∈ [2..r],∃i, j ∈ [1..k − 1], ak = ai + aj

and ar = n.

The integer r is the length of the chain C and can be denoted ℓ(C).

De�nition 2. We de�ne l(n) as the smallest r for which there exists an addition chain {a0 =
1, a1, a2, . . . , ar = n} for n.

There exist several methods to compute an addition chain for any integer n. We can cite the binary
method (often called the fast exponentiation method), the m-ary method, the factor method to name
a few. However, the problem of �nding ℓ(n) for a given n is known to be NP�complete.

A �rst attempt were done based on the binary expansion of integers.

De�nition 3. Let n be an integer. The number of �1�s in its binary expansion is called the Hamming

weight of n and is denoted v(n).

It has been proven that

Theorem 4.
ℓ(n) = a+ v(n)− 1 ∀v(n) ≤ 3,

meaning that ℓ(2a) = a, ℓ(2a + 2b) = a + 1, and ℓ(2a + 2b + 2c) = a + 2. The case where v(n) = 4
have some particularities as follows

Theorem 5. For all integers n such that n = 2a + 2b + 2c + 2d, we have

ℓ(n) = a+ 3,

except for the integers satisfying one of the following conditions, where ℓ(n) = a+ 2

1. a− b = c− d
2. a− b = c− d+ 1
3. a− b = 3 and c− d = 1
4. a− b = 5 and b− c = c− d = 1

More informations can be found in Knuth [1]. They can be proven using the binary method which
is based on the Hamming weight. We are now concerned about integers with only �1�s in their binary
expansion (2n − 1). Is the binary method still e�cient? The answer is no. Scholz conjectured that we
can always �nd an addition chain for 2n − 1 of length ≤ ℓ(n) + n− 1.
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De�nition 6. Let n be a positive integer, an addition chain for 2n−1 is called a short addition chain

if its length is ℓ(n) + n− 1.

The most famous conjecture on addition chains is the Scholz's conjecture stating that

ℓ(2n − 1) ≤ ℓ(n) + n− 1.

Aiello and Subbarao [5] have conjectured that for every integer n, there exist a short addition chain
for 2n − 1 (an addition chain for 2n − 1 of lenght ℓ(n) + n− 1).

∀n ∈ N, ∃ an addition chain for 2n − 1 of length ℓ(n) + n− 1

They have shown that it is true for all n = 2k.

Theorem 7. It's known that

ℓ(22
k

− 1) = k + 2k − 1 = ℓ(n) + n− 1, n = 2k.

And we know a way of computing such chains.

We can see that a short addition chain is not necessarily a minimal addition chain but, �nding a
short addition chain for 2n − 1 is enought to prove that the Scholz-Brauer conjecture is true for n.

The main result of this paper is the proof that:

v(n) ≤ 4 ⇒ ℓ(2n − 1) ≤ ℓ(n) + n− 1.

We will conduct a proof by induction on the Hamming weight of integers. It will then be used to get
an algorithm for the computation of short addition chains for 2n − 1.
Our proof will be using the factoring method which can be stated as follows

De�nition 8. Let C\ and C⇕ be respectively two addition chains for n and m. The factor method is

a method to obtain an addition chain C⇕\ for mn as follows:

If

C⇕ = {m0,m1, . . . ,mr}

and

C\ = {n0, n1, . . . , nt}

then

C⇕\ = {a0, a1, . . . , ar, ar+1, ar+2, . . . , ar+t}

with ai = mi∀i ≤ r and ar+i = mr × ni.

On can clearly see that C⇕\ is an addition chain and ar+t = mr × nt = mn.
and we have a clear idea on the lenght of the chain

Theorem 9.

ℓ(mn) ≤ ℓ(m) + ℓ(n)

The proof is simple, one can easily construct an addition chain for mn based on the chains for m and
n.

2 Main results

Here is the �rst result of this paper.

Theorem 10. For all integers n = 2k + 2i, with i < k, we can �nd a short chain for 2n − 1. Which

implies that

ℓ(2n − 1) ≤ ℓ(n) + n− 1.
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Proof. Let

Pk = {we have a short addition chain for 2n − 1, where n = 2k + 2i, with i < k}.

Clearly, P1 = {we have a short addition chain for 3} is true.
We assume that Pk is true for all k < k0 and let n = 2k0 + 2i for some i.

First case: i > 0

We have the relation

2n − 1 = 22
k0+2i − 1 = (22

k0−1+2i−1

− 1)(22
k0−1+2i−1

+ 1).

And we do know that:

(i) A minimal addition chain for 22
k0−1+2i−1

+ 1 is given by the binary method and has length
2k0−1 + 2i−1 + 1.

(ii) Thanks to Pk0−1, we have a chain of length 2k0−1 +2i−1 + k0 − 1 for the integer 22
k0−1+2i−1 − 1.

Using the factor method, we have a chain for 2n − 1 of length:

(2k0−1 + 2i−1 + 1) + (2k0−1 + 2i−1 + k0 − 1) = 2k0 + 2i + k0,

and the result holds in this case.

Second case: i = 0

Then
2n − 1 = 22

k0+1 − 1 = 2(22
k0 − 1) + 1.

And we do know that:

(i) An addition chain for 22
k0 − 1 of length 2k0 + k0 − 1 is given by [5].

(ii) We need two star steps more to reach 2n − 1, a doubling and a �+1�.

We deduce that we have a chain of length 2k0 + k0 + 1 for 2n − 1.
This ends the proof of the result.

Now let us state the second result of this paper.

Theorem 11. For all integers n = 2k + 2i + 2j, we have

ℓ(2n − 1) ≤ ℓ(n) + n− 1

and we can �nd short addition chain for 2n − 1.

Proof. Let

Pk = {∃ an addition chain for 2n − 1 of length ℓ(n) + n− 1, where n = 2k + 2i + 2j , with k > i > j}.

We know that P3 is true. And we have proved above that P2 is also true.
Suppose that Pk is true for all k < k0. Then, let n = 2n1 + 2n2 + · · · + 2nk0 be an integer of

Hamming weight k0.

First case: j = 0

We can write
2n − 1 = 2(2n−1)− 1 = 2(2n−1 − 1) + 1.

We know that v(n− 1) = 2, the previous result shows that we can �nd an addition chain for 2n−1− 1
of length

ℓ(n− 1) + (n− 1)− 1.

Adding the two last star steps to reach 2n − 1, we obtain�as wanted�a chain of length

(ℓ(n− 1) + (n− 1)− 1) + 2 = ℓ(n− 1) + (n− 1) + 1,

= (k + 1) + (2k + 2j) + 1,

= 2k + 2j + k + 2.
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Second case j > 0

In this case
n = 2k + 2i + 2j = 2(2k−1 + 2i−1 + 2j−1).

So, we can write
2n − 1 = (2

n
2 − 1)(2

n
2 + 1).

We know that

(i) a minimal addition chain for 2
n
2 + 1 of length n

2 + 1 is given by the binary method,
(ii) Pk0−1 is true, thus we have a short addition chain for 2

n
2 − 1, its length is equal to ℓ(n2 )+

n
2 − 1.

Using the factor method, we have an addition chain for 2n − 1 of length(n
2
+ 1

)
+
(
ℓ(
n

2
) +

n

2
− 1

)
= ℓ(n/2) + n.

By adding one star step to a minimal chain for n
2 , we obtain a chain for n. Then, we have found

a chain for 2n − 1 of length ℓ(n) + n− 1.

Here is the third and most interesting case (v(n) = 4). There will be two cases. The �rst is when
ℓ(n) = a+3 and the proof will be identical to the above ones. And the second case is when ℓ(n) = a+2
and we know all the four possibilities of n.

Theorem 12. If n = 2a + 2b + 2c + 2d and ℓ(n) = a + 3, then we can construct a short addition

chain for n.

The proof for the case where ℓ(n) = a+ 3 is identical to the above proof, one can easily prove it
using the induction way presented above.

Proof. 1. d = 0
In this case ℓ(n− 1) = a+ 2, and we have

ℓ(2n−1 − 1) ≤ ℓ(n− 1) + n− 2.

We also know that
2n − 1 = 2(2n−1 − 1) + 1,

then we can reach n by adding two step to a chain for 2n−1 − 1 of lenght ℓ(n− 1) + n− 1, so

ℓ(2n − 1) ≤ ℓ(n− 1) + n− 1 + 2 = ℓ(n) + n− 1.

2. d > 0

we have
2n − 1 = (2

n
2 + 1)(2

n
22 + 1) · · · (2

n

2d + 1)(2
n

2d − 1),

using the factor method, we have an addition chain for 2n − 1 of lenght

(
n

2
+ 1) + (

n

22
+ 1) + · · ·+ (

n

2d
+ 1) + ℓ(

n

2d
) +

n

2d
− 1,

= (
n

2
+

n

22
+ · · ·+ n

2d
+

n

2d
) + d+ ℓ(

n

2d
)− 1,

= ℓ(n) + n− 1.

(1)

and this gives us the result
ℓ(2n − 1) ≤ ℓ(n) + n− 1,

thanks to the fact that 2
n

2d − 1 satis�es the case 1.

The remaining case is:

Theorem 13. If n = 2a+2b+2c+1 and ℓ(n) = a+2, then we can construct a short addition chain

for n.
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Proof. Let n = 2a + 2b + 2c + 1 and ℓ(n) = a+ 2 then n is in one of these four cases,

1. n = 2a + 2b + 2c + 1 with a− b = c, we can write

n = 2b(2a−b + 1) + 2c + 1 = (2b + 1)(2c + 1).

and that give us a simple way of reaching 2n − 1

2n − 1 = 2(2
b+1)(2c+1) − 1

= 22
c+1(2(2

c+1).2b − 1) + 22
c+1 − 1

and we can also write 2n − 1 this way,

22
c+1{(22

c+1 − 1)(2(2
c+1) + 1)(2(2

c+1)·2 + 1)(2(2
c+1)·22 + 1) · · · (2(2

c+1)·2b−1

+ 1)}+ 22
c+1 + 1

using the factor method, we can now have an addition chain for 2n − 1 of lenght

ℓ(2c − 1) + 2c + 1− 1 + 2c + 1 + 1 + b+ (2c + 1)(1 + 2 + 22 + · · ·+ 2b−1)

after some rearrangements, we can see that the above value is

(2b + 1)(2c + 1) + b+ c+ 1 = ℓ(n) + n− 1.

2. n = 2a + 2b + 2c + 1 with a− b = c+ 1,
We have

n = 2a + 2b + 2c + 1 = 2b(2c+1 + 1) + (2c + 1)

which allows to write

2n − 1 = 22
b(2c+1+1)+(2c+1) − 1 = 22

c+1(22
b(2c+1+1) − 1) + (22

c+1 − 1)

which gives

2n−1 = 22
c+1((22

c+1+1−1)(22
c+1+1+1)(22(2

c+1+1)+1)(22
2(2c+1+1)+1) . . . (22

b−1(2c+1+1)+1))+(22
c+1−1)

It leads to an addition chain of length

ℓ() + (2c + 1) + (2c+1 + 1 + 1) + (2(2c+1 + 1) + 1) + . . .+ (2b−1(2c+1 + 1) + 1) + 2c + 1 + 1

after regrouping, we get that the lenght is

ℓ(2c + 1) + 2c + 1− 1 + 2c + 1 + b+ (2c+1 + 1)(1 + 2 + · · ·+ 2b−1) + 2c + 1 + 1 =

= c+1+2c+2c+1+ b+(2c+1+1)(2b− 1)+2c+2 = 2b+c+1+2b+2c+ b+ c+3 = ℓ(n)+n− 1.

3. n = 2a + 2b + 2c + 1 with a− b = 3 and c = 1, we can see that

n = 3 + 2b(1 + 23) = 3 + 9 · 2b,

and we can get now 2n − 1 this way

2n − 1 = 23+9·2b − 1 = 23(29·2
b

− 1) + 23 − 1.

Knowing that a short addition chain for 29·2
b − 1 that contains 23 − 1 is obtained by the way

describe above, we can again use the factor method to get an addition chain for 2n − 1 of length

ℓ(29·2
b

− 1) + 3 + 1 = ℓ(9 · 2b) + 9 · 2b − 1 + 3 + 1 = n+ ℓ(n)− 1.

4. n = 2a + 2b + 2c + 1 with a− b = 5, b− c = c = 1 , then

n = 27 + 22 +2 +1 = 135,

and we already know that the conjecture is true for this one. We already have a short addition
chain for 2135 − 1.
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Theorem 14. If n = 2a + 2b + 2c + 2d with d > 0 and ℓ(n) = a + 2, then we can construct a short

addition chain for n.

Proof.

n = 2a + 2b + 2c + 2d = 2d · (2a−d + 2b−d + 2c−d + 1)

by the �rst case, we can have a short addition chain for 2α − 1 = 22
a−d+2b−d+2c−d+1 − 1 of length

α+ a− d+ 1.
Since n = 2d · α, then

2n − 1 = 22
d·α − 1 = (2α − 1)(2α + 1)(2α·2 + 1) · · · (2α·2

d−1

+ 1)

and using the factor method again, we have a chain for 2n − 1 of length

α+ a− d+ 1 + α(1 + 2 + 22 + · · ·+ 2d−1) + d = 2dα+ a− 1 = ℓ(n) + n− 1.
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