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Abstract

Hardness of approximation aims to establish lower bounds on the approximability of opti-
mization problems in NP and beyond. We continue the study of hardness of approximation for
problems beyond NP, specifically for stochastic constraint satisfaction problems (SCSPs). An
SCSP with k alternations is a list of constraints over variables grouped into 2k blocks, where each
constraint has constant arity. An assignment to the SCSP is defined by two players who alternate
in setting values to a designated block of variables, with one player choosing their assignments
uniformly at random and the other player trying to maximize the number of satisfied constraints.

In this paper, we establish hardness of approximation for SCSPs based on interactive proofs.
For k < O(logn), we prove that it is AM[k]-hard to approximate, to within a constant, the value
of SCSPs with k alternations and constant arity. Before, this was known only for k = O(1).

Furthermore, we introduce a natural class of k-round interactive proofs, denoted IR[k] (for
interactive reducibility), and show that several protocols (e.g., the sumcheck protocol) are in
IR[Kk]. Using this notion, we extend our inapproximability to all values of k: we show that for
every k, approximating an SCSP instance with O(k) alternations and constant arity is IR [k]-hard.

While hardness of approximation for CSPs is achieved by constructing suitable PCPs, our
results for SCSPs are achieved by constructing suitable IOPs (interactive oracle proofs). We
show that every language in AM[k < O(logn)] or in IR[k] has an O(k)-round IOP whose verifier
has constant query complexity (regardless of the number of rounds k). In particular, we derive a
“sumcheck protocol” whose verifier reads O(1) bits from the entire interaction transcript.
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1 Introduction

Many combinatorial optimization problems are NP-hard, and so there is little hope to solve them in
polynomial time. This has motivated the study of polynomial-time approzimation algorithms to
solve optimization problems, which has revealed a surprising landscape. While they are equivalent
as decision problems (under polynomial-time reductions), NP-complete problems behave radically
different from the point of view of approximability. Specifically, known approximation algorithms for
NP-complete problems sometimes achieve approximations to within any constant, sometimes only to
within a certain constant, and sometimes do not even achieve a constant approximation.

This differing behavior is justified via results in the area of hardness of approximation. For a
given NP-complete problem, the goal is to prove that it is NP-hard to approximate the problem to
better than a certain approximation ratio (e.g., better than 1/2). Ideally, this ratio would match the
best known approximation algorithm, thereby ruling out better approximation algorithms.

The key tool used to establish hardness of approximation for NP-complete problems are proba-
bilistic proofs [FGLSS96|. For example, the PCP theorem [AS98; ALMSS98| says that every language
in NP can be decided via a verifier that reads O(1) bits from a polynomial-length proof, and in turn
this implies, e.g., that the value of 3SAT cannot be approximated to within an arbitrary constant.

More generally, improvements in PCP constructions imply hardness results for corresponding
constraint satisfaction problems (CSPs). Yet, there are numerous problems of interest that are not
CSPs, and for which we wish to understand their behavior with respect to inapproximability.

Hardness of approximation beyond NP. Prior work has investigated hardness of approximation
for natural problems in other complexity classes. In one direction, PCP-like theorems for fine-grained
complexity have been used to establish hardness results for problems within the complexity class P
(see |[AB17; ARW17; AR18; CW19; CGLRR19]). In the other direction, several works study the
inapproximability of two-player CSPs. A CSP can be viewed as a one-player game where the player
wishes to maximize the number of satisfied constraints; this view naturally leads to two-player CSPs
played in moves. Ko and Lin [KL94| proved the inapproximability of two-player CSPs with k moves,
based on the hardness of the k-th level of the Polynomial Hierarchy. Haviv, Regev, and Ta-Shma
[HRTO7] proved that this inapproximability result holds even when each variable occurs O(1) times.

SCSPs and their hardness. In this paper, we study the hardness of approximating a natural
class of problems known as stochastic constraint satisfaction problems (SCSPs), also known as games
against nature |Pap83|. Informally, they are two-player CSPs where one player is an adversary and
the other player is a (public-coin) referee that plays random moves.

Definition 1.1 (informal). An SCSP & with k alternations is a list of constraints C1, ..., Cy over
variables that are grouped into 2k blocks and take on values over an alphabet 3. The SCSP has arity
q if each constraint depends on at most q variables. An assignment for ® is defined by two players
who alternate in setting values to a designated block of variables with one player choosing their
assignments uniformly at random and the other player trying to mazximize the number of satisfied
clauses. The value of ® is the expected fraction of clauses satisfied in this process.

The hardness of approximating the value of SCSPs, to within a constant factor, has been studied
in a line of works. Let AM[k] be the class of languages that have a k-round public-coin IP with
constant soundness error. Drucker |Drull| extended the PCP theorem to the stochastic setting,
showing that it is AM[1]-complete to approximate the value of SCSPs with one alternation (k = 1)
and arity g = O(1). Subsequently, |[ACY22| showed that, for every k, it is AM[k]-complete to



approximate the value of SCSPs with k alternations and arity g = O(k). In the regime of many
alternations, Condon, Feigenbaum, Lund, and Shor |[CFLS97| showed that it is PSPACE-complete
to approximate the value of SCSPs with k = poly alternations and arity g = O(1). This leaves open
the approximation hardness of SCSPs with k alternations and constant arity, for general values of k:

How hard is approximating the value of SCSPs with k alternations and arity q = O(1)?

It seems reasonable to hypothesize that it is AM[k]-hard to approximate SCSPs with k alternations.

Note that Goldreich, Vadhan, and Wigderson |[GVWO02| showed that AM[k] # AMJo(k)] (under
reasonable hardness assumptions), meaning that increasing the round complexity k adds more
power to the complexity class AM[k]. For sufficiently many rounds, we know that IP = PSPACE
[LFKN92; Sha92|. Thus, it is imperative to understand the approximation hardness of SCSPs with
k alternations while respecting the different regimes for k.

SCSP hardness from IOPs. The above results are derived (implicitly or explicitly) by leveraging
the connection between SCSPs and the PCP analog of interactive proofs, called interactive oracle
proofs (IOPs) [BCS16; RRR16|. A k-round (public-coin) IOP is a k-round (public-coin) IP where the
verifier has PCP-like access to each prover message: after the interaction, the verifier probabilistically
reads a small number of locations from the interaction transcript and then accepts or rejects.

A k-round public-coin IOP with query complexity q can be viewed as an SCSP with k alternations
and arity q (see Section 2.1). Therefore, constructions of IOPs for hard languages imply corresponding
hardness of approximation results for the resulting SCSPs. This leads us to ask:

Does every language in AM[k| have a k-round IOP with constant query complexity?

1.1 Our results

In this paper, we establish hardness of approximation for SCSPs from (general) interactive proofs.
Moreover, we also prove that tighter hardness results can be achieved for specific languages that are
interactively reducible (a notion that we introduce).

On the AM hardness of SCSPs. We prove that it is AM[k]-hard to approximate the value of
binary-alphabet SCSPs with k alternations and arity max{O(1),O(k/log |x|)} (x is the instance).

Theorem 1 (informal). Let L € AM[k] be a language. There exists a deterministic polynomial-time
reduction that maps an instance x for L to an SCSP instance ® with binary alphabet, k alternations,
and arity max{O(1),O0(k/log |x|)} such that:

o if x € L then the value of ® is 1;

e if x ¢ L then the value of ® is at most 1/2.

Our improvement in arity is particularly meaningful for logarithmic round complexity: Theorem 1
establishes that, for k(|x|) = O(log|x|), approximating the value of an SCSP instance with k
alternations and arity O(1) is as hard as deciding all of AM[k]. Previously, this was known only for
constant k [Drull; ACY22|.

Many results on the hardness of approximating the value of (standard) CSPs are achieved by
constructing suitable PCPs. Similarly (as was noted in [ACY22|), by constructing a suitable k-round
IOP for a language L, one can show that approximating the value of SCSPs with k alternations
up to a constant factor is as hard as deciding L. We establish Theorem 1 using this framework by
providing a transformation that maps a k-round IP into a k-round IOP with small query complexity.



Lemma 1 (informal). Let L be a language with a k-round public-coin IP. Then L has a k-round
public-coin binary IOP where, on input x, the verifier reads max{O(1),O(k/log |x|)} bits of the
interaction transcript. All other parameters are polynomially related.

Lemma 1 is surprising in light of the work of Goldreich, Vadhan, and Wigderson |[GVWO02|, which
shows a separation between AM[k] and AM[o(k)] (under relatively weak hardness assumptions).
Since the query complexity is smaller than the round complexity, Lemma 1 implies that the IOP
verifier does not make queries to every round of the protocol. This can be viewed as saying that
the power of AM[k] is unchanged even when the verifier only accesses O(k/log|x|) of the k rounds.
In other words, reducing round complexity of public-coin protocols reduces their power, but it is
nevertheless possible to not read every round of interaction while preserving the power.

Hardness of SCSPs from interactive reducibility. Theorem 1 establishes the hardness of
SCSPs with k = O(log |x|) alternations and arity O(1) (over the binary alphabet), but does not
work for O(1)-arity SCSPs with k = w(log |x|) alternations.

We extend this by showing that approximating the value of O(1)-arity SCSPs with k alternations
is as hard as solving #SAT,.! In fact, we show this for a more general class of languages that are
interactively reducible, a notion that we introduce in this work. Informally, the notion requires that
it is possible to reduce, via an interactive protocol, multiple transcripts of an IP for the relation
into a single transcript. We require that the probability of the verifier accepting conditioned on the
reduced transcript be (roughly) the minimum probability of the verifier accepting conditioned on
any of the original transcripts. See Section 2.3 for further details and discussion.

Interactive reducibility is a natural property; we show that general interactive proofs can be seen
as interactive reductions (albeit ones with bad parameters), and show interactive reductions for the
sumcheck protocol [LFKN92| and for Shamir’s protocol [Sha92|.

The notion of interactive reducibility allows us to get an optimal version of Lemma 1 for additional
languages. Let IR[k] be the class of languages that have a (1-round) interactive reduction with k
predicates (these predicates roughly align with rounds of an IP).

Lemma 2 (informal). Let L be a language in IR[k]. Then L has an O(k)-round public-coin IOP,
with polynomial proof length, where the verifier reads O(1) bits of the interaction transcript.

In particular, applying Lemma 2 to the sumcheck protocol yields the following (perhaps surprising)
conclusion: any k-round sumcheck protocol can be transformed to a O(k)-round IOP where the verifier
has O(1) query complezity (over the binary alphabet). Notice that using standard PCP techniques it
is only known how to achieve a similar (non-interactive) result with exponential proof length.

Using this improved lemma, we immediately get that for every k, deciding whether a binary-
alphabet SCSP instance with O(k) alternations and arity O(1) has value 1 or value 1/2 is IR[k]-hard:

Theorem 2 (informal). Let L € IR[k] be a language. There exists a deterministic polynomial-
time reduction that maps an instance x for L to an SCSP instance ® with binary alphabet, O(k)
alternations, and arity O(1) such that:

e if x € L then the value of ® is 1;

e if x & L then the value of ® is at most 1/2.

Using our interactive reduction for sumcheck, we know that #SATy € IR[k]. Thus, by Theorem 2,
we establish that approximating the value of SCSPs with O(k) alternations and constant arity is

'4£SAT, is the restriction of #SAT to instances of size n and k(n) variables.



#SAT-hard. Similarly, using our interactive reduction for Shamir’s protocol, we recover the result
of |CFLS97|, showing that approximating the value of SCSPs with polynomially-many alternations
and constant arity is PSPACE-hard.

Summary of results and open questions. We construct O(1)-query IOPs for every language in
AM[k < O(log |x|)] or in IR[k]. Moreover, we construct O(k/ log |x|)-query IOPs for every language
in AMJk]. These results establish approximation hardness for SCSPs as follows: (a) for k = O(log |x]),
it is AMJk]-hard to approximate the value of SCSPs with k alternations and constant arity; and
(b) for k = w(log |x|), it is IR[k]-hard to approximate the value of SCSPs with O(k) alternations and
constant arity, and AM[k]-hard when the SCSPs have arity O(k/log |x|). Our results are summarized
in Figure 1 together with previously known results.

Our work leaves open the AM-hardness of approximating the value of SCSPs with k = w(log |x|)
alternations and constant arity. From the perspective of IOPs, we also leave open the basic question
that we raised in the introduction: Does every language in AM[k| have a k-round (public-coin) IOP
with constant query complexity over the binary alphabet? Our results contribute notable progress
towards resolving this question (see paragraph above), but answering the question for every regime
of k remains a fascinating challenge in the theory of probabilistic proofs.

hardness alternations arity
|CFLS97| PSPACE unbounded 0(1)
[this work] IR[K] O(k) 0(1)
[this work] #SATy O(k) 0(1)
[ACY22| AMIK] k O(k)

[this work] AMIK] k max{O0(1),0(k/log |x|)}
[Drull] AM[1] 1 o(1)
|ALMSS98; AS98; Din07| NP n/a 0O(1)

Figure 1: Summary of results for approximating the value of binary-alphabet SCSPs to within a
constant factor. AM[k] denotes the class of languages with k-round public-coin interactive proofs. IR[K]
denotes the class of languages with (1-round) interactive reductions with k predicates. #SATy is the
restriction of #SAT to instances of size n and k(n) variables.



2 Techniques

We outline the main ideas behind our results. In Section 2.1 we explain a generic connection between
SCSPs and IOPs: in order to establish the hardness of approximating SCSPs, it suffices to construct
IOPs with certain properties. This will be our goal in the remaining sections. In Section 2.2 we show
how to transform k-round IPs into k-round IOPs with query complexity max{O(1), O(k/log|x]|)}.
In Section 2.3 we show that for relations that are interactively reducible we can construct O(1)-query
IOPs even when those relations are only known to have IPs with round complexity w(log |x]|).

2.1 On the hardness of approximating SCSPs via I0Ps

We review the generic connection between CSPs and PCPs, and then describe the analogous
connection between SCSPs and IOPs. In both cases, efficient constructions of PCPs/IOPs imply
hardness of approximation results for corresponding CSPs/SCSPs.

CSP hardness from PCPs. A CSP & is a list of boolean functions C1,...,Cy over variables
from a bounded alphabet 3. The CSP has arity q if each constraint depends on at most q variables.
The goal is to determine the maximum fraction of constraints that can be satisfied by any assignment.

We can map a non-adaptive PCP verifier V for a language L and an instance x into a CSP. The
variables represent locations of the PCP string. Each choice of PCP verifier randomness induces a
corresponding constraint, whose variables are those that the PCP verifier would have read from the
PCP string. The constraint is satisfied if and only if the PCP verifier accepts when it receives the
assignment of the variables as its query answers. The CSP’s arity equals the PCP’s query complexity.

By completeness of the PCP system, if x € L then there exists a PCP string that makes the
PCP wverifier accept with probability 1, which in turn means that there is an assignment that
simultaneously satisfies every constraint in the CSP. By the soundness of the PCP system, if x ¢ L
then every PCP string makes the PCP verifier accept with at most probability 1/2, which in turn
means that no assignment can satisfy more than half of the constraints of the CSP.

Thus, distinguishing whether the CSP’s value is 1 or at most 1/2 is as hard as deciding L.

SCSP hardness from IOPs. The general connection between SCSPs (Definition 1.1) and IOPs
is stated in the lemma below. Recall that a k-round IOP is a k-round IP where the verifier has
PCP-like access to each prover message: the prover and verifier interact for k rounds, and after the
interaction, the verifier probabilistically reads a small number of bits from each prover message and
decides to accept or reject based on the examined locations. The randomness used in the final phase
is called decision randomness (which we distinguish from the random messages that the verifier
sends to the prover during the interaction and may be queried at only few locations).

Lemma 3. Let L be a language with a non-adaptive k-round public-coin IOP with alphabet X,
polynomial proof length, query complexity q, decision randomness ry., and soundness error [3.

Then there exists a deterministic polynomial-time reduction that maps an instance x for L to an
SCSP instance ® with alphabet X3, k alternations, arity q, 2" constraints and a polynomial number
of variables such that:

e if x € L then the value of ® is 1;
e if x ¢ L then the value of ® is at most .

Proof sketch. Let Vop be the (non-adaptive) IOP verifier for L and let | be the (per-round) proof
length of the IOP. Given an instance x, we construct the SCSP instance ® as follows. The SCSP has



2k blocks of | variables that align with the interaction transcript between the IOP prover and IOP
verifier (the i-th variable of the j-th block corresponds to the i-th symbol of the j-th message of the
protocol). The SCSP has a constraint C), for each p € {0,1}", whose input variables correspond to
the locations of the transcript that V,gp queries given instance x and randomness p; the constraint
C, is satisfied if and only if Vop(x; p) accepts if it reads the symbols assigned to the variables of C,,.

The SCSP instance ® has k alternations (corresponding to the rounds of the IOP) and | = poly(|x|)
variables per alternation (corresponding to the message length) that are assigned values in the
alphabet ¥ (the alphabet of the IOP). Each of its 2" constraints has arity q since each constraint
has as many inputs as queries made by the IOP verifier V gp.

Finally, we analyze the value of the SCSP. By construction, there exists an IOP prover strategy
that causes the IOP verifier V op to accept with probability ¢ if and only if there exists a strategy for
the existential player in the SCSP such that the expected fraction of constraints that are satisfied is
J (i.e., the value of @ is at least §). Therefore, by perfect completeness of the IOP, if x € L then the
value of ® is 1. Conversely, by soundness of the IOP, if x ¢ L then the value of ® is at most 5. [

2.2 Transforming IPs into IOPs

We outline the proof of Lemma 1 (transforming an IP into an IOP with small query complexity).
In Section 2.2.1, we show how to transform a logarithmic-round IP into a O(1)-query IOP. Then
in Section 2.2.2 we extend this idea to transform a k-round IP into a O(k/log |x|)-query IOP.

2.2.1 From O(log|x|)-round IP to O(1)-query IOP

We show how to transform a k-round public-coin IP where k = O(log|x|) into an O(k)-round
public-coin IOP with the following efficiency: polynomial proof length over the binary alphabet;
constant query complexity; and logarithmic decision randomness.

First, we sketch how to transform a k-round public-coin IP (P4, Vip) into an O(k)-round public-
coin IOP (Pop, Viop) where the verifier reads O(1) rounds (in their entirety) from the interaction
transcript. Then we explain how to ensure that the verifier queries O(1) bits in total.

A strawman protocol. We describe a natural strategy for transforming the IP into an IOP
where the verifier reads O(1) rounds, albeit with high soundness error. The IOP prover Pop and
IOP verifier V,p respectively simulate the IP prover and verifier (Pjp, Vip), inducing an interaction
transcript tr = (p1, a1, ..., pk, ak). At this time, however, Vo does not read any messages from tr.
After this interaction, Pop sends a transcript tr’, which is allegedly equal to tr, as a single message.
Then Vop reads tr' and checks that tr’ is an accepting transcript for the IP verifier V\p. Moreover,
Vop tests consistency between tr (the real interaction) and tr’ (the alleged copy of the interaction
sent as a single message): Vop samples a random i € [k], reads the i-th prover message and i-th
verifier message in tr, and checks that these equal the corresponding messages in tr'.

In this IOP, Ve reads O(1) messages from the interaction transcript, but the soundness error of
the IOP is large (even when discounting the soundness error of the underlying IP). Indeed, it may be
that a cheating IOP prover sends a malicious transcript tr’ that is accepting but differs from the real
transcript tr in one round only. In this case, V gp catches the inconsistency only with probability
1/k, which means that the soundness error could be as large as 1 — 1/k.

Note that reducing this soundness error via parallel repetition would increase the number of
rounds queried by V,op. Achieving constant soundness error would require O(k) repetitions, resulting
in an IOP verifier that reads O(k) rounds, taking us back to where we started.



Our transformation. We present a transformation that improves on the above strawman protocol,
achieving a constant soundness error for any IP that has a logarithmic number of rounds.

A malicious IOP prover in the strawman protocol has two strategies: the transcript tr’ sent
as the last message either agrees with the real transcript tr on more than half of the rounds, or
it does not. If tr’ agrees with tr in less than half of the rounds, then the IOP verifier catches this
inconsistency with probability at least 1/2. Intuitively, the transformation that we sketch below
ensures that if tr is consistent with tr on at least half of the rounds, then the consistent rounds
must contain within them a full execution of the underlying IP. Then, since this consistent part was
generated interactively in tr, by the soundness property of the IP, this contained transcript will be
rejected with high probability. We now describe our transformation in more detail.

Suppose that our public-coin IP has k(|x|) = O(log |x|) rounds and that the verifier message in
each round is r bits long. The IOP (Pop, Viop) on a given instance x works as follows.

1. Pyop sets Sp := {0} (i.e., Sp consists of the empty transcript).
2. Fori=1,...,2k:
o P sends S;_1.
e Viop sends a random p; € {0,1}" (corresponding to a message of Vip).
e Popsets S; :=5;_1 U {(teriHatni)}treSi,l where ayr; := Pp(x, tr||p;) for each tr € S;_;.

3. Piop sends Sox and, for every i € [2k], also sends T; := ;.

4. In the decision phase, V op performs the checks below.

(a) Subset consistency: For every i € [2k], check that T;_1 C T;.

(b) Transcript consistency: Choose a random i € [2k]. Check that S;—1 = T;—1 and S; = T;.
Additionally, check that for every tr € S;_; there is a message atr; such that (tr||p;||awr ;) € S;,
where p; is the verifier message sent during the i-th round of interaction.

(¢) Membership: Check that for every transcript tr € Thy that is complete (i.e., contains messages
for all k rounds of the IP) it holds that Vp(x, tr) = 1.

Efficiency. We briefly discuss the main efficiency measures of the transformation.

e Query complezity. The IOP verifier reads O(1) rounds from the transcript.

o Communication complexity. We argue that all messages in the protocol have length poly(|x]|).
For every i, |S;| < 2|S;_1] since S; contains all transcripts in S;_; and continuations of each of
these transcripts. Since k = O(log |x|), |S;| = poly(|x]|) for every i. Each transcript within S; has
polynomial length, so the length of these messages is poly(|x|). Finally, the sets T1, ..., Ty have
the same sizes as S1, ..., Sox (respectively) and so the prover’s final message has length poly(|x|).

e Decision randomness. The IOP verifier uses O(log k) = O(log |x|) bits of decision randomness.

Analysis. In this overview, we discuss soundness only, as completeness follows straightforwardly
from the construction. Let § be the soundness error of (P, Vip). We show that the IOP (Pop, Viop)

has soundness error ey
Biop = maX{27 ( k> B}

The above expression can be made constant by first applying poly(|x|) repetitions to (P, Vip), until

~1
it has soundness error 3 < (2 . (Qkk)> (and only then applying the IP-to-IOP transformation).



Fix x ¢ L and a cheating IOP prover 15|OP. A fixed transcript of the IOP has the structure:

(So’p1781""’p2k|P382k’(TO""’T2k)) N

Given such a transcript, we say that an index i is consistent if: (a) S;—1 = T;—1 and S; = T;; and
(b) for every tr € S;_; there is a message ayr; such that (tr||p;||atri) € S;.

Conditioned on the event that the transcript generated during the interaction has less than k
consistent indices i, V,op rejects with probability at least 1/2 due to its check in Item 4b. We are
thus left to analyze the probability that V,op rejects conditioned on the event that the generated
transcript has at least k consistent indices.

Fix indices 7; < --- < ik and suppose that all these indices are consistent with respect to
the transcript. By the definition of consistency, for every j € [k], S, 1 = T;;-1, Si; = Ty,
and (tr|[p;;||atri;) € Si; for every tr € S;, 1. This implies that there exist a;, ..., a; such that
(pillaill -~ llpillai) € Ti.. By the subset consistency check, Viop accepts only if T;, C Ty, in
which case (p;, ||ai, || - - - ||pic]|ai,) € Tok. This transcript was generated interactively by the prover
and verifier and hence, by the soundness of the IP, Vip(x, p;,||ai, || - - - ||pi ] |ai,) = 1 with probability
at most B. If the transcript is rejecting, then this is detected by Ve in its membership check.

The previous analysis holds for fixed indices 7; < --- < ix. By applying the union bound to all
choices of indices, we have that, conditioned on the transcript generated having at least k consistent
rounds, V,gp accepts with probability at most (Qkk) - B.

Putting together both (non-intersecting) events of the number of rounds consistent with the
generated transcript, we conclude that V,qp accepts with probability at most max{%, (2kk) - B}

Achieving query complexity O(1) over the binary alphabet. The verifier in the IOP
described above reads O(1) rounds (in their entirety) from the interaction transcript, rather than
O(1) bits in total. We additionally achieve this latter goal by building on a result in [ACY22).

In more detail, [ACY22| transforms a k-round public-coin IP into an O(k)-round public-coin IOP
with polynomial proof length over the binary alphabet and where the IOP verifier reads O(1) bits
from each round. We extend this to transform a k-round IOP whose verifier reads q of the k rounds
into a O(k)-round IOP whose verifier reads O(1) bits from each of O(q) rounds. See Section 7 for
more details.

2.2.2 1IOPs from general IPs

The transformation described in the previous section works for O(log |x|)-round IPs. However, it
cannot be directly applied to IPs with more rounds because the proof length (and thus also the
verifier running time) would be more than polynomial.

Nevertheless, we extend the transformation to work for any public-coin IP while achieving a
moderate improvement on the number of read rounds. In the main loop of the IOP, rather than
advancing each IP transcript in S;_; by one round, advance it by O(k/log |x|) rounds before inserting
the resulting transcripts into the set S;. During its decision phase, the IOP verifier chooses an
index ¢ and reads the entire O(k/log |x|)-round interaction done during this iteration of the IOP.
Completeness and soundness of this new transformation are similar to the one presented in the
previous section, but now the verifier reads O(k/ log |x|) rounds. The rest of the efficiency parameters
are similar to the IOP described in the previous section, except that proof length is polynomial
regardless of k.
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After applying the (adapted) transformation of [ACY22|, this process yields a O(k)-round IOP
with query complexity O(k/log|x|) (over the binary alphabet). This concludes the proof sketch
of Lemma 1.

Can we do better? The construction described in this section doubles the number of transcripts
stored in the set S; relative to S;—1. This causes a blow-up in parameters and is the reason why this
approach fails in constructing O(1)-query IOPs from IPs with super-logarithmic round complexity.
Intuitively, if we could reduce this doubling then we may be able to modify the transformation to get
O(1)-query IOPs. While we do not achieve this for general IP, we show that, using this intuition,
we can construct O(1)-query IOPs for a rich class of relations that are interactively reducible. We
discuss this notion, and corresponding new IOP constructions, in the following section.

2.3 Interactive reducibility

In Section 2.2.1 we described how to transform an IP into an IOP with O(1) query complexity. The
new protocol kept track of a set containing all partial transcripts of the IP generated so far in the
protocol. In every round, every partial transcript in the set was advanced by one round, and the
newly advanced transcripts were added to the set held previously. This meant that in every round,
the set contains twice as many transcripts as in the previous round. As we require polynomial proof
length and verifier running time, this technique was unable to allow reading of O(1) rounds for IPs
with greater than O(log |x|) rounds.

Intuitively, suppose it were possible to take multiple transcripts and reduce them into a single
transcript that in some sense preserves soundness of all of the transcripts combined. In that case,
this issue could be bypassed, and the protocol would work for IPs with super-logarithmic round
complexity. In more detail, suppose we want to reduce transcripts try, ..., tr; into a new transcript
tr’. The acceptance probability of a transcript prefix tr; is the maximum over all prover strategies of
the probability that the verifier will end up accepting when continuing interaction with the prover
from transcript tr;. Roughly, we require that: (a) if the acceptance probability of every tr; is 1,
then so is the acceptance probability of tr’; and (b) if there exists some transcript tr; with small
acceptance probability, then (with high probability) the acceptance probability of tr’ is also small.

In this section, we introduce the concept of interactive reducibility, which formally captures this
intuition. We exemplify this in Section 2.3.1 by describing how to reduce multiple transcripts of the
sumcheck protocol into a single transcript. Then, in Section 2.3.2, we formally define interactive
reducibility. In Section 2.3.3, we show how to adapt the protocol described in Section 2.2.1 to work
with interactive reductions and bypass the blow-up in the original protocol. Finally, in Section 2.3.4,
we discuss relations known to have interactive reducibility.

2.3.1 An interactive reduction for sumcheck

We exemplify the notion of interactive reducibility in the case of the sumcheck protocol [LFKN92|.
Below we review this protocol, and then explain how to reduce multiple transcripts into one transcript
via an interactive reduction.

The sumcheck protocol. The verifier has query access to a n-variate polynomial p of individual
degree d over some field F. The goal of the verifier is to test, for a given field element ~, whether

Z plat,...,an) =7 .

at,...,an€{0,1}
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The protocol begins with the prover sending a polynomial p; of degree d, claimed to equal p;(X) :=
EaQ,..,ane{O,l} p(X, o, ..., ap). The verifier checks that p1(0)+p1(1) = 7 (rejecting if not), samples
a random field element 71, and sends it to the prover. Both parties define v := p;(ry).

This one-round interaction leads to a new sumcheck claim

Z p(ri,ag,...,on) =71 ,

ag,...,an€{0,1}

that has the following properties: (a) if the original claim is true then the new claim is also true;
and (b) if the original claim is false then with high probability the new claim is also false.

Next, the prover sends py claimed to equal pa(X) := Za37...7an€{071}p(r1,X, asg,...,q,) and
the protocol repeats as before. This process continues until the n variables are fixed to some field

elements (r1,...,7,), and the problem has been reduced to checking that p(ry,...,r,) = v,, which
the verifier can check via one query to the polynomial p.

One can associate a round j of the protocol with a list of field elements (rq,...,r;) and
a claimed sum +;, and think of that round as “reducing” a claim z = ((ri,...,r;j),7;) that
EOCjJrl,...,Oéne{O,l}p(rl’ ey Tj Qs .-, Q) = 75 into a new claim 2’ = ((r1,...,7j41),7j+1) that

0j42,...,an€{0,1} p(T17 sy T4, G2, - 7an) = Yj+1-

Reducing multiple sumcheck claims. We are given claims zy, ...,z where each z; consists
of (ri1,...,ri;) and a claimed sum ~; ;. We seek to reduce these t claims into a single claim
z' = ((r},...,7511),7j41) such that: (a) If each z; is a true statement, then z’ is a true statement;

and (b) If there is some z; that is a false statement, then with high probability 7’ is a false statement.
Notice that in order to merge multiple sumcheck transcripts it suffices to merge multiple sumcheck
claims 71, ..., 7. Thus we will focus on merging such claims.

Before describing the reduction, we define a polynomial I, . :F — [/ that represents a curve
through the t points described by the instances z,...,z.. That is, I, . .. (i) = (r51,...,7i;) for
every i € [t] (here we implicitly associate the set [t] with an arbitrary set S C FF of size t, known to
all parties). By interpolation, the degree of I, ... isless than t.

Given this definition, we describe the interactive reduction for the sumcheck protocol.

e Prover: Send the polynomial g € F[X;, Xs| defined as:

9(X1, Xo) = > P(Lay e (X1), Xoy g, .oy om) (1)

Oéj+27...,06n€{071}

e Verifier: Receive a bivariate polynomial g € F[X7, Xs] of degree at most j-d - (t — 1) in X; and
degree at most d in Xs.

1. Consistency: Check that for every i € [t] it holds that }_ 013 9(i, @) = 7i;;. (Reject if not.)
2. Generate new instance:
(a) Sample uniformly random field elements p, r* < F and send them to the prover.

(b) Set (r},...,7%) =L, _..(p) and ;11 := g(p,r*) and output the new instance

,,,,,

/. / / *
z = ((Tl,...,rj,r ),’y]'+]_) .

Analysis. It follows straightforwardly from the protocol that, if z1,. ..,z are all true statements
and the prover acts honestly, then 7z’ is a true statement. We show that if any one of the statements
71,...,7 is false then with high probability so is z’.
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Let g be as defined in Equation (1) with respect to z1,...,z. Suppose that z; is a false claim
(i.e., Eaj+1,~--,ane{071}p(’ri71’ ey Tigy 0Ggl, - .-, Q) F Y5 5). Then, by definition,

Z g(i,a) = Z p(rm,...,ri7j,aj+1,...,an) 7&71‘,_7' .
ae{0,1} 0jp1,-,0n €{0,1}

During its consistency check, the verifier checks that Zae{o,l} g(i,a) = ~; ;. Thus, in order for the
verifier to not reject, a cheating prover must send § # ¢g. By the Schwartz—Zippel lemma, since g
and g are low-degree polynomials (provided that the degree d and the number of instances being
reduced t are small with respect to |F|), the probability that the uniformly chosen p and r* are such
that g(p,r*) = g(p,r*) is small. Whenever g(p,*) # g(p,r*) we have that

Z p(r/lv o ,T},T*,Oéj+27 o 7an) == g(p,T*) 3& g(p,?”*) = 7j+1 P
Qjt2,0e,0n€{0,1}

and so the resulting statement z’ := ((r{,...,7},7%),7;+1) is false.

2.3.2 Defining interactive reducibility

We define interactive reducibility, which captures the capability of merging multiple transcripts/instances
into a single transcript/instance while preserving correctness and soundness.

Definition 1. An ¢-round public-coin protocol (Pr, Vir) where Vg Tuns in polynomial time is an
interactive reduction for a relation R with k predicates and soundness error € if there exists a
sequence of predicates fo, f1, ..., fx such that the following holds.

e Completeness: For every (x,w) € R, j € [k], and z1, ...,z such that f;j_i(x,z;) =1 for every
i € [t], it holds that:

Pr [ fi(x,7') = 1‘ 7 (Pr(x,w,z1,...,%), Vie(X, %1, . .., %)) ] =1.

e Soundness: For every x ¢ L(R), j € [k|, and z1, ...z, if there exists i € [t] where fj_1(x,2z;) =
0 then for every (computationally unbounded) P it holds that:

Pr [ fi(x,7") = 1‘ 7' (f’|R,V|R(X, Ty Zt)) } <e(x,t) .
e Relation identity: fo(x,z) =1 if and only if x € L(R).
e Triviality: fi(x,z) can be computed in time poly(|x|, |z|).
We call x the base instance and z1, ...,z round instances.

An interactive reduction (Pg, Vig) has (polynomially) bounded output length if there exists
¢ € N such that, for every base instance x, witness w, and round instances zi,..., 7, the new
instance z’ output by (P, Vig) on inputs (x, w,z1,...,7%) has length at most |x|°.
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2.3.3 1IOPs from interactive reducibility

We show that any relation with an /-round interactive reduction with k predicates (and bounded
output length) has a (¢ - k)-round public-coin IOP with query complexity O(k). This is a variation
of the protocol described in Section 2.2, adapted to work with interactive reducibility. For simplicity,
in this overview, we present the protocol only for the case £ =1 (such as the sumcheck protocol).

To aid with notation, in the description of the protocol, we replace the set \S; (which in Section 2.2.1
contained the set of all transcripts generated up until the i-th iteration) with an array A; where
A;[j] contains all of the round instances generated in the i-th iteration that are associated with the
j-th predicate of the interactive reduction. In iteration ¢, the interactive reduction will be run k
times in parallel, where for every j € [k] we run given the round instances stored in A;_1[j].

The protocol. Let (P, Vi) be a one-round interactive reduction for R with k predicates. The
IOP prover P,gp receives as input an instance x and witness w, and the IOP verifier V ,op receives as
input the instance x. They interact as follows.

1. For every i € {0,...,2k}, Pop defines the (k 4 1)-entry array A; as follows

[ =
Ailj] = {@ if je{1,...,k}

The set A;[j] will store all instances corresponding to f; collected by iteration ¢ of the protocol.
2. Fori=1,...,2k:

(a) Piop sends A;_1 to Vigp.

(b) Viop sends a random p; <— {0, 1}" (this corresponds to a message of Vir).

(c) Piop sends a; j := Pr(x,w, A;_1[j — 1], p;) for all j € [k], and sets A;[j] := A;—1[j] U {zi;}
where z; j := Vir(x, Ai—1[j — 1], pi, ai ;) is the output of the interactive reduction verifier
given base instance x, round instances A;_1[j — 1], verifier randomness p;, and prover reply
ai,j-

3. Piop sends Agy and, for every ¢ € {0,...,2k}, sends B; := A;. This concludes the interaction.

4. In the decision phase, V op is given oracle access to a transcript with the following structure:

(Ao, p1; (a1,15--sa1k), Ary oo, paks (@2k1s - - -5 Gakk) s Aok, (Bo, - - -, Bak))

Vop performs the checks below.
(a) Subset consistency. Read the arrays By, By, ..., Bok in their entirety. For every i € [2k] and
J €{0,...,k} check that B;_1[j] C B;[j].
(b) Transcript consistency. Sample a random i € [2¢]. Read the arrays A;_; and A; sent by Pop
and the interaction p; and (a;1,...,a;).
i. Check that A;_1 = B;_1 and A; = B;.
ii. For every j € [k], check that A;[j] = A;—1[j] U {z; ;} where

Z;,j = VIR(X7 Ai—l [j - 1]7 Pi7 aiJ) 9
is the output of the interactive reduction verifier given base instance x, round instances

A;_1[j — 1], verifier randomness p;, and prover reply a; ;. (Reject if Vg rejects.)
(¢c) Final predicate holds. Check that fi(x,z) = 1 for every z € Baklk].
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Analysis. The protocol has perfect completeness and soundness error max{%, (2|'(k) -k - €} where k
is the number of predicates and € is the soundness of the interactive reduction respectively. This can
be shown in a similar manner to that described in Section 2.2.1. The main difference between the
two protocols is in the analysis of the proof length. In the protocol of Section 2.2.1 the number of
sent transcripts doubled in each round. In contrast, in the new protocol, one round instance is added
for each predicate. In more detail, for every i € [2k] and j € [k], we have |A;[j]| = |Ai—1[j]] + 1.
Since k = poly(|x|), the total number of round instances generated and sent is polynomial in |x]|.
If the interactive reduction has bounded output length, then each of these round instances has
polynomially-bounded length. We can therefore conclude that the overall proof length is poly(|x|).

2.3.4 Relations with interactive reducibility

Several relations of interest have interactive reductions.

General IPs. We show that any relation with a k-round interactive proof has an m-round interactive
reduction with k/m predicates (for any m that divides k). To see this, consider round instances z
that are sets of j-message partial transcripts of the IP. The interactive reduction advances each of
the transcripts in the set z by m rounds, as in the IP. The predicates are defined with respect to
the “state function” of the IP, which roughly denotes whether the prover has an accepting strategy
with respect to this transcript or whether no strategy will cause the verifier to accept with high
probability (over the remaining interaction). See Section 3.2 for a formal definition of the state
function of an IP through the concept of round-by-round soundness.

Notice that if this interactive reduction is used in the protocol of Section 2.3.3, this yields the
protocol described in Section 2.2.1. This interactive reduction does not have bounded output length
since the new round instance stores all of the previous transcripts and their continuations. Therefore
the resulting IOP does not achieve O(1) total query complexity.

Sumcheck protocol. Using the ideas described in Section 2.3.2, we show that any relation that
can be reduced into k-variate sumcheck has a one-round interactive reduction with k predicates and
bounded output length. As a result, any relation that can be reduced into k-variate sumcheck has a
O(k)-round public-coin IOP with query complexity O(1).

Shamir’s protocol. Shamir’s protocol [Sha92| gives an IP for all of PSPACE, thereby showing
the TP = PSPACE theorem. Extending the ideas developed in Section 2.3.2; we show a one-round
interactive reduction with bounded output length and polynomially-many predicates for Shamir’s
protocol. This establishes that every language in PSPACE has a poly(|x|)-round public-coin IOP
with query complexity O(1).

Future directions. We leave the exploration of what other relations have interactive reductions to
future work. Following the extensive use of polynomials in both the sumcheck protocol and Shamir’s
protocol, it seems likely that these techniques can be adapted to also work for low-depth circuits
through the delegation protocol in [GKR15|.
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3 Preliminaries

We consider proof systems for binary relations. A binary relation R is a set of tuples (x, w) where
x is the instance and w the witness. The corresponding language L(R) is the set of x for which
there exists w such that (x, w) € R. In some theorems we highlight important parameters with a
yellow background .

3.1 Interactive oracle proofs

Interactive Oracle Proofs (I0Ps) [BCS16; RRR16| are information-theoretic proof systems that
combine aspects of Interactive Proofs |Bab85; GMR89| and Probabilistically Checkable Proofs
[BFLS91; FGLSS91; AS98; ALMSS98|, and also generalize the notion of Interactive PCPs [KR08].
Below we describe public-coin 10Ps.

A kiop-round public-coin IOP works as follows. For each round i € [kjp], the verifier sends a
uniformly random message p; to the prover; then the prover sends a proof string II; to the verifier.
After kiop rounds of interaction, the verifier makes some queries to the proof strings Iy, ..., Iy,
sent by the prover, and then decides if to accept or to reject.

In more detail, let IOP = (Pop, Viop) be a tuple where Pop (the prover) is an interactive
algorithm, and Vg (the verifier) is an interactive oracle algorithm. We say that IOP is a public-coin
IOP for a binary relation R with kep rounds and soundness error S,op if the following holds.

e Completeness. For every (x,w) € R,

. . Hl <~ PIOP(Xa w, ,01)
PI' VIO;»'“z k|OP:P17--~7Pk|Op (X; pdc) — 1 . — 1 )

PPy op 1Pde
e < Piop(x, w, 1, - -, Pklop)

e Soundness. For every x ¢ L(R) and unbounded malicious prover Pyop,

_— 1:[1 <~ 13|0P(P1)
Pr Vige 7 0PI IPHOP (560 pe) = 1 : < Bior(Ix[) -

P15-+5Pkiop 1Pde ~ ~
1_[|<|op — PIOP(pb s 7,0k|op)

Complexity measures. We consider several complexity measures beyond soundness error. All of
these complexity measures are implicitly functions of the instance x.

proof length ligp: the total number of bits in IIy, ..., ILy,.
queries qiop: the number of bits read by the verifier from p1,1I1, ..., pigps Hkp-
interaction randomness length r,: the total number of bits in p1, ..., pkep-

decision randomness length ry.: The number of bits in pq..

prover time ptop: Piop runs in time pt,qp.

verifier time vtop: Viop runs in time vtgp.

decision complexity dtop: Following the choice of queries, V gp runs in time dtop to decide whether
to accept or reject.

Round-query I0OPs and IPs. A round-query IOP with round-query complexity q,.q is an IOP in
which the verifier reads every symbol of q,,4 rounds from the interaction. An interactive proof (IP) is
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a round-query IOP with round-query complexity equal to the number of rounds in the protocol (i.e.,
the verifier reads every symbol in the interaction). Unless explicitly stated otherwise, we assume
that IPs have no decision randomness.

3.2 Round-by-round soundness

Definition 3.1. Let (Pop, Viop) be an IOP for a relation R. A state function for (Pop, Viop)
with decision error 0y is a (possibly inefficient) Boolean function that receives as input an instance
x and a transcript tr and outputs a bit for which the following holds.

o Empty transcript: if tr = () is the empty transcript then state(x, tr) = 0 if and only if x ¢ L(R).

e Prover moves: Ifx ¢ L(R), tr is a transcript where the prover is about to move and state(x,tr) = 0,
then for any potential prover message a, state(x,tr||a) = 0.

o Full transcript: if tr is a full transcript and state(x, tr) = 0 then Pr,, [V5.(x; pac) = 1] < dec.

Definition 3.2. An IOP (Pop, Viop) with kiop rounds for a relation R has (B, 04 )-round-by-
round soundness if there exists a state function state with decision error é4. such that for all
x & L(R), every i € [kiop|, and every transcript tr of the first i rounds where the verifier is about to
move and state(x,tr) = 0 it holds that

Pr[state(x, tr||p) = 1] < Bu -
p

We call B, the interaction error and d4 the decision error. If d,c = 0, we omit dyc and simply say that
IOP has round-by-round soundness B, which aligns with the standard definition of round-by-round
soundness for IPs.

Notice that if a k-round IOP has (S,.,, d4 )-round-by-round soundness, then it has soundness
error at most k - 8., + d4.. Additionally, if a k-round IOP has constant soundness error, then it has
(c'/%, O(1))-round-by-round soundness error for some constant 0 < ¢ < 1.

The following lemma is a generalization of [CCHLRR18|, Corollary 5.7, and follows from their
techniques:

Lemma 3.3. Let m,t € N be parameters and R be a relation with an IOP (Pop, Viop) with (Bewr, Oac)-
round-by-round soundness. Then R has an IOP (Plyp, Viop) with (BT, 8%.)-round-by-round soundness
and the following parameters:

IOP (Pyop, Viop) for R IOP (Pyop, Viop) for R
Rounds Kiop Rounds Kiop
Alphabet size Aop Alphabet size A
Proof length liop Proof length lop
Round queries Uind SN Round queries t - Qg
Queries per round Jiop Queries per round t - Qiop
Total interaction randomness r,, Total interaction randomness m - ry,
Decision randomness le Decision randomness t-ry
Round-by-round soundness (Brbrs 0ac) Round-by-round soundness (Bm,oL)
Verifier running time Vtiop Verifier running time m-t- vtep
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3.3 Extractors

Definition 3.4. The min-entropy of a random variable X is

Hmin (X) = mGSIElpiF?(X) - log PI‘[X = aj]

Definition 3.5. A function Ext: {0,1}" x {0,1}¢ — {0,1}™ is a (k,¢)-extractor if for every X
with min-entropy at least k, SD(Ext(X,Uy),Up,) < € (where SD is the statistical distance). An
extractor is explicit if it is computable in polynomial time.

We use the following explicit construction of extractors with tight parameters.

Theorem 3.6 (|GUV09|). For every constant a > 0, and all positive integers n,k and all € > 0,
there is an explicit construction of a (k,e)-estractor Ext: {0,1}" x {0,1}¢ — {0,1}™ with d =
O(logn +1log(1/¢)), and m > (1 — a)k.

Setting specific parameters, we will use this simpler version of the theorem.

Theorem 3.7. For all positive integers m, and £ > logm there is an explicit construction of a
(2m, 279 -eatractor Ext: {0,1}3™ x {0,1}¢ — {0, 1}™ with d = O(¥).

Fact 3.8. For alln € N, all x € {0,1}" and 0 < v < 1 we have that
{a' € {0,1}" : Az, ) < )} < 27 HO)

(here H is the entropy function H(p) = —plog(p) — (1 — p)log(1l —p)).
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4 Interactive reducibility

We define the notion of interactive reducibility. Then we show basic properties of interactive
reducibility: (a) in Section 4.1 we show that if a relation has an interactive reduction then it also
has an IP; and (b) in Section 4.2 we show how to reduce the soundness error of an interactive
reduction. Finally, in Section 4.3, we show an interactive reduction for any public-coin IP and
bounded-output-length interactive reductions for the sumcheck protocol and Shamir’s protocol.

Definition 4.1. An interactive reduction for a relation R with kg predicates and soundness
error e is a br-round public-coin protocol (P, Vig) (where Vg runs in polynomial time) for which
there exists a list of predicates fo, f1,..., fug such that the following holds.

e Completeness. For every (x,w) € R, j € [kg], and z1, ...,z such that fj_i(x,z;) =1 for
every i € [t], it holds that

Pr [ fi(x,z') = 1‘ 72— (Pr(x,w,7z1,...,2¢), Vir(X, 21, . . ., %)) ] =1.

e Soundness. For every x ¢ L(R), j € [kg], and z1,... 7, if there exists i € [t] such that
fi—1(x,z;) = 0 then for every (computationally unbounded) P it holds that

Pr [ fi(x,7') = 1‘ 7 — (P, Vi(x,21,...,2)) ] < er(x,t) .

e Relation identity. fo(x,z) =1 if and only if x € L(R).
o Triviality. fy.(x,z) can be computed in time poly(|x|, |z|).
We call x the base instance and z1, ..., 7 round instances.

A relation R is interactively reducible with kg predicates and £ rounds if R has an interactive
reduction with kg predicates and kg-rounds. An interactive reduction has soundness error that is
well-behaved if e is (weakly) monotonically increasing with t and grows at most polynomially with
t. All interactive reductions described in this paper have well-behaved soundness error.

Definition 4.2. An interactive reduction has (polynomially) bounded output length if there
exists ¢ € N such that, for every base instance x, witness w, and round instances z1, ..., %, the new
instance output by (Pr, Vir) on inputs (x,w,z1,...,z) has length at most |x|°.

4.1 Interactive proofs from interactive reductions

We construct an IP for any relation that is interactively reducible.

Theorem 4.3. If a relation R has an interactive reduction (P, Vig) then R has an IP (Pp, Vip)
with the parameters indicated below.

Interactive reduction for R

Number of predicates kg IP for R

Rounds Ui Rounds kir - Or
Communication Ix N Communication kir - |
Randomness [ Randomness ki * Mg
Soundness error Er Soundness error ki - €r(x, 1)
Verifier running time vty Verifier running time  kp - vtg + ftig
Final predicate time ftir
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Moreover, if lg = 1 then the IP for R has round-by-round soundness error eg(x,1).

Construction 4.4. The IP prover P, receives as input an instance x and a witness w, and the
IP verifier Vp receives as input the instance x. Letting zy := x, they interact as follows. For
j=1,...,kg, Pp and Vp run the interactive reduction (P, Vig) to obtain a new instance

zj < (Pr(x,w,2zj_1), Vr(x,2;-1)) .
Finally, after the interaction, Vip checks that fi.(x, zyg) = 1.

Proof of Theorem 4.3. We prove completeness, then prove soundness (and round-by-round sound-
ness), and finally analyze complexity measures.
Completeness. Fix (x,w) € R. By completeness of (P, Vig), for every j € [kgl, if fj—1(x,2z;-1) =
1, then

Pr [ [i(x,z;) = 1‘ zj — (Pr(x,w,zj_1), Vir(x,2;-1)) ] =1.

Since fo(x,zo) = fo(x,x) = 1, by induction it holds that fi(x,zk,) = 1 with probability 1. We
conclude that Pr[(Pp(x, w), Vip(x)) = 1] = 1.

Soundness. Fix x ¢ L(R) and a malicious IP prover P, and let e := er(x,1). Let 15,(5') be the
machine that describes P, during the j-th execution of the interactive reduction. Each fﬂ(g ) can be
seen as a (potentially malicious) prover for the interactive reduction. We show that fi, (x, zk,) =1
(a necessary condition for the IP verifier Vip to accept) with probability at most ki - £g-

We show by induction that fj(x,z;) = 1 with probability at most j - eg. For j = 0 this holds
because fo(x,zo) = fo(x,x) = 0. For j > 0, suppose that f;_1(x,z;—1) = 1 with probability at most
(j — 1) - er. It may be that whenever f;_;(x,z;_1) = 1 it holds holds that f;(x,z;) = 1. However,
whenever f;_i(x,z;—1) = 0, we can invoke the soundness property of (P, Vir) to deduce that

Pr fj(x7zj) = 1‘ Zj — (Pg)avm(x,z]‘—l» <éRr -

By applying the union bound, the probability that fj(x,z;) = 1is at most (j —1)-er+er =J - €.
Round-by-round soundness. Suppose that ¢z = 1 (that is, (P, Vi) has one round) and let
er = er(x, 1). We focus on the MA case (the prover moves first in the interactive reduction); the
AM case can be shown in a similar manner. To show round-by-round soundness we first define a
state function state. Let x be an instance and tr be a transcript of the protocol up to round j (i.e.,
j full executions of the interactive reduction), and let (zo,...,z;) be the round instances output by
the reduction verifier Vg in an execution of the protocol according to tr (if the transcript ends with
a prover message, then z; is the last round instance specified according to the transcript). Then we
set state(x, tr) := 1 if and only f;(x,z;) = 1. We show that this is indeed a state function.

o Empty transcript. If tr = () is the empty transcript then by definition state(x,tr) = 0 if and only if
fo(x,0) = 0, which occurs if and only if x ¢ L(R).

e Prover moves. Given x ¢ L(R) and a transcript tr. As in the definition of the state function, let
zo, - . ., z; be the instances generated by V. If state(x, tr) = 0 then by definition f;(x,z;) = 0.
Since no new instance is generated given only the prover’s message, state(x, tr||a) = 0 for every a.

o Full transcript. If tr is a full transcript and state(x, tr) = 0, this implies that fi(x,zk,) = 0. If
this is the case then the IP verifier V» rejects.
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We argue that (Pp, Vip) has round-by-round soundness €z with respect to this state function.
Fix an instance x, a round number j € [kg|, and a transcript tr that contains messages up to round
J (where the next message is a verifier message). Let (zo,...,z;) be the instances implied by tr.
Suppose that state(x,tr) = 0. Since the next message is a verifier message, and the interactive
reduction is public-coin, we have that the verifier’'s next message p is a uniformly random string.
Thus, we show that

IZr [ state(x, tr||p) = 1] <egr .

Since state(tr) = 0, we have that f;(x,z;) = 0. The claim, then, is implied by soundness of (Pg, Vir),
stating that for any malicious prover P:

Pr [ fj-i—l(X, Zj—i-l) = 1‘ Zj4+1 < <]-5IR7VIR(X7 Zj)> ] <ér .

Complexity measures. We discuss complexity measures of (P, Vip).

e Round complexity. The round complexity of the IP is kg - £r because the IP consists of kg
interactive reductions, each with £ rounds, ran in sequence.

o Communication complexity. The communication complexity of the IP is kg - Iz, because each of
the kg interactive reductions has communication complexity lg.

e Randomness complezity. The IP verifier uses ki - rg random bits because each of the kg invocations
of the reduction verifier uses rg random bits.

o Verifier running time. The IP verifier runs in time kg - vtgr + ftig because it runs kg invocations of
the reduction verifier (whose time complexity is vtgr) and also runs the predicate fy, (whose time
complexity is ftg).

O

4.2 Error reduction for interactive reducibility

We show that the soundness error of an interactive reduction can be amplified. In order to improve
soundness from e to €z we have each “new” round instance contain 7 “original” round instances for
the original protocol. Then, when reducing t separate new round instances (each one containing
7 old round instances), we run the original interactive reduction on all of the old round instances
contained within the new round instances.

Theorem 4.5. Let R be a relation and T € N a parameter. If R has an interactive reduction
(P, Vir) then R has an interactive reduction (Pl(F:),V,(RT)) with the parameters indicated below.

Interactive reduction for R Interactive reduction for R with reduced error
Number of predicates kg Number of predicates kg

Rounds L Rounds le(x, 7 - 1)

Output length SiR Output length T sr(x, 7 t)
Communication lx | — | Communication T le(x,7 - t)
Randomness o Randomness T re(x,7-t)
Soundness error Er Soundness error en(x,7-t)

Verifier running time vty Verifier running time 7 - vtg(x, 7 - t)

Final predicate time  fts Final predicate time 7 - ftp(x, 7 - t)
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Construction 4.6. We define the new predicates and then describe the new interactive reduction.
The predicates. Let f; be the j-th predicate in (P, Vig). Define the new predicate f;T) for
(P,(RT),V,(RT)) so that f;T)(x, z) = 1if and only if z = (z1,...,z,;) and fj(x,zy) =1 for all m € [7].
The reduction. The reduction prover PI(RT ) and reduction verifier V,(RT ) receive as input a base
instance x and round instances zi, ...,z where z; := (2z;1,...,%;,). They interact as follows.

e They run the interactive reduction (P, Vig) with base instance x and round instances (z11,. .., 21 -,
e Zg ], .-, Zy ) for T times in parallel with fresh randomness in each execution.

e Output z' := (], ...,z ), where z, is the result of the i-th independent execution of (P, V).

Proof of Theorem 4.5. First we argue completeness, then soundness of the interactive reduction and
triviality of the predicate fi, and finally analyze the other complexity measures of the protocol.
Completeness. Fix (x,w) € R and z1, ...,z with fj(x,z1) = ... = fj(x,2z:) = 1. Completeness
of the interactive reduction (Pg,Vig) implies that with probability 1 every output z; satisfies
fi+1(x,2;) = 1; in turn, by definition of the new predicates, this means that z’ := (z}...,2}) is
such that f]m (x,z') = 1.

Soundness. Fix x and zq,...,z where fj(T) (x,2;) = 0 for some ¢ € [t]. This implies that

there exists z;,, € z; such that f](T)(X,Ziym) = 0. This is one of the instances in the list
(Z11,- -, Bl 1, ..., Ze ) given as input to the interactive reduction (Pg,Vig). Thus, for
each execution in the protocol we have, by the definition of reducible soundness that for every P:

Pr [ fj+1(X, Z) =1 ‘ 7 — <I3|R, V|R(X, ZydyevsZlgy-eeyZtly--- ,Ztﬂ—)> ] < €|R(X, T~ t) .
Since each of the 7 executions is independent, with probability at least 1 — el (x, 7 - t) there exists
i € [7] with fj41(x,7;) = 0. This implies that fj(:_)l (x,7') = 0 with probability at least 1 — e (x, 7-t).
Triviality. Triviality of féITR) follows directly from the triviality of fi.
Complexity measures. We discuss complexity measures of the new interactive reduction
(Pl(,: ),Vl(RT )). Running the new interactive reduction with t round instances is essentially 7 ex-

ecutions of the interactive reduction (Pg, Vig) with 7 -t round instances each. Thus all complexity
measures depend on the complexity of (P, Vig) with 7 -t round instances.

Output length. The output of the protocol has length 7 - sg(x, 7 - t).

Round complexity. The protocol has fg(x, T - t) rounds.
e Communication complezity. The communication complexity of the protocol is 7 - lg(x, 7 - t).

Randomness complexity. The verifier of the new interactive reduction uses 7 - rg(x, 7 - t) random
bits.

Verifier running time. The verifier of the new interactive reduction runs in time 7 - vtig(x, 7 - t).

Final predicate time. The final predicate of the new interactive reduction runs in time 7 - ftjz(x, 7-t).

O
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4.3 Relations with interactive reducibility

We present interactive reductions for various relations. In Section 4.3.1 we show that every language
with an IP has an interactive reduction, albeit not one with bounded output length. Then we show
how to achieve bounded output length for specific classes of relations: 1. the sumcheck protocol in
Section 4.3.2; and 2. Shamir’s protocol in Section 4.3.3;

4.3.1 Interactive reductions for any IP

We show that any IP can be transformed into an IP with interactive reducibility where the base
instance is the instance for the IP, and the round instances are sets of partial transcripts. The length
of a merged round instance grows with the number of partial transcripts in all of the reduction
instances combined, and so this reduction does not have bounded output-length.

Theorem 4.7. If a relation R has a kp-round public-coin IP (P, Vip) then R has an interactive
reduction (P, Vi) with the parameters below for every m > 0 that divides kp.

Interactive reduction for R for round j given z1,..., %
IP for R Number of predicates  kp/m
Rounds Kip Rounds m
Per-round communication lp Output length tem-lp 4+, el ||
Per-round randomness re — | Communication t-m-lp
Round-by-round soundness error ., Randomness m-re
Per-round verifier running time vt Soundness error m - By,
Decision time dp Verifier running time  t-m - vtp
Final predicate time dpe

Construction 4.8. Let state be the state function of (P, Vip). We define the predicates and then
describe the interactive reduction for the relation described by this IP.

The predicates. For each j € [kp/m], we define fj(x,z) := 1 if and only if the following are true:

1. z is a set of (j - m)-round partial transcript ending with a prover message.

2. For every tr € z, state(x, tr) = 1.

3. If x € L(R) and j # kp/m, then we require that very tr € z is consistent with the honest
prover: Suppose tr = (a1, p1,...,0;.m) then a; := Pp(x) and for every 1 < k < j-m, aj =
Pp(x,a1,p15- - @Gk—1, Pr—1)-

The reduction. The reduction prover P and reduction verifier Vg receive as input a base instance

x and round instances z1,...,7 where each z; is a set of j-round partial transcripts ending in a

prover message. The reduction prover Pz additionally receives as input a witness w. The protocol

is as follows:

1. For k=1 to m:

(a) Vg Send a uniformly random message pj corresponding to the IP verifier’s (j - m + k)-th

message.
(b) Pp: For every tr € Uie[t} z;, send the prover message a,  := Pp(x, w,tr, p1,...,px).
2. Vit Output z’ := {tr[[p1[|aw || - [|pm|@um brreu,c ga:-

Proof of Theorem 4.7. First we argue completeness, then soundness and then show triviality of the
predicate fip /m-
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Completeness. Fix (x,w) € R, j € [kp/m], and z,...,z such that f;_(x,2z;) = -+ =
fj—1(x,z¢) = 1. This implies that state(x, tr) =1 for every tr € ;e % and that every transcript is

consistent with the honest prover. We now show that for every such transcript tr and p1,..., pm,
setting a1 := Pp(x, w,tr, p1, Gy 1, - - -, Gy k-1, Pi), We have
state(x, tr||p1]|aw 1| - - - [|pm||@wm) =1 .

This implies that fj1(x,2") = 1, since fj11(x,z’) = 1 if and only if for every tr the state of the
resulting transcript after running the protocol is 1.

Notice that any for any transcript tr that is consistent with the honest prover and any p:
state(x, tr||p||ay) = 1 where ay := Pp(x, tr||p). Suppose towards contradiction of perfect complete-
ness of the underlying IP that this was not the case. Then for some choice of p the honest prover
sends a message that sets the state to 0. Since the protocol has non-zero round-by-round soundness
error, once the state is set to zero, there is a non-zero probability that the final transcript has state
0, which will imply that the verifier rejects. Since tr was consistent with the honest prover, there is
a non-zero probability that it is generated in an honest execution of the protocol. Therefore, there is
non-zero probability that the honest prover will not convince the verifier in a correct execution, in
contradiction to perfect completeness of the IP.

The above argument shows that for every transcript, its state will remain 1. By construction,
every new transcript (tr||p1||aw 1|l . ||pm||@wm) is consistent with the honest prover. We therefore
conclude that f;(x,z') = 1.

Soundness. Fix x ¢ L(R), j € [ke/m], and z1,...,z and a (computationally unbounded)
malicious reduction prover P . Before we begin our analysis, recall that round-by-round soundness
of the IP, for any transcript tr with state(x, tr) = 0:

Pr[state(x, tr||p) = 1] < Bu -
p

Moreover, by the properties of the state function, since x ¢ L(R), if p is such that state(x, tr||p) =0
then for any a we have that state(x, tr||p;||a) = 0. Using induction, we can conclude that for any tr
with state(x, tr) = 0:

Q1 = 15|R (tr7 )01)

" Prp state(x, tr||p1||aw 1| - - - [|pml|@wm) = 1 : <m-Bu -
ey m ~
Qyrm = PIR(trv P1; Qe 1y 5 Qtrym—1, pm)

)
Suppose that there exists i € [t] such that f;_q(x,z;) = 0. This implies that there exists a transcript
tr € Uz‘e[t] z; with state(x, tr) = 0 (notice that the requirement of consistency with the honest prover
described in Item 3 is only for x € L(R)). By Equation (2) and since (tr||p1||aw 1] - - [|pm]|@um) is
added to the new instance z’, this implies that with probability at least 1 —m - B.,,, fj(x,2z") =0 as
required.

Triviality. fi,/m(x,z) = 1 if and only if all of the transcripts in z are complete transcripts and
have state 1 (notice that since this is the last round, we do not have the requirement of consistency
with the honest prover described in Item 3). This can be verified by running V» on every tr € z,
since Vp(x, tr) = state(x, tr).

Complexity measures. We discuss complexity measures of (P, Vig).
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e Output length. The new instance size is t - m - lp + > Zcpy 2.
e Round complexity. The protocol has m rounds.

o Communication complezity. The communication complexity of the protocol is t - m - |, where | is
the per-round communication complexity of (P, Vip).

e Randomness complexity. Vi uses rp random bits where m - rp is the per-round randomness
complexity of Vp.

e Verifier running time. Vg runs the IP verifier for t - m times in total time t - m - vt;p.

e [inal predicate time. The final predicate can be checked in time d;p.

4.3.2 Sumcheck language

Definition 4.9. A sumcheck instance has the form (F, H,n,d,p,~) where F is a field, H C F,
n € N is a number of variables, d € N is a degree bound, p: F* — F is an n-variate polynomial of
individual degree at most d (given to the verifier as an oracle) and v € F is a claimed sum. We
define (F, H,n,d,p,v) € Ly, if and only if

Z plag,...,on) =7 .
al,...,an€H

Theorem 4.10. The sumcheck language Ly has an interactive reduction that, for instances x =
(F,H,n,d,p,7), has the following parameters.

Interactive reduction for Ly

Number of predicates n

Messages 2

Output length x|
Communication O(ntd? log |F|)
Randomness 2log |F|
Soundness error O (ntd/|F|)

Verifier running time  poly(|x|, t)
Final predicate time 1 call to p

Construction 4.11. We define the predicates and then describe the interactive reduction.

The predicates. For a base instance x = (I, H,n,d, p, ), for each j € [n], we define f;(x,z) =1
if and only if, parsing z = (r1,...,75,7;) € Fi+1 we have

Z P(Tiy ey T 01y, O) =5

ajJrl,...,anEH

j ... F — T/ be the
polynomial of degree less than t such that I, . (i) = (rgi), ce r](.z)) for every i € [t];? for any v € F,

(7) can be computed in poly(t) operations. The interactive reduction is as follows:

,,,,,

The reduction. The reduction prover P and reduction verifier Vg receive as input a base instance
x and round instances #1,...,%;. Parse each z; := (rgl), e r(.z),yj(.z)). Let I,

,,,,,

*Here we implicitly associate the set [t] with an arbitrary set S C F of size t.
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e Py Send the polynomial g € F[ X, X5] defined as:

9(X1,X5) = > playa(X1), Xo qjun, . a) (3)

aj+2,...,anEH

e Vi Receive a bivariate polynomial § € F[X, X2] of degree at most j-d- (t— 1) in X; and degree
at most d in Xs.

1. Consistency: Check that for every 4 € [t] it holds that ) . g(i,a) = 'yj(-z). (Reject if not.)
2. Generate new instance:
(a) Sample uniformly random field elements p, 7* <— F and send them to Pig.
(b) Output the new instance z’' := (1], ... ,T},T*,’Yj+l) where (r],... ,r}) =1, .(p) and
Vi+1 = g(p7 T*>'

Proof of Theorem 4.10. We argue completeness, then soundness, and then triviality of the predicate
fn-
Completeness. Fix x = (F,H,n,d,p,y) € Ly and z,...,z such that fj(x,z1) = --- =

fj(x,z) =1 where z; := (Tgi), e ,r§i),7§i)). We argue that

Pr[fj(x,zl) = 1‘ 7 — (Pr(x,71,...,2t), Vie(X, 71, . . . , %)) ] =1.

Let g be defined as in Equation (3). Notice that for every i € [t],

g(Z)XZ) = Z p(’f’gz),...,T§l),X2,aj+27...,Oén) )
cx]-+2,...,an€H
which, since fj(x,z;) = 1, implies that > . g(i,a) = ,Y](i). Therefore the reduction verifier Vg
does not reject in the consistency test (in Item 1). Moreover, by the definition of g, for every p and

r¥,

Z p(?"/17...,T;,T*,O[j_i_Q?...,Oén) - Z p(Izl ..... zt(p)vr*yaj+27"°van)
aj+2,...,an€H aj+2,...,an€H
=g(p,r") .

Therefore we have f;(x,z’) = 1 with probability 1.
Soundness. Fix x = (F, H,n,d,p,v) ¢ Ly, and zy, ...,z where z; := (r@, e r](.i),yj(.i)

that f;(x,z;) = 0 for some i € [t]. Fix a malicious reduction prover Pjz. We show that

d-(1+n-(t—1))
|F| '

). Suppose

Pr[fj(x,zl) = 1‘ 7 <13|R,V|R(x,zl,...,zt)> ] <

If g does not pass the consistency test (in Item 1) then the reduction verifier outputs L, and we
have fj+1(x, L) = 0. Thus, we can assume that § passes the consistency test (that is, for every

i € [t] it holds that ) .p g(i, o) = ’yj(-i)). Let g be defined as in Equation (3) with respect to x and
VARRERRYAR
e have that g # g due to the fact that f;(x,z;) = 0, which implies that

Z g(i, o) = Z p(r%i), . ,r§i),aj+1, ce ) F fyj(.i) = Z g(i,a)

acH aj+1,.A.,Oén€H acH
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Thus, by applying the Schwartz—Zippel lemma, and recalling that g and § both have degree j-d-(t—1)
in their first variable and d in their second variable, we get:

P (glp.r7) = dp,r7) | < SR EE) L O A2

For any choice of p and r* such that g(p,r*) # g(p,r*), we have that
Z p(Tll’ AR T;" r, Qjt2,. .- 70571) = g(p,r*) # §(p,r*) =Yj+1
Qjy2,een€H
and so fj41(x, (r],...,7},7",7j+1)) = 0 with probability at least 1 — w

Triviality. By definition, f,(x,z) = f.((F,H,n,d,p,7),(r1,...,7n,7)) = 1 if and only if
p(r1,...,Tn) = Yn, which can be efficiently verified by querying p once.

Complexity measures. We discuss complexity measures of the protocol (P, V).

e QOutput length. The output is a list of j + 2 < n + 2 field elements. Thus, the maximal length
output is at most O(n - log |F|), which is a fixed polynomial in the input length.

e Rounds. The interactive reduction has one round.

e Communication complezity. The prover sends g which is bivariate and has degree at most n-d-(t—1)
in its first variable and d in its second variable. This requires sending O(ntd?) field elements.
The verifier sends two field elements. Thus the communication complexity of the protocol is

O(ntd? log |F|) bits.
e Randomness complezity. Vg uses 2log |F| random bits.
e Verifier running time. Vg runs in time poly(n,log |F|) = poly(|x|).

e Final predicate time. Computing the final predicate requires one call to p.

4.3.3 Shamir’s protocol

We show an interactive reduction for a class of languages that contains all of PSPACE. For notational
convenience, we define an operator that acts either as a sum or product, depending on the index of
the variable it is applied over. For every j € N let:

\If _ {ZajeH Jj is odd

el HajeH j is even
Given polynomials po,...,p, where each p; is a j-variate polynomial over a field F, we derive
polynomials ho, ..., h, where h;: ! — [F is defined recursively as follows:

o hp( Xy, .., Xy) = pu(X1, ..., Xp).
[ hj(Xl,... ,Xj) . pj(Xla-‘- ,Xj) : lIfaj_H (hj+1(X1,...,Xj7aj+1)>.
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Observe that using this notation:

h(]:po- Z p1<061)- H pg(al,ag)- Z [ lpn_l(al,...,an_1)~ \Ij pn(al,...,an)] ]

a1EH aseH azeH an€H

Definition 4.12. A Shamir instance has the form (F, H,n,d,po,...,pn,7y) where F is a field,
H CT, neN isanumber of variables, d € N is a degree bound, each p;: Fi — F is an j-variate
polynomial where the derived polynomials hg, ..., hy have individual degree at most d and v € F is a
claimed value. We define (F, H,n,d,pg,...,Dn,7) € Lesum if and only if hg = 7.

Note that a sumcheck instance (as defined in Section 4.3.2) is a Shamir instance where py, . . ., pn—1
are equal to the constant 1 polynomial, and p,(X1,..., X,) = p,, (X1, X3,..., X,,_1) (assuming n is
even) for some polynomial p), of individual degree at most d.

Theorem 4.13. The Shamir language Le.., has an interactive reduction that, for instances x =
(F,H,n,d,po,...,pn,7), has the following parameters.

Interactive reduction for Ly,

Number of predicates n

Messages 2

Output length x|
Communication O(ntd? log |F|)
Randomness 21log |F|
Soundness error O (ntd/|F|)

Verifier running time  poly(|x|, t)
Final predicate time 1 call to p,,

Shamir [Sha92| showed how deciding every language in PSPACE can be reduced to computing
the value of an arithmetic expression of the form of Shamir instances. Specifically, Shamir’s reduction
takes a TQBF formula and transforms it into a “simple” TQBF formula, roughly defined as one in
which every occurrence of every variable is separated from its quantification point by at most one
universal quantifier (and arbitrarily many other symbols). This ensures that when arithmetizing the
formula, one ends up with an expression in which the degree of every variable is polynomial.

Using the above theorem, and Shamir’s reduction we get the following corollary showing that
every language in PSPACE has an interactive reduction with bounded output length albeit with
polynomially-many predicates.

Corollary 4.14. Every L € PSPACE has an interactive reduction that, for instances x, has the
following parameters:

Interactive reduction for L

Number of predicates poly(|x])

Messages 2

Output length poly (|x|)
Communication poly(|x|)
Randomness poly (|x|)
Soundness error O (t/21)

Verifier running time  poly(|x],t)
Final predicate time  poly(|x|)
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Construction 4.15. We define the predicates and then describe the interactive reduction.

The predicates. For a base instance x = (F, H,n,d,po,...,pn,7), for each j € [n], we define
fj(x,z) = 1if and only if, parsing z = (r1,...,7;,7;) € F/, we have hj(ri,...,r;) = ;.

The reduction. The reduction prover P and reduction verifier Vi receive as input a base instance
x and round instances z1,...,z;. Parse each z; := (’I“Y), ey rj(.l),vj(.l)). Let I, ..:F— FJ be the
polynomial of degree less than t such that I, . (i) = ( y), e ,r](-i)) for every i € [t| (we implicitly
associate the set [t] with an arbitrary set S C F of size t.); for any v € F, I, . ..(7) can be computed
in poly(t) operations. The interactive reduction is as follows:

.....

.....

,,,,,

e P Send the polynomial g € F[ X1, Xs| defined as:
9(X1, X2) = 1 (L, .00 (X1), X2) (4)

e Vi Receive a bivariate polynomial § € F[X, X2] of degree at most j-d- (t—1) in X; and degree
at most d in Xs.

1. Consistency: Check that for every ¢ € [t] it holds that

pj(Izl ,,,,, Zt(l)) . @ 9(17 a]+1) = ’)/;Z) .

O(j+1€H

(Reject if not.)
2. Generate new instance:
(a) Sample uniformly random field elements p, 7* <— F and send them to Piz.
(b) Output the new instance z’ := (r},..., 75,7, vj+1) where (v},...,7%) ==L, ..(p) and
Yj+1 = g(p, 7).

Proof of Theorem 4.10. We argue completeness, then soundness, and then triviality of the predicate
In-

Completeness. Fix x = (F,H,n,d,po,...,Pn,Y) € Lspm and z1, ...,z such that fj(x,z) =

- = fj(x,2z) = 1 where z; := (rgi), ce rj(i),’y](-i)). We argue that

Pr[fj(x,zl) = 1‘ 7 (Pr(x,%1,...,2¢), Vir(X, %1, ..., %)) ] =1.

For every i € [t], since fj(x,z;) = 1, we have that

piLey @) Y gl aen) = o) Y Ry (7, )

ajr1€H aj1€H

iy, D)
(

Therefore the reduction verifier Vi does not reject in the consistency test (in Item 1). Moreover, by
the definition of g, for every p and r*,

hjr1(ry,... ,r}, ) = hjr1(L,, . (p), ™)



= Yj+1 -

Therefore we have f;(x,z’') = 1 with probability 1.
Soundness. Fixx = (F,H,n,d,po,...,Pn,7Y) ¢ Lsyn and z1, ...,z where z; := (rgi), ... ,rj(-i),fy](i)).

Suppose that f;(x,z;) = 0 for some i € [t]. Fix a malicious reduction prover Pjg. We show that

d-(L+n-(t-1))

Pr [ fi(x,7) = 1‘ 7 <P|R,V|R(x,zl, ce 7)) ] < F]

If g does not pass the consistency test (in Item 1) then the reduction verifier rejects. Thus, we can
assume that § passes the consistency test. That is, for every i € [t] it holds that

Pi Ly @) - U i ajin) =5

e 7S] €eH

Let g be defined as in Equation (4) with respect to x and zy, ..., z.
We have that g # § due to the fact that f;(x,z;) = 0, which implies that

piLaye) - I glisagur) = hi(r{, . r\?)

ajr1€Hd

# Y

ajr1ed

Thus, by applying the Schwartz—Zippel lemma, and recalling that g and § both have degree j-d-(t—1)
in their first variable and d in their second variable, we get:

Pr [g(p.r) = §lp.r*) ] < d'(Hr]ﬁ(tl)) < d'(1+T;F.|(t1)) |

For any choice of p and r* such that g(p,r*) # g(p,r*), we have that
hj—l-l(r/l? LR 7";'7 T*) = g(p¢ ’l“*) 7& g(pv 7"*) = Yj+1 -
d-(14n-(t—1))

Iy
Triviality. By definition, f,(x,z) = f,((F, H,n,d,po,...,Pn,7), (r1,...,Tn,7n)) = 1 if and only if

and so fjt1(x, (r], ..., 757", 7j41)) = 0 with probability at least 1 —

hj(ﬁ;---ﬂ’n) épn(rly-“vrn) =7,

which can be efficiently verified by querying p,, once.

Complexity measures. We discuss complexity measures of the protocol (P, Vig).

e Qutput length. The output is a list of j +1 < n + 1 field elements. Thus, the output length is at
most O(n -log|F|), which is a fixed polynomial in the input length.

e Rounds. The interactive reduction has one round.
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Communication complezity. The prover sends g which is bivariate and has degree at most n-d-(t—1)
in its first variable and d in its second variable. This requires sending O(ntd?) field elements.
The verifier sends two field elements. Thus the communication complexity of the protocol is
O(ntd?log |F|) bits.

Randomness complexity. Vg uses 2log |F| random bits.
Verifier running time. Vg runs in time poly(n,log |F|) = poly(|x|).

Final predicate time. Computing the final predicate requires one call to p;,.
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5 IOPs from interactive reducibility

We show how to use interactive reducibility to construct IOPs with small query complexity. In Sec-
tion 5.1, we show that every language with a bounded-output-length interactive reduction (with
good enough soundness) has a round-query IOP with round-query complexity O(1). Recall that a
round-query IOP with round-query complexity q,.q is an IOP in which the verifier reads q,, rounds
(prover and verifier messages) in their entirety. In Section 5.2, we show that, while the interactive
reduction for any IP (in Section 4.3.1) does not have bounded output length, a similar claim can be
made for any k-round IP; in this case, the resulting verifier queries max{O(1), O(k/log|x|)} rounds.

Combining Theorem 5.3 and Theorem 7.1 (for transforming round-query IOPs into binary IOPs),
we obtain the following corollary showing that languages with interactive reducibility have binary
IOPs with constant query complexity.

Corollary 5.1 (restatement of Lemma 2). Let R be a relation with a bounded-output-length interactive
reduction with well-behaved soundness error, kg predicates, and £ig rounds. Then R has a non-adaptive
public-coin IOP with the parameters below.

IOP for R
Rounds Ol - ki)
Proof length poly(|x])
Alphabet size 2
Queries O(4r)
Interaction randomness  poly(|x|)
Decision randomness O(log |x|)
Soundness error 0(1)
Verifier running time poly(|x|)

Proof. We first amplify the soundness error of the interactive reduction using Theorem 4.5 until
we have (QL'(II";R) kig - er(x, 2 ki) < % Since e is well-behaved and (Ql'(hf) < 2%kR this incurs only
a polynomial overhead. We then apply Theorem 5.3 with parameter 7 = 2 to get an IOP with
O(l - kir) rounds in which the verifier reads only O(¢) of the rounds with alphabet size gpoly(|x))
We then apply the transformation described Theorem 7.1 to transform this IOP into a binary one in
which the verifier queries O({) rounds and makes O(1) queries to each round (including its own

random messages). O
Similarly, we get the following corollary for any public-coin IP.

Corollary 5.2 (restatement of Lemma 1). Let R be a relation with a non-adaptive kp-round
public-coin IP. Then R has an IOP with the parameters below.

IOP for R
Rounds kp
Proof length poly(|x])
Alphabet size 2
Queries max{O(1), O(ke/log|x|)}
Interaction randomness  poly(|x|)
Decision randomness O(log |x|)
Soundness error o(1)
Verifier running time poly(|x|)

32



Proof. Given an IP for the relation R, we first apply the Babai-Moran transformation [BM88| to
reduce the number of rounds by a constant fraction (enough to counteract the constant added
to the number of rounds by the next two transformations). Next, we apply Theorem 5.7 when
setting m := max{O(1), O(k[,/log |x|)} (where k], is the number of rounds of the IP following the
Babai-Moran transformation) and then apply Theorem 7.1 to the resulting IOP. O

5.1 Round-query IOPs from bounded-output-length interactive reductions

We show that any relation with a bounded-output-length interactive reduction has a round-query
IOP with polynomial proof length with small round-query complexity.

Theorem 5.3. Let 7 € N and let R be a relation with a bounded-output-length interactive reduction
(Pr, Vir) with well-behaved soundness error. Then R has a public-coin round-query IOP (Pop, Viop)
with the parameters indicated below.

Interactive redufztlon for R Round-query TOP for R

Number of predicates kg Rounds 7 kn O

Rounds br Proof length (per round) 7 -k2 - (s + i)

Communication [ Round queries O(ly)

Output length Sk | 7 Interaction randomness O(7 - ki * Iir)

Randomness Mir Decision randomness O(log(7 - ki))

Sou.ndness error Eir Soundness error max{1/, (Tk:‘R'R) ki s er(x, T ki)
errlﬁer running Flme Vi Verifier running time poly (7, ki, Sirs lirs VEir, ftig)

Final predicate time ftir

Construction 5.4. Let (Pg, Vig) be an interactive reduction for R with kg predicates.
The IOP prover P,op receives as input an instance x and witness w, and the IOP verifier V gp
receives as input the instance x. They interact as follows.

1. For every i € {0,...,7 - kg}, Pop defines the (kg + 1)-entry array A; as follows

A = {1} ifj=0
VY0 e {n . ked

The set A;[j] will be used to store all of the instances corresponding to f; collected by iteration ¢
of the protocol.

2. FOYiZl,...,T'k|R:

(a) P|Op SendS A’L—l tO V|Op.
(b) Do in parallel for every j € [kg] such that A;,_1[j — 1] # 0:
i. Execute the interaction phase of:
Z;,j — <P|R(X7W7 Ai—l[j - ”)7VIR(X7 Ai—l[j - 1])> :

Here the verifier only sends messages and does not verify the correctness of the execution.
Hence z;’j is computed only by the prover. Moreover, the verifier’s random messages
are shared among the parallel executions of (P, Vi) over each choice of j € [kg].

ii. Pop sets Az[]] = Azfl[j] U {Zg’j .
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3. Piop sends A, . Additionally, for every i € {0,...,7 - kg}, it sends B; := A;. This concludes
the interaction phase.

4. In the decision phase, V op is given oracle access to a transcript with the following structure:

(Ao, {trl’j}je[km] ,Al, Tty {trT~k|R,j}j€[k|R] 7AT'k|R7 (Bo, T 7BT'k|R)) ; (5)

where tr; ; corresponds to the interaction between the prover and verifier in the j-th parallel
execution of (P, Vig) on the i-th iteration. V op performs the checks below.

(a) Subset consistency. Read the arrays By, Bi, ..., By in their entirety. For every i € [1 - kg]
and j € {0,...,kgr} check that B;_1[j] C B;[j].

(b) Transcript consistency. Sample a random i € [T - kg]. Read the arrays A;_; and A; sent
by Pior and the entire {g-round interaction {tr; ; }j € [kie] between the prover and the verifier
done during the i-th iteration of the the interaction phase.

i. Check that Ai,1 == Bi,1 and Al = BZ
ii. For every j € [k, check that A;[j] = A;—1[j] U {z; ;} where

i ;= Vi(x, Ai1[j — 1;trij)

(If Vg rejects then V,op immediately rejects.)
(c) Flinal predicate holds. Check that fi.(x,z) =1 for every z € By [ki].

Proof of Theorem 5.3. We prove completeness and soundness; then we analyze the complexity
measures of the protocol.

Completeness. Fix (x,w) € R. We consider each of Vop’s checks, and show that Pop’s messages
satisfy each check with probability 1.

(a) Subset consistency. Piop sets, in each round i and for every j, 4;[j] := A;—1[j] U {z] ;} where

/

z; ; 18 the output of the interactive reduction. Since Pop is honest, B;_1 = A;_1 and B; = A;.

T(;gether this implies that B;—1[j] C B;[j] and so V ep’s subset consistency check passes.

(b) Transcript consistency. The conditions established in the previous item also directly imply that
Vop’s transcript consistency check passes.

(¢) Final predicate holds. Since B; := A;, if A; contains only round instances for which the predicate
holds, then so does B;, and Vgp accepts. We prove by induction on i € {0,...,7 - kg} that for
every j € {0,... ,kg} and z € A;[j] it holds that f;(x,z) = 1.

First we consider the case when j = 0 (and any 7). For every i, we have that A;[0] = {L}.
Since x € L(R), we have that f;(x, L) = 1.

Next we consider the case when j > 0.

e i = 0: For every j € [kg] we set Ag[j] = 0 and so the property holds (trivially) for these
values of j.

e i > 0: Suppose that, with probability 1, for every j € [kg] and z; € A;[j] it holds that
fj(x,z;) = 1. We argue that, with probability 1, for every j € [kg] and z;+1 € A;11[j],
it holds that fj(x,z;41) = 1. Fix j > 0. Since for every z; € A;[j], fj(x,2z;) = 1 and
Ailj] == Aia[j] U {# ;}, we need only show that f(x,7; ;) = 1. z; is generated by applying
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the interactive reduction with inputs x and {z1,...,%,,} = A;—1[j — 1]. Since for every
7z € Ai_1[j — 1], fj—1(x,2") = 1, by completeness of the interactive reduction we have that

Pr[ fi(x,z ;) = 1‘ 75 5 (PR, W, 71,y ), ViR(, 71,y ) | =10

Soundness. Fix x ¢ R(L) and an IOP prover f’.op We show that V,gp accepts with probability at
most max{1/7, (Tk FLR) kir - €r(x, 7 - kir)}. Consider a transcript tr of the interaction of the IOP with
the structure described in Equation (5). For fixed tr we say that an index i € [7 - kg] is consistent if:
° Ai,1 = BZ’,1 and Al = Bl and

e For every j € [ke]: Ailf] = Ai—1[j] U {7} ;} where 7} ; := Vig(x, Ai—1[j]; tri ;) (if Vir rejects then i

is not consistent).

We give two claims analyzing the probability that the verifier accepts relative to how many indices
of the protocol are consistent. Claim 5.5 shows that in any execution of the protocol with less
than kg consistent indices, V,op accepts with probability at most 1/7. By Claim 5.6, for any fixed
set of ki indices, conditioned on the interaction outputting a transcript in which these indices are
consistent, Vop accepts with probability at most kg - er(x, 7 - kig). Since there are (Tl;:(FLR) choices of
kir indices, we can conclude that, conditioned on the transcript having at least ki consistent indices,
Vop accepts with probability at most (T 'R) kg - €r(X, 7 - kir). Putting the two cases together, we

conclude that V,p accepts with probability at most max{1/, (T k'R) kig - er(x, T - kig) }-

Claim 5.5. Conditioned on the transcript tr generated by <P|op,V|op(X)> being consistent with less
than kg indices, Vop accepts with probability at most 1/1 (over its decision randomness).

Proof. Vop accepts only if its choice of ¢ € [7 - k] in Ttem 4b is consistent. Since there are at most
kg consistent indices, the probability of the verifier sampling one of these indices is at most 1/7. [

Clai~m 5.6. Fiz indices 1 < i1 < -+ <y, < 7-kr. Then, conditioned on the transcript tr generated
by (Piop, Vior(x)) being consistent with respect to indices i1, . .., ikg, Vior accepts with probability at
most kig - €r(X, T - kir) (over its interaction randomness).

Proof. Let ig := 0. We show by induction that for every j € {0,...,kg} there exists z € A;,[j] such
that fj(x,z) = 0 except with probability j - eg. This implies the statement, since if fi . (x,z) =0,
then Vgp rejects in Item 4c.

This is immediate for j = 0, since x ¢ L(R) and so fo(x,z) = 0 for any z. Fix some j > 0 and
suppose that there exists z € A; ;| [j — 1] such that f;_1(x,z) = 0 (which happens with probability
1—(j—1) er). We first show that z € A;;[j — 1]. This can be seen by the following:

VS AZJ 1[ - 1] = Bij—l[j - 1] - Bij—l[j - 1} = Aij—l[j - 1} ’

where the equalities are due to the fact that the indices i(;_1) and i; are consistent. The containment
of B, [j—1] in B;;_1[j — 1] is due to the fact that i;_;) < i; —1 and that, in order for the verifier
to accept the transcript, the check in Item 4a must pass.

This implies that for any P (and in particular for whatever Por does in this stage):

Pr| fi(x, 7, ; :1\Z;Nw—<15.R,V.R(X,Aij_1[j—1})> < er(x, [Ai—1[j — 1)]) < erlx, 7 ki)

where the final inequality is true since |A;; —1[j — 1]| < 7 - kg, when additionally noting that ep is
well-behaved. Using again the fact that index i; is consistent, we have that A; [j] := A;, 1[j]U {ZZ] gt
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where Z;_J is a round instance generated by the actual interaction between f’.op and Vgp during
the j-th parallel execution of the interactive reduction in iteration i;. Therefore, we have that,
conditioned there existing z € A;; , [j — 1] where fj_1(x,z) = 0, there exists z;, ; € A;;[j] where
fi(x, z;j ’ j) = 0 except with probability er(x, T - kg). By the induction hypothesis, the condition
happens with probability at least 1 — (j — 1) - er(x, 7 - kg) and so we have that with probability at
least 1 — j - er(x, 7 - ki), there exists Z;jvj € Ay, [j] where f;(x, Z;N) =0. O
Complexity measures. We analyze the efficiency parameters of the IOP:

e Proof length. The largest message sent by P,op is the final round, which contains all of the instances
generated in the previous interaction. In each of the 7 - kg rounds, one instance is added to the
list sent to the verifier for every j € [kg]. The output of the interactive reduction has length
at most sg. Thus this requires sending O(7 - kﬁ{ -sr) bits. In every execution of the interactive
reduction an additional |z bits are sent, for a total of kg - Ig per round. Thus the final proof is
O(7 - k% - (s + Iir)) bits long.

e Round complexity. The IOP contains 7 - kg executions of the fg-round interactive reduction
(P, Vir). Therefore the IOP has 7 - ki - £ rounds.

e Round queries. V op reads in its entirety the last message in the protocol, reads A;_1 and A;, and
reads the execution of the interactive reduction between blocks ¢ — 1 and i. Therefore it reads
O(lr) rounds.

e Randomness complezity. V op generates rg bits for every separate i € [7 - k] since we share verifier
randomness between each of the parallel executions of (P, Vigr). The interaction randomness is
therefore O(7 - ki - rg) bits. There are O(log(7 - kir)) bits of decision randomness because V gp
samples a random 7 € [7 - kig|.

o Verifier running time. Vop checks all of the arrays Bi, ..., By, for consistency, executes the
interactive reduction kg times (each in time vtj), and verifies the final predicate of at most 7 - kig
elements in By, (each in time ftg). Overall Vo runs in time poly(7, kig, S, lir, Vtir, ftir).

o Adaptivity. V op is non-adaptive.

5.2 Round-query IOPs from public-coin IPs

The interactive reduction for any public-coin IP described in Section 4.3.1 does not have bounded
output length. Hence we cannot use it directly in Theorem 5.3. Nonetheless, the output length
grows slowly enough to achieve weaker results. While the transformation is essentially identical to
the protocol described in Construction 5.4, we describe it explicitly.

Theorem 5.7. Let R be a relation with a public-coin IP (Pp, Vi) with ke rounds. Let 7,m > 1 be
parameters where m divides k. Then R has a round-query IOP (Pop, Viop) with the parameters
indicated below.
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Round-query IOP for R

IP for R Rounds T kp
Rounds Kip Proof length (per round)  O(l,, - 27P/™)
Total communication e | Round queries O(m)
Randomness per round fe Interaction randomness O(T - 1p - kp)
Round-by-round soundness  f3,,. Decision randomness O(log(7 - kp/m))
Verifier running time vtp Soundness error max{1/, (Tklt'?{:) - Kp B }

Verifier running time poly(27ke/™ 1. vty)

Construction 5.8. Let (P, Vip) be a public-coin IP with ke rounds and where the verifier message
at each round is rp bits long. Let 7 > 1 be a parameter. On input x and with witness w the IOP
(Piop, Viop) is as follows:

e Prover sets Sy := {00} (i.e., Sy contains only the empty transcript).

e Fori=1to7-kp/m:

— Prover sends S;_1.

— For j € [m]:

1. Verifier chooses and sends p; j <— {0, 1}"P uniformly at random.

2. For every tr € S;_1, prover sends ay; 1= Pp(x, w, tr||pi1|]aw1]] - - |]pij)-
— Prover sets S; 1= S;_1 U{(tr||pilaeall- - - [|pimllaim) bes, -

e For every i € [T - kp/m], the Prover sends T; := ;.

e Verifier accepts if and only if:

1. Subset consistency: For every i € [1-kp/m|, T;—1 C T;.

2. Transcript consistency: Choose a random i € [ - kp/m|. Check that S;_; = T;—1 and S; = T;.
Additionally, assert that for every tr € S;_1, there are some messages atr 1 ..., @trm such that
(trllpiallatel] - - ||pimllaim) € Si, where p;1 ..., pim are the verifier messages sent during the
i-th round of interaction.

3. Membership: Every transcript tr € T, /n, that is complete (i.e., contains messages for all kg
rounds of the IP) has Vip(x,tr) = 1.

Proof of Theorem 5.7. The proofs of completeness and soundness are identical to those for Theo-
rem 5.3, using the interactive reduction for IPs described in Theorem 4.7. We therefore only need to
analyze the complexity measures of the resulting IOP.

e Proof length. The proof length of the protocol is O(lp - 27KP/™) bits.
e Rounds. The protocol has 7 - kp rounds.
e Round queries. The verifier reads O(m) rounds.

e Randomness complezity. The IOP verifier uses O(7 - rp - kjp) bits of interaction randomness and
O(log(7 - rp/m)) bits of decision randomness .

e Verifier running time. The verifier running time is poly(27KP, I ;p, vti).

o Adaptivity. V op is non-adaptive.
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6 Hardness of approximation for stochastic problems

We use the transformations described in Section 5 to construct IOPs with small query complexity and
show that they imply hardness of approximation results for certain stochastic problems. In Section 6.1
we define stochastic constraint satisfaction problems (SCSP) and adapt a theorem of [ACY22| to
this setting. Then in Section 6.2, we establish hardness of approximation results for SCSPs.

6.1 Stochastic constraint satisfaction problems

In a constraint satisfaction problem (CSP) with | variables over an alphabet X, we are given a set of
m constraints, each of which takes as input q variables (out of the |) and outputs a bit denoting
whether the constraint is satisfied. Works on hardness of approximation of CSPs generally study the
complexity of distinguishing whether there exists an assignment to the variables that satisfies all of
the constraints or whether every assignment satisfies at most a constant fraction of the constraints.

We extend CSPs to the stochastic setting, where the variables are split into two types: variables
chosen randomly; and variables chosen existentially.

Definition 6.1. An (X,k,l,m,q)-SCSP (stochastic CSP ) instance ® with alphabet ¥, k alter-
nations, | variables per quantifier, m constraints and q constraint arity is a list of m constraints
C1,...,Cm. Each constraint consists of q tuples (i1, j1,k1), ..., (iq, Jq, kq) C [k] X {a, p} x [I] and a
function f: 39 — {0,1}.

An assignment z: [k] x {a, p} x [I] = ¥ satisfies a constraint C' if

F(2(ivgi, k), - 2(iqu i bq)) =1

An instance ® is in the language (X, k, |, m, q)-SCSP if for uniformly random z; ,: [I] = X there is
a choice of z14: [I] = X such that for random 23 ,: [I] = X, and so on, the probability that the
assignment z(3, j, k) := z; j(k) satisfies all of the constraints in ¢ is greater than 1/2.

Definition 6.2. The value of a (X,k,1,m,q)-SCSP instance ® is the expected fraction of satisfied
constraints if the existential variables are chosen to maximize the number of satisfied constraints.

Theorem 6.3 (implied by [ACY22|). Let R be a relation with a non-adaptive k-round public-coin
IOP with alphabet 3, per-round message length | (for both the prover and verifier messages), query
complexity q, decision randommness tq., decision complexity d, and soundness error 3.

Then there exists a deterministic polynomial-time reduction that maps an instance x for L to an
instance ® for (X,k, 1,2 q)-SCSP such that:
e if x € L then the value of ® is 1;
e if x ¢ L then the value of ® is at most .
Moreover, each constraint in ® has circuit complezity O(d).

6.2 Hardness of approximation for SCSP

By combining Corollary 5.1 with Theorem 6.3, we show that approximating the value of SCSPs to
within a constant factor is at least as hard as solving all languages with interactive reducibility.
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Theorem 6.4 (restatement of Theorem 2). Let R be a relation with a bounded-output-length
interactive reduction with well-behaved soundness error, kg predicates and r rounds. Then there
exists a deterministic polynomial-time reduction that maps an instance x for L to an SCSP instance
® such that:

e if x € L then the value of ® is 1;

e if x & L then the value of ® is at most 1/2.

Moreover, ® has a binary alphabet, lr(|x|) - kr(|x|) alternations, poly(|x|) variables per quantifier,
poly(|x|) constraints and constraint arity O(1).

Similarly, by combining Corollary 5.2 with Theorem 6.3, we achieve a theorem for any IP.

Theorem 6.5 (restatement of Theorem 1). Let L € AMIk] be a language. Then there ezists a
deterministic polynomial-time reduction that maps an instance x for L to an SCSP instance ® such
that:

o if x € L then the value of ® is 1;

e if x & L then the value of ® is at most 1/2.

Moreover, ® has a binary alphabet, k(|x|) alternations, poly(|x|) variables per quantifier, poly(|x|)

constraints and constraint arity max{O(1), llf)(g|}|i2| }.
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7 From round-query IOPs to binary IOPs

We show how to transform a round-query IOP with round-query complexity q,,q into a binary IOP
with query complexity O(q,q). This adapts a result of [ACY22| that transforms an IP into a binary
IOP to also apply to round-query I1OPs.

Theorem 7.1. Let IOP be a non-adaptive public-coin round-query IOP for a relation R = {(x,w)}.
Then there exists a non-adaptive public-coin IOP for R with the parameters below.

Round-query IOP for R - IOP for R i
. ounds o
lliss(i’dlzn th :('OP Alphabet size 2
& oF Proof length poly(|x/, lop)
Round queries Uoa | — Querics Olan)
gg:iggig;ggii?;;ess :"t Interaction randomness  poly(|x], i)
&« Decision randomness O(log |x| + ru)
Sou‘n dness error o) Soundness error o(1)
Verifier running time Vtiop Verifier running time poly (vior)

The transformation of [ACY22| is obtained via two transformations:

e Local access to interaction randomness. The IP is transformed into an IOP in which the verifier
reads only O(1) bits from each of its random messages but still reads the prover’s messages in
their entirety. The transformation described in [ACY22| does not immediately apply to our setting
(i.e., if we start out with a round-query IOP rather than an IP). In Section 7.1 we show how to
adapt their proof to our setting.

e Local access to prover messages. The IOP where the verifier has local access to its interaction
randomness is transformed into an IOP in which the verifier queries only a few bits of the entire
transcript. In our case, we begin with an IOP in which the verifier has local access to its interaction
randomness and only reads a small number of rounds overall. We discuss why the transformation
of [ACY22]| is sufficient for our setting in Section 7.2.

Putting together the two (modified) transformations yields Theorem 7.1.

7.1 Local access to interaction randomness

This transformation maps an IP into an IOP where the verifier reads the prover’s messages exactly
in their entirety but reads only a few bits of each one of its own random messages. In more detail,
we prove that a kep-round round-query public-coin IOP (Pop, Viop) with round-query complexity
Qma and constant soundness error can be transformed into a O(k,op)-round round-query public-coin
IOP (P}, Viop) with round-query complexity O(q,.4) and constant soundness error, in which the
verifier reads O(q,,4) bits from its interaction randomness, but still reads O(q,,q) messages sent by
the prover in their entirety.

Construction 7.2. On input x, with parameters n.,ns € N and v € (0,1) the protocol (P/,, V/y)
works as follows, given an extractor Ext: {0,1}" x {0,1}"s — {0,1}"°P with error eg,. The
parameters n,, ng, €g. and v will be fixed during the analysis.
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1. Since the IOP (Pyop, Viop) has constant soundness error, it has (c¢'/%,O(1))-round-by-round
soundness error for some constant 0 < ¢ < 1. Using Lemma 3.3, augment (P,op, Viop) such that it
has (1/(|x| + k&,),7/4)-round-by-round soundness error, and interaction randomness complexity
rlop = POLy (x| + kiop) and decision randomness complexity r,. = O(r,), where r,. is the decision
randomness of (Pop, Viop).

2. For j=1,..., kop:

Viop: Send to the prover a random string z; < {0, 1}"=.

(a)
(b)
(c)
(d)

Plop (3, W, 21,81, .,2;): Respond with 2 € {0,1}"# where (honestly) z} := 2;.
Viop: Send to the prover a random seed s; < {0,1}".
Pi.(x,w, 21, 81,...,2j,8)

i. Compute p; := Ext(z}, s;).

ii. Compute a; < Piop(x, W, p1,...,p;)).

iii. Send (sj,a;) to the verifier.
It _ / / / / 3 .
3. V5 (x) where tr = (21, 21,51, 81, Q15 - - - s Zkiops Zhyop s Skiop s Skygp aklop>. Do the following:

(a) Sample decision randomness py < {0, 1}" for Vop and sample random indices m, < [n,]
and mg < [ng].
(b) Emulate Vigy 0P %0 (5. . ) where queries are answered as follows:

e Any query made by V gp to a prover message a; is answered by querying the corresponding
prover message sent during interaction.

o If Viop attempts to read p; then: Check that z;j[m,] = 2/[m.] and s;[ms] = s’[mg]. If the

J J
check fails then reject. Otherwise, pass the string p; := Ext(z; s;) to Viop.
(¢) Accept if and only if Vigs "PH0P> 0P (5. 5 ) = 1.

Completeness. Fix (x,w) € R. Let tr be a transcript generated in a random execution of the
protocol. Since the prover is honest, we have that z; = zj and s;- = s, and so the verifier’s checks
in Item 3b pass with probability 1. Moreover, since the original IP has perfect completeness, and
for every j, aj := Piop(x, W, p1, ..., pj), we have that (always) Vit Praoe Mo (x) = 1. Therefore,
V& (x) accepts with probability 1.

Soundness. Fix x ¢ L(R) and a malicious prover Piop. Let E be the event over the veri-
fier’s random coins, both interaction and decision, (21,51, .., Zkop» Skiop» Pac), that there exists
some j where the emulated the verifier Viop reads p; and at least one of the following is true:
(1) A(zj, 25) > v or; (il) A(s],s5) > v, where zj := Piop(21,81,.--,2j-1,8j-1,%) and (s},a;) :=
P,op(zl, S1y-++,%2j—1,85—1, %5, Sj).

We first show that the probability that the verifier accepts and the event E happens is small:

Claim 7.3. We have that:

Pr |: <]-5IOPaVI,OP(X)> =1A (217515 cee aZk|op)Sk|opapdc) S E] <1- v o
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Proof. For every choice of verifier randomness (21, 51, ..., Zkop» Skiops Pac) € E, there exists some j
where the emulated the verifier Viop reads p; in which either A(z;,2}) > v or A(sy,87) > 7. As a
result, one of the checks made by V|, in Item 3b, causes the verifier to reject with probability at
least v. We conclude the claim by noting that

Pr |: <:E~)IOP5VI,OP(X)> =1A (Z17517 e aZk|op78k|opapdc) € E:|
< Pr [ <PIOP7V|/0P(X)> =1 | (Z17817 -+ Zkiop Sk|op7pdc) € Ei| < 1- v -
O

We introduce a new malicious prover 15,2,, for the IOP system that “corrects” any z;- and s;

*

messages sent by the prover that are «-far from what they are claimed to be. f’lop has the following
next-message function:

/
j

Ple(21,81,- -+, 2j-1,8j-1,25): Compute 2 = Piop(21,51,...,2j-1,8j-1,%). If A(z],2) < v
then output 2} and otherwise output z;.
Plop(21, 81, -5 2j-1,8j-1, 25, 87): Compute (s],a;) := Piop(21, 81, -, 2j-1, 8j-1, 25, 87). I A(s], 55) <
~ then ou‘cpu‘u~(s;’7 aj) a~nd otherwise output (s;,a;). i

Notice that P}, and Pp send exactly the same messages in rounds where P,op outputs zg- and

with A(z}, zj) <7 and A(s}, s;) < 7. Therefore we can reinterpret the event E relative to Py, as

follows: (21,51, -, Zkops Skiops Pac) ¢ E if for every j where Vop reads p; and ]?’;gp has not “corrected”

zé- or s (by sending z; or s; respectively). Whenever the verifier does not read a corrected round,

J

it acts identically to an interaction with 15.,: where it does not read a round that was far from the
messages sent by the verifier. Therefore, using this interpretation we have:

Pr |: <]'3|0P7VI/OP(X)> =1A (217 815+ Zkiops Sk|op7pdc) ¢ E }
= Pr [ (Pop, Vioe() = 1A (21,51, tgon Sk uc)  E |
< Pr| (P, Vigp () = 1]

*

We now show that the probability of V/o» accepting when interacting with f’lop is small. We

begin by showing that P,.-s messages z; have high min-entropy.

Claim 7.4. For every j: Hmin(Z;- | —E) > 0.5n,, where ZJ’~ is the random variable describing the

output 2 of Py in a random execution of (P, Vio,(x)).

Proof. Fix a round number j and some string z;‘ We have that

Pr[ Z; =z} ] Slzjr[A(z;,zj)<’y] (6)
=[{ 2" €{0,1}" : A(z,2") < }|/2"
< 9—nz+n.H(7) (7)
< 270.571,2 . (8)
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Above, Equation (6) is due to the fact the output z; of P}, always has Hamming distance at less than
7 from z;. Equation (7) true due to Fact 3.8 and Equation (8) is true for a small enough constant ~.
Then, we get that
Hin(Z}) = min —log Pr[ Z} = 25 ] > 0.5 .
z*
J
O
Claim 7.5. Suppose that, after amplification in Item 1, the IOP (Pop, Viop) has (Biur, Oac)-round-by-

round soundness with state function state. Then for every transcript tr generated by an interaction
between P, and Vo, where the verifier is about to make its j-th move such that state(x, tr) = 0:

Pr[ State(x7tr"pj) = 1 ] S (/Brbr + gExt) : 2715H(’Y) )
where p; is drawn as in the protocol description.

Proof. Fix some j and a transcript as in the claim statement. By Claim 7.4, we have that zé- has
min-entropy at least 0.5n,. Thus, by definition of the extractor,

| Pr[ state(x, tr||[Ext(2}, Uy, )) = 1] — Pr] state(x, tr||Uy ) = 1]] < eea

where U,, and U'fp are the uniform distributions over bit strings of length ng and rj, respectively.
Furthermore, by (B.p:, 04 )-round-by-round soundness of (P op, Viop), we have that

Pr[state(x, tr|[Uy ) = 1] < B -

Therefore, the fraction of seeds that cause the state function to change from 0 to 1 is at most
€ex T B Recall that in the protocol, p; := Ext(2}, s}), i.e., the seed of the extractor is s} rather
than a uniformly random seed. Recall that f’,”gp only outputs messages 39 with A(s;, sj) <. We say
that a seed s; is bad if there exists some s} with A(s, s;) < v such that state(x, tr|[Ext(z}, s7)) = 1.
Every point s;- that inhibits changing of the state function has a ball of size 27 of random
seeds that have distance at most 7 from it (see Fact 3.8). The total probability of landing on a bad
seed is at most the probability that a random seed s; falls within one of these balls. Therefore the

probability that s; bad is at most (egq + Bin) - ons-H(7y), O

We set the extractor error to be egy = B, 01 & source with min entropy 0.5n,. We set n, = 4r/,
such that the source has min entropy 2r/,,, and thus we extract r/,, random bits with error eg,. The
seed length is ng = O(log1/cg.) = O(log(1/Bu:)). We therefore have that:

Pr[(Ps, Vin(x)) = 1] < 84 + Pr[ 35 : state(x, tr||pj) = 1] (9
S 6dc + kIOP : (6rbr + EExt) . QNSH(,Y)
< ue + kiop + 2840y - 9O(log(1/Brbr))-H(v)

(

(
S 6dc + klOP "V /Brbr (]‘2
< /4 + kiop/ A/ x| + ke <7/2 . (

Equation (9) follows from the fact that the verifier V|, accepts only if Vp accepts given x, prover
messages ai, ...,k and verifier randomness p1,....pxep- By the round-by-round soundness of
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the original IP, since state(x, ) = 0 (which follows from the fact that x ¢ L), in order for the
verifier to accept, it must be that the value of the state function changed from 0 to 1 in some
round. Equation (10) is true by applying the union bound and Claim 7.5. We have Equation (11)
by noting that we set eg, = B, and ng = O(log(1/B.,)). Equation (12) holds for a small enough
constant v > 0, and, finally, Equation (13) holds by the definitions of d4 and S, and for large
enough values of |x]|.

Thus we have that

PI' |: <f)IOP7VI/OP(X)> =1A (217 S15-- '7Zk|op73k|opvpdc) ¢ E] S PI' |: <PEP7V|/0P(X)> =1 ] S '.)//2 .

Putting this fact together with Claim 7.3, we have that

Pr | (Pion, Vige (x)) = 1| = Pr | (Pror, Vige()) = 1A (21,51, Zkiops Skiop psc) € E |
+Pr |: <ﬁ|0P7VI/OP(X)> =1A (217817 -+ Zkiop Sk|op7pdc) ¢ Ei|
<l—7y+79/2=1-7v/2.

Thus the verifier accepts with constant probability.

Complexity measures. We analyze the efficiency parameters of the resulting round-query 10P:
o Rounds. The round-query IOP has 2k rounds.

o Proof length. We first amplify the protocol, giving polynomial overhead to all messages. In

addition to the original prover messages, the prover also sends z;- and s;-. Therefore the proof

length is poly(|x|, liop)-
e Round queries. V,y, queries 2 - q,,q rounds.
o Query complexity to randomness. The verifier queries s; and z; in O(1) locations.
e Randomness complexity. V|, generates n, + ns = poly(rp, |x|) bits in every round.

e Decision randomness. V|, chooses decision randomness r). = O(r,.) and then uses logn, +logng =
O(log x| + log kiop) bits of decision randomness. All-in-all O(ry + log |x]).

o Verifier running time. V|, runs the original IOP verifier for polynomially many repetitions,
generates a few random strings and runs the extractor. Its running time is therefore polynomially
related to the running time of Vip.

o Adaptivity. V|, makes non-adaptive queries to its interaction randomness. Therefore, if Vop was
non-adaptive, then so is V/,.

7.2 Local access to prover messages

In this transformation, we take a round-query IOP (Pop, Viop) with round-query complexity qq
where the verifier reads O(1) bits from the interaction randomness of the rounds that it queries
but reads the entire prover messages, and transform it into a binary IOP (Pjy,, Vop) with query
complexity O(qme). We sketch this transformation, assuming familiarity with |[ACY22].
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The transformation involves simulating the round-query IOP, except that P|,, encodes the
messages of Pop using an “index-decodable” PCP (ID-PCP). In the final round, P}, sends, for every
choice of decision randomness of V gp, a proof convincing that Vo, would have accepted, having
chosen this decision randomness. The new IOP verifier V|, then chooses decision randomness and
runs the ID-PCP verifier to verify the proof. Executing the ID-PCP verifier involves reading the
relevant bits of the verifier interaction randomness, O(1) bits of the final prover message, and O(1)
bits from the encoding of each prover message that V,op would have queried using this decision
randomness. Hence, V|, has (total) query complexity O(qumq)-
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