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Abstract

In the quantum computation verification problem, a quantum server wants to convince a client that
the output of evaluating a quantum circuit C is some result that it claims. This problem is considered
very important both theoretically and practically in quantum computation [32, 1, 47]. The client is
considered to be limited in computational power, and one desirable property is that the client can be
completely classical, which leads to the classical verification of quantum computation (CVQC) problem.
In terms of the time complexity of server-side quantum computations (which typically dominate the total
time complexity of both the client and the server), the fastest single-server CVQC protocol so far has
complexity O(poly(κ)|C|3) where |C| is the size of the circuit to be verified and κ is the security parameter,
given by Mahadev [41]. This leads to a similar cubic time blowup in many existing protocols including
multiparty quantum computation, zero knowledge and obfuscation [8, 50, 9, 16, 18, 2]. Considering the
preciousness of quantum computation resources, this cubic complexity barrier could be a big obstacle for
taking protocols for these problems into practice.

In this work, by developing new techniques, we give a new CVQC protocol with complexityO(poly(κ)|C|)
(in terms of the total time complexity of both the client and the server), which is significantly faster
than existing protocols. Our protocol is secure in the quantum random oracle model [11] assuming the
existence of noisy trapdoor claw-free functions [12], which are both extensively used assumptions in
quantum cryptography. Along the way, we also give a new classical channel remote state preparation
protocol for states in {|+θ〉 = 1√

2
(|0〉+ eiθπ/4 |1〉) : θ ∈ {0, 1 · · · 7}}, another basic primitive in quantum

cryptography. Our protocol allows for parallel verifiable preparation of L independently random states in
this form (up to a constant overall error and a possibly unbounded server-side isometry), and runs in only
O(poly(κ)L) time and constant rounds; for comparison, existing works (even for possibly simpler state
families) all require very large or unestimated time and round complexities [33, 20, 4, 36].
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1 Introduction

1.1 Background
Verification of computations is one of the most basic questions that one could ask about computations. In
this problem, an untrusted server claims the output of running a circuit C is o, and the client would like to
check its validity without doing all the computations from scratch. The study of this type of problems in
different settings has a very long history. In the setting where the server has unlimited computation resources,
many important complexity classes (like NP, IP, MIP [6]) and famous results (like the PCP theorem [6]
or IP=PSPACE [48]) can be understood as characterizations of power of verification protocols in different
settings.

Consider a practical setting where a user wants to outsource a large scale computation to an untrusted
cloud server, we need to additionally assume the server runs in polynomial time. The computation verification
problem in this setting is widely-studied and widely-used in cryptography. For example, computation
verification has been studied in various different settings [29, 46] and is the foundation of various cryptographic
problems (for example, zero-knowledge [34]).

Today quantum computations are gradually coming into reality. [7] Naturally, we would like to know
whether quantum computations are also verifiable, and how it could be executed in practice. Formally
speaking, a quantum computation verification protocol is defined as:

Definition 1.1 (Quantum computation verification, review of [1]). A quantum computation verification
protocol takes a quantum circuit C and an output string o as the inputs. It has completeness c and soundness
s if:

• (Completeness) For (C, o) such that Pr[C |0〉 = o] ≥ 99
100 , the verifier accepts with probability ≥ c.

• (Soundness) For any malicious quantum server, for (C, o) such that Pr[C |0〉 = o] ≤ 1
100 , the verifier

rejects with probability ≥ 1− s.
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In addition to that, we want the protocol to be efficient, that is, both the client and the server should be in
polynomial time.

Quantum computation verification is also very important both in theory and in practice:

• The motivations of classical computation verification generally also hold in the quantum world. His-
torically, the study of quantum computation verification has led to a series of important works: For
example, quantum computation verification protocols are the basis of many other quantum crypto-
graphic protocols like multiparty computation and zero-knowledge [50, 8]; and the study of quantum
computation verification in the multi-prover setting leads to one of the most striking results in quantum
complexity theory [37].

• There is a strong practical motivation for quantum computation verification: In foreseeable future,
it is possible that large scale quantum computers will be used as cloud services instead of personal
computers due to its extreme running conditions [7], which makes the trust issue between the client
and the server(s) more problematic.

On the other hand, quantum computation verification faces new difficulties that do not exist in the classical
world:

• In quantum world, measurements are generally destructive, which is very different from the classical
world. This means we can’t trace and see what is happening during executions of quantum algorithms,
which forbids an intuitive way of verifying computations.

• In a classical world, a user that holds a small computation device could always simulate a slightly
larger scale computation by using real-world storage devices to enlarge its memory. Storing classical
information in real life is generally cheap. Studies of computation verification in the classical world
generally aims at verification of very large scale computations or more advanced functionalities. [29]
However, quantum memory is not necessarily cheap. That implies, a user that already holds a quantum
computer will still need to worry about the validity of outputs of larger scale quantum computations
claimed by other untrusted parties.

We review some verification methods that are (possibly) practically useful but do not follow Definition 1.1,
and discuss their restrictions.

• Cross-check of different quantum devices. This method relies on the assumption that either at least one
quantum computer is reliable, or they will not maliciously deviate in a similar way. However, based on
the development of classical computation technologies, it’s possible that in the long run only a small
number of nations or companies could be able to build large scale quantum computers. In this situation,
this technique may not be sufficient for building trust in a large scale.

• Verification by solving problems in NP ∩ BQP , like the factorization problem [49]. However, good
choices for this class of problems are limited and (as far as we know) do not contain many important
quantum computation algorithms like Hamiltonian simulation [45]. With only this verification method,
a malicious server could choose to behave honestly only on these specific problems and deviate on all
the other problems.

Besides the basic conditions given in Definition 1.1, there are various additional factors that people pay
attention to. These include the assumptions used, complexities, etc. One very desirable property is the
client could be completely classical. This is called the classical verification of quantum computation (CVQC)
problem, which is the focus of this paper.

1.2 Existing Works
1.2.1 Verification of quantum computations

There are various approaches for the verification of quantum computations. [32]
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• One approach that has a very long history is verification with a single quantum server and a client with
a bounded quantum memory. These protocols include the Clifford-authentication-based protocol [1],
polynomial-code-based protocol [1], protocols based on measurement-based quantum computation and
trap qubits [28], the receive-and-measure protocol based on Hamiltonians [27], etc. These protocols
generally require a small (for example, single-qubit) quantum device on the client side, and are
information-theoretically (IT-) secure; however, the client still needs to do quantum computations,
and for all the existing verification protocols that achieve IT-security in this setting, the client side
quantum computations (thus also the total complexity) are at least linear (or even more) in the circuit
size [1, 26, 28, 27].

• There is also a long history of verification with multiple entangled quantum servers and a completely
classical client. [47, 21, 35] It is assumed that there is no communication among servers, thus the client
can make use of the joint behavior of these servers to test each other. This class of protocols generally
achieves information-theoretical security; but the requirement of multiple non-communicating entangled
servers might be costly to guarantee at a scale in practice.

• A relatively new approach is to base the protocols on computational assumptions. Early stage works like
[3] do not achieve classical verification. Mahadev constructed the first classical verification of quantum
computation (CVQC) protocol in [41]. This protocol is based on a new primitive called noisy trapdoor
claw-free functions, which can be constructed from the Learning-With-Errors assumption. Based on this
work, a series of new CVQC protocols are developed [16, 2, 18] which improve [41] in different ways.

As said before, single-server cryptography-based CVQC is possible by [41]. Considering the preciousness of
quantum computation resources, the next factor to consider after proving the existence might be to find a
protocol with lower complexity. However, the currently fastest existing works run in O(|C|3) time complexity
for verifying a circuit of size |C|, for a fixed security parameter. In more detail:

• The original Mahadev’s protocol builds on the Hamiltonian-based approach [27] which leads to a cubic
complexity. This complexity is inherited by the series of works built on it [16, 2, 18].

• There are also works that take the approach of remote state preparation like [33, 20]. Their complexities
are polynomial but are unestimated; a back-of-envelope calculation shows their complexities might be
very large.1

• Even if we allow the usage of multiple quantum servers, the problem still exists in a sense: although there
exists a quasi-linear time protocol [21], the no-communication requirement is an a-priori assumption,
and it’s not known how to base it on relativity-based space separation—which means guaranteeing the
separation of different servers will be hard to achieve in a practical quantum network environment. If
we focus on multi-server protocols where the no-communication condition can be based on space-like
(relativity-based) separation, the fastest protocol known is still in cubic time [35].

For an intermediate-size problem, cubic complexity might already be too large to run in practice, especially
for quantum computations. (For all the protocols listed above, the total time complexities are equal to the
complexities of the server’s quantum computations; we will simply use “complexity” to mean both.) This
leads to the following question:

Could classical verification of quantum computations be faster?

1.2.2 Related problem: remote state preparation

A very basic notion in quantum cryptography that our work will be closely related to is remote state
preparation, raised in [10]. There are different security notions for remote state preparation, including
blindness and verifiability [24, 33]; We focus on remote state preparation with verifiability (RSPV). In this
problem, ideally, the client wants to send a uniformly random state from a state family. The client wants to

1We point out that the O(1/ε3) and O(T 4) complexities claimed in Section 1.1 of [33] underestimate the real complexities of
their protocols. A calculation following its security proofs gives a much higher complexity. We thank the author(s) of [33] for
confirming it.
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use a protocol to interact with the server, so that when the protocol completes, if the server is not caught
cheating, the server should hold the ideal state (approximately), as if the client prepares and sends it directly.
This property is called the verifiability of remote state preparation. Necessarily, this notion of verifiability is
defined up to a server-side isometry: the server could choose the basis freely and use this basis for all of its
own operations, and there is no way to detect this change-of-basis from the outside.

This notion is basic and very useful in quantum cryptography. To demonstrate its applications, we note
that many existing quantum cryptographic protocols have the following structure [14, 28]:

1. The client first prepares some quantum gadgets (small size secret states) and sends them to the server;

2. Both parties interact classically to achieve some tasks. We will call this step the gadget-assisted protocol.

An undesirable property of these protocols is the client still needs to prepare and send (possibly many)
quantum gadgets in the first step. RSPV could be used to replace the first step above approximately; if the
RSPV protocol only relies on classical channels, we get a compiler that compiles a quantum channel protocol
to a classical channel protocol with a similar functionality.

The authors of [24] consider whether it’s possible to design a classical-channel RSPV protocol for the gadgets
used in [14, 28] etc. In [14] the set of possible gadgets is {|+θ〉 = 1√

2
(|0〉+ eθiπ/4 |1〉) : θ ∈ {0, 1 · · · 7}}; in [28]

computational basis states {|0〉 , |1〉} are added to the state family to support more advanced functionalities.
The success of Mahadev’s technique [12, 41] leads to a series of works on the possibility of constructing
classical channel RSPV protocols for these state families [33, 20].

Usually RSPV is defined on a small state family (for example, |+θ〉 discussed above), while gadget-assisted
protocol in general requires a large number of such gadgets. For convenience we define a variant of RSPV
that takes the gadget number L as the input:

Definition 1.2 (Informal). RSPV for L gadgets in the form of {|+θ〉 = 1√
2
(|0〉+ eθiπ/4 |1〉) : θ ∈ {0, 1 · · · 7}}

is defined to be a protocol that takes 1L as inputs and satisfies:

• (Completeness) If the server is honest, it gets |+θ(1)〉 |+θ(2)〉 · · · |+θ(L)〉 in the end, where each of
θ(1) · · · θ(L) are uniformly independently random in {0, 1 · · · 7}. The client gets θ(1) · · · θ(L).

• (Verifiability) For any (efficient) malicious server, if it could pass the protocol with significant probability,
the joint state of the client and the server on the passing space is approximately indistinguishable to
the honest state up to a server-side isometry.

The authors of [33] provide a positive answer to this problem using only classical channel; independently
[20] also provides a candidate protocol whose security is shown against a restricted form of adversaries.

However, the time complexities of protocols in [20, 33] are not clear. Although both protocols are in
polynomial time, the complexities are either completely implicit [20] or not fully calculated [33] (a back-of-
envolope calculation shows the order of the polynomial is tens or hundreds.) Considering the wide applications
of classical channel RSPV, we ask the following question:

Could classical channel RSPV for L gadgets in the form of {|+θ〉 , θ ∈ {0, 1 · · · 7}} be faster?

An answer to this question could also open the road to RSPV protocols for more general state families.

1.2.3 Related works: a review of existing applications of CVQC and RSPV

Since [41], there have been a series of works that built on the protocol or its techniques.

• CVQC protocols with improvements over [41]: the authors of [16], [2] construct non-interactive (2-
rounds) CVQC protocols; [16] further construct a protocol where the client-side classical computation is
in only poly(κ) time. The authors of [18] constructs blind, constant-round CVQC protocols for sampling
problems.

• Multiparty quantum computation: The author of [8] constructs multiparty quantum computation
protocols over classical channel, and constructs a composable bind CVQC protocol along the way from
[41, 40, 18].
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• Zero-knowledge: [50] constructs classical zero-knowledge arguments for QMA. [2] constructs a non-
interactive zero-knowledge protocol for QMA.

• Obfuscation: [9] constructs an indistinguishability obfuscation scheme for null quantum circuits,
based on non-interactive CVQC protocol with special properties. This results implies a series of
fancy functionalities including publicly-verifiable NIZK, k-SNARG, ZAPR for QMA, attribute-based
encryption for BQP etc, as discussed in [9].

All of these protocols have a cubic time complexity blowup inherited from [41].
Since [12], there are also a series of works on classical-channel RSPV and related problems.

• [33, 20] construct classical-channel RSPV protocols (with or without proofs) for non-trivial single qubit
state families, and show these protocols could be useful for important problems like composable CVQC.

• [43] constructs a single-server self-testing protocol; this leads to a new protocol for device-independent
quantum key distribution [42].

• [4] construct a new RSPV protocol that allows for preparation of a large number of BB84 states; in
[36] the authors construct a parallel single-server self-testing protocol. As shown in [4], these type of
RSPV protocols could lead to a series of classical-channel protocols for problems including unclonable
quantum encryption, quantum copy-protection, and more.

These protocols, although polynomial-time, have very large or unestimated time complexity based on current
analysis.2

1.3 Our Results
In this paper we make significant progress for the problems above. We work in the quantum random oracle
model (QROM) [11], the ideal model for symmetric key encryptions or hash functions in the quantum world.
(See Section 3.3 for a review.)

As our central result, we prove the following:

Theorem 1.1. Assuming the existence of post-quantum noisy trapdoor claw-free functions, there exists a
single server CVQC protocol in QROM such that:

• The protocol has completeness 2
3 .

• For verifying a circuit of size |C|, the total time complexity is O(poly(κ)|C|), where κ is the security
parameter.

• The protocol has soundness 1
3 against BQP adversaries.

This means we construct a CVQC protocol that runs in time only linear in the circuit size |C|, which is
optimal in terms of dependence on |C|. The noisy trapdoor claw-free functions (NTCF) [12] in this theorem
could be constructed from the Learning-With-Errors assumption, as given in [12]. (See Section 3.2 for a
review.) The random oracle could be heuristically instantiated by a symmetric key encryption or hash
function in practice, which is called the random oracle methodology [38]. Both are widely-used assumptions
in cryptography.

The poly(κ) in Theorem 1.1 is only linear in the time complexity of the noisy trapdoor claw-free functions
(and the hash functions if we instantiate the random oracle).

Along the way, we construct a classical channel RSPV protocol for {|+θ〉 , θ ∈ {0, 1 · · · 7}} that runs in
linear time and constant rounds:

Theorem 1.2 (Informal). There exists a classical channel RSPV protocol for L gadgets in the form of
{|+θ〉 , θ ∈ {0, 1 · · · 7}} in QROM that runs in time O(poly(κ)L) and constant rounds.

The construction of the RSPV protocol is completed in Protocol 15 and the construction of the CVQC
protocol is completed in Protocol 16. Their proofs are completed in the corresponding sections.

2We note the settings of these protocols are not the same, and we consider the following setting for a fair comparison: if
the protocol only considers the preparation of a single state, we consider its L-fold repetition and require the total error to
be a constant; for protocols with small soundness error like [36], we consider its repetition-based amplification that takes it to
constant soundness error.
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A quick summary of technical innovations We develop a set of techniques that are very different from
existing CVQC or RSPV protocols. At a high level, we give up the Hamiltonian approach used in many
existing works and seek for a fast RSPV protocol as an intermediate step towards a fast CVQC protocol. As
discussed before, our RSPV protocol aims at preparing states in the form of |+θ〉.

This problem is nontrivial even without considering the complexity. Existing works that are powerful
enough to handle this type of states, like [33], work as follows at a high level: the client instructs the server
to do an operation followed by a partial measurement, which creates |+θ〉 (or similar states) for a random θ
on the server-side; the client could calculate θ from the server’s response and its secret information (trapdoor
etc). Then a series of tests are probabilistically executed on this state, where the client asks the server to
measure the qubit in a basis (either related to θ or unrelated to θ) and uses the server’s feedback to check it
has really prepared |+θ〉 as expected. Importantly, [33] designed a test based on quantum random access
code [5].

We give a very brief overview of our protocol as follows. In Section 2 we give a detailed technical overview.

1. To allow the honest server to get the state, different from existing works, we make use of the phase table
construction [53], coming from a work on a different quantum delegation problem, that generalizes garbled
tables [51] construction into the quantum world. This technique could not directly create the single-qubit
state |+θ〉; instead, it creates an encoded form of this state, which is eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉, where
x0, x1 are long keys held secretly by the client, and θ0, θ1 are sampled randomly such that θ1 − θ0 = θ.

Then the client reveals the keys to allow the server to decode the state and get |+θ〉. But doing this
directly turns out to be insecure since the revealed keys together with the phase tables allow the
adversary to break the protocol. To address this problem, we develop the helper gadget method (see
Section 2.3 for a detailed review of this method). This method, in a sense, allows the client to directly
reveal the keys without sacrificing the necessary secrecy of the phase tables. We consider this part as
the central step of our protocol.

2. Then we design a series of new tests that allow the client to test the server’s states. (See Section 2.4 for
a further review.) The difficulty is we not only want these tests to verify the server’s state is indeed
honest, but also want the whole tests to be in linear time when applied on L states. Existing works like
[33] design tests that work on each state separately; unluckily, as discussed in Section 2.7, there are
inherent barriers to get linear time protocols if we want the overall error of all these states to be within
a constant.

In our design of tests, there are tests that work on all these gadgets collectively, which allows us to
bypass this barrier.

1.4 Discussion
We first remark several limitations of our results that we do not aim to solve in this work.

• Although our remote state preparation protocol runs in constant rounds, we do not aim to construct a
constant round CVQC protocol. The underlying gadget-assisted verification protocol runs in linear
rounds which implies the overall round complexity of our CVQC protocol is also linear.

• We do not focus on optimizing the hidden constant in the big-O notation. The current constant blow-up
is far from being practical, but it’s largely from the very loose security analysis (even elementary
calculations in our work could be far from being tight). Despite being loose, in this work we still give
explicit bounds for most of the constants to set a record for future improvements, which could be
important for taking protocols for these problems into practice.

• The security of our RSPV protocol is defined up to constant error and possibly unbounded isometry.
(See Section 4.4 for details.) This is sufficient for constructing our CVQC protocol but will restrict the
application scenarios of our RSPV.

It will be desirable to see the resolutions of these problems.
Besides the problems above, our results also naturally give rise to the following questions.
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• Could we use either CVQC or RSPV in our work to construct new faster protocols for other problems?

As discussed in Section 1.2.3, [41, 12] leads to a series of protocols for various different problems. It is
promising to explore the possibility of using our protocols or techniques to construct fast protocols for
these problems.

• Could we replace the random oracle by standard model assumptions, and prove its security formally?

We feel our protocols have a relatively clean and clear structure, and the usage of the random oracle is
not involved. The applications of the random oracle in our protocol construction are as follows:

– We use the random oracle to construct the underlying symmetric key encryption scheme used in
lookup-tables (see Section 2.2 for a discussion).

– We use the random oracle in RO-padded Hadamard tests [55]. (We will mention it in Section 2.3.)

It is an intriguing question to instantiate the random oracle (or reducing its usage) with a formal proof.

We believe our work, together with answers to these questions, will be important for taking secure quantum
computations into practice.

1.5 Paper Organizations
This paper is organized as follows.

1. Section 1 is the introduction of the background and our results. Then in Section 2 we give a technical
overview of our construction.

2. In Section 3 we give a review to the preliminaries. In Section 4 we formalize the notion of CVQC and
RSPV, and introduce the notion of pre-RSPV as an intermediate step.

3. In Section 5 we formalize our pre-RSPV protocol.

4. In Section 6 to Section 11 we analyze each idea or subprotocol in our construction.

5. In Section 12 we combine all these stand-alone analysis of subprotocols together to prove the verifiability
of the overall pre-RSPV protocol.

6. In Section 13 we use our pre-RSPV protocol to complete the construction of our RSPV and CVQC
protocol.

Acknowledgement
We thank someone for discussions, whose name is kept secret for anonymous review.

2 Technical Overview
Let’s give an overview of the construction of our protocols.

2.1 Fast Parallel RSPV for 8-basis Qfactory and Gadget-assisted Quantum
Computation Verification

At a high level, to construct the fast CVQC protocol, we take the approach of constructing RSPV protocol as
an intermediate step.

As informally defined in Section 1.2.2, we consider the parallel version of RSPV for state family {|+θ〉 =
1√
2
(|0〉+ eiθπ/4 |1〉), θ ∈ {0, 1 · · · 7}}. The inputs of the RSPV protocol are the gadget number 1L and security
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parameter 1κ. Equivalently we could consider this protocol as an RSPV protocol for a single uniformly
random state from a large state family

{|+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉 : ∀i, θ(i) ∈ {0, 1 · · · 7}} (1)

In the end the server should get a random element from (1) and the client should get (θ(i))i∈[L]. Equivalently
we could express the joint cq-state of the client and server in this ideal functionality as3∑

∀i,θ(i)∈{0,1···7}

1

8L
|θ(1)〉 〈θ(1)| |θ(2)〉 〈θ(2)| · · · |θ(L)〉 〈θ(L)|︸ ︷︷ ︸

client

⊗ |+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉︸ ︷︷ ︸
server

(2)

The road to prove Theorem 1.1 is as follows.

1. Construct an RSPV protocol for target state (2) that runs in time O(poly(κ)L).

This is achieved by Protocol 15 assuming NTCF and QROM and it also has the desirable property that
it only has constant rounds. This proves Theorem 1.2.

2. Given a circuit C to be verified, find a gadget-assisted quantum computation verification protocol that
uses (1) as the initial gadgets, where the gadget number L needed is linear in the circuit size |C|. This
is achieved by existing work [26].

Remark Classical-channel RSPV defined above for arbitrary state families are generally impossible due
to the existence of complex-conjugate attack, discussed in [47, 21, 31]: the malicious server could choose to
execute the complex conjugate of the honest behaviors, and the output state will be the complex conjugate
of the target state, which is not isometric to the honest state in general. The client has no way to detect it
over a classical channel. However, the state (2) that we aim at is indeed invariant under complex conjugate:
a complex conjugate of (2) is isometric to (2) up to a global phase by a sequence of X flips:

X |+−θ〉 = e−θiπ/4 |+θ〉

⇒ X⊗L(|+−θ(1)〉 ⊗ |+−θ(2)〉 ⊗ · · · ⊗ |+−θ(L)〉) = e−(θ(1)+θ(2)+···θ(L))iπ/4 |+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉

which means a malicious server executing the complex-conjugate attack is equivalent to the honest server up
to a server-side isometry and an undetectable global phase.

2.2 Lookup-table-based Techniques for State Generation in the Honest Setting
So how could we generate such states? Let’s use the preparation of one gadget as an example. Suppose we
need to prepare the state

1√
2

(|0〉+ eiθπ/4 |1〉) (3)

The first idea is to first use the noisy trapdoor claw-free function (NTCF) [12] technique to prepare the
key-pair-superposition state, then use phase tables [54] to add the phases. In more detail:

1. As shown in [12] (see Section 3.2 for a review), evaluating an NTCF function could result in a state of
the following form: the client gets a key pair K = (x0, x1), x0, x1 ∈ {0, 1}κ, x0 6= x1; the server holds
the state

1√
2

(|x0〉+ |x1〉) (4)

In this paper later we will frequently use the word “keys” to denote the K = (x0, x1) coming from the
NTCF evaluation. (In the construction of NTCF there are also “secret keys” and “public keys”, which
are different.)

3Below we express the cq-state by a mixture of density operators and pure states. This notation is not fully standard but is
convenient and is indeed used in some places; we do not rely on any operational property of it and use it solely as a notation.
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2. We will use the lookup-table-based techniques [54] for adding phases. These lookup-tables have a similar
structure to garbled tables [51] but do not carry computations directly.

For constructing look-up tables, we need an underlying symmetric key encryption scheme Enc with a
key authentication part.

Recall that we are working in the quantum random oracle model (QROM). We use H to denote the
random oracle. A natural construction of Enc on encryption key k and plaintext p is

Enck(p) := ((R,H(R||k) + p)︸ ︷︷ ︸
ciphertext

, (R′, H(R′||k))︸ ︷︷ ︸
key authentication

);R,R′ ←r {0, 1}κ, (5)

where the addition is over some specific group. Then we define the lookup table LT(x1 → r1, x2 →
r2, · · ·xD → rD), or simply x1 → r1, x2 → r2, · · ·xD → rD, as the tuple

(Encx1
(r1),Encx2

(r2), · · · ,EncxD (rD)). (6)

Each Encxu(ru) in (6) is called a row of this table. Given the table, and one key xu used in some row,
the server could decrypt the corresponding ru as follows: it first uses the key authentication part of Enc
to find out the index u, then it decrypts the ciphertext part of Encxu(ru) and gets ru.

This type of lookup table technique is very useful in manipulating states in the form of (4). One nice
property is the table decoding process above could be applied with superpositions of keys, for example,
(4). Below we show how to use the phase table technique [54, 55] for adding phases to (4).

If the client wants to add a phase of eθiπ/4 to the x1 basis of |x0〉+ |x1〉, it can prepare the lookup table
that encodes the following classical mapping:

x0 → θ0, x1 → θ1, where θ0, θ1 ∈ {0, 1 · · · 7} are sampled randomly such that θ1 − θ0 = θ, (7)

where we use Z8 as the group of addition. Then the adding of phase is achieved with the following
mappings honestly:

|x0〉+ |x1〉 (8)
(Decrypt table) →|x0〉 |θ0〉+ |x1〉 |θ1〉 (9)

(Controlled phase) →eiθ0π/4 |x0〉 |θ0〉+ eiθ1π/4 |x1〉 |θ1〉 (10)

(Decrypt table again) →eiθ0π/4 |x0〉+ eiθ1π/4 |x1〉 (11)

where in the last step the decryption outcome is written into the same register that is introduced in (9),
and the values in this register will be erased, as discussed in [54].

3. If the server really holds the state in the form of (11), the client could reveal the key pair K and the
server could decode the keys from (11) and get (3).

This completes the construction in the honest setting. And we can naturally generalize it to prepare L states:

1. Both parties execute L evaluations of NTCF functions and prepare the following states on the server
side:

1√
2L

(|x(1)
0 〉+ |x(1)

1 〉)⊗ (|x(2)
0 〉+ |x(2)

1 〉)⊗ · · · ⊗ (|x(L)
0 〉+ |x(L)

1 〉)

while the client knows all the keys.

2. The client samples random phase pairs Θ = (Θ(i))i∈[L], Θ(i) = (θ
(i)
0 , θ

(i)
1 ), θ

(i)
0 , θ

(i)
1 ∈r {0, 1 · · · 7}2. (∈r

means uniformly random sampling.) Then it prepares the following table for each i ∈ [L]:

x
(i)
0 → θ

(i)
0 , x

(i)
1 → θ

(i)
1

and sends all of them to the server.
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The server is able to evaluate the phase tables and get the following state:

1√
2L

(eθ
(1)
0 iπ/4 |x(1)0 〉+e

θ
(1)
1 iπ/4 |x(1)1 〉)⊗ (eθ

(2)
0 iπ/4 |x(2)0 〉+e

θ
(2)
1 iπ/4 |x(2)1 〉)⊗· · ·⊗ (eθ

(L)
0 iπ/4 |x(L)

0 〉+e
θ
(L)
1 iπ/4 |x(L)

1 〉)

(12)
The client calculates θ(i) = θ

(i)
1 − θ

(i)
0 , ∀i ∈ [L].

3. The client reveals all the keys and the server gets (1) up to a global phase.

Have we got an RSPV protocol for (2)? The protocol above guarantees the honest behavior, but does not
provide any security or verifiability. So where does this protocol violate the verifiability property of RSPV?

Recall the informal definition of RSPV in Definition 1.2. The verifiability property of RSPV requires the
server to only hold the target state, it should not be either too little or too much—where “too little” means
the server’s state does not contain a subsystem that is isometric to the target state, and “too much” means
the server gets additional information about the state descriptions that could not be simulated from the ideal
state on the server side.

The problem here is the lookup table will contain ciphertexts that encode phases θ(i), which could be
decrypted after the client reveals K in the final step—which means the server knows too much.

To address this problem we introduce the helper gadget method, which is one of the key ingredients of this
work.

2.3 Helper Gadget Method, and Adding Phases under This Method (AddPhaseWithHelper)
One important technique that we will use is the helper gadget method. A form of this method also appeared
implicitly in [55]; in general this method does not solve concrete problems on its own, and we need to make
smart usage of it and combine it with other techniques.

As discussed in the last section, the client needs a way to introduce new phases in a completely secret way.
The idea is, instead of using a simple phase table, the protocol will make use of one additional helper gadget :

server holds
1√
2

(|x(helper)
0 〉+ |x(helper)

1 〉), client holds K(helper) = (x
(helper)
0 , x

(helper)
1 ).

Importantly, when the mapping (7) is encoded, K(helper) will also be used as a part of the encryption keys.
(We say “encryption keys” to mean k in Enck(p) appeared in the construction of tables (6).) In more detail,
each encryption in the table has the following form, where the encryption key is the concatenation of two
keys:

∀b(helper) ∈ {0, 1}, b ∈ {0, 1}, x(helper)
b(helper) ||xb → θb (13)

The table (13) contains four rows coming from different values of b(helper) and b. Different choices of the
helper gadget key correspond to the same encrypted phases.

With this table, the same mapping could still be implemented. The server could use similar operations as
(8) to (11); it could decrypt the table (13) with the key superposition it holds, and the helper gadget remains
in a product form from the other parts in each step analogous to (8) to (11):

(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (|x0〉+ |x1〉) (14)

→(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (|x0〉 |θ0〉+ |x1〉 |θ1〉) (15)

→(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (eθ0iπ/4 |x0〉 |θ0〉+ eθ1iπ/4 |x1〉 |θ1〉) (16)

→(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉) (17)

So why do we need the helper gadget? We will see, starting from (17), the helper gadget will go through
an (RO-padded) Hadamard test [55], which we define below. The (unpadded) Hadamard test is raised in [12]
and in [55] it is observed that a random-oracle-padded version of this test certifies the server has to forget
these keys; this observation will be formalized in our work in a nicer way. For simplicity of the introduction
we review the unpadded version, given in [12]:
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Toy Protocol 1 (Hadamard test). Suppose the client holds K = (x0, x1), x0, x1 ∈ {0, 1}κ, and the server
holds 1√

2
(|x0〉+ |x1〉).

The client asks for a non-zero d such that d · x0 = d · x1 mod 2. The server does a bit-wise Hadamard
measurement on 1√

2
(|x0〉+ |x1〉) and the output will satisfy the client’s testing equation, which comes from

the identity H⊗κ( 1√
2
(|x0〉+ |x1〉)) = 1√

2κ−1

∑
d:d·x0=d·x1

|d〉.

As discussed above, the (RO-padded) Hadamard test satisfies the following informal property:

Claim 2.1 (Successful Hadamard test destroys keys). Suppose the server holds an initial state that satisfies
some property (say, the honest initial state 1√

2
(|x0〉+ |x1〉)). Both parties execute an (RO-padded) Hadamard

test. If the server passes the protocol with high probability, the probability that it could predict one of x0 or x1

from the post-test state is small.

Since the keys of the helper gadget are part of the encryption keys for the mapping (13), if the server
loses the predictability of keys in K(helper), intuitively the server loses the ability to make use of the mapping
encoded by the table.

In more detail, the helper gadget method seems like a switch: before the test the server is able to evaluate
the mapping, while after the test the information in the table will be hidden from efficient malicious servers.

With this in mind, our RSPV protocol roughly has the following structure from the viewpoint of the
helper gadget method:

Toy Protocol 2. 1. For each i ∈ [L], the client sends the helper-gadget-method-enhanced phase table for
the i-th gadget

∀b(helper) ∈ {0, 1}, b(i) ∈ {0, 1}, x(helper)
b(helper)

||x(i)

b(i)
→ θ

(i)
b (18)

2. “Turn off” the switch of the helper gadget method (that is, to execute an RO-padded Hadamard test on
the helper gadget).

3. The client flips a coin and does one of the following:

• Verify that the state is really in the form (12). (This step might be destructive.)

• Reveal all the keys and allow the server to decrypt and get the states (1).

Generally speaking, we call this type of protocol design methodology as the helper gadget method. The
helper gadget method gives us a protocol of the following structure:

1. Encode a mapping on a helper gadget. The helper gadget keys will be an encryption key for the mapping,
and the honest server could use either branch of the helper gadget (and thus their superpositions) to
evaluate the mapping.

2. Both parties do a Hadamard test on the helper gadget.

Besides the helper gadget method, the next non-trivial step in Toy Protocol 2 is the design of sub-tests,
the first bullet of the third step. Below we give an overview of the important techniques that we develop for
it.

2.4 Overall Protocol Structure with Full Verification Procedures
We will design various types of tests for verifying the states. These tests include standard basis test (StdBTest),
individual phase test (InPhTest), collective phase test (CoPhTest) and basis norm test (BNTest).

To support these tests, in the very beginning when both parties use NTCF to generate key-pair superposi-
tions, they will generate 2 + L gadgets and keys. These keys are denoted by K(helper), K(0), · · · , K(L). The
K(helper) corresponds to the helper gadget in the AddPhaseWithHelper step; and for the remaining keys we
note that there is one additional key pair and gadget with index (0) which is solely used for verification and
will not appear in the output states (2).

Overall speaking, our protocol goes as follows. Note that the standard basis test is probabilistically
executed both before and after the AddPhaseWithHelper step, while the other tests are executed after that.
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Toy Protocol 3. 1. Both parties use NTCF to create 2 + L key-pair superpositions; the client gets key
pairs K(helper) = (x

(helper)
0 , x

(helper)
1 ), K(i) = (x

(i)
0 , x

(i)
1 ) for all i ∈ [0, L] and the server gets

1√
22+L

(|x(helper)
0 〉+|x(helper)

1 〉)⊗(|x(0)
0 〉+|x

(0)
1 〉)⊗(|x(1)

0 〉+|x
(1)
1 〉)⊗(|x(2)

0 〉+|x
(2)
1 〉)⊗· · ·⊗(|x(L)

0 〉+|x
(L)
1 〉)

(19)

2. The client chooses one of the following two branches randomly:

• Execute the StdBTest;
• Execute AddPhaseWithHelper. This will consume the helper gadget and allow the honest server to
prepare gadgets with phases in the form of

1√
21+L

(eθ
(0)
0 iπ/4 |x(0)0 〉+e

θ
(0)
1 iπ/4 |x(0)1 〉)⊗(e

θ
(1)
0 iπ/4 |x(1)0 〉+e

θ
(1)
1 iπ/4 |x(1)1 〉)⊗· · ·⊗(e

θ
(L)
0 iπ/4 |x(L)

0 〉+e
θ
(L)
1 iπ/4 |x(L)

1 〉)

(20)
Then the client chooses one of the following five branches uniformly randomly:
– Execute the StdBTest;
– Execute the InPhTest;
– Execute the CoPhTest;
– Execute the BNTest;
– Reveal the keys and allow the server to output the state.

The gadgets that these tests applied on could be illustrated as follows.
1st StdBTest︷ ︸︸ ︷

K(helper)︸ ︷︷ ︸
helper gadget for AddPhaseWithHelper

, K(0)︸︷︷︸
InPhTest

,K(1),K(2), · · ·K(L)︸ ︷︷ ︸
BNTest, output states︸ ︷︷ ︸

2nd StdBTest, CoPhTest

This overall protocol could only prepare the target state (66) when the last case (“allow the server to output
the state”) in Toy Protocol 3 is reached; in addition to that, an honest server could not always win in each
test of Toy Protocol 3 due to an issue that will be discussed when we introduce the InPhTest. But a suitable
repetition-based amplification of Toy Protocol 3 (or formally, Protocol 2) will lead to the formal RSPV
protocol (Protocol 15) that we want. (In Section 5 we will give the notion of pre-RSPV which captures these
construction details.)

Convention 1. When we work on multiple key pairs, we use K to denote (K(i))i∈[0,L] and use K̃ to denote
(K(i))i∈[L]. ([L] = {1, · · ·L} and [0, L] = {0, 1 · · ·L}.)

2.5 Standard Basis Test (StdBTest)
As said before, an intermediate target state of the protocol is of the form of (12). Expanding all of these states
in the standard basis, each component in the expansion will have the form of key-vectors x(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L) ,
for some b(1) · · · b(L) ∈ {0, 1}L. (We omit the symbols that separate these keys; we never multiply keys in
this work.) This inspires us to define a test that verifies the state is of the following form up to a server-side
isometry:

Definition 2.1 (basis-honest form). Suppose the client holds a tuple of key pairs (K(i))i∈[L] where each
K(i) = (x

(i)
0 , x

(i)
0 ), define the basis-honest form to be the form of state (where we omit the concatenation

notation for simplicity): ∑
b(1)b(2)···b(L):∀i∈[L],b(i)∈{0,1}

|x(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)〉︸ ︷︷ ︸
some server side registers

|ϕb(1)b(2)···b(L)〉︸ ︷︷ ︸
other part

(21)

We call |x(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)〉 |ϕb(1)b(2)···b(L)〉 as the ~x~b-branch of this basis-honest state.
It could be naturally generalized to the 2 + L key pairs appeared in Toy Protocol 3.
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Let’s consider the tests on (19). The testing of basis-honest form can be achieved by the client simply
asking the server to make a standard basis measurement to provide a key vector classically:

Toy Protocol 4 (Standard basis test (StdBTest)). 1. The client asks the server to provide a key vector
in the form of x(helper)

b(helper)
x

(0)

b(0)
x

(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L) , b(helper) ∈ {0, 1}, b(i) ∈ {0, 1} for all i ∈ [0, L].

The honest server could pass the protocol by measuring (19) in the standard basis.

The description above is the 1st standard basis test shown in Toy Protocol 3; the 2nd standard basis test
is similarly defined on the remaining keys and gadgets.

Now we continue to discuss the other tests that could possibly be applied on the state (20). Importantly,
we need a way to test whether the phases are really introduced by the server.

2.6 Individual Phase Test (InPhTest)
Let’s start with the single state case and see how we could design a protocol that verifies a single state.
Suppose:

• The client holds key pair K = (x0, x1) and phase pair Θ = (θ0, θ1). θ0, θ1 ∈ {0, 1 · · · 7}.

• In the honest setting the server should hold the state

eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉 . (22)

The server wants to cheat. Let’s first consider a restricted form of attack for simplicity of the introduction.
Suppose the server’s attack is just to add some different phases to the gadget. Instead of holding (22), it
might hold

ef(θ0)iπ/4 |x0〉+ eg(θ1)iπ/4 |x1〉 (23)

for some arbitrary functions f , g. We want to design a test that verifies (23) is isometric to (22) (under an
isometry that does not depend on the phases). This means, we want to design a test such that the server
could pass the test from (23) if and only if f , g have the form:

f(θ0) ≈ θ0 + c0, g(θ1) ≈ θ1 + c1; c0, c1 are constants. (24)

Certainly (23) does not capture all the possible attacks that the adversary can make; but it captures a
non-trivial class of attacks that will be helpful for illustrating our ideas.

Remark To make this type of simplification make sense, the helper gadget method plays an important role
here. After the helper gadget is measured and destroyed, the adversary could not decrypt the phase table
any more and it is not able to do any θ-related operation on state (23). Without the helper gadget method,
the adversary can change the phases in (23) to f ′(θ0), g′(θ1) arbitrarily.

We first note that (without loss of generality) there is a simple way to verify the relation of the following
two states, which correspond to the cases where the client side phase pair is (θ̃0, θ̃1) and (θ̃0, θ̃1 + 4):

ef(θ̃0)iπ/4 |x0〉+ eg(θ̃1)iπ/4 |x1〉 ef(θ̃0)iπ/4 |x0〉+ eg(θ̃1+4)iπ/4 |x1〉 (25)

for which the honest states are

eθ̃0iπ/4 |x0〉+ eθ̃1iπ/4 |x1〉 ; eθ̃0iπ/4 |x0〉 − eθ̃1iπ/4 |x1〉 (= eθ̃0iπ/4 |x0〉+ e(θ̃1+4)iπ/4 |x1〉) (26)

Note that these two states in (26) are orthogonal.
Consider the following protocol, which aims at verifying the relation between states in (25):

Toy Protocol 5. Suppose the client holds phase pair (θ̃0, θ̃1) or (θ̃0, θ̃1 + 4) in its Θ register with equal
probability. The honest server holds (26) while the malicious server holds (25).

1. The client could simply reveal θ̃1 − θ̃0 and the honest server could remove the phases from (26) and get
|x0〉+ |x1〉 or |x0〉 − |x1〉 correspondingly;
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2. Then both parties do a Hadamard test. Suppose the server’s response is d, the client will calculate
d · (x0 + x1) mod 2, whose result is deterministically 0 for |x0〉 + |x1〉 and deterministically 1 for
|x0〉 − |x1〉. The client rejects if d = 0 or d · (x0 + x1) mod 2 does not have the correct value.

This test could be translated to a test on (23) by a change of variables: the client will randomly choose
θ̃1 = θ1 or θ̃1 = θ1 − 4. For describing this test (and tests later) we introduce the notion of δ-bias Hadamard
test as follows4:

Toy Protocol 6 (Hadamard test with extra bias). The Hadamard test with δ-extra-bias is defined as follows.
Suppose the client holds key pair (x0, x1) and phase pair (θ0, θ1). Honestly the server should hold

eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉. We call θ1 − θ0 the relative phase and δ the extra phase bias.

1. The client reveals θ1 − θ0 − δ to the server.

2. The honest server adds a phase of e−(θ1−θ0−δ) controlled by subscripts of keys5 and prepares the following
state up to a global phase:

|x0〉+ eδiπ/4 |x1〉 (27)

3. Then both parties run the normal Hadamard test: the server measures all the bits in Hadamard basis
and sends out the outcome d; the client outputs fail if d = 0 and otherwise could calculate d · (x0 + x1)
mod 2.

The client outputs the test results as follows:

• If δ = 0 the client outputs pass to the flag register if d · (x0 + x1) mod 2 = 0 and fail otherwise.

• If δ = 4 the client outputs pass to the flag register if d · (x0 + x1) mod 2 = 1 and fail otherwise.

The client’s action for the other δ remains to be defined later.

For a malicious server to pass this δ-biased Hadamard test from (23), where δ ∈ {0, 4}, there has to be,
on average of θ0, θ1 ∈ {0, 1 · · · 7}2,

f(θ0 + 4) ≈ f(θ0) + 4, g(θ1 + 4) ≈ g(θ1) + 4 (28)

One important property of this test is that an honest server could pass deterministically, which implies, once
the server fails in this test, the verifier will catch it cheating immediately.

But this does not simply work generally for verifying the relations between states on different values of
θ0, θ1 ∈ {0, · · · 7}. One obstacle is the Hadamard test does not give a deterministic answer (in the sense of
d · (x0 + x1) mod 2) for a general state in the form of (27) (for general δ). Finding a test with one-sided
error (which means the honest server could always pass) is also impossible since (22) for different θ0, θ1 are
not orthogonal in general.

Here we generalize an idea from [33, 20]: we do not restrict ourselves on verification processes with
one-sided error; instead we turn to use a game where the optimal winning strategy is allowed to lose with
some probability. [33, 20] designed tests under this idea to verify single-qubit states; here we adapt their
ideas to our setting and handle technical differences.

In more detail, besides the pass/fail flag, where a fail result directly catches the server cheating, the
InPhTest will also (possibly) produce a win/lose score. Then if both parties repeat such a game for many
times (a large constant is sufficient to verify it to constant error tolerance), the client can calculate the
winning ratio statistically and see whether the server’s winning ratio is close to optimal. The test is designed
to have a self-testing property, which says, any strategy that has close-to-optimal winning probability should
also be close to the optimal strategy up to an isometry.

Let’s introduce the idea in more detail. To summarize, our individual phase test goes as follows:

4As before, the formal version of this test will also have a random oracle padding; here we omit this part.
5This is possible assuming there is some authentication information about the keys (for example, the Enc used in phase

tables).
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Toy Protocol 7. The setup is the same as Toy Protocol 6.
The client samples δ ← {0, 4, 1} and runs the protocol as given in Toy Protocol 6. The client’s output

for δ ∈ {0, 4} is the same as Toy Protoocl 6. For δ = 1 case, the client outputs win to the score register if
d · (x0 + x1) mod 2 = 0 and lose otherwise.

We could show the optimal winning probability (conditioned on a win/lose score is generated) is cos2(π/8),
achieved by the honest initial state and the honest behavior. What’s more, in the malicious setting, as said
before, this test has a self-testing property:

Claim 2.2. Starting from (23), suppose the server does not fail in the protocol.6 Then:

• The optimal winning probability conditioned on δ = 1 is cos2(π/8).

• If the adversary could win in the δ = 1 case with probability ≈ cos2(π/8), then

either f(θ0) ≈ θ0 + c0, g(θ1) ≈ θ1 + c1

or f(θ0) ≈ −θ0 + c0, g(θ1) ≈ −θ1 + c1

Thus the test could only verify (28) up to a possible negation. This is as expected: as discussed in Section
2.1, no classical channel protocol could rule out the complex conjugate attack. This is where the negation
comes from. (After the keys K are revealed, the complex-conjugate term is isometric to the honest output
and the two terms could be merged together.)

Finally we note our protocol could not only handle the simplified attack (23) in the example above; it
could also verify the initial state is close to a specific form in general. We give the following theorem which
characterize the verifiability property of the InPhTest protocol:

Theorem 2.3 (Properties of InPhTest, informal). Suppose the client holds key pair K(0) = (x
(0)
0 , x

(0)
1 ), phase

pair Θ(0) = (θ
(0)
0 , θ

(0)
1 ). Suppose the client and server’s purified joint state has necessary security properties

and has the following form (here we make the Θ(0) register explicit and make the client-side key register
implicit): ∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉︸ ︷︷ ︸

Θ(0)

⊗( |x(0)
0 〉︸ ︷︷ ︸

server-side register required in the basis-honest form

|ϕ
0,θ

(0)
0
〉+ |x(0)

1 〉 |ϕ1,θ
(0)
1
〉)

Suppose InPhTest with this initial state against an efficient adversary could pass (the client outputs pass as
flag) with probability close to 1 and win (the client outputs win as score) with probability close to cos2(π/8)
conditioned on a win/lose score is generated. Then there exist four states |ϕ0,+〉 , |ϕ0,−〉, |ϕ1,+〉 , |ϕ1,−〉 such
that:

on average over θ(0)
0 ∈ {0, 1 · · · 7} : |ϕ

0,θ
(0)
0
〉 ≈ eθ

(0)
0 iπ/4 |ϕ0,+〉+ e−θ

(0)
0 iπ/4 |ϕ0,−〉 (29)

on average over θ(0)
1 ∈ {0, 1 · · · 7} : |ϕ

1,θ
(0)
1
〉 ≈ eθ

(0)
1 iπ/4 |ϕ1,+〉+ e−θ

(0)
1 iπ/4 |ϕ1,−〉 (30)

We will discuss its formalization in Section 2.8 and 2.9.

2.7 Collective Phase Test (CoPhTest)
So far, we are only focusing on the simplified setting where only one gadget is considered. However a large
part of the difficulties of this problem is to create a large number of such states verifiably, and guarantee the
total complexity is still linear in the output number.

We highlight two limitations of existing works that focus on the verifiability of individual gadgets [33, 20]:

6This condition is mainly on the δ ∈ {0, 4} case; and for δ = 1 case it is required that d 6= 0.
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• One frequently used technique for this and similar problems is the cut-and-choose technique, which is
also the technique used in [33, 20]. In this technique, the tests are all locally applied on single gadgets,
and both parties repeat the single-gadget protocol for many rounds and choose a random subset from
all the output gadgets. However, as far as we know, there seems to be an obstacle to make such type of
protocols linear-time. The reason is, under this technique, to control the total error of L gadgets down
to a constant, the error tolerance of each gadget on average is no more than O(1/L). This implies at
least O(L2) repetitions are needed for a single gadget since the probability of detecting an O(1/L) error
from a single state scales with the square of the error norm.

• The performance becomes worse if we take the two-sided error issue appeared in Section 2.6. The
InPhTest needs to be applied for many rounds to estimate the winning probability. For constant error
tolerance this blowup is constant, but for O(1/L) error tolerance this leads to further complexity blowup
in the high-level protocol.

Here we develop a central sub-protocol for resolving these problems, which is called the collective phase
test (CoPhTest). The structure of this protocol is called combine-and-test. With this test, we get rid of the
obstacles in the following way:

• Before this test O(|C|) number of gadgets are prepared in parallel. Then both parties combine these
gadgets into a single big gadget, and test the combined gadget. Thus this test is not local on each
individual gadget and not suffered from the first obstacle.

• CoPhTest has only one-sided error, which means, once the client sees a wrong answer, it knows the
server is cheating right away.

Although CoPhTest does not help us fully verify the phases, we will see it together with the InPhTest
achieves full verification on the phases of all the L gadgets. In this overall phase testing protocol, with
the help of the CoPhTest, the InPhTest only needs to be applied on a single gadget to a constant error
tolerance.

As an example of the combine-and-test technique, let’s start from 2 gadgets. Consider the initial state
which honestly should be in the state

(eiθ0π/4 |x0〉+ eiθ1π/4 |x1〉)⊗ (eiθ′0π/4 |x′0〉+ eiθ′1π/4 |x′1〉)) (31)

while a malicious server might deviate and prepare some other states. As what we did in the last section, for
explaining the intuition, we will consider a specific attack where the server only tries to add different phases.
That means, the state might be7

eif00(θ0,θ
′
0)π/4 |x0〉 |x′0〉+ eif01(θ0,θ

′
1)π/4 |x0〉 |x′1〉+ eif10(θ1,θ

′
0)π/4 |x1〉 |x′0〉+ eif11(θ1,θ

′
1)π/4 |x1〉 |x′1〉 (32)

Instead of testing these two gadgets independently, the client will first combine these two gadgets into a
single big gadget. This is achieved by sending a lookup table to instruct the server to decrypt and measure.
Then both parties run Hadamard test on the combined gadget. In more detail:

Toy Protocol 8. 1. The client samples r0, r1 ← {0, 1}κ and prepares the table

x0||x′0 → r0, x1||x′1 → r0

x0||x′1 → r1, x1||x′0 → r1

The server decrypts the table with (31) measures the r register and collapses the state into a superposition
of two combined keys. Note the phases are also combined. This means in the honest setting the post-
measurement states are:

output r0 : ei(θ0+θ′0)π/4 |x0||x′0〉+ ei(θ1+θ′1)π/4 |x1||x′1〉

output r1 : ei(θ0+θ′1)π/4 |x0||x′1〉+ ei(θ1+θ′0)π/4 |x1||x′0〉
7From now on we interchangeably make the concatenation notation either explicit or implicit.
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Then the server will send back the measurement result r to the client, and the client will check the
validity of server’s response (check it’s in {r0, r1}) and calculate the keys and phases:

r = r0 : K(combined) = (x0||x′0, x1||x′1); r = r1 : K(combined) = (x0||x′1, x1||x′0)

r = r0 : Θ(combined) = (θ0 + θ′0, θ1 + θ′1); r = r1 : Θ(combined) = (θ0 + θ′1, θ1 + θ′0)

Then the client can use a Hadamard test to test the combined gadget in the next step:

2. The client will reveal the relative phase of Θ(combined) and the server could remove the joint phase of
the combined gadget. Then the Hadamard test could be applied on the combined gadget.

Let’s consider a malicious server. Starting from (32), the malicious server will end up in states:

output r0 : eif00(θ0,θ
′
0)π/4 |x0||x′0〉+ eif11(θ1,θ

′
1)π/4 |x1||x′1〉 (33)

output r1 : eif01(θ0,θ
′
1)π/4 |x0||x′1〉+ eif10(θ1,θ

′
0)π/4 |x1||x′0〉 (34)

Without loss of generality let’s assume the output is r0 and the state is collapsed to (33). The observation is,
to pass the collective phase test from (33), by the property of Hadamard test, there has to be

f11(θ1, θ
′
1)− f00(θ0, θ

′
0) ≈ the relative phase in the honest setting (35)

Recall the relative phase in the honest setting when r = r0 is (θ1 + θ′1)− (θ0 + θ′0). This together with (35)
implies8

∀∆ ∈ {0, 1 · · · 7}, f00(θ0, θ
′
0) ≈ f00(θ0 −∆, θ′0 + ∆) (36)

A similar statement holds for all these four terms of (32). This could be understood as follows: for each
branch (term) in (32), the form of this branch is only a function of the honest joint phase (where the honest
joint phase for branch xbx′b′ is θb + θ′b′).

More generally, we will see, when we consider the attack that does not follow the restricted form (32),
CoPhTest could still guarantee this property. Generalizing it to a combine-and-test process on all the 1 + L
gadgets in (20) leads to a linear time phase sub-test, which is the CoPhTest:

Toy Protocol 9. 1. Both parties combine all the gadgets (with index from 0 to L) to a single gadget;

2. The client computes the honest joint phase pair of the combined gadget. The client reveals the relative
phase of the combined phase pair and both parties run the Hadamard test.

Informally, CoPhTest has the following properties, which could be seen as a generalization of (36).

Theorem 2.4 (Properties of CoPhTest, informal). Suppose the client holds a tuple of key pairs K =

(K(i))i∈[0,L], K(i) = (x
(i)
0 , x

(i)
1 ) and holds a tuple of phase pairs Θ = (Θ(i))i∈[0,L], Θ(i) = (θ

(i)
0 , θ

(i)
1 ). Suppose

the client and server’s purified joint state has necessary security properties and has the following form:∑
All valid values of Θ

|Θ〉︸︷︷︸
client−side

⊗
∑

~b∈{0,1}1+L

|x(0)

b(0)
x

(1)

b(1)
· · ·x(L)

b(L)〉︸ ︷︷ ︸
server-side register required in the basis-honest form

⊗ |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉

(37)
where b(0)b(1) · · · b(L) is the coordinate expansion of ~b. Suppose in InPhTest an efficient adversary could pass
(make the client outputs pass as flag) with probability close to 1. Then on average over all the possible ~b in
(37), consider the branch ∑

All valid values of Θ

|Θ〉︸︷︷︸
client−side

⊗ |x(0)

b(0)
x

(1)

b(1)
· · ·x(L)

b(L)〉 ⊗ |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉

there is, informally, the |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉 part is close to a state that only depends on the honest joint phase

(instead of depending on all the phases here). Here the honest joint phase is θ(0)

b(0)
+ θ

(1)

b(1)
+ · · ·+ θ

(L)

b(L) , the
phase information for this branch in the honest setting when the client-side phase tuple is Θ.

We will discuss its formalization in Section 2.8 and 2.9.
8The detail is as follows. Fixing θ0 + θ′0, the right hand side of (35) is fixed which implies the left hand side of (35) is also

fixed.
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2.8 State Forms, and the Overall Implication of CoPhTest and InPhTest Applied
on Multiple Gadgets

To analyze the protocol formally, we define a series of state forms, which are classes of states that satisfy
some specific structures. We have already seen the basis-honest form in Section 2.5; below we will further
define the basis-phase correspondence form, pre-phase-honest form and the phase-honest form.

2.8.1 Basis-phase correspondence form

Recall by the end of AddPhaseWithHelper in Toy Protocol 3 the client holds a tuple of key pairs K =

(K(i))i∈[0,L], K(i) = (x
(i)
0 , x

(i)
1 ) and holds a tuple of phase pairs Θ = (Θ(i))i∈[0,L], Θ(i) = (θ

(i)
0 , θ

(i)
1 ). Honestly

the server is instructed to hold the state (20), while maliciously we assume the attacker’s state |ϕ〉 is in the
basis-honest form (verified by the standard basis test). Expanding the state we can write∑

b(0)b(1)b(2)···b(L):∀i∈[0,L],b(i)∈{0,1}

|x(0)

b(0)
x

(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)〉︸ ︷︷ ︸
some server side registers

|ϕb(0)b(1)b(2)···b(L)〉︸ ︷︷ ︸
other part

(38)

For simplicity we make the client side register K implicit.
We define the basis-phase correspondence form as follows, which characterize an intuitively property of

output states of AddPhaseWithHelper. We assume the state in (38) corresponding to branch

~x~b := x
(0)

b(0)
x

(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)

could depend on the values of
~Θ~b := θ

(0)

b(0)
θ

(1)

b(1)
θ

(2)

b(2)
· · · θ(L)

b(L)

but independent of the values of θ(0)

1−b(0)θ
(1)

1−b(1)θ
(2)

1−b(2) · · · θ
(L)

1−b(L) . Recall that in AddPhaseWithHelper the client
sends many look-up tables and the server could decrypt some rows of them with the keys it holds, and this
property intuitively says the adversary could not decrypt the rows where it does not has the corresponding
keys. Thus we can express (38) as

(38) =
∑

Θ∈{0,1···7}2(1+L)

|Θ〉︸︷︷︸
client-side register that stores Θ

⊗ |ϕΘ〉 , |ϕΘ〉 =
∑

~b∈{0,1}1+L

|~x~b〉 |ϕ~b,~Θ~b〉 , (39)

Note that in Theorem 2.3, 2.4 we have already implicitly assume it.

2.8.2 Pre-phase-honest form and phase-honest form

We have designed tests that aim at allowing the client to verify (39) actually has the form of (20) (if we only
consider the phases); but there is quite a big gap between them. To understand how our tests bridge the gap
between (20) and (39), we define the following two forms of states.

The first is the pre-phase-honest form, which is a basis-honest form, and additionally, for each branch
indexed by ~b in (39), the state should be determined only by the honest joint phase. As before we assume the
client holds a tuple of key pairs K and a tuple of phase pairs Θ.

Definition 2.2 (Pre-Phase-honest form). We say a state |ϕ〉 is in the pre-phase-honest form if there exists a
class of states |ϕ~b,θ〉 for each ~b ∈ {0, 1}

1+L, θ ∈ {0, 1 · · · 7} such that in (39),

|ϕΘ〉 =
∑

~b∈{0,1}1+L

|~x~b〉 ⊗ |ϕ~b,SUM(~Θ~b)
〉 , where SUM(~Θ~b) = θ

(0)

b(0)
+ θ

(1)

b(1)
+ θ

(2)

b(2)
+ · · ·+ θ

(L)

b(L) (40)

Then we define the phase-honest form, which is a pre-phase-honest form, and for each branch, the phases
on the server-side state is determined by the client-side phase information in a way similar to (20):
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Definition 2.3 (Phase-honest form). We say a state |ϕ〉 is in the phase-honest form if there exists a class of
states |ϕ~b,+〉 , |ϕ~b,1〉 for each ~b ∈ {0, 1}

1+L such that

|ϕΘ〉 =
∑

~b∈{0,1}1+L

|~x~b〉 ⊗ (eSUM(~Θ~b)iπ/4 |ϕ~b,+〉+ e−SUM(~Θ~b)iπ/4 |ϕ~b,−〉) (41)

The second term comes from the fact that we could not rule out the complex-conjugate attack.

2.8.3 A summary

The relation of these forms of states are

arbitrary states ⊇ basis-honest form (21) ⊇ basis-phase correspondence form (39) ⊇ pre-phase-honest form
(40) ⊇ phase-honest-form (41) ⊇ (20)

For the two state forms described in Section 2.8.2, intuitively, the CoPhTest aims at testing a basis-phase
correspondence form is a pre-phase honest form, and InPhTest aims at testing a pre-phase-honest form is
a phase-honest form. Once the overall state is known to be in the form of (41), the verification of phase
information of the server-side states has been completed up to a complex-conjugate ambiguity.

In the next section we discuss how we formally analyze our protocols to bridge these gap step-by-step.

2.9 Security Proofs Structure
The security proofs go as follows at a high level. Below |ϕ〉 stands for the output state of AddPhaseWithHelper.
The goal is roughly to show this state, after the client reveals the key K, is approximately isometric to the
honest state (2).

An unverified state |ϕ〉 (42)
(StdBTest) ⇒Basis-honest form (43)

(Properties of AddPhaseWithHelper) ⇒Basis-phase correspondence form (44)
(CoPhTest)⇒Pre-phase-honest form (45)
(InPhTest)⇒Phase-honest form (46)

(BNTest)⇒Form (20) up to a complex-conjugate ambiguity (47)
(Client reveals K)⇒Form (2) (48)

where each arrow in (43)(45)(46)(47) means we make use of the fact that the adversary could pass these
tests with high probability to derive that the initial state has a specific form, and each arrow in (44)(48)
means the design of the protocol implies the initial state |ϕ〉 has the corresponding forms regardless of the
adversary’s passing probability.

However, there is a tricky problem during the proof of the arrows of (44)(45)(46). In these arrows we
implicitly assume the previous steps perfectly verifies the forms of states; but this is not the case, all the
steps in (44)(45)(46) are approximate, which leads to a composability issue between the analysis of each
subprotocol. In more detail, for example, (46) says “if the initial state is in a pre-phase-honest form, and it
could pass the InPhTest with high probability, then it’s close to a phase honest form”; but it is not necessarily
the case that if the initial state is only approximately in a pre-phase-honest form, the same statement still
works! We further note that for each arrow in (44)(45)(46), the condition before the arrow are typically not
the only conditions that we need when we want to formally prove the result after the arrow; many properties
are needed, for example, efficiently preparable property or security of keys. These properties are typically not
preserved by a general approximation on the state.

To address this problem, the first step is to work on the purified joint state of both the client and the
server. In the real execution the client is classical while the server holds quantum states; in the security
analysis the purified joint state is defined to be the state where all the classical randomness are replaced by
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quantum superpositions (on which a collapsing measurement gives the same classical randomness; note that
for this purification we do not introduce environment or reference system). 9

Then the observation is as follows. The purified joint state contains a large entanglement between the
client and the server. Then a duality between the client-side and the server-side emerges:

Server-side state approximately has a form

 Joint state is approximately invariant under an operation that revises the client-side registers

In more detail, in our security proofs, we will design a series of randomization operators. Corresponding to
(44)(45)(46), these operators are denoted as R1, R2, P . These operators are defined on the joint state of the
client and the server, and revise the client-side registers (possibly controlled by registers in other parties).
These operators have the following properties:

• The honest state is invariant under these operators;

• The execution of the protocol or the ability to pass a test in each of (44)(45)(46) implies approximate
invariance of the purified joint state under the corresponding operator; 10

• The output of a randomization perfectly has form that we aim at in each of (44)(45)(46).

With these tool, when we analyze our subprotocols, the theorem statement will be “if this test could be
passed with high probability, the state will be approximately invariant under the corresponding randomization
operator”. Approximate invariance under randomization operators turns out to have much nicer properties
than simply saying the server’s state is close to a state that has a specific property: for example, randomization
operators are efficient operators that operate on some specific registers, which allow us to prove some security
properties that we need on the state are preserved.

To give the reader a feeling of our technique, we give a minimum example, which only contains one gadget,
that illustrates the first property (the honest state is invariant) of R1:

Example 2.1. Expanding the honest state by writing down all the possible client side phases:∑
θ0,θ1∈{0,1···7}2

1

8
|θ0〉 |θ1〉︸ ︷︷ ︸
client

⊗ 1√
2

(eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉)︸ ︷︷ ︸
server

This is the purified joint state of the client and the server since the client-side phase registers are explicit and
entangled with the server-side system. (Note that, the purified joint states have actually already been used in
the previous subsections of this technical overview.) We make the client-side phase registers explicit since we
will need to work on them, and omit the client-side key registers.

Introduce randomness ∆0,∆1 ∈r {0, 1 · · · 7}2, and write out their registers explicitly (after purification):∑
∆0,∆1∈{0,1···7}2

1

8
|∆0〉 |∆1〉 ⊗

∑
θ0,θ1∈{0,1···7}2

1

8
|θ0〉 |θ1〉︸ ︷︷ ︸
client

⊗ 1√
2

(eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉)︸ ︷︷ ︸
server

(49)

Then (49) is invariant under the following controlled-swap operations controlled by the server-side branch
subscripts:

x0-branch: |∆0〉 |∆1〉 |θ0〉 |θ1〉 |x0〉 → |∆0〉 |θ1〉 |θ0〉 |∆1〉 |x0〉 (50)

x1-branch: |∆0〉 |∆1〉 |θ0〉 |θ1〉 |x1〉 → |θ0〉 |∆1〉 |∆0〉 |θ1〉 |x1〉 (51)

which means in (50) the client-side value of θ1 is randomized by ∆1 and in (51) the client-side value of θ0 is
randomied by ∆0.

What’s more, we can also show this randomization operations takes an arbitrary basis-honest form to a
basis-phase correspondence form.

9This treatment is slightly different from the usual notion of purification, where a classical register is purified by entangling
it with the environment; here classical registers are replaced by quantum superpositions directly. However, we will see, the
registers that hold these classical randomness, once initialized, will not be revised by any operation during the protocol including
the final distinguisher; these registers are read-only once initialized. In this setting two purifications look completely the same.

10The formal theorems corresponding to Theorem 2.3 and Theorem 2.4 will also be described in this way.
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2.10 Basis Norm Test (BNTest)
We have developed a set of tools for verifying the phases, which could verify the client and server’s joint state
is approximately in the form of a phase-honest state. Compare to the target state (12), what remains to be
verified is the norm of each branch is close to each other.

Let’s again start with the simple single-gadget case to explain the initial intuition. Suppose the client
holds keys K = (x0, x1) and the server-side state is in the form of

α0 |x0〉+ α1 |x1〉 (52)

If the client wants to verify α0 ≈ α1, the protocol used here is still the (RO-padded) Hadamard test:

Claim 2.5 (Informal). If the server could pass the Hadamard test with initial state in the form of (52), there
has to be α0 ≈ α1.

The difficulty is still in the multi-gadget case. Suppose the client holds L pairs of keysK(i) = (x
(i)
0 , x

(i)
1 ), i ∈

[L] and the server-side state is already verified to have the form:∑
b(1)b(2)···b(L)∈{0,1}L

αb(1)b(2)···b(L) |x(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)〉 (53)

where the coefficients are non-negative real numbers. The client wants to verify the state is close to∑
b(1)b(2)···b(L)∈{0,1}L

1√
2L
|x(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)〉 (54)

in linear time.
Note that here we assume the honest state is (54), while in Toy Protocol 3 the phases have already been

added when BNTest is executed, which seem incompatible; in real protocol in the BNTest the client will first
simply reveal all the phase information on these gadgets to allow the honest server to remove the phases.

Again, we will use the global combine-and-test method to achieve this goal. Informally, the basis norm
test (BNTest) is as follows:

Toy Protocol 10. 1. The client chooses a random subset of index I ⊆ [L];

2. The client instructs the server to combine the gadgets with index in I into a single gadget (using the
lookup tables discussed in CoPhTest); for the gadgets with index outside I, the client instructs the server
to make a standard basis measurement and check the results.

3. Both parties execute a Hadamard test on the combined gadget.

Informally we have the following claim that captures the power of basis norm test.

Claim 2.6. If a protocol of form (53) could pass the basis norm test with high probability, the state is close
to (54).

Let’s first compare the basis norm test with the collective phase test, and discuss its intuitions.

Comparison to the Collective Phase Test We note that there is an important difference of this test
and the collective phase test constructed previously, even if both tests have the combine-and-test structure.
In the collective phase test all the gadgets are combined together; while in the basis norm test the client
samples a random subset of gadgets. The importance of this difference is illustrated by the following example,
in which the combine-all test could not detect the deviation, while the combine-a-subset could detect.

Example 2.2. Consider the state

1√
2

(|x(1)
0 x

(2)
0 · · ·x

(L)
0 〉+ |x(1)

1 x
(2)
1 · · ·x

(L)
1 〉) (55)

We can see the state (55) is far from the target state (54). And we have:
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• It passes the combine-all protocol (that is, choose I = [L] in Toy Protocol 10).

• It could not pass the test in Toy Protocol 10: intuitively, if the client chooses some subset I of all the
indices, and instructs the server to make a standard basis measurement on the remaining registers,
the state in registers with indices in I will also collapse and the server will not be able to pass the
Hadamard test using the remaining state.

Thus we can see the random selection of I is necessary for the basis norm test. An intuition for the basis
norm test is as follows. We note that, just before the Hadamard test step, the server-side state is expected to
be in the form of

α~b0 |~x~b0〉+ α~b1 |~x~b1〉 ,
~b0,~b1 ∈ {0, 1}L (56)

where ~x~b0 , ~x~b1 represent two branches of (53), and the randomness of ~b0, ~b1 come from the random choice of
I and the random collapsing in step 2 of Toy Protocol 10.

By Claim 2.5 intuitively we know
α~b0 ≈ α~b1 (57)

However we note (57) only holds on average. We further note the probability that ~b0,~b1 appear are in
turn determined by the values of α~b0 , α~b1 themselves. What’s more, each of these probabilities is only
exponentially small, which leads to additional obstacles in the security proof. (A re-normalized state of an
exponentially-small state does not necessarily follow the formal version of Claim 2.5 since the state might not
even be efficiently-preparable.) Thus we need a careful analysis of the protocol that addresses these problems.
Finally we could prove, the high passing probability of the BNTest implies:

1

2L

∑
~b0∈{0,1}L,~b1∈{0,1}L

|α~b0 − α~b1 |
2 ≤ O(1), (58)

which could be understood as a suitable average version of (57). Then by linear algebra (58) implies∑
~b∈{0,1}L

|α~b −
1√
2L
|2 ≤ O(1)

which completes the proof.

2.11 Amplification to RSPV
We do not construct RSPV protocol directly; instead, we define an intermediate notion called pre-RSPV.
We will use the techniques described so far to design a pre-RSPV protocol, and then use a repetition-based
amplification procedure to get an RSPV protocol.

In more detail, our techniques so far have the following limitations, which do not fit into the RSPV notion,
but are allowed in the pre-RSPV notion:

• As said in Section 2.6, the honest server does not necessarily win the test; what our protocol can verify
is, if the server passes and wins with close-to-optimal probability, the output state should have the
verifiability property we want.

• The protocol construction framework in Section 2.4 does not necessarily generate an output state; it
only generates output state in the last case of Toy Protocol 3.

We formalize the notion of pre-RSPV in Section 4.5. Informally:

• In pre-RSPV in the beginning of the protocol the client will randomly choose a round type in
{test, quiz, comp}.

• In the end of the protocol the client will output a flag ∈ {pass, fail} and a score ∈ {win, lose,⊥}.
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• In all round types, a flag will be generated. The honest server will not lead to a fail flag (except with
negligible probability). Thus if the client outputs fail as the flag, it directly shows the server is cheating.

In quiz round, the client will possibly write win or lose as the score. (In the other round types the score
is ⊥ by default.) The honest server should win with probability OPT conditioned on a win/lose score is
generated.

In comp round, the client will get output keys and the server will get output states.

Then the amplification of pre-RSPV to RSPV is achieved in Section 13.1. This is achieved in the following
way:

1. Run many rounds of pre-RSPV and the client calculates the total score (the number of win). The client
outputs fail if any pre-RSPV subprotocol returns fail or the total score is significantly smaller than the
expected value of honest behavior.

2. The client chooses a random round and if it’s a comp round, use the output keys and output state of
this round as the output keys and output state of the RSPV protocol. If it’s not a comp round, go back
to step 1.

3 Preliminaries

3.1 Basic Notations and Facts
We refer to [44] for basics of quantum computation. Here we clarify some notations that will be used in our
works.

3.1.1 Quantum gates

We choose the elementary gate set to be {X,Y,Z,H,P,T,CNOT,Toffoli} (which is a typical choice). 11

3.1.2 Basic notations

Notation 3.1. We use [N ] to denote set {1, 2 · · ·N}. Use [0, N ] to denote set {0, 1 · · ·N}. When an algorithm
iterates through all the elements in these sets it iterates from the smaller to the bigger.

Notation 3.2. A normalized vector is defined to be a vector with norm 1; a sub-normalized vector is defined
to be a vector with norm ≤ 1. A sub-normalized probability distribution is defined to be a non-negative real
vector whose sum of coordinates is ≤ 1.

Notation 3.3. We use bold font like K,Θ to denote registers. And we use normal font like K,Θ to denote
values of the corresponding registers. For a register R, we use Domain(R) to denote the set of its valid values.

When we write equations on registers, for example, S = x, there are two possible meanings: (1) the
subspace where the values of S is equal to the values of x, or (2) a statement which says the state that we
are studying falls completely in the space where the values of S is equal to the values of x. The choice of
meanings is determined by the context.

Notation 3.4. We use SUM(~e) to denote the sum of all the terms of ~e. Note that in this work this notation
is only applied on phase information and the addition is in Z8.

Notation 3.5. We use Π to denote projections. We use the superscript to denote the registers that the
projection applied on and the subscript to denote the space that it projects on. For example, ΠS0 projects
onto the space that the register S is in value 0.

We use I to denote the identity. Thus (I−Π) is the complementary projection of Π.

11To avoid ambiguity we note P =

[
1

i

]
.

26



Notation 3.6. We use | · | to denote the norm of a state, length of a string, size of a set, and the number of
random oracle queries of an operator (in the quantum random oracle model).

Notation 3.7. Use ΠE to denote the projection onto some space E. We call |ΠE |ϕ〉 |2 the probability that
event E happens when the state of the system is described by |ϕ〉, or simply the probability that E happens.
Note that we only require |ϕ〉 to be sub-normalized to make this notion well-defined.

Notation 3.8. Suppose A,B are two quantum operations. We use AB or A ◦B to denote the composition
(matrix multiplication when they are represented as matrices) of these two operators. (We make ◦ explicit or
implicit interchangeably.)

The fonts used in this paper for describing operations could be normal (like A,B,U), sans-serif (like H,X,
or Prtl,Adv) or calligraphic (like P). Typically sans-serif fonts are used for elementary gates and protocol
execution steps, calligraphic fonts are used for abstract operations, and normal fonts are mainly used as
intermediate symbols, but we do not put strict rule for their usage.

Notation 3.9. In cryptographic protocols there is often a parameter κ called security parameter. Then we
say an operator parameterized by κ (denoted by (Oκ)κ∈N, or O if we make the security parameter implicit), is
efficient if there exists a polynomial time Turing machine that takes 1κ as input and outputs the description
of Oκ.

A state family (|ϕκ〉)κ∈N is efficiently-preparable if there exists a efficient family of polynomial time
operators (which could include projections) (Oκ)κ∈N such that |ϕκ〉 = Oκ |0〉. Similarly in later proofs we
make the security parameter implicit.

Negligible function negl(κ) means a function that decreases to 0 faster than any polynomial when κ→ +∞.

Notation 3.10. As seen in the introduction, in this work we need to work on many key pairs and phase pairs;
we use superscript with parentheses to index them: for example, K(1), K(2), etc. Other types of information
like the time step counter could also appear in the superscript position, but they do not have parentheses.

Notation 3.11. We use ∈r or ←r to mean an element is randomly sampled from a domain.

3.1.3 Indistinguishability notations

The following indistinguishability notations are used in our work.

Notation 3.12. We write |ϕ〉 ≈ε |φ〉 if | |ϕ〉 − |φ〉 | ≤ ε.

Note the ≈ε notation could also be used for two real numbers.

Notation 3.13. Let F be a set of operators. We write |ϕ〉 ≈ind:F
ε |φ〉 if for any Adv ∈ F that outputs a bit

in a fixed register (denoted by S), there is

|ΠS0 Adv |ϕ〉 | ≈ε |ΠS0 Adv |φ〉 |

Notation 3.14. The states and operators below are implicitly parameterized by the security parameter κ.
We write |ϕ〉 ≈indε |φ〉 if |ϕ〉 ≈ind:F

ε |φ〉 where F contains all the efficient operations on some registers (the
choices of registers should be from the context).

3.1.4 Approximate invariance

Definition 3.1. If O |ϕ〉 ≈ε |ϕ〉, we say |ϕ〉 is ε-invariant under O.

3.1.5 CQ-states and purified joint states

In this work since the client and the random oracle are classical and the server is quantum, the overall states
of all the parties are generally described by CQ-states. However, CQ-states could be unnatural to work on;
for security proofs in this work, we will mainly work on their purifications. In more detail, we introduce the
following (which is similar to [55]).
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Notation 3.15. Consider a cq-state where the set of possible values for the classical part is C, the classical
register, denoted by C, is in value c ∈ C with probability pc, and the quantum part is in state |ϕc〉
correspondingly. Then the overall cq-state is denoted as∑

c∈C
pc |c〉 〈c| ⊗ |ϕc〉

Generally the corresponding purified state is defined to be∑
c

√
pc |c〉︸︷︷︸

C

⊗ |ϕc〉 ⊗ |c〉︸︷︷︸
environment

(59)

In this work we consider its purified state to be∑
c

√
pc |c〉︸︷︷︸

C

⊗ |ϕc〉 (60)

In general these two purifications are not equivalent; but we could see they are equivalent under a specific
class of operators:

Definition 3.2 (Read-only). We say an operator O operates on a register C in a read-only way if the
elementary gates in O that are applied on C are solely CNOT and Toffoli, and C is only used as the control
wire.

Fact 1. Define F as the set of operators that operate on C in a read-only way. Then (59) ≈ind:F (60).

We also have the following fact.

Fact 2. Define F as the set of operators that operate on C in a read-only way. Then for any set of real
values (αc)c∈C,

∑
c∈C |c〉︸︷︷︸

C

⊗ |ϕc〉 ≈ind:F ∑
c∈C |c〉︸︷︷︸

C

⊗eαciπ |ϕc〉.

We introduce the following notion for simplicity of later discussions.

Notation 3.16. In the setting of Notation 3.15, for state (60), we call √pc |c〉 ⊗ |ϕc〉 the component of |ϕ〉
when the register C is in value c.

Then we give the notion of a state does not depend on (or is independent to) the value of some registers,
as follows.

Notation 3.17. We say a purified joint state |ϕ〉 does not depend on the value of register C if it can be
written as

|ϕ〉 =
∑
c∈C
|c〉︸︷︷︸
C

⊗ |ψ〉

3.1.6 Basic facts from linear algebra

The following facts from linear algebra will be used in the later proofs. These facts will be proved in Appendix
A.

Fact 3. If | |ϕ〉 |2 + | |φ〉 |2 ≤ 1
2 , and 1− ε ≤ | |ϕ〉+ |φ〉 | ≤ 1, then

|ϕ〉 ≈√ε |φ〉

The following two lemmas come from linear algebra and will be used in Section 11.

Fact 4. Suppose ~c, ~d are two vectors of non-negative real numbers of the same dimensions. Suppose there
exists a vector ~c′ such that each coordinate of it is no bigger than the corresponding coordinate of ~c, and
~c′ ≈ε1 ~d; and there exists a vector ~d′ such that each coordinate of it is no bigger than the corresponding
coordinate of ~d, and ~d′ ≈ε2 ~c. Then there is ~c ≈√

ε21+ε22

~d
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Fact 5. If non-negative real numbers (cd)d∈D (where D is the set of valid values of d) satisfy∑
d∈D

|cd|2 ≤ 1

1

|D|
∑
d1∈D

∑
d2∈D

|cd1 − cd2 |2 ≈ε 0

where |D| is the size of set D. Then∑
d∈D

|cd −
1√
|D|

c|2 ≈min{4c,4ε/c+ 2
D }

0,where c :=

√∑
d∈D

|cd|2

The following lemma roughly says the normalization of the output of an efficiently preparable operator is
also efficiently preparable. This lemma will be used in Section 13.

Fact 6. (The states and operators in this fact are implicitly parameterized by κ.) Suppose an efficient
quantum operation O satisfies

O |0〉 =
∑
c∈C
|c〉 ⊗ |ϕc〉

where C is a fixed set. Define pc = | |ϕc〉 |2. Then for any c ∈ C, there exists an efficient quantum operation
SimO,c, a state |aux〉 such that √

pcSimO,c |0〉 ≈negl(κ) |ϕc〉 ⊗ |aux〉

3.1.7 Basic facts from probability theory

Lemma 3.1 (Chernoff’s bounds for streaming samples). Consider a stream of samples (si)i∈[N ] that are
sampled sequentially. Each si is sampled from {0, 1}, and the probability of getting 1 when the previous
samples are s<i = s1s2 · · · si−1 is pi,s<i . Suppose there exists a constant p < 1 such that for each i ∈ [N ],
each possible history of samples s<i, there is pi,s<i ≤ p. Then

Pr[|{i : si = 1}| ≥ (1 + δ)pN ] ≤ e−δ
2N/4

Corollary 3.2 (Chernoff’s bounds for streaming samples, with noise). Similarly consider a stream of samples
(si)i∈[N ] and define pi,s<i similarly. Suppose there exists a constant p < 1 such that for each i ∈ [N ], there
exists a set of possible sample histories Si, and:

• The total probability that the sample sequences in Si appear is ≤ ε;

• For each sample history s<i 6∈ Si, there is pi,s<i ≤ p.

Then
Pr[|{i : si = 1}| ≥ (1 + δ)pN ] ≤ e−δ

2N/4 +Nε

3.2 Noisy Trapdoor Claw-free Functions
We need to use the noisy trapdoor claw-free functions raised in [12]. Note that we do not need the adaptive
hardcore-bit property. Let’s review the definition of NTCF below.12

Definition 3.3 (NTCF). We define trapdoor claw-free function family NTCF with post-quantum security as
follows. It is parameterized by security parameter κ and is defined to be a class of polynomial time algorithms
as below. NTCF.KeyGen is a sampling algorithm. NTCF.Dec, NTCF.CHK are deterministic algorithms.
NTCF.Eval is allowed to be a sampling algorithm. poly′ is a polynomial that determines the the range size.

NTCF.KeyGen(1κ)→ (sk, pk),

12Our formalization has a slightly different form from various existing works [12, 13]; our formalism is no stronger than
existing formalisms.
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NTCF.Evalpk : {0, 1} × {0, 1}κ → {0, 1}poly
′(κ),

NTCF.Decsk : {0, 1} × {0, 1}poly
′(κ) → {0, 1}κ ∪ {⊥},

NTCF.CHKpk : {0, 1} × {0, 1}κ × {0, 1}poly
′(κ) → {true, false}

And they satisfy the following properties:

• (Correctness)

– (Noisy 2-to-1) For all possible (sk, pk) in the range of NTCF.KeyGen(1κ) there exists a sub-
normalized probability distribution (py)y∈{0,1}poly′(κ) that satisfies: for any y such that py 6= 0,
∀b ∈ {0, 1}, there is NTCF.Decsk(b, y) 6= ⊥, and

NTCF.Evalpk(|+〉⊗κ) ≈negl(κ)

∑
y:py 6=0

1√
2

(|NTCF.Decsk(0, y)〉+ |NTCF.Decsk(1, y)〉)⊗√py |y〉

– (Correctness of CHK) For all possible (sk, pk) in the range of NTCF.KeyGen(1κ), ∀x ∈ {0, 1}κ,∀b ∈
{0, 1}:

NTCF.CHKpk(b, x, y) = true⇔ NTCF.Decsk(b, y) = x

• (Claw-free) For any BQP adversary Adv,

Pr

(sk, pk)← NTCF.KeyGen(1κ),

Adv(pk, 1κ)→ (x0, x1, y) : x0 6= ⊥, x1 6= ⊥, x0 6= x1

NTCF.Decsk(0, y) = x0,NTCF.Decsk(1, y) = x1

 ≤ negl(κ) (61)

Then we have the following assumption about the existence of NTCF.

Assumption 1. There exists an efficient post-quantum NTCF family.

NTCF can be instantiated using the Learning-with-Errors assumption: [12]

Theorem 3.3 (Review of [13]). Assuming QLWE (post-quantum hardness of the Learing-with-Errors as-
sumption) with suitable parameters, Assumption 1 holds.

And we further note that, based on the construction in [12, 13], assuming a suitable version of hardness
of Ring-LWE, the running time of NTCF could be only Õ(κ).

3.2.1 Evaluation of NTCF functions

A typical protocol for NTCF evaluation is as follows.

Protocol 1 (NTCF evaluation, review of subprotocols in [12]). Suppose the security parameter is κ.

1. The client runs NTCF.KeyGen(1κ) and gets sk, pk. Send pk to the server.

2. The server evaluates NTCF.Evalpk(|+〉⊗κ) and measures to get y and 1√
2
(|x0〉+ |x1〉) where x0 6= x1,

NTCF.CHKpk(0, x0, y) = NTCF.CHKpk(1, x1, y) = true. Send y back to the client.

3. The client uses sk to decrypt and gets NTCF.Decsk(0, y) = x0,NTCF.Decsk(1, y) = x1.
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3.3 Random Oracle Model
In this work we will use the quantum random oracle model (QROM). We give a simple review here.

The random oracle model is an ideal cryptographic model for symmetric encryption schemes or hash
functions. [38] In this model there is a global oracle that encodes a random function in {0, 1}∗ → {0, 1}∞.
Security notions in this model are typically defined with respect to attackers that could only query the oracle
for polynomial (or subexponential) times. In practice the random oracle is instantiated by a symmetric
encryption scheme or hash function, and the security of the protocol can be conjectured heuristically by the
random oracle methodology. Albeit there exist artificial uninstantiable constructions [15, 25], this methodology
turns out to be very successful in practice [38]: it has been used extensively in cryptography, and becomes
the foundation of many famous protocols [38, 30, 22, 19].

The quantum random oracle model is raised as the quantum analog of the classical random oracle model.
[11] This model allows quantum access to the random oracle, which captures a natural analog of the random
oracle model in quantum world. This model is also used in a series of works from post-quantum security of
classical protocols [17, 39, 23] to design of quantum protocols [13, 16, 2].

Input and output length of the random oracle We do a cut-off on the input and output length of
the random oracle to make its description finite. Parameterized by κ, we assume the maximal input length of
the random oracle is 210κ. Then we assume the maximal allowed output length for input x is the square of
the length of x. These are sufficient for our work.

Description of the random oracle We consider the random oracle as a stand-alone party that holds a
tuple of random strings. When the security parameter is κ, the content of the random oracle after the cut-off
above could be expressed as a tuple (H(x))x∈{0,1}10κ where each H(x)←r {0, 1}|x|

2

where |x| is the length of
x. With this tuple-description, we could explicitly say the output value of the random oracle for input x is
stored in register H(x). And the tuple of all the random oracle content registers is denoted by H.

Especially, we do not need on-the-fly simulation techniques of the random oracle like [52].

Register-oriented formalism of purified joint states in the quantum random oracle model Recall
that output values of H are stored in a tuple of registers, whose purified state is:

1√
|Domain(H)|

∑
H∈Domain(H)

|H(1)〉 |H(2)〉 · · · |H(d)〉 · · · |H(2κ)〉 · · ·︸ ︷︷ ︸
random oracle outputs

where H denotes the tuple of all the random oracle outputs, H(x) denotes the values of the x-th coordinates
of this tuple, and Domain(H) denotes the set of all the possible values of H. Note this is compatible with
the usual formalism of the random oracle.

One property of these random oracle registers is that initially they are all set to hold uniformly distributed
random values. Thus a purified joint state that can be prepared in the quantum random oracle model should
satisfy the following property (Recall Notation 3.16 for “component”):

Definition 3.4. We say a sub-normalized purified joint state is valid in the quantum random oracle model if
the norm of any component when H = H is no more than 1√

|Domain(H)|
.

Fact 7. If a sub-normalized purified joint state |ϕ〉 is valid in the quantum random oracle model, then O |ϕ〉
is valid in the quantum random oracle model where O could contain any operation of the client and the server
and random oracle queries.

Notations for multiple registers

Notation 3.18. We use H(D) as a simplified notation for the tuple of all the registers H(x), x ∈ D.

Notation 3.19. Additionally, we introduce the following notation to denote a subset of the domain: as an
example, {0, 1}κ||K|| · · · where K contains a tuple of keys, is defined to be the set of input entries in the
following form: the first κ bits are arbitrary; then the remaining part has a prefix equal to one of the keys in
K.
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Remark In Notation 3.18 D is fixed. But in proofs later D might come out of the values of some registers
D. But as long as D is read-only we could still use H(D) without problems, by interpreting “H(D) satisfies
some properties” as “for each value D of D, H(D) satisfies some properties”.

3.3.1 Blinded oracle

One tool that we need in this work is the blinded oracle. The blinded oracle replaces the output values on
some entries of the original oracle by freshly new values.

Definition 3.5 (Blinded oracle). Suppose D is a subset of the input domain of the random oracle. We define
the blinded oracle where entries in D are blinded as follows:

Denote this blinded oracle by Hblind (which could be understood as a tuple of registers in the random
oracle party), for each query input x, take the output value (or, more precisely here, the register in the
random oracle party that stores the output value) to be:

• If x ∈ D, Hblind(x) is a new register that stores a freshly new random string (that is, after purification,
a uniform superposition over all the possible outputs).

• If x 6∈ D, Hblind(x) is the same as H(x).

3.3.2 Freshly-new oracle and approximate freshly-new oracle by random padding

We need a way to say some part of the random oracle contains freshly new random strings. This will happen
if this part of the random oracle is not queried. Following Notation 3.17, we can say the overall state does
not depend on the values of registers H(D).

The following property will be very useful. Starting from an efficiently-preparable state, sampling a long
enough padding could make the random oracle approximately freshly new on the salted inputs (which mean
inputs with these paddings as prefixes):

Lemma 3.4. Suppose a sub-normalized purified joint state |ϕ〉 = O |0〉 where O is a polynomial-time operator
(implicitly parameterized by security parameter κ). Then a tuple of random paddings, stored in register pads
that is read-only once initialized, is sampled as follows: pads has poly(κ) sub-registers, and the value of each
sub-register is sampled from {0, 1}κ independently uniformly randomly. Thus the overall state is∑

pads∈Domain(pads)

1√
|Domain(pads)|

|pads〉︸ ︷︷ ︸
pads

⊗ |ϕ〉 (62)

Then there exists an efficiently preparable state |ϕ̃〉 independent to H(pads|| · · · ) and

|ϕ̃〉 ≈negl(κ) (62)

We put a proof in Appendix A.

3.4 Lookup Tables and Phase Tables
In this work we will need to use some simple lookup table notations.

Let’s first formalize the symmetric encryption scheme that we will use in this work.

Definition 3.6. We formally define Enc in the quantum random oracle model as follows:

Enck(p; 1κ) := (R,H(R||k) + p); (R′, H(R′||k)), R←r {0, 1}κ, R′ ←r {0, 1}κ (63)

where the output length of H(R||k) is the same as length of p and the output length of H(R′||k) is κ.

Note that we sometimes need to use multi-key encryption; we simply use the concatenated key as the
encryption key.

Then we introduce the notation for look up tables:

Definition 3.7 (Lookup tables). LT(x1 → r1, x2 → r2, · · ·xD → rD; 1κ) is defined as the tuple

(Encx1
(r1; 1κ),Encx2

(r2; 1κ), · · · ,EncxD (rD; 1κ)).
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4 Quantum Computation Verification: Problem Set-up

4.1 Models of Protocol Formalizations
Parties The set-up of our protocol contains the following parties.

• Client (also called verifier);

• Server (considered as the attacker in the malicious setting);

• Random oracle:

As described in the introduction and Section 3.3.

• Transcript registers: holds the transcripts of the protocol. Both the client and the server could read all
the transcript registers; both the client and the server use it to transmit messages by copying (bit-wise
CNOT) their own registers into empty transcript registers; each of the transcript registers could only be
written once and becomes read-only (for both the client and the server) after that.

• Environment.

States We use the following notations to describe the joint states of these parties.

• For describing the honest setting behavior we use the natural notation: for example, after one application
of NTCF (Protocol 1) in the honest setting we say the client gets key pair (x0, x1) and the server gets
state 1√

2
(|x0〉+ |x1〉).

• To study the malicious setting we turn to use purified joint states of all the parties to describe the
overall states. In this notation everything including the client side keys is purified to an entangled state.
(Recall the purification is in the sense of Notation 3.15.)

Example 4.1 (Purified joint states after an evaluation of NTCF). After an application of NTCF, we
say a client holds a key pair in register K = (x0,x1). (Recall that we use bold font for registers.) Then
the purified joint state in the malicious setting could be expanded into∑

(x0,x1)∈Domain(K)

|x0〉︸︷︷︸
x0

|x1〉︸︷︷︸
x1︸ ︷︷ ︸

K(client side)

|ϕx0,x1
〉 (64)

where we explicitly write out the values of the client side register K, and the |ϕx0,x1
〉 part contains

states in all the other parts (all the other parties including the server, transcripts, environment, the
random oracle, and also the registers of the client that are not x0,x1).

In the very beginning of our protocol, the client and server both are in all-zero states, and the randomness of
the random oracle have been sampled out. When we describe this initial situation we simply use |0〉 and
make the random oracle party implicit.

In general, if both parties execute a protocol Prtl where the inputs are keys in client-side register K,
has parameter 1κ and the initial state is a purified joint state |ϕ〉 (for example, |0〉 described in the last
paragraph), the final post-execution state |ϕ′〉 could be denoted as:

|ϕ′〉 = PrtlAdv(K; 1κ) |ϕ〉

Executions In general, protocols in our work have the following structure. In each time step, one of the
followings happen:

• The server does some server-side operations. Here server-side operations contain operations that have
full access to the registers in the server party, have read-only access to the transcript party, and could
query the random oracle.
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• The server sends back a response to the client. Denote this operation as Response, which copies a
specific server-side register to a specific transcript register.

• The client does some client-side operations on its own registers. Similarly client-side operations are
defined to be operations that have full access to the registers in the client party, have read-only access
to the transcript party, and could query the random oracle.

• The client sends a message to the server. If the client sends the content of register K to the server, we
use �K to denote this operation. (For example, if the initial state is |ϕ〉, the state after this sending
message operation is |ϕ〉 �K.)
If AuxInf is an algorithm that takes client-side registers as its inputs, JAuxInfK denotes the output of
this algorithm. Then for a protocol Prtl, we use JPrtlK to denote the tuple of for all the client-side
messages generated by client-side operations in Prtl. Thus |ϕ〉 � JPrtlK denotes the state after the client
sends out all of its messages to the server.

Outputs In the end of the protocol, the outputs are:

• The client outputs a flag ∈ {pass, fail} (into the transcript). The flag registers are denoted by symbol
flag. The default value is pass.

• We will see, in some protocols the client could also output a score ∈ {win, lose,⊥} (into the transcript).
The score registers are denoted by symbol score. The default value of score registers is ⊥ and when
the client writes a score into it the value becomes either win or lose.

• In the protocols designed in our work the client typically gets a tuple of keys or phases and the honest
server gets some states.

There could be many subprotocol calls in our work and each subprotocol call could output its own flag or
score. We use subscripts (for example, flag1,flag2, score1, score2) to distinguish these different registers.
Then we use, for example, Π

flag1
pass to denote the projection onto the space that the value of flag1 is pass. We

omit the superscripts here when the register that Πpass is applied on could be determined from the context:
for example, when we write ΠpassPrtl |ϕ〉, Πpass is applied onto the overall flag register of Prtl.

4.2 Quantum Computation Verification
In this subsection we formalize the quantum computation verification problem in our setting.

The following definition reviews the definition of quantum computation verification given in [1], with
simple adaptation to our setting:

Definition 4.1 (Classical Verification of Quantum Computation, adapted from [1]). We say a protocol that
takes (1) a quantum circuit C and a proposed output o, (2) a security parameter 1κ as inputs, is a CVQC
protocol with completeness c and soundness s against BQP adversaries in QROM if:

• (Completeness) For (C, o) such that Pr[C |0〉 = o] ≥ 99
100 , the verifier accepts with probability ≥

c− negl(κ).

• (Soundness) For any malicious BQP server that makes at most polynomial query to the random oracle,
for (C, o) such that Pr[C |0〉 = o] ≤ 1

100 , the verifier rejects with probability ≥ 1− s− negl(κ).

• (Efficiency) Honestly both parties run in time polynomial in the size of the inputs.

As said in the introduction, we construct a linear-time CVQC protocol. We repeat the main theorem here:

Theorem 4.1 (Repeat of Theorem 1.1 in Section 1). Assuming the existence of noisy trapdoor claw-free
functions [12], there exists a single server CVQC protocol in QROM such that:

• The protocol has completeness 2
3 .

• For verifying a circuit of size |C|, the total time complexity is O(poly(κ)|C|), where κ is the security
parameter.

• The protocol has soundness 1
3 against BQP adversaries in QROM.

34



4.3 Existing Gadget-assisted Verification Protocol
As reviewed in the introduction, to prove Theorem 4.1, we make use of an existing quantum computation
verification protocol [26] where the server initially holds states

|+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉 (65)

where each of θ(1) · · · θ(L) is uniformly independently random from {0, 1 · · · 7}, and is known by the client.
We formalize it as a theorem.

Theorem 4.2 ([26]). There exists a quantum computation verification protocol such that, for any quantum
circuit C, take L = O(|C|), initially the server holds (65) where θ(1) · · · θ(L) are all independently random
from {0, 1 · · · 7} and known by the client, and:

• It has completeness 9
10 ;

• It has soundness 1
10 ;

• The time complexity is O(|C|).
Based on this protocol, what we need to do is to construct a protocol for remote preparation of gadgets

(65). We formalize the notion of remote state preparation with verifiability (RSPV) for (65), as follows.

4.4 Our Notion of RSPV
We define our RSPV as follows. The target state, where the client holds phase tuple θ(1)θ(2) · · · θ(L), and
server holds (65), could be written jointly as∑

θ(1)θ(2)···θ(L)∈{0,1···7}L

1

8L
|θ(1)〉 〈θ(1)| |θ(2)〉 〈θ(2)| · · · |θ(L)〉 〈θ(L)|︸ ︷︷ ︸

client

⊗ |+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉︸ ︷︷ ︸
server

(66)

The RSPV protocol for (66) takes a gadget number 1L and a security parameter 1κ as inputs.

Definition 4.2 (Correctness of RSPV). We say an RSPV for a target state defined in (66) has correctness
in QROM if in the honest setting:

• The server could make the client outputs pass with probability ≥ 9
10 − negl(κ);

• In the honest setting, conditioned on the client outputs pass, with probability ≥ 1− negl(κ) the joint
state of the client and the server is (66).

To define the verifiability, we note the purified target state could be written as∑
θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L
|θ(1)θ(2) · · · θ(L)〉︸ ︷︷ ︸

client

⊗ |+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉︸ ︷︷ ︸
server

(67)

Definition 4.3 (Verifiability of RSPV). The operators in this definition are implicitly parameterized by the
security parameter κ.

We say an RSPV protocol RSPV with target state (67) has verifiability in QROM if for any polynomial
time adversary Adv, there exists a server-side operation SimAdv such that:

ΠpassRSPVAdv(1L, 1κ) |0〉 ≈ind1
5 +negl(κ) ΠpassSimAdv |Equation (67)〉

where the distinguisher in the indistinguishability symbol could operate on the client-side registers13, the
transcript and the server-side systems, only has read-only access to the client and the transcript, and is of
polynomial time with polynomial random oracle queries.

We clarify that Sim in the definition above could query the random oracle, could write into the transcript
registers and could disgard registers to the environment, and is not required to be in polynomial time. (It is
desirable to have this property, but we do not aim at it in this work.)

13More naturally we can define the distinguisher to only has access to the θ(1) · · ·θ(L) registers shown in (67) for the client-side
access. But we do not put this condition here for simplicity, and this is fine: we could always assume in the end of the protocol
RSPV the client disgards all the temporary registers (that are used during the protocol execution) into the environment, and
only keeps the phase tuple registers in (67).

35



Remark We will make κ implicit in the remaining definitions and theorems and will not repeat it every
time.

4.5 Pre-RSPV
Aiming at constructing the RSPV protocol, it will be very convenient to define a relaxed notion that captures
low-level details arose from the construction. We will introduce the notion of pre-RSPV. We will see (1)
it’s easier to construct a pre-RSPV (compared to a direct construction of RSPV); (2) a repetition-based
amplification of a pre-RSPV protocol leads to an RSPV protocol.

Compared to the RSPV protocol, pre-RSPV further relaxes the correctness and verifiability in the
definition in the following way:

• It works under the following protocol design framework: in our protocol the client will secretly sample
a round type in {test, quiz, comp} in the beginning, with some fixed probability. These round types are
revealed in the end of the protocol but not during the protocol. We use type to denote the transcript
register that holds the round type, Πtypecomp (for example) to denote the projection onto the space that
type register has value comp, and Πcomp if there is no ambiguity on the register. (For example, when
we write ΠcomppreRSPV.)

Only in the comp round the correct target state is generated (in the honest setting). In all rounds the
client will produce a flag of pass or fail; and only in the quiz round the client could additionally generate
a score whose value is win or lose. They have the following difference: if the server behaves honestly,
it will pass with probability 1 − negl(κ). However, an honest server does not always win. Instead, it
win with probability OPT which is a fixed upper bound. Additionally, no malicious attacker could win
with probability bigger than that. Thus when we construct the RSPV protocol from repetitions of a
preRSPV protocol, once the client sees some subprotocol fail, it could output fail directly; however both
parties have to repeat the protocol for many times so that the client can calculate the ratio of win and
lose statistically.

• Correspondingly, we need to adapt the definition of verifiability to take the probability of generating a
score of win in the quiz round into account.

Formally speaking, a pre-RSPV protocol is defined as follows. It takes a security parameter 1κ and the output
number 1L as the inputs.

Definition 4.4 (Correctness of pre-RSPV). We say a pre-RSPV for the target state defined as Definition
4.2 has correctness in the quantum random oracle model if:

In the honest setting, a round type ∈ {test, quiz, comp} is sampled with fixed probabilities {ptest, pquiz, pcomp}
and:

• In all round types, the probability that the client outputs pass is ≥ 1− negl(κ).

• In quiz round, the probability that the client outputs win as the score is ≥ OPT− negl(κ) where OPT
is a constant.

• In comp round, with probability ≥ 1− negl(κ) the target state (66) is generated.

The constants ptest, pquiz, pcomp and OPT will be explicit when we formalize the correctness property of
our concrete pre-RSPV protocol.

Definition 4.5 (Verifiability of pre-RSPV). We say a protocol preRSPV is a pre-RSPV protocol for target
state (67) in QROM with error tolerance (ε1, ε2) if:

For any polynomial time adversary Adv, any initial state O |0〉 where O is efficient, at least one of the
following three cases is true:

• (Small passing probability)

|ΠpasspreRSPVAdv(1L, 1κ) ◦O |0〉 |2 ≤ 1− ε1 (68)
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• (Small winning probability)

|ΠwinpreRSPVAdv(1L, 1κ) ◦O |0〉 |2 ≤ pquiz · (OPT− ε2) (69)

where OPT is the same as the constant in the correctness (Definition 4.4)

• (Verifiability) There exists a server-side operation SimAdv,O such that:

ΠcomppreRSPVAdv(1L, 1κ) ◦O |0〉 ≈ind1
10

√
pcomp+negl(κ)

√
pcompSimAdv,O |Equation (67)〉 (70)

where the distinguisher has read-only access to the client side registers and full access to the server-side
registers and is polynomial time.

Additionally, for the amplification from pre-RSPV to RSPV, we also need to require the constant OPT is
indeed optimal:

Definition 4.6 (Optimality of OPT in pre-RSPV). We say a protocol preRSPV has optimal winning
probability OPT with error tolerance (ε1, ε2) if:

For any polynomial time adversary Adv, any initial state O |0〉 where O is efficient, at least one of the
following two cases is true:

• (Small passing probability)

|ΠpasspreRSPVAdv(1L, 1κ) ◦O |0〉 |2 ≤ 1− ε1 (71)

• (Bounded winning probability)

|ΠwinpreRSPVAdv(1L, 1κ) ◦O |0〉 |2 ≤ pquiz · (OPT + ε2 + negl(κ)) (72)

5 Formalization of Our Pre-RSPV Protocol
In this subsection we formalize our construction of pre-RSPV protocol.

5.1 High Level Construction and AddPhaseWithHelper

As said in the introduction, we will use NTCF-based techniques to create gadgets in the form of key pair
superpositions, and use lookup-table-tabled techniques to add phases to them. Let’s give a notation for such
form of gadgets.

Notation 5.1. For a key pair K = (x0, x1), phase pair Θ = (θ0, θ1), define

gadget(K,Θ) =
1√
2

(eθ0iπ/4 |x0〉+ eθ1iπ/4 |x1〉)

We call θ1 − θ0 the relative phase.
And define

gadget(K) =
1√
2

(|x0〉+ |x1〉)

Now we formalize our pre-RSPV protocol below.

Overall Protocol This protocol is a pre-RSPV protocol with target state in the form of (66).

Protocol 2 (Pre-RSPV). Suppose the security parameter is κ. Output number is L.

1. (Generation of key-pair-superpositions) As discussed in Section 3.2, both parties run 2 + L blocks
of NTCF evaluations in parallel.

In the end the server gets 2 + L key-pair-superpositions, and the client gets the corresponding key
pairs. The client names these key pairs as follows:
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• The first key pair is denoted as K(helper) = (x
(helper)
0 , x

(helper)
1 ), x(helper)

0 6= x
(helper)
1 .

• The remaining (1 + L) key pairs are denoted as K = (K(i))i∈[0,L]; for each i ∈ [0, L],
K(i) = (x

(i)
0 , x

(i)
1 ), x(i)

0 6= x
(i)
1 .

The honest server holds

gadget(K(helper))⊗ gadget(K(0))⊗ gadget(K(1))⊗ gadget(K(2))⊗ · · · gadget(K(L)) (73)

2. The client randomly chooses to run one of the following two with the server:

• (Standard basis test) Both parties execute StdBTest((K(i))i∈{helper}∪[0,L]).

• (Verifiable state preparation)

(a) (State transformation with the helper gadget) For each i ∈ [0, L], the client samples
Θ(i) = (θ

(i)
0 , θ

(i)
1 )←r {0, 1 · · · 7}2. Denote Θ = (Θ(i))i∈[0,L].

Both parties execute AddPhaseWithHelper((K(helper),K),Θ; 1κ), which consumes the helper
gadget.
After this step the honest server’s state is:

gadget(K(0),Θ(0))⊗ gadget(K(1),Θ(1))⊗ gadget(K(2),Θ(2))⊗ · · · ⊗ gadget(K(L),Θ(L))
(74)

(b) The client randomly chooses to run one of the following five subprotocols with the server:
– (Standard basis test) Both parties execute StdBTest(K).
– (Collective phase test) Both parties execute CoPhTest(K,Θ; 1κ).
– (Individual phase test) Both parties execute InPhTest(K,Θ; 1κ). This is considered as
the quiz round and the client will possibly write win or lose in the score register.

– (Basis norm test) Both parties execute BNTest((K(i))i∈[L], (Θ
(i))i∈[L]; 1κ) on these

states.
– (Output states) The client reveals (K(i))i∈[L] and the honest server could decode the
gadgets and get the following state up to a global phase:

|+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉

where θ(i) = θ
(i)
1 − θ

(i)
0 for each i ∈ [L]. And the client could also calculate these

phases from Θ. All the other client-side registers are disgarded.
This is considered as the comp round.

The subprotocols used in this protocol are formalized below. We first formalize the standard basis test and
the AddPhaseWithHelper step.

Standard basis test The StdBTest is formalized below. Note in this protocol we use D to denote the set
of indices; when we use this protocol it could be {helper} ∪ [0, L] (as in the first usage in Protocol 2) or [0, L]
(as in the first case in step 2.b in Protocol 2).

Protocol 3 (StdBTest). The client holds a tuple of key pairs (K(i))i∈D where D is a set of indices. For
each i ∈ D, the honest server holds state gadget(K(i), · · · ) for some phase pair omitted in “· · · ” (where
the values of these phase pairs do not have influence in this protocol).

1. The client asks the server to measure all the gadgets in the standard basis. For each i ∈ D, the
server measures gadget(K(i), · · · ) and sends back the response r(i).

2. The client checks for each i ∈ D, r(i) ∈ K(i).
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Add phases under the helper gadget method Below we formalize the state transformation subprotocol,
which guarantees the honest server could add phases to (73). This step will use the helper gadget method.

Protocol 4 (AddPhaseWithHelper). Suppose the security parameter is κ. Gadget number is controlled
by L.

The client holds a tuple of key pairs K(helper) = (x
(helper)
0 , x

(helper)
1 ), K = (K(i))i∈[0,L], K(i) =

(x
(i)
0 , x

(i)
1 ) and a tuple of phase pairs Θ = (Θ(i))i∈[0,L], Θ(i) = (θ

(i)
0 , θ

(i)
1 ).

Honest server holds:

gadget(K(helper))⊗ gadget(K(0))⊗ gadget(K(1))⊗ gadget(K(2))⊗ · · · gadget(K(L))

1. (Add phases) For each i ∈ [0, L], the client prepares the following table and sends it to the server:

LT(x
(helper)
0 x

(i)
0 → θ

(i)
0 , x

(helper)
1 x

(i)
0 → θ

(i)
0 , x

(helper)
0 x

(i)
1 → θ

(i)
1 , x

(helper)
1 x

(i)
1 → θ

(i)
1 ; 1κ)

The honest server should do the following mapping for each i ∈ [0, L] to add the phases:

(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (|x(i)
0 〉+ |x(i)

1 〉) (75)

→(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (|x(i)
0 〉 |θ

(i)
0 〉+ |x(i)

1 〉 |θ
(i)
1 〉) (76)

→(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (eθ
(i)
0 iπ/4 |x(i)

0 〉 |θ
(i)
0 〉+ eθ

(i)
1 iπ/4 |x(i)

1 〉 |θ
(i)
1 〉) (77)

→(|x(helper)
0 〉+ |x(helper)

1 〉)⊗ (eθ
(i)
0 iπ/4 |x(i)

0 〉+ eθ
(i)
1 iπ/4 |x(i)

1 〉) (78)

2. Both parties execute HadamardTest(K(helper); 1κ) (formalized below) on the helper gadget.

An honest server holds the following state in the end:

gadget(K(0),Θ(0))⊗ gadget(K(1),Θ(1))⊗ gadget(K(2),Θ(2))⊗ · · · ⊗ gadget(K(L),Θ(L))

The Hadamard test with random oracle padding is defined as follows.

5.2 Subprotocols: Hadamard Tests and Gadget Combination
RO-padded Hadamard test The Hadamard tests used in our protocols are defined below. For this work,
we need to define different versions of RO-padded Hadamard tests, which deal with the extra phases in
different ways. In each of these tests, the client asks the server to add an extra random oracle paddings
before the Hadamard operation. As discussed in the introduction and [55], this allows the client to control
the server-side states in a way that the un-padded version could not give.

• (Unphased Hadamard test) HadamardTest(K; 1κ), where K is a key pair: this is the most basic form of
Hadamard test used in our protocol. Here the phases are trivial: In this protocol the honest server is
suppose to hold gadget(K) in the beginning. This test has only one-sided error in the sense that if the
honest server could pass with probability 1 thus if the server fails the cheating behavior will be caught
immediately. This version will be used in the AddPhaseWithHelper and the BNTest.

• (Phased Hadamard test) HadamardTest(K,Θ; 1κ), where K is a key pair, Θ is a phase pair: in this
version, the honest server is suppose to hold gadget(K,Θ) in the beginning. The client will first reveal
the relative phase to allow the server to dephase the gadget and run the unphased Hadamard test in
the previous bullet. This version will be used in the CoPhTest.

• (Extra-phase-biased Hadamard test) HadamardTest(K,Θ, δ; 1κ), where K is a key pair, Θ is a phase
pair, δ ∈ {0, 4, 1}: similar to the previous bullet, the honest server is suppose to hold gadget(K,Θ).
Different from the previous bullet, when the client reveals the phase, it adds an extra-phase-bias δ (δ
itself is hidden from the server): suppose Θ = (θ0, θ1), it will reveal θ1 − θ0 − δ. Then corresponding to
different δ, the client will produce results in different ways:
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– If δ = 0, the behavior of the protocol is the same as the following protocol. The honest server
will first de-phase the gadget as the last version and both parties do unphased Hadamard test on
gadget(K).

– If δ = 4, the dephasing will give |x0〉 − |x1〉 (up to a global phase, where K = (x0, x1)). Then the
unphased Hadamard test on this state gives opposite pass/fail flag to |x0〉+ |x1〉. Thus for this
case the client will reverse the pass/fail from the δ = 0 case.

– If δ = 1: the dephasing will give |x0〉+ eiπ/4 |x1〉. Then the server will go through an unphased
Hadamard test from this state (note that δ is hidden from the server so the server does not know
the state description it holds). The client will use the equation deciding the pass/fail flag from the
unphased version, but it will only record win or lose in this case.
The honest server could also lose in this test with some probability, and what we want to guarantee
is the winning probability is not far from the optimal value.

This version will be used in the InPhTest.

Protocol 5 (HadamardTest(K; 1κ), unphased). Suppose the security parameter is κ.
Client holds a pair of keys K = (x0, x1), where the length of each key is |x|.
Honest server should hold state 1√

2
(|x0〉+ |x1〉).

1. The client samples pad←r {0, 1}κ. Send it to the server.

2. The server is suppose to use the padding to map the state into

1√
2

(|x0〉 |H(pad||x0)〉︸ ︷︷ ︸
κ qubits

+ |x1〉 |H(pad||x1)〉)

and do Hadamard measurements on all the qubits above.

Suppose the measurement result is d ∈ {0, 1}|x|+κ. The server sends back d.

3. The client sets flag = fail if the last κ bits of d are all-zero.

Otherwise the client calculates

d · (x0||H(pad||x0)) + d · (x1||H(pad||x1)) mod 2 (79)

If (79) is 0, set flag = pass; if (79) is 1, set flag = fail.

Protocol 6 (HadamardTest(K,Θ; 1κ), phased). Suppose the security parameter is κ.
Client holds a pair of keys K = (x0, x1),Θ = (θ0, θ1).
Honest server should hold state gadget(K,Θ).

1. The client reveals the relative phase θ1 − θ0 to the server. The server could de-phase and get the
state gadget(K) up to a global phase.

2. Both parties run HadamardTest(K; 1κ) on gadget(K).

Protocol 7 (HadamardTest(K,Θ, δ; 1κ), the Hadamard test with extra phase bias). Suppose the security
parameter is κ.

Client holds a pair of keys K = (x0, x1), a pair of phases Θ = (θ0, θ1), and an extra phase bias
δ ∈ {0, 4, 1}.

Honest server should hold state gadget(K,Θ).
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1. The client reveals θ1−θ0−δ to the server. The honest server could use it to transform gadget(K,Θ)
to the following state up to a global phase:

1√
2

(|x0〉+ eδiπ/4 |x1〉) (80)

2. Both parties execute the non-phase-bias Hadamard test HadamardTest(K; 1κ) above, where the
server uses (80). This subprotocol call returns a measurement result d (see (79)) to the client. The
client sets flag = fail if the last κ bits of d are all-zero. Otherwise, depending on the value of δ,
the client determines the output flag and score as follows:

• If δ = 0, the client sets flag = pass if (79) is 0 and flag = fail if (79) is 1.

• If δ = 4, the client sets flag = fail if (79) is 0 and flag = pass if (79) is 1.

• If δ = 1, the client sets score = win if (79) is 0 and score = lose if (79) is 1.

The unspecified flag is pass and the unspecified score is ⊥ by default.

To formalize the collective phase test and basis norm test, we will use subprotocols for combining multiple
gadgets into one single gadget. This is defined as follows.

Combine: subprotocols for collective phase tests and basis norm tests Combine subprotocols com-
bines multiple gadgets to a single gadget. These subprotocols will be used in CoPhTest and BNTest:

• In CoPhTest, the indices of gadgets to be combined are [0, L]. Correspondingly, K = (K(i))i∈[0,L],
Θ = (Θ(i))i∈[0,L]. The protocol is denoted by Combine(K,Θ; 1κ).

• In BNTest, Θ are taken to be all-zero, and the indices of gadgets to be combined are [L]. The protocol
is denoted by Combine(K̃, I; 1κ), where K̃ = (K(i))i∈[L]. Here I is a subset of [L].

Protocol 8 (Combine for CoPhTest). Suppose the security parameter is κ.
Client holds a tuple of key pairs K = (K(i))i∈[0,L];K

(i) = (x
(i)
0 , x

(i)
1 ). Correspondingly it also holds a

tuple of phase pairs Θ = (Θ(i))i∈[0,L]; Θ(i) = (θ
(i)
0 , θ

(i)
1 ). Each phase is in {0, 1 · · · 7}.

Honest server should hold
⊗i∈[0,L]gadget(K(i),Θ(i))

1. For each i ∈ [L]:

The client samples different r(i)
0 , r

(i)
1 ← {0, 1}κ, prepares the table

LT(i) := LT(x
(0)
0 x

(i)
0 → r

(i)
0 , x

(0)
1 x

(i)
1 → r

(i)
0 , x

(0)
0 x

(i)
1 → r

(i)
1 , x

(0)
1 x

(i)
0 → r

(i)
1 ; 1κ)

and sends the table to the server.

2. The client defines K(combined) = (x
(combined)
0 , x

(combined)
1 ), sets it to be K(0) in the beginning. And

it defines Θ(combined) = (θ
(combined)
0 , θ

(combined)
1 ), sets it to be Θ(0) in the beginning.

For each i ∈ [L]:

(a) If the server is honest, by this time it should hold gadget(K(combined),Θ(combined)) and
gadget(K(i),Θ(i)). The keys in K(combined) have prefix in K(0). It will combine these two
gadgets into a single gadget by decrypting LT(i) and measures to get r(i) ∈ {r(i)

0 , r
(i)
1 }. In more
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detail, the following operations are applied by the honest server:

gadget(K(combined),Θ(combined))⊗ gadget(K(i),Θ(i)) (81)

=
1

2
(eθ

(combined)
0 iπ/4 |x(combined)

0 〉+ eθ
(combined)
1 iπ/4 |x(combined)

1 〉)⊗ (eθ
(i)
0 iπ/4 |x(i)

0 〉+ eθ
(i)
1 iπ/4 |x(i)

1 〉)
(82)

=
1

2

∑
b(combined)b(i)∈{0,1}2

e
(θ

(combined)

b(combined)
+θ

(i)

b(i)
)iπ/4 |x(combined)

b(combined)
x

(i)

b(i)
〉 (83)

(Decrypt LT(i) with K(0) (in the prefix of K(combined)) and K(i)): (84)

→1

2

∑
b(combined)b(i)∈{0,1}2

e
(θ

(combined)

b(combined)
+θ

(i)

b(i)
)iπ/4 |x(combined)

b(combined)
x

(i)

b(i)
〉 |r(i)

b(combined)+b(i)
〉 (85)

→measure and get r(i) ∈ {r(i)
0 , r

(i)
1 } : (86)

(r(i) = r
(i)
0 ) : e(θ

(combined)
0 +θ

(i)
0 )iπ/4 |x(combined)

0 x
(i)
0 〉+ e(θ

(combined)
1 +θ

(i)
1 )iπ/4 |x(combined)

1 x
(i)
1 〉
(87)

(r(i) = r
(i)
1 ) : e(θ

(combined)
0 +θ

(i)
1 )iπ/4 |x(combined)

0 x
(i)
1 〉+ e(θ

(combined)
1 +θ

(i)
0 )iπ/4 |x(combined)

1 x
(i)
0 〉
(88)

(89)

The server sends back r(i) to the client.

(b) The client checks the server’s response r(i) is in {r(i)
0 , r

(i)
1 } and stores

• If r(i) = r
(i)
0 :

K(combined) = (x
(combined)
0 x

(i)
0 , x

(combined)
1 x

(i)
1 ),

Θ(combined) = (θ
(combined)
0 + θ

(i)
0 , θ

(combined)
1 + θ

(i)
1 )

• If r(i) = r
(i)
1 :

K(combined) = (x
(combined)
0 x

(i)
1 , x

(combined)
1 x

(i)
0 ),

Θ(combined) = (θ
(combined)
0 + θ

(i)
1 , θ

(combined)
1 + θ

(i)
0 )

Correspondingly the honest server’s state is gadget(K(combined),Θ(combined)).

In the end all these gadgets are combined together; the client holds K(combined), Θ(combined) and
the server holds gadget(K(combined),Θ(combined)).

Protocol 9 (Combine for BNTest). Suppose the security parameter is κ. I is a tuple of indices i1i2 · · · i|I|
which is a subset of [L] arranged in increasing order.

Client holds a tuple of key pairs K̃ = (K(i))i∈[L];K
(i) = (x

(i)
0 , x

(i)
1 ). Honest server should hold

⊗i∈[L]gadget(K(i))

1. For each i ∈ i2, i3 · · · i|I|:

The client samples different r(i)
0 , r

(i)
1 ← {0, 1}κ, prepares the table

LT(i) := LT(x
(i1)
0 x

(i)
0 → r

(i)
0 , x

(i1)
1 x

(i)
1 → r

(i)
0 , x

(i1)
0 x

(i)
1 → r

(i)
1 , x

(i1)
1 x

(i)
0 → r

(i)
1 ; 1κ)

and sends the table to the server.
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2. The client defines K(combined) = (x
(combined)
0 , x

(combined)
1 ), sets it to be K(i1) in the beginning.

For each i ∈ i2, i3 · · · i|I|:

(a) If the server is honest, by this time it should hold gadget(K(combined)) and gadget(K(i)). The
keys in K(combined) have prefix in K(i1). It will combine these two gadgets into a single
gadget by decrypting LT(i) and measures to get r(i) ∈ {r(i)

0 , r
(i)
1 }. In more detail, the following

operations are applied by the honest server:

gadget(K(combined))⊗ gadget(K(i)) (90)

=
1

2
(|x(combined)

0 〉+ |x(combined)
1 〉)⊗ (|x(i)

0 〉+ |x(i)
1 〉) (91)

=
1

2

∑
b(combined)b(i)∈{0,1}2

|x(combined)

b(combined)
x

(i)

b(i)
〉 (92)

(Decrypt LT(i) with K(i1) (in the prefix of K(combined)) and K(i)): (93)

→1

2

∑
b(combined)b(i)∈{0,1}2

|x(combined)

b(combined)
x

(i)

b(i)
〉 |r(i)

b(combined)+b(i)
〉 (94)

→measure and get r(i) ∈ {r(i)
0 , r

(i)
1 } : (95)

(r(i) = r
(i)
0 ) : |x(combined)

0 x
(i)
0 〉+ |x(combined)

1 x
(i)
1 〉 (96)

(r(i) = r
(i)
1 ) : |x(combined)

0 x
(i)
1 〉+ |x(combined)

1 x
(i)
0 〉 (97)

(98)

The server sends back r(i) to the client.

(b) The client checks the server’s response r(i) is in {r(i)
0 , r

(i)
1 } and stores

• If r(i) = r
(i)
0 :

K(combined) = (x
(combined)
0 x

(i)
0 , x

(combined)
1 x

(i)
1 ),

• If r(i) = r
(i)
1 :

K(combined) = (x
(combined)
0 x

(i)
1 , x

(combined)
1 x

(i)
0 ),

Correspondingly, the honest server’s state is gadget(K(combined)).

In the end both parties combine the gadgets with indices in I into a single gadget, the client holds
K(combined) and the server holds gadget(K(combined)). The gadgets with indices outside I remain
unchanged.

5.3 Sub-tests
Collective Phase Test The collective phase test is formalized as follows. The input gadgets are indexed
by [0, L]. The client first runs Combine to combine all these 1 + L gadgets into a single gadget. Then one of
the following two is randomly selected:

• A standard basis test of the combined keys;

• As the main step of this test, both parties do an (RO-padded) Hadamard test on the combined gadget.

Protocol 10 (CoPhTest). Suppose the security parameter is κ and the gadget number is controlled by L.
Client holds a tuple of key pairs K = (K(i))i∈[0,L] a tuple of phase pairs Θ = (Θ(i))i∈[0,L].
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Honest server holds:
⊗i∈[0,L]gadget(K(i),Θ(i))

1. Both parties run Combine(K,Θ; 1κ). The client gets K(combined) and Θ(combined) and the server
gets gadget(K(combined),Θ(combined)).

2. The client chooses to run one of the following two randomly, and the honest server could use
gadget(K(combined),Θ(combined)) to pass the tests:

• StdBTest(K(combined)).

• HadamardTest(K(combined),Θ(combined); 1κ).

Individual Phase Test The individual phase test is defined as follows.

Protocol 11 (InPhTest). Suppose the security parameter is κ and the gadget number is L.
Client holds a tuple of key pairs K = (K(i))i∈[0,L] a tuple of phase pairs Θ = (Θ(i))i∈[0,L].
Honest server holds:

⊗i∈[0,L]gadget(K(i),Θ(i))

This protocol will only use the first gadget, which corresponds to gadget(K(0),Θ(0)).

1. With probability 1
3 each, the client executes the following with the server without telling the server

which is the case:

• Both parties execute HadamardTest(K(0),Θ(0), 0; 1κ);

• Both parties execute HadamardTest(K(0),Θ(0), 4; 1κ);

• Both parties execute HadamardTest(K(0),Θ(0), 1; 1κ); Note “win” or “ lose” are recorded as the
score corresponding to the client’s checking result.

Basis Norm Test Finally we formalize the basis norm test as follows. The input gadgets are indexed by 1
to L. The client selects a random subset of index I from [L], which represents the indices of the gadgets that
will be used for the combine-and-test process; then it uses Combine to combine these gadgets into a single
gadget. Then:

1. For the gadgets outside I, the client will ask the server to measure them in the standard basis.

2. For the combined part, one of the following two is randomly selected:

• A standard basis test on the combined gadget.

• As the main step of this test, both parties execute a Hadamard test on this combined gadget.

Note that the main body of BNTest is on the gadgets without phases (gadget(K(··· ))). But when we use
the BNTest in Protocol 2 the phases are already added. Thus we first formalize a version of BNTest that
additionally takes a tuple of phase information as parameters that does the following: it simply reveals the
phases and allows the server to de-phase the gadgets and then calls the main body of BNTest.

Protocol 12 (BNTest starting from gadgets with phases). Suppose the security parameter is κ and the
gadget number is L.

Client holds a tuple of key pairs K̃ = (K(i))i∈[L] and a tuple of phase pairs (Θ(i))i∈[L].
Honest server holds:

gadget(K(1),Θ(1))⊗ gadget(K(2),Θ(2))⊗ · · · ⊗ gadget(K(L),Θ(L)) (99)
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1. The client reveals Θ(1),Θ(2) · · ·Θ(L) and the server could remove the phases from (99) and get

gadget(K(1))⊗ gadget(K(2))⊗ · · · gadget(K(L))

2. Both parties execute BNTest(K̃(i); 1κ) defined below.

Protocol 13 (BNTest). Suppose the security parameter is κ and the gadget number is L.
Client holds a tuple of key pairs K̃ = (K(i))i∈[L].
Honest server holds:

gadget(K(1))⊗ gadget(K(2))⊗ · · · ⊗ gadget(K(L)) (100)

1. The client samples a random subset of index I ⊆ [L].

Both parties execute Combine(K, I; 1κ). This combines the gadgets with superscripts in I into a
single gadget. The client gets K(combined) and the server gets gadget(K(combined)). The gadgets
with superscripts in [L]− I do not change.

2. The client asks the server to measure all the gadgets excluding gadget(K(combined)) in the standard
basis and send back the results (denoted as rp(j) for each j ∈ [L]−I). The client checks rp(j) ∈ K(j)

for each j ∈ [L]− I, and rejects if it’s not satisfied.

3. The client chooses one of the following two randomly:

• The client asks the server to measure K(combined) in the computational basis and send back
the result. The client checks the server’s response is within K(combined).

• Both parties execute HadamardTest(K(combined); 1κ) on the combined gadget.

So far we have completed the formalization of our pre-RSPV protocol. Below we give its correctness, efficiency
and verifiability, which corresponds to Definition 4.4, 4.5.

5.4 Properties of Our preRSPV Protocol
Protocol 2 has the following properties.

Round type probability The round type is chosen from (test, quiz, comp) with probability ( 4
5 ,

1
10 ,

1
10 )

correspondingly. Denote them as ptest, pquiz, pcomp.

Correctness The protocol in the honest settings prepares the target state

|+θ(1)〉 ⊗ |+θ(2)〉 ⊗ · · · ⊗ |+θ(L)〉

in the comp round. The client gets θ(1)θ(2) · · · θ(L) ∈r {0, 1 · · · 7}L. This is as required in Definition 4.4.

Winning Probability The winning probability in the quiz round in the honest setting is

OPT =
1

3
|1
2

+
1

2
eiπ/4|2 =

1

3
cos2(π/8) = 0.28451779686 · · ·

where the first 1/3 comes from the fact that in the extra-biased Hadamard test, if the extra phase bias
δ ∈ {0, 4} the protocol does not generate win/lose output.

Efficiency The complexity of both parties is O(poly(κ)|C|).

Optimality of OPT

Theorem 5.1. OPT is optimal with error tolerance (10−2000, 10−220) (as formalized in Definition 4.6).

For the verifiability we have:

45



Verifiability

Theorem 5.2. Protocol 2 has verifiability with error tolerance (10−2000, 10−200) (as formalized in Definition
4.5).

We prove Theorem 5.1 and 5.2 in Section 12.

6 Basic Notions and Analysis of Key-Pair Preparation and Stan-
dard Basis Test

In this section we develop tools for analyzing the part of Protocol 2 before the verifiable state preparation
step.

• First, in Section 6.1 we give symbols for registers that appear in the protocols. Then we get a clearer
set-up for later proofs.

• Then in Section 6.2 we will give some basic notions for characterizing the state’s properties. They
include the efficiently preparable, key checkable and claw-free properties, which are basically reviews or
re-formalizations of existing notions; and we define the strong-claw-free to characterize the uncorrelated
claw-freeness of multiple key pairs. These notions will also be the basis of later proofs.

• Then in Section 6.3 we analyze the first step of Protocol 2, the parallel application of NTCF. We will
show the output state of this step satisfies the properties above.

• Then in Section 6.4 we give the notion of basis-honest form, which means the server holds exactly one
key from each key pair that the client holds. We also define the branch of basis-honest form formally,
which will be useful in later proofs.

• In Section 6.5 we analyze the properties of standard basis test (StdBTest). We will show the ability of
passing the standard basis test with high probability implies the state is approximately isometric to a
basis-honest form via a server-side isometry.

• Finally in Section 6.6 we prove some lemmas that will be used in later proofs.

Note that we will introduce the Setup to organize the properties of a state family.

6.1 Symbols for Different Registers
By the time of the completion of step 1 in Protocol 2, the registers include:

• The client-side key registers: denoted by K(helper) = (x
(helper)
0 ,x

(helper)
1 ),K = (K(i))i∈[0,L], K(i) =

(x
(i)
0 ,x

(i)
1 ).

When the security parameter is κ, the size of each x(i)
b register is κ.

For each i ∈ {helper, [0, L]}, define Domain(K(i)) as {(x0, x1) : x0 ∈ {0, 1}κ, x1 ∈ {0, 1}κ, x0 6= x1}.

As a convention, we use K̃ to denote (K(i))i∈[L].

• The transcript registers hold the server’s response in the first step, which is denoted by y(helper)y(0) · · · y(L)

in the protocol; denote the corresponding registers by Y = (Y (helper),Y (0),Y (1), · · ·Y (L)).

• The client-side phase registers: although these phases are not sampled and used in the protocol until
the step (a) of the verifiable state preparation step, we could assume the client has already sampled
them out in advance. These information is stored in registers Θ = (Θ(i))i∈[0,L]. Θ(i) = (θ

(i)
0 ,θ

(i)
1 ). The

domain of each θ register is {0, 1 · · · 7}.
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• The server’s registers. In general these registers are denoted by symbol S; and we note there are many
different registers appeared in different steps of the protocol. We will use superscripts to refer to these
different registers. Especially, denote the registers that holds the gadget(K(i)) in (73) in the honest
setting as S(i)

bsh. Denote Sbsh = (S
(i)
bsh)i∈[0,L].

• The random oracle registers that store the random oracle outputs for each input. The symbols are as
used in Section 3.3.

6.2 Basic Notions on Joint States
We give the following basic notions for characterizing the properties of a state.

Definition 6.1 (Efficiently preparable states, repeated). We say a purified joint state |ϕ〉 is efficiently-
preparable if there exists a polynomial time operator (which could include projections) O such that |ϕ〉 = O |0〉.

Definition 6.2 (Key-checkable). Suppose x is a client-side register that holds a key. We say a purified joint
state |ϕ〉 is key-checkable for x if there exists an efficient server-side operation14 that implements ΠS=x on |ϕ〉
where S is an arbitrary server-side register, ΠS=x denotes the projection onto the space that the content of S
is equal to the content of x.

Suppose the client holds a tuple of keys in registers K. We say a purified joint state |ϕ〉 is key-checkable
for K if for any single key register x within K, |ϕ〉 is key-checkable for x.

Then we review the notion of claw-freeness.

Definition 6.3 (Claw-free [12]). Suppose the client holds a key pair in register K = (x0,x1). We say a
purified joint state |ϕ〉 is claw-free for K against adversary family F if for any adversary Adv ∈ F , for an
arbitrary server-side register S,

|ΠS=x0||x1
Adv |ϕ〉 | ≤ negl(κ)

where ΠS=x0||x1
is a projection onto the subspace that the content of S is equal to the content of x0||x1.

We omit F when it is taken to be the set of polynomial time server-side operations.

And we further generalize it to the multi key pair setting:

Definition 6.4 (Strongly claw-free). Suppose the client holds a tuple of key pairs in register (K(i))i∈D where
K(i) = (x

(i)
0 ,x

(i)
1 ). We say a purified joint state |ϕ〉 is strongly-claw-free for any key pair in (K(i))i∈D if for

any i ∈ D, |ϕ〉 � ((K(i))i∈D −K(i)) is claw-free for K(i), where |ϕ〉 � ((K(i))i∈D −K(i)) means, starting
from |ϕ〉, the client sends all the keys except the i-th key pair to the server.

6.3 Analysis of the Key-pair Superposition Preparation Step
We have the following theorem which characterizes the properties of output states from the first step of
Protocol 2 (a parallel NTCF evaluation).

Theorem 6.1. For any polynomial time adversary Adv, denote the output state of the first step of Protocol
2 as |ϕ1〉. Then registers described in Section 6.1 are initialized, and |ϕ1〉 is:

• efficiently preparable;

• key checkable for both K(helper) and K;

• strongly-claw-free for any key pair in (K(helper),K).

Note that we will interchangeably use (K(helper),K) or (K(i))i∈{helper,[0,L]} to denote this tuple of 2 + L
output key pairs.

14In general this server-side operation is implemented with the help of transcript registers (which are the Y registers).
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Proof. The efficiently preparable property comes from the efficiency of Adv and the protocol; the key-checkable
property comes from the correctness of NTCF. We only need to prove the strong claw-freeness.

If this is not true, there will be an index i ∈ (helper) ∪ [0, L] such that an efficient operation V can
output both keys in K(i) given the other keys. Then we can construct an adversary that breaks the claw-free
property of NTCF as follows:

1. Instead of interacting with the client, the server simulates all the other NTCF evaluations on its own
excluding the i-th evaluation. In the simulated state the server has access to ((K(helper),K)−K(i))
since the client-side key registers for this part are simulated. Denote the simulated state as |ϕ〉.

2. Then by the assumption V applied on |ϕ〉 � ((K(helper),K)−K(i)) 15 outputs both keys in K(i). This
contradicts the claw-free property of NTCF.

Now we are ready to formalize a set-up that abstracts the property of the output state of the first step of
Protocol 2. In the remaining proofs we could only refer to this set-up instead of applying Theorem 6.1 again
and again.

Set-up 1. We use Setup 1 to denote the set of states that satisfy:

• The parties are as described in Section 4.1.

• The registers are as described in Section 6.1.

• The state is efficiently preparable;

• The state is key checkable for each key in (K(helper),K);

• The state is strongly-claw-free for each key pair in (K(helper),K).

6.4 Basis-honest Form
We will define the basis-honest form as below. Recall that in the honest setting, the client holds a tuple of
keys, and the server holds superpositions of keys. Correspondingly, in the malicious setting, if the server
holds keys in superpositions (which are possibly entangled with some auxiliary registers since it’s malicious),
we call this form the basis-honest form.

Let’s first introduce a convenient notation, the key vector.

Notation 6.1 (Key vector and subscript vector). Suppose the client holds a tuple of key pairs K̃ = (K(i))i∈[L],
K(i) = (x

(i)
0 , x

(i)
1 ), i ∈ [L]. For subscript vector ~b ∈ {0, 1}L, denote

~x~b := x
(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L)

where b(1)b(2) · · · b(L) are coordinates of ~b, as the key vector of K̃ under subscript vector ~b.
If the superscripts of keys start from 0, the subscript vector will be ~b ∈ {0, 1}1+L, and the key vector is

defined correspondingly as x(0)

b(0)
x

(1)

b(1)
x

(2)

b(2)
· · ·x(L)

b(L) .

Definition 6.5 (Basis-honest form). Below we define the basis-honest form of a tuple of key pairs K (or K̃),
and the basis-honest form of a single key pair. For the first two bullets we use the register setup in Setup 1.

• Suppose the client holds a tuple of key pairs in registers K, and correspondingly the server holds
register Sbsh. We say a purified joint state |ϕ〉 is in a basis-honest form of K if it has the form

|ϕ〉 =
∑

K∈Domain(K)

|K〉︸︷︷︸
client-side K

⊗
∑

~b∈{0,1}1+L

|~x~b〉︸︷︷︸
server-side Sbsh

|ϕK,~b〉︸ ︷︷ ︸
remaining registers

(101)

We define ΠSbshbasishonest(K), or simply Πbasishonest(K), as the projection onto the subspace that the content
of Sbsh is a valid key vector of K.

15Here we slightly abuse the notation: we use the � notation on the simulated state to mean that the simulated client side
registers are copied to the transcript registers.
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• Correspondingly, for key tuple K̃ = (K(i))i∈[L], the basis-honest form is defined to be the state where
the server holds a key vector of K̃. Πbasishonest(K̃) is define similarly.

• For this bullet we consider a general notion that is not necessarily under Setup 1. Suppose the client
holds a key pair K = (x0,x1) while honestly the server holds a key in K in register Sbsh. Define the
basis-honest form of K to be the states in the form of

|ϕ〉 =
∑

K∈Domain(K)

|K〉︸︷︷︸
client-side K

⊗
∑

b∈{0,1}

|xb〉︸︷︷︸
server-side Sbsh

|ϕK,b〉︸ ︷︷ ︸
remaining registers

(102)

And we use ΠSbshbasishonest(K) to denote the projection onto the space that Sbsh holds a valid key in K,
and we could omit the register superscript when there is no ambiguity.

Definition 6.6 (Approximate basis-honest form). If |(I − Πbasishonest(K)) |ϕ〉 | ≤ ε, we say |ϕ〉 is in an
ε-basis-honest form of K.

Definition 6.7 (Branch of a basis-honest form). Suppose |ϕ〉 is in a basis-honest form of a key pair K as
shown in (102). For each b ∈ {0, 1}, we call∑

K∈Domain(K)

|K〉︸︷︷︸
client

⊗ |xb〉︸︷︷︸
Sbsh

|ϕK,b〉

the xb-branch of this state.
Suppose |ϕ〉 is in a basis-honest form of a tuple of key pair K as shown in (101). For each ~b ∈ {0, 1}1+L,

we call ∑
K∈Domain(K)

|K〉︸︷︷︸
client

⊗ |~x~b〉︸︷︷︸
Sbsh

|ϕK,~b〉

the ~x~b-branch of this state.

Note when we replace K = (K(i))i∈[0,L] by K̃ = (K(i))i∈[L] or (K(i))i∈{helper,[0,L]}, the definition could
be adapted correspondingly.

6.5 StdBTest Implies Approximate Basis-honest Form
Below we analyze the implications of the standard basis test. We have the following lemma, which allows us
to analyze the structure of a state on the server side assuming it can pass the standard basis test:

Theorem 6.2. Suppose the client holds a tuple of key pairs in register (K(i))i∈D, where D is a set of indices
in Setup 1. Suppose an efficient adversary Adv, operated on a sub-normalized purified joint state |ϕ〉, could
pass StdBTest((K(i))i∈D) with probability p. Then there exists an efficient server-side operation O such that
O |ϕ〉 is in a

√
1− p-basis-honest form of (K(i))i∈D.

Proof. Run the adversary’s operation but do not do the final measurement. Swap the response register and
(S

(i)
bsh)i∈D (See Definition 6.5). The fact that it passes the standard basis test with failure probability 1− p

implies the state on subspace I−Πbasishonest((K(i))i∈D) has norm at most
√

1− p.

6.6 Useful Lemmas
6.6.1 Collapsing property

One useful lemma is the collapsing property, which is used in different forms in many previous works [41, 33].
Intuitively it says if the initial state is claw-free for a key pair then the superposition of two branches is
indistinguishable to the mixture of two branches.

Lemma 6.3. Suppose a subnormalized state |ϕ〉 is in Setup 1, and is in the basis-honest form of K(0). Then
for any efficient server-side operation O that output a single bit in a register S:

|ΠS0 O |ϕ〉 |2 ≈negl(κ) |ΠS0 OΠ
S

(0)
bsh

x
(0)
0

|ϕ〉 |2 + |ΠS0 OΠ
S

(0)
bsh

x
(0)
1

|ϕ〉 |2
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6.6.2 Look-up table encryptions do not affect claw-freeness

Then we give a lemma that formalizes the following intuition. If a basis-honest form state is claw-free for
K(i), if we only consider one branch, for example, x(i)

0 -branch, since the server already knows the value of
x

(i)
0 , it won’t be able to predict x(i)

1 by claw-freeness. This is still true even if the server additionally gets
polynomial number of ciphertexts encrypted under x(i)

1 . Formally, we have the following lemma, which will
be useful later.

Lemma 6.4. Suppose a purified joint state |ϕ〉 is in Setup 1 and is in a basis-honest form of K(i) with
only the x(i)

b -branch, for some i ∈ {helper} ∪ [0, L], b ∈ {0, 1}. N = poly(κ). (p
(t)
pre)t∈[N ] is a tuple of strings

in {0, 1}κ, (p
(i)
post)t∈[N ] is a tuple of strings in {0, 1}κ ∪ {∅}. Define AuxInf as the following algorithm that

generates a tuple of salted hash values of x(i)
1−b:

∀t ∈ [N ] : sample R(t) ←r {0, 1}κ, output (R(t), H(R(t)||p(t)
pre||x

(i)
1−b), H(R(t)||x(i)

1−b||p
(t)
post))

Then |ϕ〉 � JAuxInfK is claw-free for K.

Finally we can show, if some key is unpredictable, the blinded oracle where these entries are blinded looks
the same as the original oracle:

Lemma 6.5. Suppose a purified joint state |ϕ〉 is in Setup 1 and is in a basis-honest form of K(i) with
only the x(i)

b -branch, for some b ∈ {0, 1}. suppose H ′ is the blinded oracle where · · · ||x(i)
1−b|| · · · are blinded,

where “· · · ” represents arbitrary strings of a fixed length. For any efficient adversary Adv, denote Adv′ as the
operation that each query in Adv is replaced by a query to H ′. Then

Adv |ϕ〉 ≈negl(κ) Adv′ |ϕ〉

We put the proof in Appendix B.

6.6.3 Rigidity of basis-honest form with strong-claw-free condition

We show a useful lemma that will be used for multiple times in later proofs. It says, if a state is in a
basis-honest form with good security properties, if the adversary transforms it to another basis-honest form,
each of the outcome branch should only come from the corresponding input branch:

Lemma 6.6. Consider a sub-normalized purified joint state |ϕ〉 in Setup 1. Then for any efficient server-side
operation D there is

Πbasishonest(K)DΠbasishonest(K) |ϕ〉 ≈negl(κ)

∑
~b∈{0,1}1+L

ΠSbsh~x~b
DΠSbsh~x~b

|ϕ〉 (103)

where ΠSbsh~x~b
denotes the projection onto ~x~b-branch (Definition 6.7).

Proof. ∀i ∈ [0, L] define:

|ϕi〉 =
∑

b(0)b(1)···b(i)∈{0,1}1+i
Πb(0)b(1)···b(i)Πbasishonest(K)DΠb(0)b(1)···b(i)Πbasishonest(K) |ϕ〉

where Πb(0)b(1)···b(i) denotes the projection onto the space that the values of S(0)
bshS

(1)
bsh · · ·S

(i)
bsh are equal to

the values of x(0)

b(0)
x

(1)

b(1)
· · ·x(i)

b(i)
.

Additionally define
|ϕ−1〉 = Πbasishonest(K)DΠbasishonest(K) |ϕ〉

To prove (151) we only need to prove:

∀i ∈ [0, L], |ϕi〉 ≈negl(κ) |ϕi−1〉 (104)
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The observation is, although |ϕi−1〉 , |ϕi〉 are written as linear sums, there exists an efficient operation that
exactly prepares this state from |ϕ〉. Recall |ϕ〉 has the form shown in (101). Let’s give an operation that
transforms it to |ϕi〉.

Initialize server-side auxiliary registers A(0)A(1) · · ·A(i), and define the following operations:

• Define COPY0∼i as the operation that copies (bit-wise CNOT) the contents of S(0)
bshS

(1)
bsh · · ·S

(i)
bsh to

registers A(0)A(1) · · ·A(i). Define COPYi as the operator that only copies S(i)
bsh to A(i).

• Define Π
S

(0)
bshS

(1)
bsh···S

(i)
bsh=A(0)A(1)···A(i) as the operator that projects onto the space that the values of

S
(0)
bshS

(1)
bsh · · ·S

(i)
bsh are equal to A(0)A(1) · · ·A(i). Define Π

S
(i)
bsh=A(i) as the operator that projects onto

the space that S(i)
bsh is equal to A(i).

Then:

|ϕi〉 = Πbasishonest(K)COPY0∼i ◦Π
S

(0)
bshS

(1)
bsh···S

(i)
bsh=A(0)A(1)···A(i)D ◦ COPY0∼i ◦Πbasishonest(K) |ϕ〉

Similarly

|ϕi−1〉 = Πbasishonest(K)COPY0∼i−1 ◦Π
S

(0)
bshS

(1)
bsh···S

(i−1)
bsh =A(0)A(1)···A(i−1)D ◦ COPY0∼i−1 ◦Πbasishonest(K) |ϕ〉

Define P = COPY0∼i−1 ◦Π
S

(0)
bshS

(1)
bsh···S

(i−1)
bsh =A(0)A(1)···A(i−1)D ◦COPY0∼i−1. Then (104) is reduced to proving

Πbasishonest(K)PΠbasishonest(K) |ϕ〉 ≈negl(κ) Πbasishonest(K)COPYi ◦Π
S

(i)
bsh=A(i) ◦ P ◦ COPYiΠbasishonest(K) |ϕ〉

(105)

Denote Π
S

(i)
bsh

x
(i)
b

as the operator that projects onto the x(i)
b -branch of the basis-honest form. Then the left hand

side of (105) is

Πbasishonest(K)PΠbasishonest(K) |ϕ〉 =
∑

b,b′∈{0,1}2
Πbasishonest(K)Π

S
(i)
bsh

x
(i)

b′
PΠ

S
(i)
bsh

x
(i)
b

Πbasishonest(K) |ϕ〉

and the right hand side of (105) is∑
b∈{0,1}

Πbasishonest(K)Π
S

(i)
bsh

x
(i)
b

PΠ
S

(i)
bsh

x
(i)
b

Πbasishonest(K) |ϕ〉

then (105) is further reduced to∑
b,b′∈{0,1}2,b 6=b′

Π
S

(i)
bsh

x
(i)

b′
◦ P ◦Π

S
(i)
bsh

x
(i)
b

Πbasishonest(K) |ϕ〉 ≈negl(κ) 0 (106)

which holds by the claw-free property of |ϕ〉.

7 The Helper Gadget Method
In this section we analyze the helper gadget method and how it affects the security properties of Protocol 2.
We have discussed the helper gadget method briefly in the introduction; below (in Section 7.1) we will review
it and discuss its formal analysis. The formal lemma behind the helper gadget method is given and proved in
Section 7.2, based on the notion of blinded oracle and several basic lemmas on RO-padded Hadamard test.
Then in Section 7.3 we analyze the implications of the helper gadget method in preRSPV (Protocol 2).
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7.1 Overview
As discussed in the introduction, in the helper gadget method we design protocols that go as follows:

1. Encode a mapping onto a helper gadget;

2. Do a Hadamard test (Protocol 7) on the helper gadget. This destroys the helper gadget.

The helper gadget is used as a “switch” that controls whether the adversary could make use of the mapping.
With the helper gadget, the honest server could implement the mapping; the problem is how to characterize
the adversaries’ view, assuming it wants to pass the Hadamard test with high probability.

An intuitive discussion on Hadamard test We need to formalize the intuition that

K is a key pair, and the initial state is claw-free for K. If the server wants to pass the RO-padded Hadamard
test for K, it loses the keys after the test.

As [55] pointed out, passing the RO-padded Hadamard test implies the server could not do powerful
things about K from the post-test state. However the lemmas given in [55] are not suitable for our purpose
here. Here we give a lemma that captures the properties of RO-padded Hadamard test in terms of blinded
oracle (Section 3.3). Our analysis of the RO-padded Hadamard test could also be of independent interest
elsewhere.

Suppose the Hadamard test is on key pair K(helper) and initial state |ϕ〉. Suppose the post-test state
is |ϕ′〉. To formalize the intuition above, we consider a blinded oracle H ′ where the entries in the form of
{0, 1}κ||K(helper)|| · · · are blinded. Then we will show, informally, if the test passes with high probability:

Starting from |ϕ′〉, for any efficient adversary, querying H and querying H ′ should end up with similar states.

The formal statement goes roughly as follows. For any efficient operator D on the post-test state, define D′
as the blinded version of D where all the random oracle queries in D are replaced by queries to H ′, there is

D′ |ϕ′〉 ≈ D |ϕ′〉 (107)

How is (107) related to the intuition above? If the server could still predict a key in K from the post-test
state, it can query the oracle with this key and make two sides of (107) quite different. Thus (107) describes
(and strengthens) the intuition above.

This statement gives what we want from the helper gadget method: the ciphertexts within our lookup
tables (which encrypt the phases) are encrypted under {0, 1}κ||K(helper)|| · · · ; and after applying this lemma,
we only need to analyze a blinded oracle where this form of entries are blinded, which means the phase
information encrypted under these lookup tables will become secret again.

The formal theorem is given below in Theorem 7.1.

7.2 Analysis of Helper Gadget Method and RO-padded Hadamard Test
7.2.1 Helper gadget method

We first formalize the set-up of the theorem as follows. We note in this subsection we do not follow the
register symbols in Section 6.1; specifically, K will be used to denote a key pair, to make our lemmas more
general.

Set-up 2. Suppose the parties are formalized in Section 4.1. Suppose the client holds a key pair in register
K = (x0,x1). Define SETUP2(K) as the set of purified joint states that are

• efficiently preparable;

• key checkable for K;

• claw-free for K.
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In addition, a transcript register d is initialized, whose length is equal to the length of keys in K plus κ
(security parameter).

Theorem 7.1. Suppose the client holds a key pair in register K(helper). Suppose a sub-normalized purified
joint state |ϕ〉 ∈ SETUP2(K(helper)) is in the ε-basis-honest form of K(helper). For any polynomial time
adversary Adv, denote the post-execution state of the RO-padded Hadamard test as

|ϕ′〉 = HadamardTestAdv(K(helper); 1κ) |ϕ〉

Then at least one of the following two is true:

• (Small passing probability)
|Πpass |ϕ′〉 |2 ≤ 1− p

• (RO hiding) Suppose H ′ is the blinded oracle where the entries {0, 1}κ||K(helper)|| · · · are blinded. For
any efficient operation D, suppose D′ is the blinded version of D where all the oracle queries are replaced
by queries to H ′. Then

D′ |ϕ′〉 ≈8
√
p+2ε+negl(κ) D |ϕ′〉 (108)

To prove this theorem, we need to analyze the RO-padded Hadamard test. We first prove some basic
lemmas on this test. Note these lemmas will also be independently useful in later proofs.

7.2.2 Analysis of RO-padded Hadamard test

We first introduce the following notations which explicitly describe the passing/failing and winning/losing
conditions of these Hadamard test. Below we will use these notations to describe the output of Hadamard
test.

Notation 7.1. Suppose the client holds a key pair in register K = (x0,x1). Suppose a sub-normalized
purified joint state |ϕ〉 ∈ SETUP2(K). Recall that in HadamardTest the client first sample a random padding
in {0, 1}κ, denote the register storing it as pad. Define the following operators on system d (introduced in
SETUP2):

• Πd(79)=0 denotes the projection onto the space that the values of client side registers x0,x1, the transcript
registers d, pad, and the random oracle registers satisfy: the result of calculation of (79) is 0:

d · (x0||H(pad||x0)︸ ︷︷ ︸
κ bits

) + d · (x1||H(pad||x1)) = 0

• Πd(79)=1 is defined similarly.

• Πlast κ bits of d
=0 is the projection onto the space that the last κ bits of d is all zero. Πlast κ bits of d

6=0 is
defined as its complement. Note this is one of the client’s checking in HadamardTest.

The following lemma studies the output property of HadamardTest on a single branch:

Lemma 7.2. Suppose the client holds a key pair in register K = (x0,x1). Suppose a sub-normalized purified
joint state |ϕ〉 ∈ SETUP2(K) and is in the basis-honest form of K with only x0 branch. Then for any
efficient adversary Adv there is

|Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ〉 | ≈negl(κ)

1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ〉 |

|Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ〉 | ≈negl(κ)

1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ〉 |

Then we have the following corollary, which studies the relations of two branches if a state could pass the
HadamardTest:

53



Corollary 7.3. Suppose the client holds a key pair in register K = (x0,x1). Suppose a sub-normalized
purified joint state |ϕ〉 ∈ SETUP2(K) and is in an ε-basis-honest form of K. Denote the x0-branch as |ϕ0〉
and x1-branch as |ϕ1〉. If an efficient adversary Adv could make the client output pass in the Hadamard test
(Protocol 5) from initial state |ϕ〉 with probability ≥ 1− p, then

Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ0〉

≈√
2(p+2ε)+negl(κ)

Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ1〉 (109)

Πlast κ bits of d
=0 HadamardTestAdv(K; 1κ) |ϕ0〉 ≈√p+2ε+negl(κ) 0,

Πlast κ bits of d
=0 HadamardTestAdv(K; 1κ) |ϕ1〉 ≈√p+2ε+negl(κ) 0 (110)

Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ0〉

≈√p+ε+negl(κ) −Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕ1〉 (111)

These lemmas are proved in Appendix C.

7.2.3 Proof of Theorem 7.1

Now we give the proof of Theorem 7.1 with this lemma.

Proof of Theorem 7.1. Suppose |Πpass |ϕ′〉 |2 ≥ 1− p. Denote the x(helper)
0 -branch of |ϕ〉 as |ϕ0〉 and x(helper)

1 -
branch of |ϕ〉 as |ϕ1〉. Then |ϕ〉 ≈√ε Πbasishonest(K(helper)) |ϕ〉 = |ϕ0〉+ |ϕ1〉. Define the corresponding output
term:

|ϕ′0〉 = HadamardTestAdv(K(helper); 1κ) |ϕ0〉

|ϕ′1〉 = HadamardTestAdv(K(helper); 1κ) |ϕ1〉

Then
|ϕ′〉 ≈√ε |ϕ′0〉+ |ϕ′1〉 (112)

We will blind the oracle in two steps.

1. Define Hmid as the blinded oracle where the entries {0, 1}κ||x(helper)
0 || · · · are blinded. Define Dmid as

the adversary where all the random oracle queries in D are replaced by queries to Hmid. Our goal is to
prove

Dmid |ϕ′〉 ≈4
√
p+2ε+negl(κ) D |ϕ′〉 (113)

The reason is as follows.

We will first analyze the effect of replacing D by Dmid on |ϕ′1〉. Intuitively |ϕ1〉 is the x(helper)
1 -branch,

the server could not predict x(helper)
0 by claw-freeness thus the blinding operation on x(helper)

0 -related
entries will not be detected. Formally speaking, the following is implied by Lemma 6.5:

Dmid |ϕ′1〉 ≈negl(κ) D |ϕ′1〉 (114)

Then since the d register, after generated in the Hadamard test, is read-only, both sides of (114) are
still close to each other if a projection on a subset of possible values of d is applied. Concretely:

DmidΠd(79)=0Πlast κ bits of d
6=0 |ϕ′1〉 ≈negl(κ) DΠd(79)=0Πlast κ bits of d

6=0 |ϕ′1〉 , (115)

DmidΠd(79)=1Πlast κ bits of d
6=0 |ϕ′1〉 ≈negl(κ) DΠd(79)=1Πlast κ bits of d

6=0 |ϕ′1〉 (116)

Now we use properties of the Hadamard test to argue about the |ϕ′0〉 branch. By Corollary 7.3 we have

Πd(79)=0Πlast κ bits of d
6=0 |ϕ′0〉 ≈√2(p+2ε)+negl(κ)

Πd(79)=0Πlast κ bits of d
6=0 |ϕ′1〉 (117)

Πd(79)=1Πlast κ bits of d
6=0 |ϕ′0〉 ≈√p+ε+negl(κ) −Πd(79)=1Πlast κ bits of d

6=0 |ϕ′1〉 (118)
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which together with (115) (116) implies

DmidΠd(79)=0Πlast κ bits of d
6=0 |ϕ′0〉 ≈√2(p+2ε)+negl(κ)

DΠd(79)=0Πlast κ bits of d
6=0 |ϕ′0〉 , (119)

DmidΠd(79)=1Πlast κ bits of d
6=0 |ϕ′0〉 ≈√p+ε+negl(κ) DΠd(79)=1Πlast κ bits of d

6=0 |ϕ′0〉 (120)

which together with (110) implies

Dmid |ϕ′0〉 ≈2.5
√
p+2ε+

√
p+ε+negl(κ) D |ϕ′0〉 (121)

which together with (114)(112) implies (113).

2. Now we hide the x(helper)
1 part using similar techniques. Consider H ′ as the blinded oracle of Hmid

where the entries {0, 1}κ||x(helper)
1 || · · · are blinded. Then H ′ could also be seen as a blinded version

of H where {0, 1}κ||K(helper)|| · · · are blinded. Correspondingly, D′ is defined to be: in Dmid all the
queries to Hmid are replaced by queries to H ′. Then D′ is also the blinded version of D where all the
queries to H are replaced by queries to H ′. Our goal is to prove

D′ |ϕ′〉 ≈4
√
p+2ε+negl(κ) D

mid |ϕ′〉 (122)

Here we will start with the x(helper)
0 branch of |ϕ′〉. By Lemma 6.5 there is

D′ |ϕ′0〉 ≈negl(κ) D
mid |ϕ′0〉 (123)

Then arguments (115)-(121) hold after all the appearances of D in them are replaced by D′, |ϕ′0〉 are
replaced by |ϕ′1〉 and |ϕ′1〉 are replaced by |ϕ′0〉. Thus we get

Dmid |ϕ′1〉 ≈2.5
√
p+2ε+

√
p+ε+negl(κ) D

′ |ϕ′1〉 (124)

Combining it with (123) completes the proof of (122).

Now combining (113)(122) completes the proof.

7.3 Helper Gadget Method in preRSPV

Now we return to the preRSPV protocol and see how the helper gadget method is used to argue about the
security.

We will consider the post-execution state after the AddPhaseWithHelper protocol. Denote this post-
execution state as |ϕ2.a〉. Denote the remaining steps after AddPhaseWithHelper completes as preRSPV≥2.b.
Denote the part of adversary in Adv for preRSPV≥2.b as Adv≥2.b. We will use Theorem 7.1 to show Adv≥2.b

and the blinded version of Adv≥2.b, when applied on |ϕ2.a〉, is approximately close to each other.

Theorem 7.4. Suppose a sub-normalized purified joint state |ϕ〉 in Setup 1 and is in an ε-basis-honest form
for K. For any polynomial-time adversary Adv, suppose the state after the AddPhaseWithHelper step is
|ϕ2.a〉:

|ϕ2.a〉 = AddPhaseWithHelperAdv2.a((K(i))i∈(helper)∪[0,L],Θ; 1κ) |ϕ〉

where Adv2.a is the part of adversary in Adv in the AddPhaseWithHelper step. Suppose

|Πpass |ϕ2.a〉 |2 ≥ 1− p. (125)

Use H ′ to denote the blinded version of H where the entries {0, 1}κ||K(helper)|| · · · are blinded. Denote
Advblind≥2.b as the adversary where all the oracle queries in Adv≥2.b are replaced by queries to H ′. Then we have

preRSPV
Adv≥2.b

≥2.b |ϕ2.a〉 ≈8
√
p+2ε+negl(κ) preRSPV

Advblind≥2.b

≥2.b |ϕ2.a〉 (126)

The difference of this theorem from Theorem 7.1 is the client might send additional messages to the server.
Notice that the client-side messages in preRSPV≥2.b will not take K

(helper) as inputs, we are able to reduce
this theorem to Theorem 7.1 by constructing an adversary that simulates these messages.
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Proof of Theorem 7.4. Note that in each step of preRSPV≥2.b, the client’s messages are output of some
algorithms which take (K(i))i∈[0,L] and Θ as inputs, and K(helper) is not used any more. Consider an
adversary (Adv2.a,Adv≥2.b) that violates (126). We can construct an adversary for breaking Theorem 7.1 as
follows:

0. The initial state is

|ϕ〉 � (K(i))i∈[0,L] �Θ� JAddPhaseWithHelper1((K(i))i∈(helper)∪[0,L],Θ; 1κ)K (127)

where AddPhaseWithHelper1 is the first step in AddPhaseWithHelper (where the client sends lookup
tables that encode the phases).

By Lemma 6.4 we know (127) is claw-free for K(helper).

1. The adversary executes HadamardTest(K(helper); 1κ) with the client. It runs the code of Adv2.a in this
step.

2. The adversary simulates all the client side messages in preRSPV≥2.b using (K(i))i∈[0,L] and Θ. Run
Adv≥2.b with the simulated messages.

(127) satisfies the conditions required in Theorem 7.1. Since (125) holds we know the first case in Theorem
7.1 is not true. Then the violation of (126) implies a violation of the second case in Theorem 7.1, where D,
D′ in Theorem 7.1 translate to:

• D corresponds to Adv≥2.b run on simulated messages.

• D′ corresponds to Advblind≥2.b run on simulated messages.

This completes the proof.

Implication for later proofs The implication of Theorem 7.4 is, in the protocol analysis later, we can
first use this theorem to replace the adversary by an adversary that only queries the blinded oracle. Especially,
the phase information used in AddPhaseWithHelper is encrypted under the helper gadget keys, blinding this
part of the oracle implies the secrecy of phase information in later steps.

7.4 Set-up for the Output State of AddPhaseWithHelper

In this section we formalize a set-up that captures the basic properties of the output states of AddPhaseWithHelper.
In the later proofs when we need to further analyze the output state of AddPhaseWithHelper we could simply
refer to this set-up.

Set-up 3. Setup 3 is defined as the set of states that could be expressed as

AddPhaseWithHelperAdv((K(helper),K),Θ; 1κ) |ϕ1〉 , (128)

where Adv is efficient, |ϕ1〉 is in Setup 1.

Accompanied with Setup 3, we introduce the following symbols for registers and describe the property of
states in Setup 3:

Notation 7.2. We introduce the following notations that describe the transcript registers initialized in the
first step of AddPhaseWithHelper:

The client-side messages in the first step of AddPhaseWithHelper contain ciphertexts that encrypt θ(i)
b

under x(helper)
b(helper) ||x

(i)
b for each i ∈ [0, L], b ∈ {0, 1}, b(helper) ∈ {0, 1}. In the protocol it is denoted as

x
(helper)
b(helper) ||x

(i)
b → θ

(i)
b (129)

Recall in Definition 3.7, 3.6, the ciphertext part of (129) is defined as

R
(i)

b(helper),b
, H(R

(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b ) + θ

(i)
b (130)
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where R(i)

b(helper),b
is uniformly sampled from {0, 1}κ.

Denote the transcript registers that store (130) during the protocol by R(i)

b(helper),b
, ct

(i)

b(helper),b
correspond-

ingly. Then related registers for (130) are:

x
(helper)
b(helper) ,x

(i)
b ,θ

(i)
b︸ ︷︷ ︸

client

,H(R
(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b )︸ ︷︷ ︸

random oracle

,R
(i)

b(helper),b
, ct

(i)

b(helper),b︸ ︷︷ ︸
transcript

(131)

and there is (recall Notation 3.3):

ct
(i)

b(helper),b
= H(R

(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b ) + θ

(i)
b (132)

In summary, for any state in Setup 3, for any i ∈ [0, L], b ∈ {0, 1}, b(helper) ∈ {0, 1}, there are registers
shown in (131) and their values satisfy (132).

We also introduce the following blinded oracle that accompanies Setup 3:

Notation 7.3. Under Setup 3, defineH ′ as the blinded oracle where entries in the form of {0, 1}κ||K(helper)|| · · ·
are blinded. Define Fblind as the set of server-side operators that could only query this blinded oracle.

8 Analysis of AddPhaseWithHelper

Starting from this section, we will move towards the security proof by analyzing each subprotocol. As
described in the introduction, we will prove the joint state of the client and the server remain indistinguishable
under a series of randomization operators.

In this section, we will focus on what the AddPhaseWithHelper protocol itself could tell us. The analysis
will be based on the structure of phase tables.

Recall that each row of the phase tables used in this protocol has the following structure:

x
(helper)
b(helper) ||x

(i)
b → θ

(i)
b ; i ∈ [0, L], b(helper), b ∈ {0, 1} (133)

Intuitively, the theorems that we prove in this section is based on the following intuition: if the server does
not hold x(i)

b , it could not decrypt (133), thus θ(i)
b remains secure. (Recall by the claw-freeness the server

does not know xb on the x(i)
1−b-branch, and θ

(i)
b is the client-side register that stores the corresponding phase

information.) Furthermore, for each ~b = b(0)b(1) · · · b(L) ∈ {0, 1}1+L, on the ~x~b-branch, the server holds
x

(0)

b(0)
x

(1)

b(1)
· · ·x(L)

b(L) but does not know x
(0)

1−b(0)x
(1)

1−b(1) · · ·x
(L)

1−b(L) . Thus intuitively:

On the ~x~b-branch, the server-side state should not depend on the values of θ(0)

1−b(0)θ
(1)

1−b(1) · · ·θ
(L)

1−b(L) .

In this section we build the bridge between this intuition and the protocol as follows.

• In Section 8.1 we define the basis-phase correspondence form, which characterizes the states that
perfectly satisfy the intuition above.

• In Section 8.2 we construct a randomization operator R1, which transforms a general basis-honest form
to a basis-phase-correspondence form.

• In Section 8.3 we show the output states of AddPhaseWithHelper are approximately invariant under R1.

• Finally in Section 8.4 we formalize a new setup for the outcome of R1, which will be used in later
analysis.
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8.1 Basis-phase Correspondence Form
As discussed in the technical overview, we define the basis-phase correspondence form as follows.

Definition 8.1. Assume the parties are as in Section 4.1 and the registers are as in Section 6.1. We say
a state |ϕ〉 is in a basis-phase correspondence form if there exists states |ϕK,~b,~θ〉 for each K ∈ Domain(K),
~b ∈ {0, 1}1+L, ~θ ∈ {0, 1 · · · 7}1+L such that

|ϕ〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗
∑

~b∈{0,1}1+L

|~x~b〉︸ ︷︷ ︸
server-side register Sbsh

⊗ |ϕK,~b,~Θ~b〉

Recall ~Θ~b denotes θ
(0)

b(0)
θ

(1)

b(1)
· · · θ(L)

b(L) .

8.2 Randomization operator R1

In this subsection we define the randomization operator R1.

8.2.1 Intuitive discussion

Example 8.1. First we can recall that an intuitive introduction of the R1 operator is given in Example 2.1.
Considering the x0-branch in the example, if we omit the unused registers, Equation (50) in the example
becomes

|∆1〉 |θ1〉 |x0〉 → |θ1〉 |∆1〉 |x0〉 (134)

Under Setup 3, considering the x(0)
0 -branch as an example, (134) becomes

|∆(0)
1 〉 |θ

(0)
1 〉︸ ︷︷ ︸
θ
(0)
0

|x(0)
0 〉︸ ︷︷ ︸

server-side register S(0)
bsh

→ |θ(0)
1 〉 |∆

(0)
1 〉 |x

(0)
0 〉 (135)

We will see R1 is defined to be this type of operations applied on each possible superscript in [0, L] and
each possible subscript in {0, 1}.

8.2.2 Formal definition

To formalize this operator, let’s define an operator that operates on a x(i)
1−b branch of a basis-honest state,

and randomizes the phase information register θ(i)
b by swapping it with a completely new random value ∆

(i)
b :

Definition 8.2. Recall in Setup 3 the client holds a tuple of key pairs in register K = (K(i))i∈[0,L],
K(i) = (x

(i)
b )b∈{0,1}. And the client additionally holds a tuple of phase pairs in register Θ = (Θ(i))i∈[0,L],

Θ(i) = (θ
(i)
b )b∈{0,1}, θ

(i)
b ∈ {0, 1 · · · 7}. For a purified joint state |ϕ〉, expand the basis-honest part:

Πbasishonest(K) |ϕ〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗
∑

~b∈{0,1}1+L

|~x~b〉︸ ︷︷ ︸
server-side register Sbsh

⊗ |ϕK,Θ,~b〉 (136)

For any i ∈ [0, L], b ∈ {0, 1}, define SWAP
(i)
1−b,b as follows. First initialize randomness register ∆(i)

b to hold

uniformly distributed value ∈ {0, 1 · · · 7}. Then SWAP
(i)
1−b,b is the following control-swap operation that acts

nontrivially on the x(i)
1−b branch of (136) and swaps the value of θ(i)

b with the value of ∆(i)
b :

|∆(i)
b 〉︸ ︷︷ ︸

∆
(i)
b

|K〉 |· · · , θ(i)
b︸︷︷︸
θ
(i)
b

, · · ·〉

︸ ︷︷ ︸
client

⊗ |· · ·x(i)
1−b · · ·〉︸ ︷︷ ︸

server-side register Sbsh

(K = (K(i))i∈[0,L],K
(i) = (x

(i)
b )b∈{0,1}) (137)

SWAP
(i)
1−b,b−−−−−−−→|θ(i)

b 〉 |K〉 |· · · ,∆
(i)
b , · · ·〉 ⊗ |· · ·x(i)

1−b · · ·〉 (138)
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The operator acts as identity on the other branch and outside Πbasishonest(K).

Then the randomization operator R1 is to apply SWAP
(i)
1−b,b for all the possible i, b:

Definition 8.3. Consider the same register set-up as Definition 8.2. Additionally introduce registers ∆(i)
b ,

i ∈ [0, L], b ∈ {0, 1}, which are initialized to hold the state

|$1〉 =
1√

82(L+1)

∑
∀i∈[0,L],∀b∈{0,1}:∆(i)

b ∈{0,1···7}

|(∆(i)
b︸︷︷︸

∆
(i)
b

)i∈[0,L],b∈{0,1}〉

Define randomization operator R1 as

◦∀i∈[0,L],∀b∈{0,1}SWAP
(i)
1−b,b

Note that (1) for each i, b the SWAP operator uses freshly new randomness; (2) ◦ denote the operator
composition; since these SWAP operators commute with each other the order of applying these SWAP
operators does not matter; (3) when we say “randomizing a state |ϕ〉 with R1”, we mean applying R1 on
|$1〉 ⊗ |ϕ〉.

We will show:

• Applying R1 to the output of AddPhaseWithHelper keeps the state indistinguishable;

• Applying R1 takes the state to a class of states that satisfy specific properties.

8.2.3 Preparation for the proof: ReviseRO Operator

We note there is an important missing factor in Example 2.1 and discussions around (134)(135). In the
outcome from the real protocol (characterized by Setup 3), the server also has access to the ciphertexts in
the messages of AddPhaseWithHelper. Taking this into consideration, the left hand side of (135) should be
replaced by

|∆(0)
1 〉︸ ︷︷ ︸

randomness for R1

|H(R
(0)

b(helper),1
||x(helper)

b(helper) ||x
(0)
1 )〉︸ ︷︷ ︸

H(R
(i)

b(helper),1
||x(helper)

b(helper) ||x
(i)
0 )

|θ(0)
1 〉︸ ︷︷ ︸
θ
(0)
1

|H(R
(0)

b(helper),1
||x(helper)

b(helper) ||x
(0)
1 ) + θ

(0)
1 〉︸ ︷︷ ︸

ct
(0)

b(helper),1

|x(0)
0 〉︸ ︷︷ ︸

server-side S(0)
bsh

(139)

Taking these ciphertexts into consideration, the swapping operator in R1 does not keep the state invariant,
since after the swapping the random oracle content, θ register, and the ct register does not necessarily satisfy
Equation (132) given in Setup 3. To address this problem, we note that what we want is only the state
remains indistinguishable under Fblind. This allows us to first introduce a ReviseRO operator that erases the
content of the random oracle registers in (139). After the application of ReviseRO, R1 will keep the state
approximately invariant.

Definition 8.4 (ReviseRO). Under Setup 3, for each i ∈ [0, L], b(helper) ∈ {0, 1}, b ∈ {0, 1}, the ReviseRO
(i)

b(helper),b

operator is defined as follows. Here we omit the client-side key registers and some other registers that are
not directly used in ReviseRO

(i)

b(helper),b
(for example, R(i)

b(helper),b
; it is only used to index the random oracle

registers).

|H(R
(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b )〉︸ ︷︷ ︸

H(R
(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b )

|θ(i)
b 〉︸ ︷︷ ︸
θ
(i)
b

|H(R
(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b ) + θ

(i)
b 〉︸ ︷︷ ︸

ct
(i)

b(helper),b

(140)

ReviseRO
(i)

b(helper),b−−−−−−−−−−−→ |0〉︸︷︷︸
H(R

(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b )

|θ(i)
b 〉︸ ︷︷ ︸
θ
(i)
b

|H(R
(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b ) + θ

(i)
b 〉︸ ︷︷ ︸

ct
(i)

b(helper),b

(141)

Then define ReviseRO to be the following operation:
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1. For each i ∈ [0, L], b(helper) ∈ {0, 1}, b ∈ {0, 1}:

(a) Apply ReviseRO
(i)

b(helper),b
.

(b) Apply Hadamard gates on each bit of RO register H(R
(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b ).

The second step above is to re-create uniformly random coins for the random oracle, and thus preserve the
validity of the state in the random oracle model (Definition 3.4). Since this step only applies on the blinded
part of H and the registers are expected to be in state |0〉 (as shown in (141)) and thus are not entangled
with other parts of the states, this step will not have observable influence for operations in Fblind.

Fact 8. Suppose |ϕ〉 is in Setup 3. Then ReviseRO |ϕ〉 ≈ind:Fblind |ϕ〉 where Fblind is defined in Setup 3.

Proof. Recall that operators in Fblind only have read-only access to existing transcripts and could not query
the blinded part of H. Following the definition of ReviseRO completes the proof.

8.3 Phase Table Structure Implies Approximate Invariance Under Randomiza-
tion of R1

The following theorem says the application of R1 keeps the state approximately invariant.

Theorem 8.1. Suppose a sub-normalized purified joint state |ϕ2.a〉 is in Setup 3. Then

R1(|$1〉 ⊗ ReviseRO |ϕ2.a〉) ≈negl(κ) ReviseRO |ϕ2.a〉 (142)

8.3.1 Linear algebra fact that connects state form to approximate-invariance of operator

To prove this theorem, we give the following linear algebra fact that says, if the state is close to a specific
form, it is approximate-invariant under a randomization operator.

Fact 9. Suppose |ϕ〉 satisfies:
|ϕ〉 ≈ε

1√
8

∑
θ∈{0,1···7}

|θ〉 ⊗ |ψ〉 (143)

Then
1√
8

∑
∆∈{0,1···7}

|∆〉 ⊗ |ϕ〉

is 2ε-invariant under the following operator:

|∆〉 |θ〉 → |θ〉 |∆〉 (144)

8.3.2 Proof of Theorem 8.1

Proof. Unrolling the definition of R1, we only need to prove, for all i ∈ [0, L], b ∈ {0, 1}:

SWAP
(i)
1−b,b(

1√
8

∑
∆

(i)
b ∈{0,1···7}

|∆(i)
b 〉︸ ︷︷ ︸

∆
(i)
b

⊗ReviseRO |ϕ2.a〉) ≈negl(κ) ReviseRO |ϕ2.a〉 (145)

Denote the x(i)
1−b branch of |ϕ2.a〉 as |ϕ2.a

(i),1−b〉. Since SWAP
(i)
1−b,b only operates nontrivially on |ϕ2.a

(i),1−b〉, (145)
is further reduced to proving

SWAP
(i)
1−b,b(

1√
8

∑
∆

(i)
b ∈{0,1···7}

|∆(i)
0 〉 ⊗ ReviseRO |ϕ2.a

(i),1−b〉) ≈negl(κ) ReviseRO |ϕ2.a
(i),1−b〉 (146)

Recall the definition of |ϕ2.a〉 in Setup 3:

|ϕ2.a〉 = AddPhaseWithHelperAdv(K(helper),K,Θ; 1κ) |ϕ1〉
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where |ϕ1〉 is in Setup 1. Applying Lemma 6.6 we get

|ϕ2.a
(i),1−b〉 ≈negl(κ) AddPhaseWithHelperAdv(K(helper),K,Θ; 1κ) |ϕ1

(i),1−b〉 (147)

where we use |ϕ1
(i),1−b〉 to denote the x(i)

1−b-branch of |ϕ1〉.
To prove it, we are going to use Fact 9, a linear algebra fact that is proved previously for the preparation

of this proof. We need to show |ϕ2.a
(i),1−b〉 is close to a state that satisfies the condition of Fact 9 (that is, does

not depend on θ(i)
b ). This is by replacing state and operations in (147) by states and operators that does not

depend on the values of θ(i)
b step by step:

1. Suppose the random paddings used within the AddPhaseWithHelper are sampled and stored in client-side
register R. Since |ϕ1

(i),1−b〉 is efficiently-preparable, by Lemma 3.4:

∃ |ϕ̃1
(i),1−b〉 independent of H(R|| · · · ) : |ϕ̃1

(i),1−b〉 ≈negl(κ) |ϕ1
(i),1−b〉 (148)

2. Define Adv′ as the adversary that compared to Adv, all the queries to H are replaced by Hmid where
Hmid is a blinded oracle where entries in the form of {0, 1}2κ||x(i)

b are blinded. (Recall the key length
of the helper gadget is also κ.) Intuitively, recall we are studying the x(i)

1−b-branch thus x(i)
b is not

predictable by the server. Formally, by Lemma 6.5 we have

AddPhaseWithHelperAdv(K(helper),K,Θ; 1κ) |ϕ1
(i),1−b〉 (149)

≈negl(κ)AddPhaseWithHelperAdv
′
(K(helper),K,Θ; 1κ) |ϕ1

(i),1−b〉 (150)

3. Combining (148)(150) above we have

|ϕ̃2.a
(i),1−b〉 := AddPhaseWithHelperAdv

′
(K(helper),K,Θ; 1κ) |ϕ̃1

(i),1−b〉 ≈negl(κ) |ϕ2.a
(i),1−b〉

and by its definition it is independent to random oracle output register H(R||{0, 1}κ||x(i)
b ). Recall the

encryptions of θ(i)
b in the client-side messages of AddPhaseWithHelper have the form

ct
(i)

b(helper),b
= h+ θ

(i)
b , h = H(R

(i)

b(helper),b
||x(helper)

b(helper) ||x
(i)
b )

Thus after the application of ReviseRO
(i)

b(helper),b
on |ϕ̃2.a

(i),1−b〉 the overall state could be written as∑
θ
(i)

b(helper),b
∈{0,1···7}

∑
h∈{0,1···7}

|θ(i)

b(helper),b
〉︸ ︷︷ ︸

θ
(i)

b(helper),b

|ct(i)
b(helper),b

〉︸ ︷︷ ︸
ct

(i)

b(helper),b

|ψ
ct

(i)

b(helper),b

〉︸ ︷︷ ︸
other parts

That is, the rightmost term does not depend on the value of register θ(i)

b(helper),b
(but could depend on

the transcript register ct(i)
b(helper),b

). Now the condition for applying Fact 9 is satisfied. This completes
the proof of (146).

This completes the proof of (145) and completes the whole proof.

8.4 New Set-up
Now we are going to formalize a new setup that captures the properties of states after the randomization of
R1.

Set-up 4. Define Setup 4 as the set of states that could be written as

R1(|$1〉 ⊗ ReviseRO |ϕ〉), |ϕ〉 is in Setup 3.
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Since there have been lots of nesting in the definition, let’s give a recap of the properties of states in Setup
4.

In Setup 4 the client holds a tuple of key pairs in register K = (K(i))i∈[0,L], K(i) = (x
(i)
b )b∈{0,1}.

And the client additionally holds a tuple of phase pairs in register Θ = (Θ(i))i∈[0,L], Θ(i) = (θ
(i)
b )b∈{0,1},

θ
(i)
b ∈ {0, 1 · · · 7}. H

′ is defined to be the blinded oracle where entries in the form of {0, 1}κ||K(helper)|| · · · are
blinded, which covers the target registers of ReviseRO. Fblind is defined to be the set of server-side operators
that could only query this blinded oracle.

A state |ϕ〉 in Setup 4 satisfies:

• It is key checkable for each key pair in K by an operator in Fblind;

• It is strongly-claw-free for each key pair in K against efficient operators in Fblind;

• For each possible value Θ of registers Θ, the corresponding component of |ϕ〉 has norm 1√
|Domain(Θ)|

.

• For any i ∈ [0, L], b ∈ {0, 1}, the x(i)
1−b-branch of |ϕ〉 does not depend on the value of θ(i)

b .

8.4.1 Subtlety: states in Setup 4 are not obviously efficiently-preparable, and how to deal
with it

We note that since the operator ReviseRO is introduced in the definition of Setup 4 the state is not obviously
efficiently-preparable. But generally the lemmas that are proved with efficient-preparable property still holds
for states in Setup 4 against adversary in Fblind. The reason is ReviseRO is not observable by Fblind, and R1

keeps the state approximately invariant by Theorem 8.1.
We list the following lemmas that will be used in later proofs.

Lemma 8.2 (Analog of Lemma 6.6). Consider a sub-normalized purified joint state |ϕ〉 in Setup 4. Suppose
|ϕ′〉 = PrtlAdv |ϕ〉 where the protocol Prtl and adversary Adv are both efficient and do not query the blinded
part of H. Suppose |ϕ′〉 satisfies all the conditions in Setup 1 except the third bullet.

Use ΠSbsh~x~b
to denote the projection onto ~x~b-branch (Definition 6.7). Then for any efficient server-side

operation D ∈ Fblind there is

Πbasishonest(K)DΠbasishonest(K) |ϕ〉 ≈negl(κ)

∑
~b∈{0,1}L

ΠSbsh~x~b
DΠSbsh~x~b

|ϕ〉 (151)

The two lemmas below are analog of Lemma 7.2 and Corollary 7.3, and we use K ′ to replace K in these
lemmas since the symbol K is occupied by the key tuple appeared in the protocol.

Lemma 8.3 (Analog of Lemma 7.2). Consider a sub-normalized purified joint state |ϕ〉 in Setup 4. Suppose
|ϕ′〉 = PrtlAdv0 |ϕ〉 where the protocol Prtl and adversary Adv0 are both efficient and do not query the blinded
part of H. Then suppose the client holds a key pair in register K ′ = (x′0,x

′
1), and |ϕ′〉 satisfies all the

conditions in SETUP2(K ′) except the first bullet, and is in the basis-honest form of K ′ with only x′0 branch.
Then for any efficient adversary Adv ∈ Fblind there is

|Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′〉 | ≈negl(κ)

1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′〉 |

|Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′〉 | ≈negl(κ)

1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′〉 |

Corollary 8.4 (Analog of Corollary 7.3). Consider a sub-normalized purified joint state |ϕ〉 in Setup 4.
Suppose |ϕ′〉 = PrtlAdv0 |ϕ〉 where the protocol Prtl and adversary Adv0 are both efficient and do not query the
blinded part of H. Then suppose the client holds a key pair in register K ′ = (x′0,x

′
1), and |ϕ′〉 satisfies all

the conditions in SETUP2(K ′) except the first bullet, and is in an ε-basis-honest form of K ′. Denote the
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x′0-branch as |ϕ′0〉 and x′1-branch as |ϕ′1〉. If an efficient adversary Adv ∈ Fblind could make the client output
pass in the Hadamard test (Protocol 5) from initial state |ϕ′〉 with probability ≥ 1− p, then

Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′0〉

≈√
2(p+2ε)+negl(κ)

Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′1〉 (152)

Πlast κ bits of d
=0 HadamardTestAdv(K ′; 1κ) |ϕ′0〉 ≈√p+2ε+negl(κ) 0,

Πlast κ bits of d
=0 HadamardTestAdv(K ′; 1κ) |ϕ′1〉 ≈√p+2ε+negl(κ) 0 (153)

Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′0〉

≈√p+ε+negl(κ) −Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ′1〉 (154)

We put their proofs in Appendix D.

9 Analysis of Collective Phase Test (CoPhTest)
In this section, we will analyze the implication of collective phase test.

Before going to the protocol analysis, in Section 9.1 we will define a series of notions including the
pre-phase-honest form, and the phase-honest form. Then in Section 9.2, we will define a new randomization
operator R2.

• Following the definition, we will show this operator will transform a state in Setup 4 (a basis-honest
form with a specific property) to a pre-phase-honest form.

• In Section 9.3 we will show if an efficient adversary could pass the collective phase test from a state in
Setup 4, the overall state could be further randomized under R2.

9.1 Pre-phase-honest Form and Phase-honest Form
Let’s assume the Setup 4 and assume the state is in a basis-honest form for K. We say this state is a
pre-phase-honest form or a phase-honest form if it is a basis-honest form and has additional structure related
to the phase information in Θ. Recall by Definition 6.7 and Notation 3.16 the basis-honest form could
be written as a linear sum of different branches, and each branch could be written as the sum of different
components based on different values of Θ register.

For preparation, let’s first define the honest joint phase of a branch:

Definition 9.1 (Honest joint phase). Suppose the client holds a tuple of key pairs K = (K(i))i∈[0,L] and
a tuple of phase pairs Θ = (Θ(i))i∈[0,L],Θ

(i) = (θ
(i)
0 ,θ

(i)
1 ). For subscript vector ~b = b(0)b(1)b(2) · · · b(L) ∈

{0, 1}1+L, we call SUM(~Θ~b) = θ
(0)

b(0)
+ θ

(1)

b(1)
+ θ

(2)

b(2)
+ · · ·+ θ

(L)

b(L) the honest joint phase for ~x~b-branch when the
value of Θ is Θ.

Then informally:

• A pre-phase honest form satisfies: if SUM(~Θ~b1) = SUM(~Θ~b2), then the ~x~b1 branch is the same as the
~x~b2 branch, excluding the registers that are necessarily different (which is the server-side key vector
register Sbsh and the client side phase register Θ). But we do not restrict the phases of states with
different SUM(~Θ~b).

• A state in the phase-honest form means the branch ~x~b has phase SUM(~Θ~b) besides the requirement in
pre-phase-honest form.
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Definition 9.2 (Pre-phase-honest form). We say a purified joint state |ϕ〉 in Setup 4 is in the pre-phase honest
form if there exists a family of states |ϕK,~b,sum〉 for each K ∈ Domain(K),~b ∈ {0, 1}1+L, sum ∈ {0, 1 · · · 7}
such that |ϕ〉 could be written as∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗
∑

~b∈{0,1}1+L

|~x~b〉︸ ︷︷ ︸
server-side Sbsh

⊗ |ϕK,~b,SUM(~Θ~b)
〉 (155)

Definition 9.3 (Phase-honest form). We say a purified joint state |ϕ〉 in Setup 4 is in the pre-phase honest
form if there exists a family of states |ϕK,~b,+〉 , |ϕK,~b,−〉 for each K ∈ Domain(K),~b ∈ {0, 1}1+L such that
|ϕ〉 could be written as∑
K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗
∑

~b∈{0,1}1+L

|~x~b〉︸ ︷︷ ︸
server-side Sbsh

⊗(eSUM(~Θ~b)iπ/4 |ϕK,~b,+〉+e
−SUM(~Θ~b)iπ/4 |ϕK,~b,−〉) (156)

As expected, in the formal definition we need to take the complex-conjugate term into consideration.

9.2 Randomization Operator R2

Let’s start to define the randomization operator that randomizes a basis-honest form in Setup 4 to a pre-
phase-honest form. To do that, we will define an operator Add~b operated on the ~x~b-branch, for ~b ∈ {0, 1}

1+L.

Definition 9.4. Consider a purified joint state |ϕ〉 in Setup 4 and a basis-honest form of K:

|ϕ〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗
∑

~b∈{0,1}1+L

|~x~b〉︸ ︷︷ ︸
server-side Sbsh

⊗ |ϕK,Θ,~b〉

Define the operator Add~b controlled on a specific branch indexed by ~b = b(0)b(1)b(2) · · · b(L), with randomness
∆

(1)

b(1)
· · ·∆(L)

b(L) :

|∆(1)

b(1)
· · ·∆(L)

b(L)〉︸ ︷︷ ︸
∆

(1)

b(1)
···∆(L)

b(L)

|θ(0)

b(0)
θ

(1)

b(1)
· · · θ(L)

b(L)〉︸ ︷︷ ︸
client-side registers θ(0)

b(0)
θ
(1)

b(1)
· · · θ(L)

b(L)

|~x~b〉︸︷︷︸
server-side Sbsh

(157)

Add~b−−−→|θ(1)

b(1)
· · · θ(L)

b(L)〉 |(
∑
i∈[0,L]

θ
(i)

b(i)
−

∑
i∈[L]

∆
(i)

b(i)
)∆

(1)

b(1)
· · ·∆(L)

b(L)〉︸ ︷︷ ︸
θ
(0)

b(0)
θ
(1)

b(1)
···θ(L)

b(L)

|~x~b〉 (158)

and acts as identity on the other branches and outside Πbasishonest(K).

This means:

• This operator only operates on the ~x~b-branch of the state, and randomizes the θ
(0)

b(0)
θ

(1)

b(1)
· · · θ(L)

b(L)

information stored on the client side with randomness ∆. Recall that in the preRSPV protocol θ(i)

b(i)

could be decrypted with keys in ~x~b. Thus this operator aims at randomizing the phases that could be
decrypted by the server’s keys, which is different from the operator R1.

• The randomization is done in a way that for each branch, the honest joint phase (Definition 9.1) of this
branch remains the same.

Then define the overall randomization operator for the collective phase test as the composition of Add~b for
each ~b, with suitable choice of randomness:
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Definition 9.5 (R2). For each i ∈ [L], b ∈ {0, 1}, initialize register ∆(i)
b to store a uniform superposition of

{0, 1 · · · 7}. Overall these registers are initialized to hold the state

|$2〉 =
1√
82L

∑
∀b∈{0,1},i∈[L]:∆

(i)
b ∈{0,1···7}

|(∆(i)
b︸︷︷︸

∆
(i)
b

)i∈[L],b∈{0,1}〉 (159)

Define R2 as
R2 = ◦~b∈{0,1}1+LAdd~b

which operates on a state in Setup 4 together with |$2〉.

We have the following theorems about R2.

Theorem 9.1. On state |ϕ〉 in Setup 4, R2 could be efficiently implemented with access to the transcript
registers, Sbsh and registers of |$2〉.

Proof. R2 can be implemented through the following operations.

1. Use the key-checkable operators to calculate the subscript vector for keys in Sbsh.

2. For the ~x~b-branch, controlled by the subscript vector ~b, apply operator Add~b.

3. Redo the first step to erase the temporary register that stores the subscripts.

Theorem 9.2. If |ϕ〉 is in Setup 4 and is in a basis-honest form, R2(|$2〉 ⊗ |ϕ〉) is in a pre-phase-honest
form.

Proof. By the definition of pre-phase-honest form we can study the structure of each branch separately. For
~b ∈ {0, 1}1+L, denote the ~x~b-branch of |ϕ〉 as

|ϕ~b〉 =
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |ϕΘ,~b〉

where we make the client-side key registers implicit and make the phase registers explicit. By the condition
that |ϕ〉 is in Setup 4, we know |ϕ~b〉 does not depend on the values of registers θ(0)

1−b(0)θ
(1)

1−b(1) · · ·θ
(L)

1−b(L) . Thus
we could write |ϕ~b〉 as:

|ϕ~b〉 =
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉

By direct calculation, after the application of Add~b it becomes (note that in the calculation below we omit
some unused registers)

Add~b(|$2〉 ⊗ |ϕ~b〉) (160)

=
∑

∀i∈[L]:∆
(i)

b(i)
∈{0,1···7}

∑
∀i∈[0,L]:θ

(i)

b(i)
∈{0,1···7}

|θ(0)

b(0)
θ

(1)

b(1)
· · · θ(L)

b(L)〉︸ ︷︷ ︸
∆

(0)

b(0)
∆

(1)

b(1)
···∆(L)

b(L)

|(
∑
i∈[0,L]

θ
(i)

b(i)
−

∑
i∈[L]

∆
(i)

b(i)
)∆

(1)

b(1)
· · ·∆(L)

b(L)〉︸ ︷︷ ︸
θ
(0)

b(0)
θ
(1)

b(1)
···θ(L)

b(L)

⊗ |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉

(161)

=
∑

∀i∈[0,L]:∆̃
(i)
b ∈{0,1···7},θ

(i)

b(i)
∈{0,1···7},

∑
i∈[0,L] ∆̃

(i)

b(i)
=
∑
i∈0,L] θ

(i)

b(i)

|θ(0)

b(0)
θ

(1)

b(1)
· · · θ(L)

b(L)〉 |∆̃
(0)

b(0)
∆̃

(1)

b(1)
· · · ∆̃(L)

b(L)〉 ⊗ |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉

(162)

which has the form required in the pre-phase-honest form if we define

|ϕ~b,sum〉 =
∑

∀i∈[0,L]:θ
(i)

b(i)
∈{0,1···7},

∑
i∈0,L] θ

(i)

b(i)
=sum

|θ(0)

b(0)
θ

(1)

b(1)
· · · θ(L)

b(L)〉 |ϕ~b,θ(0)
b(0)

θ
(1)

b(1)
···θ(L)

b(L)

〉
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9.3 CoPhTest Implies Approximate Invariance Under Randomization of R2

Now we give the following theorem, which says the ability of passing CoPhTest implies approximate invariance
of the initial state under R2.

Theorem 9.3. Suppose a sub-normalized purified joint state |ϕ〉 is in Setup 4 and is in ε0-basis-honest form.
Suppose Adv is an efficient adversary that could make the client output pass in the collective phase test with
probability ≥ 1− ε1 from initial state |ϕ〉. Then there is

R2(|$2〉 ⊗ |ϕ〉) ≈(12ε
1/4
1 +ε0+negl(κ))

|$2〉 ⊗ |ϕ〉 (163)

9.3.1 A linear algebra lemma that connects state structure with randomization

Before giving the formal proof, we give a linear algebra lemma that connects the structure of states implies
approximate invariance of an operation.

Fact 10. Suppose C = {0, 1 · · · 7}1+N . Suppose |ϕ〉, |φ〉 satisfy, there exist states |ϕc0c1c2···cN 〉, |φsum〉 for
each c0c1c2 · · · cN ∈ C, sum ∈ {0, 1 · · · 7} such that

|ϕ〉 =
∑

c0c1c2···cN∈C
|c0c1c2 · · · cN 〉 ⊗ |ϕc0c1c2···cN 〉

|φ〉 =
∑

c0c1c2···cN∈C
|c0c1c2 · · · cN 〉 ⊗ |φSUM(c0c1c2···cN )〉

|ϕ〉 ≈ε |φ〉

Then ∑
∆1∆2···∆N∈{0,1···7}N

1√
8N
|∆1∆2 · · ·∆N 〉 ⊗ |ϕ〉

is 2ε-invariant under the following operator:

|∆1∆2 · · ·∆N 〉 |c0c1c2 · · · cN 〉 → |c1c2 · · · cN 〉 |(
∑

i∈[0,N ]

ci −
∑
i∈[N ]

∆i)∆1∆2 · · ·∆N 〉 (164)

Also as a preparation, we generalize Notation 3.17 a little bit:

Notation 9.1. We say a purified joint state |ϕ〉 does not depend on the value of register C for the same
f(C) if it can be written as

|ϕ〉 =
∑
c∈C
|c〉︸︷︷︸
C

⊗ |ψf(c)〉

9.3.2 Proof of Theorem 9.3

Proof. Let’s use |ϕ′〉 to denote the output state of running CoPhTest on |ϕ〉 against Adv:

|ϕ′〉 = CoPhTestAdv(K,Θ; 1κ) |ϕ〉

|Πpass |ϕ′〉 |2 ≥ 1− ε1 (165)

The first step in the CoPhTest protocol is a call to the Combine protocol. This protocol combines (1 + L)
gadgets into one single gadget. Denote the output state after this step as |ϕmid〉:

|ϕmid〉 := Calc(K(combined),Θ(combined)) ◦ Response ◦ Adv1(|ϕ〉 � JCombineK) (166)

where

• JCombineK is the client-side messages in this step; recall that in this step the client samples (r
(i)
0 , r

(i)
1 )

for each i ∈ [L] and prepares many look-up tables that encodes these r-values.
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• Adv1 is the adversary’s operation in this step;

• Response is the operation that the server sends back a response (which is the output of Adv1);

• Calc(K(combined),Θ(combined)) is the client-side operation that calculatesK(combined),Θ(combined) based
on the server’s response.

Let’s first define some notations. In the passing space, suppose the server’s measurement outcome (in
other words, the output of Adv1 above) is

r
(1)

b(1)
r

(2)

b(2)
· · · r(L)

b(L) , b
(1) · · · b(L) ∈ {0, 1}L (167)

Recall the key vector notation in Notation 6.1, when the key tuple is K = (x
(i)
0 , x

(i)
1 )i∈[0,L] ∈ Domain(K)

and the phase tuple is Θ = (θ
(i)
0 , θ

(i)
1 )i∈[0,L] ∈ Domain(Θ), the final K(combined) could be denoted as

K(combined) = (~x~b0 , ~x~b1)

where
~b0 = 0b(1)b(2) · · · b(L),~b1 = 1(1− b(1))(1− b(2)) · · · (1− b(L)) (168)

Below we will use
~b0 +~b1 = ~1 (or ~b1 = ~1−~b0)

to denote ~b0,~b1 that satisfy (168), and use 0||{0, 1}L, 1||{0, 1}L to denote the domain of ~b0,~b1 above.
Correspondingly, the combined phases are

Θ(combined) = (θ
(combined)
0 , θ

(combined)
1 ) = (

∑
i∈[0,L]

θ
(i)

b(i)
,
∑
i∈[0,L]

θ
(i)

1−b(i))

Recall the notation of honest joint phase in Definition 9.1, this could be written as

Θ(combined) = (SUM(~Θ~b0), SUM(~Θ~b1))

Now we analyze the protocol. Starting from |ϕmid〉, with 1/2 probability both parties will do a standard
basis test on K(combined). By (165) the passing probability of this step should be ≥ 1− 2ε1, by Theorem 6.2
we can expand the state |ϕmid〉 based on the combined keys:

∃ efficient server-side O : |ϕ̃mid〉 := O |ϕmid〉 , |ϕ̃mid〉 is 1.5
√
ε1-basis-honest for K(combined) (169)

We can assume the server-side register that holds one combined key is still Sbsh. Then we could expand the
basis-honest part of |ϕ̃mid〉 as follows:

ΠSbshbasishonest(K(combined))
|ϕ̃mid〉 =

∑
K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

⊗
∑

~b0∈0||{0,1}L,~b1∈1||{0,1}L:~b0+~b1=~1

|~x~b0 , ~x~b1〉︸ ︷︷ ︸
K(combined)

|SUM(~Θ~b0), SUM(~Θ~b1)〉︸ ︷︷ ︸
Θ(combined)

⊗ |r(1)

b(1)
r

(2)

b(2)
· · · r(L)

b(L)〉︸ ︷︷ ︸
transcript

⊗
∑

~b∈(~b0,~b1)

|~x~b〉︸ ︷︷ ︸
Sbsh

⊗ |ϕK,Θ,~b〉

To show (163), we will first show:

R2(|$2〉 ⊗ |ϕ̃mid〉) ≈11ε
1/4
1 +negl(κ)

|$2〉 ⊗ |ϕ̃mid〉 (170)
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Note that in the above expansion of ΠSbshbasishonest(K(combined))
|ϕ̃mid〉 we are considering the basis-honest form

for the combined key, and there are only two branches corresponding to two keys in K(combined). Denote the
two branches as |ϕ̃mid0 〉 , |ϕ̃mid1 〉:

|ϕ̃mid0 〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉⊗

∑
~b0∈0||{0,1}L,~b1∈1||{0,1}L:~b0+~b1=~1

|~x~b0 , ~x~b1〉 |SUM(~Θ~b0), SUM(~Θ~b1)〉 ⊗ |r(1)

b(1)
r

(2)

b(2)
· · · r(L)

b(L)〉 ⊗ |~x~b0〉 ⊗ |ϕK,Θ, ~b0〉

|ϕ̃mid1 〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉⊗

∑
~b0∈0||{0,1}L,~b1∈1||{0,1}L:~b0+~b1=~1

|~x~b0 , ~x~b1〉 |SUM(~Θ~b0), SUM(~Θ~b1)〉 ⊗ |r(1)

b(1)
r

(2)

b(2)
· · · r(L)

b(L)〉 ⊗ |~x~b1〉 ⊗ |ϕK,Θ, ~b1〉

Thus ΠSbshbasishonest(K(combined))
|ϕ̃mid〉 = |ϕ̃mid0 〉+ |ϕ̃mid1 〉.

Then (170) is further reduced to proving:

R2(|$2〉 ⊗ |ϕ̃mid0 〉) ≈
5ε

1/4
1 +negl(κ)

|$2〉 ⊗ |ϕ̃mid0 〉 (171)

R2(|$2〉 ⊗ |ϕ̃mid1 〉) ≈
5ε

1/4
1 +negl(κ)

|$2〉 ⊗ |ϕ̃mid1 〉 (172)

Without loss of generality we prove (171). We first make use of the fact that the state and the adversary can
also pass the Hadamard test (the other choice of the client in CoPhTest). By (165) the passing probability of
Hadamard test is ≥ 1− 2ε1. By Lemma 6.4 we know |ϕ̃mid〉 is claw-free for K(combined). Then together with
(169) by Corollary 7.3 there is:

ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid0 〉 (173)

≈
2.5ε

1/4
1 +negl(κ)

ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid1 〉 . (174)

ΠfailHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid0 〉 (175)

≈
2ε

1/4
1 +negl(κ)

−ΠfailHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid1 〉 . (176)

Applying Fact 10 (with details in the box below) we know:

R2(|$2〉 ⊗ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid0 〉) (177)

≈
2.5ε

1/4
1 +negl(κ)

|$2〉 ⊗ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid1 〉 . (178)

R2(|$2〉 ⊗ΠfailHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid0 〉) (179)

≈
2ε

1/4
1 +negl(κ)

− |$2〉 ⊗ΠfailHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) |ϕ̃mid1 〉 . (180)

Proof of (178):
Recall (166). By Lemma 6.6 we have

|ϕ̃mid0 〉 ≈negl(κ)

∑
~b0∈0||{0,1}L

ΠSbsh~x~b0
ΠSbsh
x

(combined)
0

◦O ◦Calc ◦Response ◦Adv1 ◦ΠSbsh~x~b0
(|ϕ〉� JCombineK) (181)

|ϕ̃mid1 〉 ≈negl(κ)

∑
~b1∈1||{0,1}L

ΠSbsh~x~b1
ΠSbsh
x

(combined)
1

◦O ◦Calc ◦Response ◦Adv1 ◦ΠSbsh~x~b1
(|ϕ〉� JCombineK) (182)
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Then substituting (181)(182) into (173)(174) we get

ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) (183)∑
~b0∈0||{0,1}L

ΠSbsh~x~b0
ΠSbsh
x

(combined)
0

◦O ◦ Calc ◦ Response ◦ Adv1 ◦ΠSbsh~x~b0
(|ϕ〉 � JCombineK)

(184)

≈
2.5ε

1/4
1 +negl(κ)

ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ) (185)∑
~b1∈1||{0,1}L

ΠSbsh~x~b1
ΠSbsh
x

(combined)
1

◦O ◦ Calc ◦ Response ◦ Adv1 ◦ΠSbsh~x~b1
(|ϕ〉 � JCombineK)

(186)

Recall that after the Combine process there will be a series of transcript registers that stores the server’s
response (167). Its subscripts b(1)b(2) · · · b(L) determine the value of K(combine). Then we can decompose
(183)-(186) into a series of approximation relation for each b(1)b(2) · · · b(L) ∈ {0, 1}L by Fact ??. Then
notice ΠSbsh~x~b0

ΠSbsh
x

(combined)
0

in (184) is non-zero if and only if the last L bits of ~b0 is equal to the subscripts

of r-registers and ΠSbsh~x~b1
ΠSbsh
x

(combined)
1

in (186) is non-zero if and only if the last L bits of ~b1 is equal to ~1
minus the subscripts of r-registers. Thus the decomposed approximate equation is as follows:

There exists a set of non-negative real values t~b for each ~b ∈ 0||{0, 1}L such that,
∑
~b∈0||{0,1}L t~b ≤

2.5ε
1/4
1 , and for all ~b ∈ 0||{0, 1}L,

ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ)

ΠSbsh~x~b
O ◦ Calc ◦ Response ◦ Adv1ΠSbsh~x~b

(|ϕ〉 � JCombineK) (187)

≈t~b+negl(κ)ΠpassHadamardTestAdvHT ◦O
−1

(K(combined),Θ(combined); 1κ)

ΠSbsh~x~1−~b
O ◦ Calc ◦ Response ◦ Adv1ΠSbsh~x~1−~b

(|ϕ〉 � JCombineK). (188)

Expanding the operation of HadamardTest(K(combined),Θ(combined)) we get

ΠpassHadamardTestAdvHT ◦O
−1

(K(combined); 1κ)

ΠSbsh~x~b
O ◦ Calc ◦ Response ◦ Adv1ΠSbsh~x~b

(|ϕ〉 � JCombineK� (θ
(combined)
1 − θ(combined)

0 ))

(189)

≈t~b+negl(κ)ΠpassHadamardTestAdvHT ◦O
−1

(K(combined); 1κ)

ΠSbsh~x~1−~b
O ◦ Calc ◦ Response ◦ Adv1ΠSbsh~x~1−~b

(|ϕ〉 � JCombineK� (θ
(combined)
1 − θ(combined)

0 ))

(190)

and by the condition that |ϕ〉 in Setup 4 and the defining equation of the combined phases we know

(190) does not depend on the values of registers θ(0)
0 ,θ

(1)

b(1)
, · · ·θ(L)

b(L) for the same (θ
(0)
0 +

∑
i∈[L]

θ
(i)

b(i)
).

(191)
Thus applying Fact 10 we get, for each ~b ∈ 0||{0, 1}L,

R2(|$2〉 ⊗ (189)) (192)
≈t~b+negl(κ) |$2〉 ⊗ (190) (193)

summing up for all the possible ~b, substituting (181)(182) completes the proof of (178).

Summing (178)(180) implies (171). Similarly we prove (172). Thus we complete the proof of (170).
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Then we port (170) to |ϕ〉. Recall |ϕ̃mid〉 is defined by

|ϕ̃mid〉 := O ◦ Calc ◦ Response ◦ Adv1(|ϕ〉 � JCombineK)

Note that Calc, the client-side calculation of combined keys and combined phases, commute with O and R2.
(Note R2 preserves the combined phases on each branch.) Thus we can omit it and get

R2(|$2〉⊗O◦Response◦Adv1(|ϕ〉�JCombineK)) ≈
11ε

1/4
1 +negl(κ)

|$2〉⊗O◦Response◦Adv1(|ϕ〉�JCombineK) (194)

Starting from (194), apply the inverse of O ◦ Response ◦ Adv1, we have

Adv−1
1 Response−1◦O−1(R2(|$2〉⊗O◦Response◦Adv1(|ϕ〉�JCombineK))) ≈

11ε
1/4
1 +negl(κ)

|$2〉⊗|ϕ〉�JCombineK
(195)

⇒ ΠSbshbasishonest(K)Adv−1
1 Response−1 ◦O−1(R2(|$2〉 ⊗O ◦ Response ◦ Adv1(ΠSbshbasishonest(K) |ϕ〉 � JCombineK)))

(196)

≈
12ε

1/4
1 +ε0+negl(κ)

|$2〉 ⊗ |ϕ〉 � JCombineK (197)

Applying Theorem 6.6 we get

ΠSbshbasishonest(K)Adv−1
1 Response−1 ◦O−1(R2(|$2〉 ⊗O ◦ Response ◦ Adv1(ΠSbshbasishonest(K) |ϕ〉 � JCombineK)))

(198)

≈negl(κ)

∑
~b∈{0,1}1+L

ΠSbsh~x~b
Adv−1

1 Response−1 ◦O−1(R2(|$2〉 ⊗O ◦ Response ◦ Adv1(ΠSbsh~x~b
|ϕ〉 � JCombineK)))

(199)

=R2

∑
~b∈{0,1}1+L

ΠSbsh~x~b
(Adv−1

1 Response−1 ◦O−1(|$2〉 ⊗O ◦ Response ◦ Adv1(ΠSbsh~x~b
|ϕ〉 � JCombineK)))

(200)

≈negl(κ)R2ΠSbshbasishonest(K)(Adv−1
1 Response−1 ◦O−1(|$2〉 ⊗O ◦ Response ◦ Adv1(ΠSbshbasishonest(K) |ϕ〉 � JCombineK)))

(201)

where (199)-(200) is because R2 applying only on the ~x~b-branch state could be seen as a local operator Add~b
applying on the Θ registers, and thus commutes with operations Adv,Response, O.

(198)-(201) together with (196) implies

R2(|$2〉 ⊗ |ϕ〉 � JCombineK) ≈
12ε

1/4
1 +ε0+negl(κ)

|$2〉 ⊗ |ϕ〉 � JCombineK

which completes the proof.

10 Analysis of the Individual Phase Test (InPhTest)
In this section we analyze the implication of the individual phase test (InPhTest).

1. In Section 10.1 we will give two linear algebra lemmas which are the basis for later proofs.

2. In Section 10.2 we show the optimal winning probability of InPhTest is OPT. Recall that the OPT is
defined to be 1

3 cos2(π/8) in Section 5.

3. In Section 10.3 we construct a randomization operator P . We will show P transforms a pre-phase-honest
form to a phase-honest form.

4. In Section 10.4 we show InPhTest implies approximate invariance of a state (under Setup 4) under P†P .
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We give a brief review and overview of our analysis of the InPhTest. Recall that in the InPhTest the client-side
inputs are values of registers K(0),Θ(0). Note that different values of Θ(0) corresponds to different server-side
states. In more detail, when the value of Θ(0) is (θ

(0)
0 , θ

(0)
1 ), the malicious server’s state, assuming it’s in

Setup 4 and basis-honest form of K(0), could be expressed as (where we omit the client-side registers):

|x(0)
0 〉 |ϕ0,θ

(0)
0
〉+ |x(0)

1 〉 |ϕ1,θ
(0)
1
〉

Then InPhTest aims at testing the following property on |ϕ
0,θ

(0)
0
〉, |ϕ

1,θ
(0)
1
〉: there exist states |ϕ0,+〉 , |ϕ0,−〉 , |ϕ1,+〉 , |ϕ1,−〉

such that, up to a server-side isometry,

for each θ0, θ1, b ∈ {0, 1}, |ϕb,θb〉 ≈ eθ
(0)
b iπ/4 |ϕb,+〉+ e−θ

(0)
b iπ/4 |ϕb,−〉 . (202)

The first term corresponds to the honest state case and the second term corresponds to the complex-conjugated
honest state case. Then starting from (202), we can show the state is approximate invariant under P and
thus close to a phase-honest form.

The analysis towards proving (202) roughly goes as follows. In InPhTest (Protocol 11) both parties execute
the Hadamard test with an extra phase bias. One of three choices of extra phase bias δ ∈ {0, 1, 4} is chosen
randomly, which corresponds to two cases:

• δ ∈ {0, 4}: the server is required to make the client output pass in these two tests.

Considering the δ = 0 case first. Suppose the adversary’s operation maps |ϕ0,θ〉 to |ϕ′0,θ〉 and maps
|ϕ1,θ〉 to |ϕ′1,θ〉. (Here θ in |ϕ0,θ〉 stands for θ(0)

0 and θ in |ϕ1,θ〉 stands for θ(0)
1 .) Then use Π0 to denote

the projection onto the passing conditions (that is, Πd(79)=0Πlast κ bits of d
6=0 in Notation 7.1). Then the

server could pass the δ = 0 case implies

for each θ, Π0 |ϕ′0,θ〉 ≈ Π0 |ϕ′1,θ〉 (203)

Then in the δ = 4 case the passing and failing conditions are (almost) opposite to each other, we can
show

for each θ, Π0 |ϕ′0,θ〉 ≈ −Π0 |ϕ′1,θ+4〉 (204)

(Recall that in the extra-phase-biased Hadamard test the adversary does not know δ directly, it only
knows θ(0)

1 − θ(0)
0 − δ; thus if we fix the transcript and make δ varies from 0 to 4 the client-side phase

changes by 4 too.)

• δ = 1: the server is expected to make the client output win to the score register with sufficiently high
probability. As before we fix the transcript and the adversary’s operation is applied on a suitable
superposition of |ϕ0,θ〉 and |ϕ1,θ+1〉. Then could calculate the winning probability and get

the winning probability is the sum of |Π0 |ϕ′0,θ〉+ Π0 |ϕ′1,θ+1〉 |2 for each θ (205)

Then:

• The optimality of OPT comes from bounding (205) under the conditions (203)(204) (and necessary
properties on their norms). This is done in Section 10.2.

• When (205) is close to OPT, with this property together with (203)(204) we can prove these states
satisfy some relations, which allow us to derive (202). This is done in Section 10.4.

10.1 Linear Algebra Lemmas for Self-testing of State Sequences
In this subsection we prove two lemmas by linear algebra. These lemmas will be used in the analysis of
InPhTest.

First, we have the following lemma which leads to the optimality of OPT for winning probability:

Lemma 10.1. Suppose |φ0,0〉 , |φ0,1〉 , |φ0,2〉 , · · · , |φ0,7〉, |φ1,0〉 , |φ1,1〉 , |φ1,2〉 , · · · , |φ1,7〉 satisfy the following
for ε < 0.001:
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• There exist two non-negative real number A0, A1 such that ∀i ∈ {0, 1 · · · 7}, 1
8A0 − ε ≤ | |φ0,i〉 |2 ≤ 1

8A0,
1
8A1 − ε ≤ | |φ1,i〉 |2 ≤ 1

8A1, A0 +A1 ≤ 1
2 .

•
∑
i∈{0,1···7} | |φ0,i〉 − |φ1,i〉 |2 ≤ ε

•
∑
i∈{0,1···7} | |φ0,i〉+ |φ1,i+4〉 |2 ≤ ε

Then ∑
i∈{0,1···7}

| |φ0,i〉+ |φ1,i+1〉 |2 ≤ cos2(π/8) + 11
√
ε (206)

We also have the inverse version of this lemma, which characterize the self-testing property of InPhTest.
In more detail, if the left hand side of (206) is close-to-optimal, then these states should have a specific form,
which is given in the following lemma.

Lemma 10.2. Suppose |φ0,0〉 , |φ0,1〉 , |φ0,2〉 , · · · , |φ0,7〉, |φ1,0〉 , |φ1,1〉 , |φ1,2〉 , · · · , |φ1,7〉 satisfy the following
for ε < 10−5:

• There exist two non-negative real number A0, A1 such that ∀i ∈ {0, 1 · · · 7}, 1
8A0 − ε ≤ | |φ0,i〉 |2 ≤ 1

8A0,
1
8A1 − ε ≤ | |φ1,i〉 |2 ≤ 1

8A1, A0 +A1 ≤ 1
2 .

•
∑
i∈{0,1···7} | |φ0,i〉 − |φ1,i〉 |2 ≤ ε

•
∑
i∈{0,1···7} | |φ0,i〉+ |φ1,i+4〉 |2 ≤ ε

•
∑
i∈{0,1···7} | |φ0,i−1〉+ |φ1,i〉 |2 ≥ cos2(π/8)− ε

Then define

|φ0,+〉 =
1

8

∑
i∈{0,1···7}

e−iiπ/4 |φ0,i〉 (207)

|φ0,−〉 =
1

8

∑
i∈{0,1···7}

eiiπ/4 |φ0,i〉 (208)

|φ1,+〉 =
1

8

∑
i∈{0,1···7}

e−iiπ/4 |φ1,i〉 (209)

|φ1,−〉 =
1

8

∑
i∈{0,1···7}

eiiπ/4 |φ1,i〉 (210)

there is ∑
b∈{0,1}

∑
i∈{0,1···7}

| |φb,i〉 − (ei·iπ/4 |φb,+〉+ e−i·iπ/4 |φb,−〉)|2 ≤ 640ε1/4

The proofs of Lemma 10.1 and 10.2 are given in Appendix E.

10.2 Optimality of OPT in InPhTest

In this section we prove the optimality of winning probability in the individual phase test.

Theorem 10.3 (Optimality of OPT in InPhTest). Assume a sub-normalized purified joint state |ϕ〉 is in
Setup 4 and is in ε0-basis-honest form for K(0). Then for any ε1 < 10−5 − 2ε0, any efficient adversary Adv,
at least one of the following two is true:

• (Small passing probability)

|ΠpassInPhTestAdv(K,Θ; 1κ) |ϕ〉 |2 ≤ 1− ε1

72



• (Small winning probability)

|ΠwinInPhTestAdv(K,Θ; 1κ) |ϕ〉 |2 ≤ OPT + 10(ε1 + ε0)1/4 + negl(κ)

Proof. Expand |ϕ〉 on the basis-honest form of K(0):

Πbasishonest(K(0)) |ϕ〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗
∑

b∈{0,1}

|x(0)
b 〉︸ ︷︷ ︸
S

(0)
bsh

⊗ |ϕK,Θ,b〉

Define |ϕ0〉, |ϕ1〉 as the x(0)
0 , x(0)

1 branches:

|ϕ0〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |x(0)
0 〉 ⊗ |ϕK,Θ,0〉

|ϕ1〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |x(0)
1 〉 ⊗ |ϕK,Θ,1〉 .

Then Πbasishonest(K(0)) |ϕ〉 = |ϕ0〉+ |ϕ1〉.
Define |ϕ0,θ0,θ1〉 as the component of |ϕ0〉 where the θ(0)

0 register is in value θ0 and θ(0)
1 register is in value

θ1:
|ϕ0,θ0,θ1〉 =

∑
K∈Domain(K)

|K〉 ⊗
∑

Θ:θ
(0)
0 =θ0,θ

(0)
1 =θ1

|Θ〉 ⊗ |x(0)
0 〉 ⊗ |ϕK,Θ,0〉 (211)

Similarly define the |ϕ1,θ0,θ1〉:

|ϕ1,θ0,θ1〉 =
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ:θ
(0)
0 =θ0,θ

(0)
1 =θ1

|Θ〉 ⊗ |x(0)
1 〉 ⊗ |ϕK,Θ,1〉 (212)

Then we have
|ϕ0〉 =

∑
θ0,θ1∈{0,1···7}2

|ϕ0,θ0,θ1〉 , |ϕ1〉 =
∑

θ0,θ1∈{0,1···7}2
|ϕ1,θ0,θ1〉

Suppose
|ΠpassInPhTestAdv(K,Θ; 1κ) |ϕ〉 |2 > 1− ε1 (213)

Let’s calculate the probability of winning, which happens in the δ = 1 case in the extra-phase-bias Hadamard
test (Protocol 7).

|ΠwinInPhTestAdv(K,Θ; 1κ) |ϕ〉 |2 (214)

≈2ε0 |ΠwinInPhTestAdv(K,Θ; 1κ)Πbasishonest(K(0)) |ϕ〉 |2 (215)

=
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

|ΠwinInPhTestAdv(K,Θ; 1κ)(|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉)|2 (216)

=
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

1

3
|ΠwinHadamardTestAdv(K(0),Θ(0), 1; 1κ)(|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉)|2 (217)

=
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

1

3
|Πd(79)=0Πlast κ bits of d

6=0 HadamardTestAdv(K(0); 1κ)

(|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉)� (θ1 − θ0 − 1)|2 (218)

Recall Πd(79)=0,Π
d
(79)=1,Π

last κ bits of d
6=0 are defined when we define the set-up of Hadamard test (Setup 2,

Notation 7.1). In (218) we write explicitly the operations in which the client sends the relative phase with
extra phase bias to the server, runs the protocol and projects onto the winning space.

Then we consider the δ = 0 and δ = 4 case in the HadamardTest(K(0),Θ(0), δ) subprotocol. By (213)
the passing probability for these two cases should both be ≥ 1 − 3ε1. We can do a similar calculation as
(214)-(218) and get:
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• When δ = 0, |ΠpassHadamardTestAdv(K(0),Θ(0), 0; 1κ) ◦ |ϕ〉 |2 ≥ 1 − 3ε1. Recall the passing space is
Πd(79)=0Πlast κ bits of d

6=0 . By Corollary 7.3:

∑
θ0∈{0,1···7}

∑
θ1∈{0,1···7}

1

3
|Πd(79)=0Πlast κ bits of d

6=0 HadamardTestAdv(K(0); 1κ)(|ϕ0,θ0,θ1〉 − |ϕ1,θ0,θ1〉)� (θ1 − θ0)|2

(219)

≤6
√
ε1 + ε0 + negl(κ) (220)

• When δ = 4, the passing space is Πd(79)=1Πlast κ bits of d
6=0 and Πd(79)=0Πlast κ bits of d

6=0 is in the failing space.
Thus∑
θ0∈{0,1···7}

∑
θ1∈{0,1···7}

1

3
|Πd(79)=0Πlast κ bits of d

6=0 HadamardTestAdv(K(0); 1κ)(|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉)� (θ1 − θ0 − 4)|2

(221)

≤3
√
ε1 + ε0 (222)

Define
|ϕ′b,θ0,θ1,α〉 = Πd(79)=0Πlast κ bits of d

6=0 HadamardTestAdv(K(0); 1κ)(|ϕb,θ0,θ1〉 � α) (223)

Recall its subscripts correspond to the values of Θ(0) register and the transcript α (= θ1− θ0− δ) of a specific
branch.

Then define |ψ′b,θ0,θ1,α〉 as the part of state in |ϕ′b,θ0,θ1,α〉 excluding the registers θ(0)
0 ,θ

(0)
1 . That is,

|ϕ′b,θ0,θ1,α〉 = |θ0〉︸︷︷︸
θ
(0)
0

|θ1〉︸︷︷︸
θ
(0)
1

⊗ |ψ′b,θ0,θ1,α〉 (224)

By the basis-phase correpondance property described in Setup 4 we know |ψ′0,θ0,θ1,α〉 is the same for different
θ1 and |ψ′1,θ0,θ1,α〉 is the same for different θ0. Thus we could introduce the following notation for these two
states, where these unnecessary parameters are omitted:

|ψ′0,θ0,·,α〉 , |ψ
′
1,·,θ1,α〉 (225)

Then we can continue to calculate from (218):

(218) (226)

=
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

1

3
| |ψ′0,θ0,·,θ1−θ0−1〉+ |ψ′1,·,θ1,θ1−θ0−1〉 |2 (227)

=
∑

θ0∈{0,1···7}

∑
α∈{0,1···7}

1

3
| |ψ′0,θ0,·,α〉+ |ψ′1,·,θ0+1+α,α〉 |2 (228)

We will make use of Lemma 10.1 to bound the expression above. For the conditions to apply this lemma, we
know:

(220)⇒
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ψ′0,θ0,·,θ1−θ0〉 − |ψ
′
1,·,θ1,θ1−θ0〉 |

2 ≤ 6
√
ε1 + ε0 + negl(κ) (229)

(222)⇒
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ψ′0,θ0,·,θ1−θ0〉+ |ψ′1,·,θ1,θ1−θ0−4〉 |2 ≤ 3
√
ε1 + ε0 (230)

Finally by Lemma 7.2 we can argue about the norms of these states:

∀b ∈ {0, 1}, θ0, θ1 ∈ {0, 1 · · · 7}2, α ∈ {0, 1 · · · 7}, | |ψ′b,θ0,θ1,α〉 |
2 ≤ 1

2
| |ϕb,θ0,θ1〉 |2+negl(κ) ≤ 1

128
| |ϕb〉 |2+negl(κ)

(231)
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which together with (229)(230) allows us to apply Lemma 10.1 as follows. Define

|ψ′0,θ0〉 =
∑

α∈{0,1···7}

|ψ′0,θ0,·,α〉 , (232)

|ψ′1,θ0〉 =
∑

α∈{0,1···7}

|ψ′1,·,θ0+α,α〉 (233)

Then (229)(230)(231) translate to∑
θ0∈{0,1···7}

| |ψ′0,θ0〉 − |ψ
′
1,θ0〉 |

2 ≤ 6
√
ε1 + ε0 + negl(κ) (234)

∑
θ0∈{0,1···7}

| |ψ′0,θ0〉+ |ψ′1,θ0+4〉 |2 ≤ 6
√
ε1 + ε0 + negl(κ) (235)

∀b ∈ {0, 1}, θ0 ∈ {0, 1 · · · 7}, | |ψ′b,θ0〉 |
2 ≤ 1

16
| |ϕb〉 |2 + negl(κ) (236)

then we get

(228) (237)

=
1

3

∑
θ0∈{0,1···7}

| |ψ′0,θ0〉+ |ψ′1,θ0+1〉 |2 (238)

(apply Lemma 10.1) ≤OPT + 10(ε1 + ε0)1/4 + negl(κ) (239)

Substituting (214)(215) completes the proof.

10.3 Randomization Operator P for InPhTest

We will define the randomization operator P for the InPhTest. Different from R1, R2, this operator will be
a projection operator and will not use additional randomness. Let’s first give an intuitive discussion, and
formalize it in Definition 10.1.

10.3.1 Intuitive discussion

Let’s first consider the honest setting. The joint state of client side phase registers and the server-side state
could be jointly written as∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

1

8
|θ(0)

0 〉︸ ︷︷ ︸
θ
(0)
0

|θ(0)
1 〉︸ ︷︷ ︸
θ
(0)
1︸ ︷︷ ︸

client

⊗ 1√
2

(eθ
(0)
0 iπ/4 |x(0)

0 〉+ eθ
(0)
1 iπ/4 |x(0)

1 〉)︸ ︷︷ ︸
server

(240)

which is equal to the sum of two branches:

(
∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

1

8

1√
2
eθ

(0)
0 iπ/4 |θ(0)

0 〉 |θ
(0)
1 〉︸ ︷︷ ︸

client

⊗ |x(0)
0 〉︸ ︷︷ ︸

server

) + (
∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

1

8

1√
2
|θ(0)

0 〉 eθ
(0)
1 iπ/4 |θ(0)

1 〉︸ ︷︷ ︸
client

⊗ |x(0)
1 〉︸ ︷︷ ︸

server

)

(241)
We will define two sub-operators P0,+,P1,+ that operate on the two branches correspondingly. P0,+ operates
nontrivially only on the x(0)

0 -branch (the first term of (241)) while P1,+ operates nontrivially only on the
x

(0)
1 -branch (the second term of (241)). Without loss of generality, let’s show the design of P0,+. As before,

we will also see the honest input state is indeed invariant under this operator.
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First note the first term of (241) could be seen as the following state on θ(0)
0 register tensoring other

registers: ∑
θ
(0)
0 ∈{0,1···7}

1√
8
eθ

(0)
0 iπ/4 |θ(0)

0 〉 (242)

Introduce an indicator register indic+ which hold false value by default. Recall that P0,+, P1,+ are projections;
we will use this indicator register to record whether these projections are successful (which means, if these
projections are applied on honest inputs, the projections will always be successful, and this register will be
flipped to true deterministically). Then P0,+ applied on (242) goes as follows:

Equation (242)⊗ |false〉︸ ︷︷ ︸
indic+

(243)

(Control phase gate that adds phase e−θ
(0)
0 iπ/4 on θ(0)

0 register when it has value θ(0)
0 ) (244)

→
∑

θ
(0)
0 ∈{0,1···7}

1√
8
|θ(0)

0 〉 (Note that it is = |+〉 |+〉 |+〉) (245)

(H⊗3, followed by a projection measurement on {|0〉 〈0| , I− |0〉 〈0|}; use true to indicate |0〉 〈0| and false otherwise)
(246)

→|0〉 |0〉 |0〉 ⊗ |true〉︸ ︷︷ ︸
indic+

(247)

(Reverse the Hadamard and phase operations) (248)
→Equation (242)⊗ |true〉 (249)

Besides P0,+,P1,+, we also need to define P0,−,P1,−, as follows. As discussed in Section 2.1, in the malicious
setting there is no way so far to rule out the complex conjugate attack. Correspondingly, we define the
sub-operators P0,−,P1,− that fix the complex conjugate of the honest state, which is∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

1

8
|θ(0)

0 〉 |θ
(0)
1 〉︸ ︷︷ ︸

client

⊗ 1√
2

(e−θ
(0)
0 iπ/4 |x(0)

0 〉+ e−θ
(0)
1 iπ/4 |x(0)

1 〉)︸ ︷︷ ︸
server

(250)

The construction is similar to (243)-(249) with the following differences:

• Compared to (244) the phase is changed to eθ
(0)
0 iπ/4.

• The measurement results are stored in a different indicator register denoted by indic−.

Importantly, our construction of Pb,+ and Pb,−, b ∈ {0, 1} have the following properties, which can be verified
by a direct calculation:

• When P0,+, P1,+ are applied on (250), the outcome value in the indicator register indic+ is determin-
istically false. When they are applied on (240) indic+ is deterministically true.

• When P0,−, P1,− is applied on (240), the outcome value in the indicator register indic− is determinis-
tically false. When they are applied on (250) indic− is deterministically true.

Finally define P to be the sequential application of each of these four suboperators with suitable projections.
(The constructions guarantee that the order of these suboperators does not really matter as long as the
initial state is in some specific form). And the outcome of the indicator registers will indicate whether the
server-side state has honest phases or conjugated phases.

Below we give the formal definitions.
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10.3.2 Formalization

Definition 10.1. Consider the register setup in Section 6.1. Explicitly, we can assume a purified joint
state |ϕ〉 where the operators will act nontrivially on is in the basis-honest form of key pair K(0) (since our
operators will act as identity on spaces outside this form):

|ϕ〉 =
∑

K(0)∈Domain(K(0))

|K(0)〉 ⊗
∑

Θ(0)∈Domain(Θ(0))

|Θ(0)〉

︸ ︷︷ ︸
client

⊗
∑

b∈{0,1}

|x(0)
b 〉︸ ︷︷ ︸

S
(0)
bsh

⊗ |ϕK,Θ,b〉

First define some intermediate operators that will be used in our construction.

• Define the control-phase operator that controlled on the x(0)
b -branch, adds a phase determined by θ(0)

b :

CPhaseb(+) : |(x(0)
0 , x

(0)
1 )〉︸ ︷︷ ︸

K(0)

|θ(0)
b 〉︸ ︷︷ ︸
θ
(0)
b

|x(0)
b 〉︸ ︷︷ ︸
S

(0)
bsh

→ |(x(0)
0 , x

(0)
1 )〉 eθ

(0)
b iπ/4 |θ(0)

b 〉 |x
(0)
b 〉

CPhaseb(−) : |(x(0)
0 , x

(0)
1 )〉 |θ(0)

b 〉 |x
(0)
b 〉 → |(x

(0)
0 , x

(0)
1 )〉 e−θ

(0)
b iπ/4 |θ(0)

b 〉 |x
(0)
b 〉

• Define M
θ
(0)
b ,indic

as the control-flip operator that flip the state of indic when θ(0)
b register is in all-zero

state.

• We use H⊗3

θ
(0)
b

to denote the bit-wise Hadamard on client-side register θ(0)
b .

Initialize single-bit registers indic+, indic− to hold false by default. Define suboperators as follows:

P0,+ = CPhase0(+)H⊗3

θ
(0)
0

M
θ
(0)
0 ,indic+

H⊗3

θ
(0)
0

CPhase0(−)

P0,− = CPhase0(−)H⊗3

θ
(0)
0

M
θ
(0)
0 ,indic−

H⊗3

θ
(0)
0

CPhase0(+)

P1,+ = CPhase1(+)H⊗3

θ
(0)
1

M
θ
(0)
1 ,indic+

H⊗3

θ
(0)
1

CPhase1(−)

P1,− = CPhase1(−)H⊗3

θ
(0)
1

M
θ
(0)
1 ,indic−

H⊗3

θ
(0)
1

CPhase1(+)

Finally the overall randomization operator is:

P = (Π
S

(0)
bsh

x
(0)
0

(Π
indic+
true Π

indic−
false +Π

indic+
false Π

indic−
true )+Π

S
(0)
bsh

x
(0)
1

(Π
indic+
true Π

indic−
false +Π

indic+
false Π

indic−
true ))P1,−P1,+P0,−P0,+

(251)

Recall Π
S

(0)
bsh

x
(0)
b

is the projection onto the x(0)
b -branch of the basis-honest part.

We add some comments for understanding this definition. First note P1,−P1,+P0,−P0,+ are all defined to
be unitary operators here and projections happen in (251). Note multiplication of commuting projectors is
equivalent to logical and and summation of orthogonal projectors is equivalent to logical or. If we focus on
each single term of (251), and ignore the possible interference between different Pb,±, this construction is the
same as what we intuitively discussed in Section 10.3.1. In the next subsubsection we will formally analyze
how the honest state, or its complex conjugate, evolves under this operator.

10.3.3 P behaves well on states with honest phases or its complex conjugates

As discussed in the beginning of Section 10, we aim at testing (202). Here we first prove the form of states
shown in the right hand side of (202) do behave well under P. In more detail, P will revise the indicator
registers indic+, indic−; if the phase is eθ

(0)
b iπ/4 as shown in the first term in (202) the indic+ register will

be flipped to true, and if the phase is e−θ
(0)
b iπ/4 as shown in the second term in (202) the indic− register

will be flipped to true. In addition, when the initial state is in the form of (202), P behaves as a unitary;
thus P†P maps the state to the original state, which is similar to the case where R1,R2 are applied on
corresponding honest states.

Below we formalize this discussion as a lemma.
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Lemma 10.4. Suppose the register setup is the same as Section 6.1, especially, the client holds key pair
K(0) = (x

(0)
0 ,x

(0)
1 ) and the corresponding phase pair Θ(0) = (θ

(0)
0 ,θ

(0)
1 ). Suppose the purified joint state |ϕ〉

satisfies: for each b ∈ {0, 1},K(0) ∈ Domain(K(0)) there exist states |ϕK(0),b,+〉, |ϕK(0),b,−〉 such that:

|ϕ〉 =
∑

K(0)∈Domain(K(0))

|K(0)〉 ⊗
∑

Θ(0)∈Domain(Θ(0))

|Θ(0)〉

︸ ︷︷ ︸
client

⊗
∑

b∈{0,1}

|x(0)
b 〉︸ ︷︷ ︸
S

(0)
bsh

⊗(eθ
(0)
b iπ/4 |ϕK(0),b,+〉+e−θ

(0)
b iπ/4 |ϕK(0),b,−〉)

Then P |ϕ〉 is the linear sum of the following states:∑
K(0)∈Domain(K(0))

|K(0)〉 ⊗ |true〉︸ ︷︷ ︸
indic+

|false〉 ⊗
∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉︸ ︷︷ ︸

Θ(0)

⊗ |x(0)
0 〉︸ ︷︷ ︸
S

(0)
bsh

⊗eθ
(0)
0 iπ/4 |ϕK(0),0,+〉 (252)

∑
K(0)∈Domain(K(0))

|K(0)〉 ⊗ |false〉 |true〉︸ ︷︷ ︸
indic−

⊗
∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 ⊗ |x

(0)
0 〉 ⊗ e−θ

(0)
0 iπ/4 |ϕK(0),0,−〉 (253)

∑
K(0)∈Domain(K(0))

|K(0)〉 ⊗ |true〉︸ ︷︷ ︸
indic+

|false〉 ⊗
∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 ⊗ |x

(0)
1 〉 ⊗ eθ

(0)
1 iπ/4 |ϕK(0),1,+〉

∑
K(0)∈Domain(K(0))

|K(0)〉 ⊗ |false〉 |true〉︸ ︷︷ ︸
indic−

⊗
∑

θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 ⊗ |x

(0)
1 〉 ⊗ e−θ

(0)
1 iπ/4 |ϕK(0),1,−〉

And
P†P |ϕ〉 = |ϕ〉 (254)

Proof. The proof is by a direct calculation as discussed before this theorem. Without loss of generality we
calculate on the x(0)

0 branch. Then we only need to prove

(Π
indic+
true Π

indic−
false + Π

indic+
false Π

indic−
true )P0,−P0,+

∑
K(0)∈Domain(K(0))

|K(0)〉 ⊗
∑

Θ(0)∈Domain(Θ(0))

|Θ(0)〉⊗

|x(0)
0 〉 ⊗ (eθ

(0)
0 iπ/4 |ϕK(0),0,+〉+ e−θ

(0)
0 iπ/4 |ϕK(0),0,−〉) (255)

=(252) + (253) (256)

which is further reduced to

P0,−P0,+ |false〉 |false〉 eθ
(0)
0 iπ/4

∑
θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 (257)

= |true〉︸ ︷︷ ︸
indic+

|false〉 eθ
(0)
0 iπ/4

∑
θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 (258)

P0,−P0,+ |false〉 |false〉 e−θ
(0)
0 iπ/4

∑
θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 (259)

= |false〉 |true〉︸ ︷︷ ︸
indic−

e−θ
(0)
0 iπ/4

∑
θ
(0)
0 ,θ

(0)
1 ∈{0,1···7}2

|θ(0)
0 〉 |θ

(0)
1 〉 (260)

which are true by direct calculations as (243)-(249). (As an example, in (257) the application of P0,+

maps the state to (258), and then P0,− will keep the state invariant since the first Hadamard transform in
P0,− maps the θ(0)

0 register to |110〉 on which M operator acts as identity.)
Then the projections in the definition of P acts as identity thus (254) follows.
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10.3.4 P projects a pre-phase-honest form to a phase-honest form

The restriction so far is, we are only focusing on a single pair of phases Θ(0), which are the phases got tested
in InPhTest. P only operates on a single phase pair, but we want to argue about the overall property of the
whole state—that is, the overall state should be in the phase-honest form (Definition 9.3). The next lemma
says, when the input state is a pre-phase-honest form, the output of P will be a phase-honest form:

Lemma 10.5. Suppose the register setup is the same as Section 6.1, especially, the client holds a tuple of key
pairs K = (K(i))i∈[0,L], K(i) = (x

(i)
0 ,x

(i)
1 ), and a tuple of phase pairs Θ = (Θ(i))i∈[0,L], Θ(i) = (θ

(i)
0 ,θ

(i)
1 ).

Suppose a purified joint state |ϕ〉 is in the pre-phase-honest form. Then there exist states |ϕK,~b,+〉, |ϕK,~b,−〉,
(for each K ∈ Domain(K), ~b ∈ {0, 1}1+L) such that:

P |ϕ〉 (261)

= |true〉︸ ︷︷ ︸
indic+

|false〉
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗
∑

~b∈{0,1}1+L

|~x~b〉︸︷︷︸
Sbsh

⊗eSUM(~Θ~b)πi/4 |ϕK,~b,+〉 (262)

+ |false〉 |true〉︸ ︷︷ ︸
indic−

∑
K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗
∑

~b∈{0,1}1+L

|~x~b〉 ⊗ e
−SUM(~Θ~b)πi/4 |ϕK,~b,−〉 (263)

Proof. Since |ϕ〉 is in a pre-phase-honest form, we can assume there exist states |ϕK,~b,sum〉 (for each
K ∈ Domain(K), ~b ∈ {0, 1}1+L, sum ∈ {0, 1 · · · 7}) such that |ϕ〉 has the form∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗
∑

~b∈{0,1}1+L

|~x~b〉︸︷︷︸
Sbsh

⊗ |ϕK,~b,SUM(~Θ~b)
〉 (264)

Without loss of generality consider ~b ∈ {0, 1}1+L whose first bit is 0. Then from the definition of P we have
two terms to calculate. Let’s first calculate Π

indic+
true Π

indic−
false P0,−P0,+ΠSbshx~b

|ϕ〉. First we know:

Π
indic+
true P0,+ΠSbshx~b

|ϕ〉 (265)

=CPhase0(+)H⊗3

θ
(0)
0

Π
indic+
true M

θ
(0)
0 ,indic+

H⊗3

θ
(0)
0

CPhase0(−)
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |~x~b〉︸︷︷︸
Sbsh

⊗ |ϕK,~b,SUM(~Θ~b)
〉

(266)

=CPhase0(+)H⊗3

θ
(0)
0

Π
indic+
true M

θ
(0)
0 ,indic+

H⊗3

θ
(0)
0

∑
K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |~x~b〉︸︷︷︸
Sbsh

⊗e−θ
(0)
0 πi/4 |ϕK,~b,SUM(~Θ~b)

〉

(267)

=CPhase0(+) |true〉︸ ︷︷ ︸
indic+

|false〉︸ ︷︷ ︸
indic−

∑
K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |~x~b〉︸︷︷︸
Sbsh

⊗1

8

∑
α∈{0,1···7}

e−απi/4 |ϕ
K,~b,α−θ(0)0 +SUM(~Θ~b)

〉

(268)

= |true〉︸ ︷︷ ︸
indic+

|false〉
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |~x~b〉︸︷︷︸
Sbsh

⊗1

8

∑
α∈{0,1···7}

e−(α−θ(0)0 )πi/4 |ϕ
K,~b,α−θ(0)0 +SUM(~Θ~b)

〉

(269)

= |true〉︸ ︷︷ ︸
indic+

|false〉
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |~x~b〉︸︷︷︸
Sbsh

⊗eSUM(~Θ~b)iπ/4
1

8

∑
β∈{0,1···7}

e−βπi/4 |ϕK,~b,β〉 (270)

Then as shown in Lemma 10.4 P0,− keeps (270) invariant. Thus we get

Π
indic+
true Π

indic−
false P0,−P0,+ΠSbshx~b

|ϕ〉 = (270)
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which has the form of state required in (262) if we define

|ϕK,~b,+〉 := |true〉︸ ︷︷ ︸
indic+

|false〉 ⊗ 1

8

∑
β∈{0,1···7}

e−βπi/4 |ϕK,~b,β〉

Now we calculate Π
indic+
false Π

indic−
true P0,−P0,+ΠSbshx~b

|ϕ〉 and show it has the form required in (263). We could
do a similar direct calculation; the case here is slightly more complicated (note that P0,+ and P0,− are not
known to be commutative) but still possible; but here we choose a short path where we re-use the calculations
we did just now.

Recall the construction of P0,+, it has the form of U†M
θ
(0)
0 ,indic+

U . That implies when the initial state

has value |false〉 in indic+, Π
indic+
false P0,+ is the same as I−Xindic+Π

indic+
true P0,+, where Xindic+ is an operator

that flips the value of register indic+. Thus

Π
indic+
false P0,+ΠSbshx~b

|ϕ〉 = ΠSbshx~b
|ϕ〉 − Xindic+Π

indic+
true P0,+ΠSbshx~b

|ϕ〉 = ΠSbshx~b
|ϕ〉 − Xindic+(270)

Note the second term is invariant under P0,− thus satisfies Π
indic−
true P0,−(270) = 0. This implies

Π
indic+
false Π

indic−
true P0,−P0,+ |ϕ〉 = Π

indic−
true P0,− |ϕ〉

Then a calculation similar to (265) to (270) shows this term has the form of (263) if we define

|ϕK,~b,−〉 := |false〉 |true〉︸ ︷︷ ︸
indic−

⊗1

8

∑
β∈{0,1···7}

eβπi/4 |ϕK,~b,β〉

10.4 InPhTest Implies Approximate Invariance Under P†P
In this section we show passing InPhTest implies approximate invariance under P†P.

Theorem 10.6. Suppose a sub-normalized purified joint state |ϕ〉 is in Setup 4 and is in a ε-basis-honest
form. Suppose an efficient adversary Adv on initial state |ϕ〉 in InPhTest can make the client output pass
as the flag with probability ≥ 1− ε and make the client output win as the score with probability ≥ OPT− ε.
Then we have

|(I− P†P) |ϕ〉 | ≤ 50ε1/16 + negl(κ)

Proof. First we use a similar argument to the proof of Theorem 10.3. Similarly define |ψ′0,θ0〉 , |ψ
′
1,θ0
〉 as

(232)(233). As given in the condition, suppose an adversary Adv can pass the individual phase test with high
probability:

|ΠpassInPhTestAdv(K,Θ; 1κ) |ϕ〉 |2 ≥ 1− ε

By the same argument we know ∑
θ∈{0,1···7}

| |ψ′0,θ0〉 − |ψ
′
1,θ0〉 |

2 ≤ 6
√

2ε+ negl(κ)

∑
θ∈{0,1···7}

| |ψ′0,θ0〉+ |ψ′1,θ0+4〉 |2 ≤ 6
√

2ε+ negl(κ)

∀b ∈ {0, 1}, θ0 ∈ {0, 1 · · · 7}, | |ψ′b,θ0〉 |
2 ≤ 1

16
| |ϕb〉 |2 + negl(κ)

where | |ϕb〉 | is the norm of x(0)
b -branch of |ϕ〉.

If the server can win with significant probability:

|ΠwinInPhTestAdv(K,Θ; 1κ) |ϕ〉 |2 ≥ OPT− ε
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⇒ |ΠwinInPhTestAdv(K,Θ; 1κ)Πbasishonest(K(0)) |ϕ〉 |2 ≥ OPT− 3ε

As in the proof of Theorem 10.3, it implies∑
θ∈{0,1···7}

| |ψ′0,θ0〉+ |ψ′1,θ0+1〉 |2 ≥ cos2(π/8)− 9ε

Now applying Lemma 10.2 we know∑
b∈{0,1}

∑
θ0∈{0,1···7}

| |ψ′b,θ0〉 − (eθ0iπ/4 |ψ′b,+〉+ e−θ0iπ/4 |ψ′b,−〉)|2 ≤ 1200ε1/8 + negl(κ) (271)

where
|ψ′b,+〉 :=

1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′b,θ〉 , |ψ′b,−〉 :=
1

8

∑
θ∈{0,1···7}

eθiπ/4 |ψ′b,θ〉 (272)

Recall the definition of |ψ′0,θ0〉 , |ψ
′
1,θ0
〉 in (232)(233). Unroll (271) by substituting definitions (232)(233), we

get ∑
θ0∈{0,1···7}

|
∑

α∈{0,1···7}

|ψ′0,θ0,·,α〉 − (eθ0iπ/4 |ψ′0,+〉+ e−θ0iπ/4 |ψ′0,−〉)|2 (273)

+
∑

θ0∈{0,1···7}

|
∑

α∈{0,1···7}

|ψ′1,·,θ0+α,α〉 − (eθ0iπ/4 |ψ′1,+〉+ e−θ0iπ/4 |ψ′1,−〉)|2 (274)

≤1200ε1/8 + negl(κ) (275)

Recall in the definition of |ψ′0,θ0〉 , |ψ
′
1,θ0
〉, α is store in a separate transcript register thus |ψ′0,θ0,·,α〉 (and also

|ψ′1,·,θ0+α,α〉) for different α are orthogonal states. Thus we can expand the norm-square-of-sum in (273) to
sum-of-norm-square on values of α:∑

θ0∈{0,1···7}

∑
α∈{0,1···7}

| |ψ′0,θ0,·,α〉 − (eθ0iπ/4 |ψ′0,+,α〉+ e−θ0iπ/4 |ψ′0,−,α〉)|2 (276)

+
∑

θ0∈{0,1···7}

∑
α∈{0,1···7}

| |ψ′1,·,θ0+α,α〉 − (eθ0iπ/4 |ψ′1,+,α〉+ e−θ0iπ/4 |ψ′1,−,α〉)|2 (277)

≤1200ε1/8 + negl(κ) (278)

where |ψ′b,±,α〉 are defined to be the corresponding component of (272). Explicitly, they are:

|ψ′0,+,α〉 :=
1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′0,θ,·,α〉 , |ψ′0,−,α〉 :=
1

8

∑
θ∈{0,1···7}

eθiπ/4 |ψ′0,θ,·,α〉 (279)

|ψ′1,+,α〉 :=
1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′1,·,θ+α,α〉 , |ψ′1,−,α〉 :=
1

8

∑
θ∈{0,1···7}

eθiπ/4 |ψ′1,·,θ+α,α〉 (280)

So far we are working on variables θ0 and α, which corresponds to the value of client-side register θ(0)
0 and

client’s message in the Hadamard test. We use a change-of-variable to introduce θ1 to replace α. First define

|ψ̃′0,+,α〉 , |ψ̃′0,−,α〉 the same as (279)

|ψ̃′1,+,α〉 :=
1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′1,·,θ,α〉 , |ψ̃′1,−,α〉 :=
1

8

∑
θ∈{0,1···7}

eθiπ/4 |ψ′1,·,θ,α〉

Then (276)-(278) could be re-written as∑
θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ψ′0,θ0,·,θ1−θ0〉 − (eθ0iπ/4 |ψ̃′0,+,θ1−θ0〉+ e−θ0iπ/4 |ψ′0,−,θ1−θ0〉)|
2 (281)

+
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ψ′1,·,θ1,θ1−θ0〉 − (eθ1iπ/4 |ψ̃′1,+,θ1−θ0〉+ e−θ1iπ/4 |ψ̃′1,−,θ1−θ0〉)|
2 (282)

≤1200ε1/8 + negl(κ) (283)
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As discussed in the paragraph above (225), the “·” could be replaced by any value without changing the state.
This implies (281)-(283) could be further re-written as∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ψ′0,θ0,θ1,θ1−θ0〉 − (eθ0iπ/4 |ψ̃′0,+,θ1−θ0〉+ e−θ0iπ/4 |ψ̃′0,−,θ1−θ0〉)|
2 (284)

+
∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ψ′1,θ0,θ1,θ1−θ0〉 − (eθ1iπ/4 |ψ̃′1,+,θ1−θ0〉+ e−θ1iπ/4 |ψ̃′1,−,θ1−θ0〉)|
2 (285)

≤1200ε1/8 + negl(κ) (286)

This can be further unrolled by (224):∑
b∈{0,1}

∑
θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ϕ′b,θ0,θ1,θ1−θ0〉−|θ0〉 |θ1〉︸ ︷︷ ︸
Θ(0)

⊗(eθbiπ/4 |ψ̃′b,+,θ1−θ0〉+e
−θbiπ/4 |ψ̃′b,−,θ1−θ0〉)|

2 ≤ 1200ε1/8+negl(κ)

(287)
Recall (219) translates to∑

θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ϕ′0,θ0,θ1,θ1−θ0〉 − |ϕ
′
1,θ0,θ1,θ1−θ0〉 |

2 ≤ 6
√

2ε+ negl(κ)

which together with (287) implies∑
θ0∈{0,1···7}

∑
θ1∈{0,1···7}

| |ϕ′0,θ0,θ1,θ1−θ0〉+ |ϕ′1,θ0,θ1,θ1−θ0〉

−|θ0〉 |θ1〉⊗(eθ0iπ/4 |ψ̃′0,+,θ1−θ0〉+e
θ1iπ/4 |ψ̃′1,+,θ1−θ0〉+e

−θ0iπ/4 |ψ̃′0,−,θ1−θ0〉+e
−θ1iπ/4 |ψ̃′1,−,θ1−θ0〉)|

2 ≤ 2450ε1/8+negl(κ)
(288)

Recall

|ϕ′0,θ0,θ1,θ1−θ0〉+ |ϕ′1,θ0,θ1,θ1−θ0〉 (289)

=ΠpassHadamardTestAdv(K,Θ, δ = 0)(|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉) (290)

≈√3εHadamardTestAdv(K,Θ, δ = 0)(|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉) (291)

=Response ◦ Adv((|ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉)� (θ1 − θ0)) (292)

And we have

eθ0iπ/4 |ψ̃′0,+,θ1−θ0〉+ eθ1iπ/4 |ψ̃′1,+,θ1−θ0〉 (293)

=eθ0iπ/4 1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′0,θ,·,θ1−θ0〉+ eθ1iπ/4 1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′1,·,θ,θ1−θ0〉 (294)

=
1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′0,θ+θ0,θ+θ1,θ1−θ0〉+
1

8

∑
θ∈{0,1···7}

e−θiπ/4 |ψ′1,θ+θ0,θ+θ1,θ1−θ0〉 (295)

=
1

8

∑
θ∈{0,1···7}

(ΠpassHadamardTestAdv(K,Θ, δ = 0)e−θiπ/4(|ϕ0,θ0+θ,θ1+θ〉+ |ϕ1,θ0+θ,θ1+θ〉) (296)

≈√3ε

1

8

∑
θ∈{0,1···7}

(Response ◦ Adv ◦ e−θiπ/4(|ϕ0,θ0+θ,θ1+θ〉+ |ϕ1,θ0+θ,θ1+θ〉)� (θ1 − θ0)) (297)

=Response ◦ Adv((eθ0iπ/4 |ψ0,+〉+ eθ1iπ/4 |ψ1,+〉)� (θ1 − θ0)) (298)

where
|ψ0,+〉 =

1

8

∑
θ0∈{0,1···7}

e−θ0iπ/4 |ψ0,θ0,·〉 , |ψ1,+〉 =
1

8

∑
θ1∈{0,1···7}

e−θ1iπ/4 |ψ1,·,θ1〉
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where |ψb,θ0,θ1〉 is defined by the Θ(0) = θ0, θ1 component of |ϕb〉 excluding the θ0,θ1 registers. (That is,
|ϕb,θ0,θ1〉 = |θ0〉 |θ1〉 |ψb,θ0,θ1〉.), and by the basis-phase correspondence property a subscript could be omitted.

Similarly

e−θ0iπ/4 |ψ̃′0,−,θ1−θ0〉+ e−θ1iπ/4 |ψ̃′1,−,θ1−θ0〉 (299)

≈√3εResponse ◦ Adv((e−θ0iπ/4 |ψ0,−〉+ e−θ1iπ/4 |ψ1,−〉)� (θ1 − θ0)) (300)

where
|ψ0,−〉 =

1

8

∑
θ0∈{0,1···7}

eθ0iπ/4 |ψ0,θ0,·〉 , |ψ1,−〉 =
1

8

∑
θ1∈{0,1···7}

eθ1iπ/4 |ψ1,·,θ1〉

Substitute these approximations and reverse HadamardTestAdv from (288) we get∑
θ0,θ1∈{0,1···7}2

| |ϕ0,θ0,θ1〉+ |ϕ1,θ0,θ1〉 − |θ0〉 |θ1〉 ⊗ (eθ0iπ/4 |ψ0,+〉+ eθ1iπ/4 |ψ1,+〉+ e−θ0iπ/4 |ψ0,−〉+ e−θ1iπ/4 |ψ1,−〉)|2

≤2500ε1/8 + negl(κ) (301)

Thus (301) says Πbasishonest(K(0)) |ϕ〉 is close to a state in the form of (202). By Lemma 10.4 a state in the
form of (202) is invariant under P†P. This implies

|(I− P†P) |ϕ〉 | ≤ 50ε1/16 + negl(κ)

11 Analysis of the Basis Norm Test (BNTest)
In this section we analyze the implication of passing the Basis Norm Test (BNTest) with high probability.
As discussed in the introduction, it implies different standard basis components of the initial state have
approximately equal norms.

11.1 Initial Setup of BNTest
Recall in the formal protocol BNTest is defined in two steps: BNTest(K̃, Θ̃) is applied on the output state
of AddPhaseWithHelper, and in this protocol the client reveals Θ̃ to the server and allows it to remove the
phases; then both parties run BNTest(K̃). In the next subsection we will analyze the property of BNTest(K̃).
(Recall that K̃ denotes (K(i))i∈[L] and Θ̃ denotes (Θ(i))i∈[L]; see Section 6.1.)

The initial state of BNTest(K̃, Θ̃) is in Setup 3, while the initial state of BNTest(K̃) does not have a
corresponding setup that describes it. Below we formalize the properties of input states of BNTest(K̃) as a
setup.

Set-up 5. Setup 5 is defined to be the set of states that satisfy:

• The parties are as described in Section 4.1.

• The client holds a tuple of key pair registers K̃ = K(1),K(2) · · ·K(L), where each K(i) = (x
(i)
0 ,x

(i)
1 ).

Each key has length κ. Correspondingly the server holds registers S(1)
bsh,S

(2)
bsh · · ·S

(L)
bsh, where each register

has size κ. Denote S̃bsh as the tuple of registers S(1)
bsh,S

(2)
bsh · · ·S

(L)
bsh.

• The state is efficiently preparable;

• The state is key checkable for any key in K̃;

• The state is strongly-claw-free for any key pair in K̃.

Lemma 11.1. If a sub-normalized state |ϕ〉 is in Setup 3, |ϕ〉 � Θ̃ is in Setup 5.

Proof. By the condition we know |ϕ〉 = AddPhaseWithHelperAdv((K(helper),K),Θ; 1κ) |ϕ1〉 where |ϕ1〉 is in
Setup 1. By the definition of Setup 1 |ϕ1〉 is strongly-claw-free for any key pair in (K(helper),K). Then the
claw-freeness of |ϕ〉 follows from Lemma 6.4.

Below we give the theorem for BNTest.
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11.2 BNTest Implies Basis Norms Are Close to Uniform Vectors
Theorem 11.2 (Implication of BNTest). Suppose a sub-normalized purified joint state |ϕ〉 is in Setup 5 and
is in a basis-honest form. Suppose Adv is an efficient adversary such that

|ΠfailBNTestAdv(K̃; 1κ) |ϕ〉 |2 ≤ ε (302)

Expand the basis-honest part of |ϕ〉:

Πbasishonest(K̃) |ϕ〉 =
∑

K̃∈Domain(K̃)

|K̃〉︸︷︷︸
K̃

⊗
∑

~b∈{0,1}L

|~x~b〉︸︷︷︸
S̃bsh

⊗ |ϕK̃,~b〉 (303)

and define the norm of ~x~b-branch as c~b:

c~b := |
∑

K̃∈Domain(K̃)

|K̃〉 ⊗ |~x~b〉 ⊗ |ϕK̃,~b〉 |

Additionally define
c := | |ϕ〉 |

Then we have ∑
~b∈{0,1}L

|c~b −
1√
2L
c|2 ≤ 800

√
ε+ negl(κ)

Note that when we apply this theorem the initial state |ϕ〉 might be far from normalized. Due to this
reason, we use the failing probability in (302) instead of the passing probability, which makes the expression
simpler and easier to use later.

Proof. The BNTest will first combine the state into a two-key superposition state on an index set I =
(i1i2 · · · i|I|) ⊆ [L] randomly selected by the client. In this process (see Protocol 9) the server will send back
|I| − 1 output strings denoted by symbol r in the protocol, and these output strings, in the passing space,
will help the client determine K(combined) as follows:

K(combined) = (x
(combined)
0 , x

(combined)
1 ) = (x

(i1)
0 x

(i2)

b(i2) · · ·x
(i|I|)

b
(i|I|)

, x
(i1)
1 x

(i2)

1−b(i2) · · ·x
(i|I|)

1−b(i|I|)
), b(i2)b(i3) · · · b(i|I|) ∈ {0, 1}|I|−1

(304)
where the values of these subscripts (that is, b) are determined by the server’s response (that is, r.)

Denote the output state of the first step (the key combination) of BNTest as |ϕ1〉.
Then starting from |ϕ1〉, the server is supposed to measure all the keys with superscripts in [L]− I in

the standard basis and send back the result. Denote [L]− I = j1j2 · · · jL−|I|. The server’s response, on the
passing space, could be expressed as

x
(j1)

b(j1)x
(j2)

b(j2) · · ·x
(jL−|I|)

b
(jL−|I|)

, b(j1) · · · b(jL−|I|) ∈ {0, 1}L−|I| (305)

Denote the output state after this step as |ϕ2〉.
Let’s introduce notations that describe (304)(305) more concisely, with I = (i1i2 · · · i|I|) ⊆ [L] and

~b0 ∈ {0, 1}L, where the i1-th bit of ~b0 is 0.
Define X(I)~b0 as the output vector of doing a logical-not on each bit of ~b0 whose index is in I. And define

~b0|I = b(i1)b(i2)b(i3) · · · b(i|I|), ~x~b0|I = x
(i1)

b(i1)x
(i2)

b(i2) · · ·x
(i|I|)

b
(i|I|)

~b0|[L]−I = b(j1)b(j2) · · · b(jL−|I|), ~x~b0|[L]−I = x
(j1)

b(j1)x
(j2)

b(j2) · · ·x
(jL−|I|)

b
(jL−|I|)

Then (304)(305) could be expressed as follows.

(304) = (~x~b0|I , ~xX(I)~b0|I), (305) = ~x~b0|[L]−I . (306)
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Then |ϕ2〉 will go to the standard basis test with 1/2 probability, where the server is suppose to measure the
combined keys and return a response in K(combined). By (302) the adversary could fail the standard basis
test with probability ≤ 2ε, by Theorem 6.2 we know there exists an efficient server-side isometry ˜AdvST such
that, define

|ϕ̃2〉 := ˜AdvST |ϕ2〉
then

|ϕ̃2〉 is 1.5
√
ε-basis-honest for K(combined). (307)

Then Πbasishonest(K(combined)) |ϕ̃2〉 has the following form:∑
I∈Domain(I)

|I〉 ⊗
∑

K̃∈Domain(K̃)

|K̃〉 ⊗
∑

~b0∈{0,1}L:the i1-th bit is 0, where i1 is the first bit of I

⊗ |(~x~b0|I , ~xX(I)~b0|I)〉︸ ︷︷ ︸
K(combined)︸ ︷︷ ︸

client

⊗ |~x~b0|[L]−I〉︸ ︷︷ ︸
server’s response (305)

⊗
∑

~b∈{~b0,X(I)~b0}

|~x~b|I〉︸ ︷︷ ︸
S̃bsh

⊗ |ϕK̃,I,~b〉

where we use the notations in (306).
Define c′

I,~b
as the norm of the ~x~b branch of Πbasishonest(K(combined)) |ϕ̃2〉 when I has value I, which is,

| |I〉 ⊗
∑

K̃∈Domain(K̃)

|K̃〉 ⊗ |(~x~b0|I , ~xX(I)~b0|I)〉︸ ︷︷ ︸
K(combined)

⊗ |~x~b|[L]−I〉 ⊗ |~x~b|I〉 ⊗ |ϕK̃,I,~b〉 |. (308)

where in (308) ~b0 is defined to be ~b if the i1-th bit of ~b is 0, and X(I)~b otherwise.
We will first prove (c~b)~b∈{0,1}L and (c′

I,~b
)~b∈{0,1}L are close to each other. These two vectors are not directly

comparable since we need to define cI,~b for different values of register I. That is, starting from (303), after
the client samples random values for the I register, the state on the basis-honest space becomes:∑

I∈Domain(I)

|I〉 ⊗
∑

K̃∈Domain(K̃)

|K̃〉 ⊗
∑

~b∈{0,1}L

|~x~b〉︸︷︷︸
S̃bsh

⊗ 1√
|Domain(I)|

|ϕK̃,~b〉

Then we can define cI,~b as the norm of the ~x~b branch when the value of I register is I:

cI,~b = | |I〉 ⊗
∑

K̃∈Domain(K̃)

|K̃〉 ⊗ |~x~b〉 ⊗
1√

|Domain(I)|
|ϕK̃,~b〉 | (which is =

1√
2L
c~b) (309)

By making use of Lemma 6.6 we can prove∑
I∈Domain(I),~b∈{0,1}L

|cI,~b − c
′
I,~b
|2 ≤ 3

√
ε+ negl(κ) (310)

The proof details are put in the box below for continuity of proof stream.

Proof of (310):
Consider the mapping between |ϕ〉 and |ϕ̃2〉.
The client-side message in the first round of BNTest could be denoted as JCombine(K̃

(i)
, I; 1κ)K. Let

D = ˜AdvST ◦Response ◦Adv1 where Adv1 is the adversary’s operation in the first round, and Response is
the adversary’s measure-and-response operation in the first and second round. By the definition of |ϕ̃2〉:

|ϕ̃2〉 = Calc(K(combined)) ◦D(|ϕ〉 � JCombine(K̃, I; 1κ)K)

where we use Calc(K(combined)) to denote the client-side operation that calculates K(combined) from the
values of server’s response r.
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By the basis-honest property of |ϕ〉 and |ϕ̃2〉 we have

Πbasishonest(K(combined))Calc−1 |ϕ̃2〉 ≈√2ε Πbasishonest(K(combined))DΠbasishonest(K̃)(|ϕ〉�JCombine(K̃
(i)
, I; 1κ)K)

Πbasishonest(K̃) |ϕ〉 � JCombine(K̃, I; 1κ)K ≈√2ε Πbasishonest(K̃)D
−1Πbasishonest(K(combined))Calc−1 |ϕ̃2〉

Apply Lemma 6.6 to the right hand sides of both equations, we get

Πbasishonest(K(combined)) |ϕ̃2〉 ≈√2ε+negl(κ)

∑
~b∈{0,1}L

Π~x~b
Πbasishonest(K(combined))DΠ~x~b

(|ϕ〉�JCombine(K̃, I; 1κ)K)

(311)
And

Πbasishonest(K̃) |ϕ〉 � JCombine(K̃, I; 1κ)K ≈√2ε+negl(κ)

∑
~b∈{0,1}L

Π~x~b
D−1Π~x~b

Πbasishonest(K(combined)) |ϕ̃2〉

(312)
Compare the amplitudes on both sides.

• In the left hand side of (311) the amplitude of ~x~b branch when the I register has value I is cI,~b,
while on the right hand side the amplitude of ~x~b branch when the I register has value I is no more
than c′

I,~b
.

• Similarly for (312) in the left hand side the amplitude of ~x~b branch when the I register has value
I is cI,~b, while on the right hand side the amplitude of ~x~b branch when the I register has value I
is no more than c′

I,~b
.

Applying Fact 4 completes the proof.

And from |ϕ2〉 with 1/2 probability the state comes into a Hadamard test. By (302) we know

|ΠfailHadamardTestAdvHT Ãdv
†
ST (K(combined); 1κ) |ϕ̃2〉 |2 ≤ 2ε (313)

where we use AdvHT to denote the part of Adv’s operation in the Hadamard test branch of the third step of
BNTest. Then there is (whose proof is put into a box below for the continuity of the proof stream)∑

I∈Domain(I),~b∈{0,1}L

|c′
I,~b
− c′

I,X(I)~b
|2 ≤ 170

√
ε+ negl(κ) (314)

Proof of (314):
Define |ϕ̃2

0〉, |ϕ̃2
1〉 as correspondingly the x(combined)

0 , x(combined)
1 branches of Πbasishonest(K(combined)) |ϕ̃2〉.

That is,

|ϕ̃2
0〉 =

∑
I∈Domain(I)

|I〉⊗
∑

K̃∈Domain(K̃)

|K̃〉⊗
∑

~b0∈{0,1}L:the i1-th bit is 0, where i1 is the first bit of I

⊗ |(~x~b0|I , ~xX(I)~b0|I)〉︸ ︷︷ ︸
K(combined)

⊗ |~x~b0|[L]−I〉︸ ︷︷ ︸
server’s response (305)

⊗ |~x~b0|I〉 ⊗ |ϕI,K̃,~b0,0〉

|ϕ̃2
1〉 =

∑
I∈Domain(I)

|I〉⊗
∑

K̃∈Domain(K̃)

|K̃〉⊗
∑

~b0∈{0,1}L:the i1-th bit is 0, where i1 is the first bit of I

⊗ |(~x~b0|I , ~xX(I)~b0|I)〉︸ ︷︷ ︸
K(combined)

⊗ |~x~b0|[L]−I〉︸ ︷︷ ︸
server’s response (305)

⊗ |~xX(I)~b0|I〉 ⊗ |ϕI,K̃,~b0,1〉
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We will show (313) implies an efficient server-side operator O that

O(|ϕ̃2
0〉 � JHadamardTestK�K(combined)) ≈9ε1/4+negl(κ) |ϕ̃2

1〉 � JHadamardTestK�K(combined) (315)

(where JHadamardTestK contains the random padding stored in register pad). O is constructed as follows:

1. Apply AdvHT ˜Adv
†
ST (but do not do Response). Recall in the real execution of the protocol

HadamardTest after the server’s local operation a Response operator copies the value of some
server-side register to the transcript register d. Denote this server-side register that stores the
(unsent) response as d̃.

2. Do a control phase operation on the d̃ register that adds a (−1) phase on the basis value
d ∈ Domain(d̃) such that

d · (x(combined)
0 ||H(pad||x(combined)

0 )) + d · (x(combined)
1 ||H(pad||x(combined)

1 )) = 1

(that is, the space span(Πd̃(79)=1)).

3. Reverse AdvHT ˜Adv
†
ST .

Let’s show (315). This is because, under the condition of (313), applying Corollary 7.3 we get

Πd̃(79)=0Πlast κ bits of d̃
6=0 HadamardTestAdvHTAdv

†
ST (K(combined); 1κ) |ϕ̃2

0〉 (316)

≈3ε1/4+negl(κ)Π
d̃
(79)=0Πlast κ bits of d̃

6=0 HadamardTestAdvHTAdv
†
ST (K(combined); 1κ) |ϕ̃2

1〉 (317)

∀b ∈ {0, 1},Πlast κ bits of d̃
=0 HadamardTestAdv(K(combined); 1κ) |ϕ̃b〉 ≈2ε1/4+negl(κ) 0 (318)

Πd̃(79)=1Πlast κ bits of d̃
6=0 HadamardTestAdvHTAdv

†
ST (K(combined); 1κ) |ϕ̃2

0〉 (319)

≈2ε1/4+negl(κ) −Πd̃(79)=1Πlast κ bits of d̃
6=0 HadamardTestAdvHTAdv

†
ST (K(combined); 1κ) |ϕ̃2

1〉 (320)

Combining these relations with the construction of O completes the proof of (315).
Now return to the proof of (314). We compare the coefficients on both sides of (315). On the right

hand side of (315) the norm of components where the I register has value I, K(combined) register has
value (~x~b0|I , ~xX(I)~b0|I), and the server-response register has value ~x~b0|[L]−I , is c

′
I,X(I)~b0

. On the left hand
side this norm is c′

I,~b0
(note that O only has read-only access to the registers above thus it does not

change the norm). Thus (315) implies√ ∑
I∈Domain(I),~b0∈{0,1}L:the i1-th bit of ~b0 is 0, where i1 is the first bit of I

|c′
I,~b0
− c′

I,X(I)~b0
|2 ≤ 9ε1/4 + negl(κ)

(321)
which by a change of variable implies√ ∑

I∈Domain(I),~b1∈{0,1}L:the i1-th bit of ~b1 is 1, where i1 is the first bit of I

|c′
I,X(I)~b1

− c′
I,~b1
|2 ≤ 9ε1/4 + negl(κ)

(322)
which together implies (314).

Combining (310)(314) we get ∑
I∈Domain(I),~b∈{0,1}L

|cI,~b − cI,X(I)~b|
2 ≤ 180

√
ε+ negl(κ) (323)
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then substitute (309) we know (323) implies

1

2L

∑
~b0∈{0,1}L

∑
~b1∈{0,1}L

|c~b0 − c~b1 |
2 ≤ 180

√
ε+ negl(κ)

which by Fact 5 implies ∑
~b∈{0,1}L

|c~b −
1√
2L
c|2 ≤ 800

√
ε+ negl(κ)

12 Putting All Together
In this section we put the analysis of each subprotocol together. We prove the optimality of OPT in preRSPV
in Section 12.1 and prove the verifiability property of preRSPV in Section 12.2. (Recall these statements are
formalized in Section 5.4). Recall that

OPT =
1

3
cos2(π/8), pquiz =

1

10
, pcomp =

1

10
(324)

12.1 Proof of the Optimality of OPT
To prove the optimality of OPT, we need to analyze each step of Protocol 2, and make use of the property of
InPhTest.

Proof of Theorem 5.1. Suppose the initial purified joint state is |ϕ0〉 = O |0〉 as described in Definition 4.6.
Suppose an efficient adversary Adv satisfies

|ΠpasspreRSPVAdv(1L, 1κ) |ϕ0〉 | > 1− 10−2000 (325)

1. (Analysis of key-pair-superposition generation) First by Theorem 6.1 we could assume the state after
the first step of the protocol is within Setup 1. Denote the purified joint state as |ϕ1〉.

2. (Analysis of the first StdBTest) Since the standard basis test is executed on |ϕ1〉 with probability
1/2, by (325) the server has to be able to make the client output pass in this test with probability
≥ 1− 2× 10−2000. That allows us to apply Lemma 6.2 and get

∃ efficient server-side operator ˜Adv2.sbt : ˜Adv2.sbt |ϕ1〉 is 1.5× 10−1000-basis-honest for (K(helper),K)
(326)

Denote
|ϕ̃1〉 := ˜Adv2.sbt |ϕ1〉 (327)

3. (Analysis of the helper gadget method) Denote the output state of AddPhaseWithHelper as |ϕ2.a〉:

|ϕ2.a〉 :=AddPhaseWithHelperAdv2.a((K(helper),K),Θ; 1κ) |ϕ1〉 (328)

=AddPhaseWithHelperAdv2.aÃdv
−1
2.sbt((K(helper),K),Θ; 1κ) |ϕ̃1〉 (329)

where Adv2.a is the Adv’s operation in step 2.a of the verifiable state preparation case in Protocol 2.

Since the verifiable state preparation case is reached with probability 1
2 , together with (325) we know

|Πpass |ϕ2.a〉 |2 ≥ 1− 2× 10−2000

That allows us to apply Theorem 7.4. As Setup 3, define H ′ as the blinded version of H where entries
{0, 1}κ||K(helper)|| · · · are blinded. Define Advblind≥2.b as the blinded version of Adv≥2.b (the part of Adv
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starting from the step b of the verifiable state preparation) where each random oracle query is replaced
by a query to H ′. Then we have

preRSPV
Adv≥2.b

≥2.b |ϕ2.a〉 ≈15×10−1000+negl(κ) preRSPV
Advblind≥2.b

≥2.b |ϕ2.a〉 (330)

where preRSPV≥2.b denotes the execution of Protocol 2 starting from the 2.b step.

We will analyze the right hand side of (330) to understand the left hand side.

4. (Analysis of the second StdBTest) First by (330)(325) we know

|ΠpasspreRSPV
Advblind≥2.b

≥2.b |ϕ2.a〉 |2 ≥ 1− 16× 10−1000 − negl(κ) (331)

Recall Fblind is defined as the set of adversaries that only query the blinded oracle H ′. First in
preRSPV≥2.b a standard basis test is executed with probability 1

5 . This together with (331) by Theorem
6.2 implies

∃ efficient server-side operator ˜Adv
blind

2.b.sbt ∈ Fblind : ˜Adv
blind

2.b.sbt |ϕ2.a〉 is (9× 10−500 + negl(κ))-basis-honest for K
(332)

5. (Analysis of AddPhaseWithHelper) Define

|ϕ̃2.a〉 := ˜Adv
blind

2.b.sbt |ϕ2.a〉 (333)

Now |ϕ̃2.a〉 is in Setup 3. Applying Theorem 8.1 and Fact 8 we have

R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉) ≈negl(κ) |$1〉 ⊗ ReviseRO |ϕ̃2.a〉 ≈ind:Fblind |ϕ̃2.a〉 (334)

6. (Analysis of InPhTest) Now the left hand side of (334) is in Setup 4. From (331)(333)(334) and the fact
that InPhTest is executed with probability 1

5 we know

|ΠpassInPhTestAdv
blind
InPhTest◦(Ãdv

blind
2.b.sbt)

−1

(K,Θ; 1κ)(R1(|$1〉⊗ReviseRO |ϕ̃2.a〉))|2 ≥ 1−80×10−1000−negl(κ)
(335)

where AdvblindInPhTest is the part of Advblind≥2.b in the InPhTest step. Apply Theorem 10.3 and we get

|ΠwinInPhTestAdv
blind
InPhTest◦(Ãdv

blind
2.b.sbt)

−1

(K,Θ; 1κ)(R1(|$1〉⊗ReviseRO |ϕ̃2.a〉))|2 ≤ (OPT+ 10−240 + negl(κ))
(336)

Now we start from (336) and substituting these analysis back step-by-step. Substituting (334), we know

|ΠwinInPhTestAdv
blind
InPhTest(K,Θ; 1κ) |ϕ2.a〉)|2 ≤ (OPT + 10−240 + negl(κ)) (337)

Since InPhTest is executed with 1
5 probability in preRSPV≥2.b, this implies

|ΠwinpreRSPV
Advblind≥2.b

≥2.b (K,Θ; 1κ) |ϕ2.a〉)|2 ≤ (OPT + 10−240 + negl(κ)) · 1

5
(338)

Substituting (330):

|ΠwinpreRSPV
Adv≥2.b

≥2.b (K,Θ; 1κ) |ϕ2.a〉)|2 ≤ (OPT + 1.01× 10−240 + negl(κ)) · 1

5
(339)

Since preRSPV≥2.b is executed with 1
2 probability in preRSPV, we get

|ΠwinpreRSPVAdv(1L, 1κ) |ϕ0〉 | ≤ (OPT + 1.01× 10−240 + negl(κ)) · 1

10
(340)

which completes the proof.
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12.2 A Proof of Theorem 5.2
In this section we prove Theorem 5.2, the verifiability property of preRSPV. The proof is divided into three
parts: (1) First we analyze each step of the protocol; (2) then we formally construct the isometry; (3) finally
we prove the isometry satisfies Definition 4.3.

Proof of Theorem 5.2. Suppose the initial purified joint state is |ϕ0〉 = O |0〉 as described in Definition 4.6.
Consider an efficient adversary Adv whose corresponding final output state is

|ϕ′〉 := preRSPVAdv(1L, 1κ) |ϕ0〉

Suppose the passing probability and the winning probability are big:

|Πpass |ϕ′〉 |2 > 1− 10−2000 (341)

|Πwin |ϕ′〉 |2 > (OPT− 10−200) · pquiz = (OPT− 10−200) · 1

10
(342)

Our goal is to give an isometry SimAdv that satisfies (70).

Part I: analysis of the protocol To achieve this goal, we first need to analyze the protocol step-by-step
to understand |ϕ′〉.

This part of the proof is as below. The first five steps are the same as the proof of Theorem 5.1; we give a
summary for the important conclusion in each step.

1-5.
|ϕ̃1〉 := ˜Adv2.sbt |ϕ1〉 is 1.5× 10−1000-basis-honest for (K(helper),K). (343)

|ϕ2.a〉 := AddPhaseWithHelperAdv2.a((K(helper),K),Θ; 1κ) |ϕ1〉 (344)

|Πpass |ϕ2.a〉 |2 ≥ 1− 2× 10−2000

preRSPV
Adv≥2.b

≥2.b |ϕ2.a〉 ≈1.5×10−500+negl(κ) preRSPV
Advblind≥2.b

≥2.b |ϕ2.a〉 (345)

|ΠpasspreRSPV
Advblind≥2.b

≥2.b |ϕ2.a〉 |2 ≥ 1− 3.1× 10−500 − negl(κ) (346)

∃ efficient server-side operator ˜Adv
blind

2.b.sbt ∈ Fblind : ˜Adv
blind

2.b.sbt |ϕ2.a〉 is (9× 10−500 + negl(κ))-basis-honest for K
(347)

|ϕ̃2.a〉 := ˜Adv
blind

2.b.sbt |ϕ2.a〉

R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉) ≈negl(κ) |$1〉 ⊗ ReviseRO |ϕ̃2.a〉 ≈ind:Fblind |ϕ̃2.a〉 (348)

6. (Analysis of CoPhTest) By (346) and the fact that CoPhTest is executed with probability 1
5 in

preRSPV≥2.b we know

|ΠpassCoPhTestAdv
blind
CoPhTest(K,Θ; 1κ) |ϕ2.a〉 |2 ≥ 1− 16× 10−500 − negl(κ)

Thus by (348)

|ΠpassCoPhTestAdv
blind
CoPhTest◦(Ãdv

blind
2.b.sbt)

−1

(K,Θ; 1κ)R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉)|2 ≥ 1− 16× 10−500 − negl(κ)

where R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉) is in Setup 4. We can further randomize |ϕ̃2.a〉 under R2 by Theorem
9.3:

R2(|$2〉 ⊗ (R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉))) ≈10−123+negl(κ) |$2〉 ⊗ R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉) (349)
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7. (Analysis of InPhTest) Finally we analyze the InPhTest. As the previous step, we know R1(|$1〉 ⊗
ReviseRO |ϕ̃2.a〉) is in Setup 4. By (346)(348) and the fact that InPhTest is executed with probability 1

5
in preRSPV≥2.b we know the following about the passing probability and winning probability:

|ΠpassInPhTestAdv
blind
InPhTest◦(Ãdv

blind
2.b.sbt)

−1

(K,Θ; 1κ)R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉)|2 > 1− 16× 10−500 − negl(κ)

|ΠwinInPhTestAdv
blind
InPhTest◦(Ãdv

blind
2.b.sbt)

−1

(K,Θ; 1κ)R1(|$1〉⊗ReviseRO |ϕ̃2.a〉)|2 > OPT−16×10−500−negl(κ)

By Theorem 10.6 we can further randomize the state under P:

P†PR1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉))) ≈10−31+negl(κ) R1(|$1〉 ⊗ ReviseRO |ϕ̃2.a〉) (350)

8. (A temporary summary and preparation) (348)(349)(350) implies

P†PR2(|$2〉⊗(R1(|$1〉⊗ReviseRO |ϕ̃2.a〉))) ≈1.1×10−31+negl(κ) |$2〉⊗|$1〉⊗ReviseRO |ϕ̃2.a〉 ≈ind:Fblind |ϕ̃2.a〉
(351)

We aim at giving a server-side isomorphism between the left hand side of (351) and the target state
(67).

Let’s first analyze the state in the left hand side of (351). By Theorem 9.2 R2(|$2〉 ⊗ (R1(|$1〉 ⊗
ReviseRO ◦ Πbasishonest(K) |ϕ̃2.a〉))) is a pre-phase-honest form. Recall the indicator qubit registers used
by P are denoted by indic+, indic−. The operation of P extracts the information of whether the
state phases are under complex conjugation to these indicator registers, and P†P erases the values in
the indicator registers. Below we want to make this information explicit thus we first work under P
instead of P†P. Besides that, we also want to treat the K(0) key pair separately.

By Lemma 10.5 we have, there exist states |φ0,+〉, |φ0,−〉, |φ1,+〉, |φ1,−〉 such that:

∀b(0) ∈ {0, 1} : PR2(|$2〉 ⊗ (R1(|$1〉 ⊗Π
S

(0)
bsh

x
(0)

b(0)

ReviseRO ◦Πbasishonest(K) |ϕ̃2.a〉)))

= |true〉︸ ︷︷ ︸
indic+

|false〉︸ ︷︷ ︸
indic−

|φb(0),+〉+ |false〉 |true〉 |φb(0),−〉 (352)

and for each b(0) ∈ {0, 1}, |φb(0),+〉, |φb(0),−〉 have the following form, for some state family
(|φK,b(0),~b,+〉 , |φK,b(0),~b,−〉)K∈Domain(K),b(0)∈{0,1},~b∈{0,1}L :

|φb(0),+〉 :=
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉

︸ ︷︷ ︸
client

⊗ |x(0)

b(0)
〉 ⊗

∑
~b∈{0,1}L

eSUM(~Θ~b)iπ/4 |~x~b〉︸ ︷︷ ︸
Sbsh

|φK,b(0),~b,+〉 (353)

|φb(0),−〉 :=
∑

K∈Domain(K)

|K〉⊗
∑

Θ∈Domain(Θ)

|Θ〉⊗|x(0)

b(0)
〉⊗

∑
~b∈{0,1}L

e−SUM(~Θ~b)iπ/4 |~x~b〉 |φK,b(0),~b,−〉 (354)

For each b(0) ∈ {0, 1}, ~b ∈ {0, 1}L, denote the overall norms of the ~x~b-branch of these states as
cb(0),~b,+, cb(0),~b,−:

cb(0),~b,+ = |
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |x(0)

b(0)
〉 ⊗ eSUM(~Θ~b)iπ/4 |~x~b〉 |φK,b(0),~b,+〉 | (355)

cb(0),~b,− = |
∑

K∈Domain(K)

|K〉 ⊗
∑

Θ∈Domain(Θ)

|Θ〉 ⊗ |x(0)

b(0)
〉 ⊗ e−SUM(~Θ~b)iπ/4 |~x~b〉 |φK,b(0),~b,−〉 | (356)

Now the remaining thing is to derive properties of these norms by analyzing BNTest.
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9. (Analysis of BNTest) By (346) and the fact that BNTest is executed with probability 1
5 , we know

|ΠpassBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ) |ϕ̃2.a〉 |2 > 1− 16× 10−500 − negl(κ)

⇒ |ΠfailBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)Πbasishonest(K) |ϕ̃2.a〉 |2 < 40× 10−500 + negl(κ)

Apply the collapsing property (Lemma 6.3) on S(0)
bsh, use Π

S
(0)
bsh

x
(0)
0

, Π
S

(0)
bsh

x
(0)
1

to denote the projection onto

the x(0)
0 -branch and x(0)

1 -branch, we have

|ΠfailBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)Π
S

(0)
bsh

x
(0)
0

Πbasishonest(K) |ϕ̃2.a〉 |2 < 40× 10−500 + negl(κ) (357)

|ΠfailBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)Π
S

(0)
bsh

x
(0)
1

Πbasishonest(K) |ϕ̃2.a〉 |2 < 40× 10−500 + negl(κ) (358)

Now we can analyze each of (357)(358) to derive basis norm relations for b(0) = 0, 1. But to get what
we want on (355)(356), we need to separate the honest phase part and the complex-conjugated phase
part, as in (352).

Without loss of generality let’s first consider (357) and use it to analyze (355)(356) for b(0) = 0. To
achieve it, we first substitute (351) to (357) and get

|ΠfailBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)

Π
S

(0)
bsh

x
(0)
0

P†P(R2(|$2〉 ⊗ (R1(|$1〉 ⊗ ReviseRO ◦Πbasishonest(K) |ϕ̃2.a〉)))))|2 < 1.2× 10−31 + negl(κ) (359)

Recall the definition of P in Definition 10.1, there is:

PΠ
S

(0)
bsh

x
(0)
0

= (Π
indic+
true Π

indic−
false + Π

indic+
false Π

indic−
true )P0,−P0,+Π

S
(0)
bsh

x
(0)
0

Note that with only the x(0)
0 -branch, P0,+,P0,− are equivalent to local operators that only apply on

the θ(0)
0 , indic+, indic− registers. But BNTest does not take these registers as inputs. And Πfail and

P0,+,P0,− also commute, which implies (359) could be further simplified by replacing the P†P in it by
P:

|ΠfailBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)

Π
S

(0)
bsh

x
(0)
0

P(R2(|$2〉 ⊗ (R1(|$1〉 ⊗ ReviseRO ◦Πbasishonest(K) |ϕ̃2.a〉)))))|2 < 1.2× 10−31 + negl(κ) (360)

which could be further decomposed into

|ΠfailBNTestAdv
blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)

Π
indic+
true Π

indic−
false P0,−P0,+Π

S
(0)
bsh

x
(0)
0

(R2(|$2〉⊗(R1(|$1〉⊗ReviseRO◦Πbasishonest(K) |ϕ̃2.a〉)))))|2 < 1.2×10−31+negl(κ)

(361)
|ΠfailBNTestAdv

blind
BNTest(Ãdv

blind
2.b.sbt)

−1

(K̃; 1κ)

Π
indic+
false Π

indic−
true P0,−P0,+Π

S
(0)
bsh

x
(0)
0

(R2(|$2〉⊗(R1(|$1〉⊗ReviseRO◦Πbasishonest(K) |ϕ̃2.a〉)))))|2 < 1.2×10−31+negl(κ)

(362)
where the input states are the same as the two terms in (352). Thus applying the properties of BNTest
(Theorem 11.2) implies∑

~b∈{0,1}L

|c0,~b,+ −
1√
2L
c0,+|2 ≤ 10−12 + negl(κ) where c0,+ :=

√ ∑
~b∈{0,1}L

c2
0,~b,+

(363)
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∑
~b∈{0,1}L

|c0,~b,− −
1√
2L
c0,−|2 ≤ 10−12 + negl(κ) where c0,− :=

√ ∑
~b∈{0,1}L

c2
0,~b,−

(364)

Similarly for b(0) = 1 we have∑
~b∈{0,1}L

|c1,~b,+ −
1√
2L
c1,+|2 ≤ 10−12 + negl(κ) where c1,+ :=

√ ∑
~b∈{0,1}L

c2
1,~b,+

(365)

∑
~b∈{0,1}L

|c1,~b,− −
1√
2L
c1,−|2 ≤ 10−12 + negl(κ) where c1,− :=

√ ∑
~b∈{0,1}L

c2
1,~b,−

(366)

Part II: construction of Sim With these analysis in hands we can start to construct the isometry Sim
that satisfies (70). At a high level:

1. In step 0-3 below we first aim at giving a server-side isomorphism between the left hand side of (351)
and the target state (367).16

2. Then the simulation of the left hand side of (70) is constructed based on the simulation of the left hand
side of (351).

Sim is constructed as follows.

0. As the preparation, recall the target state (67) could be expanded into (below we use Ssubs to denote
the server-side registers appeared in (67)):∑
θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L
|θ(1)θ(2) · · · θ(L)〉︸ ︷︷ ︸

client

⊗
∑

~b∈{0,1}L

e(
∑
i∈[L] θ

(i)b(i))iπ/4 |b(1)b(2) · · · b(L)〉︸ ︷︷ ︸
Ssubs

· 1√
2L

(367)

where we use b(i) to denote the i-th bit of ~b.

1. The isometry Sim first introduces the following registers in its workspace:

• ˜indic+, ˜indic− registers that hold true/false values, which are used to take the place of indic+, indic−
that appeared in (352) of Part I.
• Single-bit register ˜indiccol, which is used to simulate the value of b(0) (thus simulate the collapsing

measurement Π
S

(0)
bsh

x
(0)

b(0)

) in Part I.

• ˜indicgarbage register, which indicates whether the state is what we aim to construct (when
˜indicgarbage = 0) or it’s some garbage state (when ˜indicgarbage 6= 0). The reason is we aim to

construct Sim as a unitary while the state (351) is not even necessarily normalized. How could we
prepare a sub-normalized state through a unitary? Here we only aim at simulating the left hand
side of (351) in the ˜indicgarbage = 0 part, and arguing later that the norm of the ˜indicgarbage 6= 0
is small.

In this step we define a server-side operation O1 that operates on the server-side of (367), and indicator
registers introduced above. This step assigns right values for these indicator registers, and make their
norms match what we want. Recall the norms for each possible value of b(0) and +/− are given in
(363)-(366). First, the operator in this step distribute norms based on values of indicator registers and
maps (367) to:

(367)⊗( |0〉︸︷︷︸
˜indicgarbage

⊗( |true〉︸ ︷︷ ︸
˜indic+

|false〉︸ ︷︷ ︸
˜indic−

(( |0〉︸︷︷︸
˜indiccol

c0,+ + |1〉 c1,+) (368)

+ |false〉 |true〉 (|0〉 c0,− + |1〉 c1,−)) (369)
+ |1〉︸︷︷︸

˜indicgarbage

|· · ·〉) (370)

16Note that although we call (367) the “target state”, what we are going to do is to apply Sim on (367) and simulate a state
that resembles the left hand side of (351).
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Now recall ˜indic+, ˜indic− indicates whether the phases are complex-conjugated, and as discussed in
Section 2.1, the complex-conjugated case is isometric to the honest case. To simulate this part, do a
control-X on all the bits of Ssubs conditioned on ˜indic− = true. Then the final output state of this
step is ∑

θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L
|θ(1)θ(2) · · · θ(L)〉︸ ︷︷ ︸

client

⊗( |0〉︸︷︷︸
˜indicgarbage

⊗( (371)

|true〉 |false〉︸ ︷︷ ︸
˜indic±

∑
b(0)∈{0,1}

∑
~b∈{0,1}L

e(
∑
i∈[L] θ

(i)b(i))iπ/4 |b(0)〉︸ ︷︷ ︸
˜indiccol

|~b〉︸︷︷︸
Ssubs

1√
2L
cb(0),+ (372)

+ |false〉 |true〉 e(
∑
i∈[L] θ

(i))iπ/4
∑

~b∈{0,1}L

∑
~b∈{0,1}L

e−(
∑
i∈[L] θ

(i)b(i))iπ/4 |b(0)〉 |~b〉 1√
2L
cb(0),−) (373)

+ |1〉︸︷︷︸
˜indicgarbage

|· · ·〉) (374)

2. The next step is to create the state that simulates each branch of (353)(354) excluding the phase
information. We first need to formally define the state that resembles each branch of (353)(354). This
is defined step-by-step as follows:

(a) Define |χ0
b(0),~b,±

〉 as part of the states in (353)(354) excluding the phase information:

|χ0
b(0),~b,+

〉 :=
∑

K∈Domain(K)

|K〉

︸ ︷︷ ︸
client

⊗ |x(0)

b(0)
〉 ⊗

∑
~b∈{0,1}L

|~x~b〉︸ ︷︷ ︸
Sbsh

|φK,b(0),~b,+〉 (375)

|χ0
b(0),~b,−〉 :=

∑
K∈Domain(K)

|K〉

︸ ︷︷ ︸
client

⊗ |x(0)

b(0)
〉 ⊗

∑
~b∈{0,1}L

|~x~b〉︸ ︷︷ ︸
Sbsh

|φK,b(0),~b,−〉 (376)

(b) (375)(376) contains many client-side registers, but what Sim can simulate should be server-side.
To address this problem, define |χ1

b(0),~b,±
〉 as the following states: corresponding to K in |χ0

b(0),~b,±
〉,

initialize SK with the same size as K; and corresponding to other client-side registers implicit
in (375)(376), initialize the corresponding server-side registers with the same size (for example,
initialize SK(helper) corresponding to K(helper)). Denote the collection of them as Sc. Then define

|χ1
b(0),~b,+

〉 :=
∑

K∈Domain(K)

|K〉

︸ ︷︷ ︸
SK

⊗ |x(0)

b(0)
〉 ⊗

∑
~b∈{0,1}L

|~x~b〉︸ ︷︷ ︸
Sbsh

|φ̃K,b(0),~b,+〉 (377)

|χ1
b(0),~b,−〉 :=

∑
K∈Domain(K)

|K〉

︸ ︷︷ ︸
SK

⊗ |x(0)

b(0)
〉 ⊗

∑
~b∈{0,1}L

|~x~b〉︸ ︷︷ ︸
Sbsh

|φ̃K,b(0),~b,−〉 (378)

where |φ̃K,b(0),~b,±〉 is defined to be the state coming from swapping the client-side registers and Sc
(initialized to be empty) on |φK,b(0),~b,±〉.

(c) This step is a preparation for dealing with the blinded oracle later. Recall that when we analyze
the final outcome state |ϕ′〉, one important step is to use (345) to replace the adversary querying
the normal oracle by an adversary querying a blinded oracle. For the simulated state, we also
need a way to connect the adversary that queries the normal oracle to an adversary that query
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the blinded oracle. This problem is addressed in this step, by artificially swapping the values of
normal oracle and the blinded oracle in |χ1

b(0),~b,±
〉, which is the definition of |χ2

b(0),~b,±
〉.

Define |χ2
b(0),~b,+

〉 , |χ2
b(0),~b,−

〉 as follows: start from states |χ1
b(0),~b,+

〉 , |χ1
b(0),~b,−

〉 ((377)(378)), swap
the values of H({0, 1}κ||K(helper)|| · · · ) and H ′({0, 1}κ||K(helper)|| · · · ) (recall H ′ is the blinded
oracle); Then as in the last step, we use an additional step to remove registers that are not
server-side simulatable. Initialize a server-side empty register SH′,blind that has the same size as
the blinded part of the oracle, and swap the H ′ registers that originally hold the blinded part,
with SH′,blind.
What we get is the following. Suppose U is a server-side operation that queries H, and Ublind is
its blinded version (that is, replacing all the queries to H by queries to the blinded one). Both
operations output a value to some register, and use |Π0 |·〉 |2 to denote the probability of getting 0.
Then

|Π0U |χ2
b(0),~b,±〉 |

2 = |Π0Ublind |χ1
b(0),~b,±〉 |

2 for all ± ∈ {+,−}, b(0) ∈ {0, 1},~b ∈ {0, 1}L (379)

(d) We want to define an operation that prepares state |χ2
b(0),~b,+

〉 , |χ2
b(0),~b,−

〉 conditioned on the
subscript registers and indicator registers in (372)(373). But there is an additional restriction
from the norms of each branch in (372)(373). For each value of Ssub and indicator registers in
(372)(373), the norm of this branch is 1√

2L
cb(0),±; the state we want to prepare in this state has

norm cb(0),~b,±, which is not compatible, even if they are close on average by (363)-(366). We need
to rescale the state |χ2

b(0),~b,+
〉 , |χ2

b(0),~b,−
〉. We need to be careful: we do not want to up-scale them

since we can’t prepare a state in the random oracle model that is not valid (Definition 3.4), but
down-scaling is fine.17

For each b(0) ∈ {0, 1},~b ∈ {0, 1}L,± ∈ {+,−}, define |χ3
b(0),~b,±

〉 as:

|χ3
b(0),~b,±〉 :=

|χ
2
b(0),~b,±

〉 if cb(0),~b,± ≤
1√
2L
cb(0),±

1√
2L
c
b(0),±

c
b(0),~b,±

|χ2
b(0),~b,±

〉 if cb(0),~b,± >
1√
2L
cb(0),±

(380)

Then the overall operation of this step is defined as follows. Controlled by the indicator and Ssubs
registers, server-side isometry O2 implements the mapping:

|0〉︸︷︷︸
˜indicgarbage

|true〉︸ ︷︷ ︸
indic+

|false〉︸ ︷︷ ︸
indic−

|b(0)〉︸ ︷︷ ︸
˜indiccol

|~b〉︸︷︷︸
Ssubs

1√
2L
cb(0),+ (381)

→|true〉 |false〉 |b(0)〉 |~b〉


|0〉︸︷︷︸

˜indicgarbage

|χ3
b(0),~b,+

〉+ |2〉 |· · ·〉 if cb(0),~b,+ ≤
1√
2L
cb(0),+

|0〉 |χ3
b(0),~b,+

〉 if cb(0),~b,+ > 1√
2L
cb(0),+

(382)

|0〉 |false〉 |true〉 |b(0)〉 |~b〉 1√
2L
cb(0),− (383)

→


|0〉︸︷︷︸

˜indicgarbage

|χ3
b(0),~b,−

〉+ |2〉 |· · ·〉 if cb(0),~b,− ≤
1√
2L
cb(0),−

|0〉 |χ3
b(0),~b,−

〉 if cb(0),~b,− >
1√
2L
cb(0),−

(384)

3. Define O3 as the operator that erases the subscript vector register Ssubs based on the values of S̃bsh
(where S̃bsh is defined to be the registers that holds ~x~b in (375)(376)):

O3 : |K〉︸︷︷︸
SK

|~x~b〉︸︷︷︸
Sbsh

|~b〉︸︷︷︸
Ssubs

→ |K〉 |~x~b〉 |0〉

17As an example, if there is an operation that prepares a state |ϕ〉, it’s possible to prepare
√

1− a2 |0〉 |ϕ〉+ a |1〉 |garbage〉
for a ∈ (0, 1), where the first bit is in the ˜indicgarbage register. But it’s not possible to prepare 1/

√
1− a2 |ϕ〉.
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4. The remaining thing to do is to append the operators that connects a simulation of (352) given above
to the simulation of real execution outcome Πcomp |ϕ′〉.
The overall operation of Sim, operating on |(67)〉, is defined as

Set(type→ |comp〉)◦Advcomp◦( ˜Adv2.b.sbt)
−1◦Disgard( ˜indic,SK ,Sc,SH′,blind)◦COPY(SK̃ → transK̃)◦

O3 ◦O2 ◦O1

where:

• Recall in the comp round of Protocol 2, the client needs to send out all the keys in K̃ to the
server in the end. Denote the transcript register that holds this information as transK̃ , and
COPY(SK̃ → transK̃) that bitwise-CNOT the corresponding keys in the corresponding simulated
registers18 to transK̃ .

• Disgard operator disgards ˜indicgarbage, ˜indic+, ˜indic−, ˜indiccol and SK ,Sc,SH′,blind to the
environment; these registers are used in our construction but are not accessible by the distinguisher
in (70).
• Advcomp is the operation of Adv in the comp round; ˜Adv2.b.sbt is the non-blinded version of ˜Adv2.b.sbt

defined in (347).
• Set(type→ |comp〉) means setting register type (recall in execution of Protocol 2 there is a round

type register) in the transcript to comp.

Part III: proof of (70) Let’s prove Sim constructed above satisfies (70). Suppose the efficient distinguisher
is D, and use Π0 to denote the projector that the distinguisher outputs 0. Thus (70) translates to:

|Π0DΠcomp |ϕ′〉 | (385)
≈0.1

√
pcomp+negl(κ)|Π0D

√
pcompSim |(67)〉 | (386)

We move towards it by analyzing both sides. First define Dblind as the operation that queries the blinded
oracle instead of the original oracle H. First by (345) we can calculate the inner state of (385):

DΠcomp |ϕ′〉 (387)
=√pcompDSet(type→ |comp〉)Disgard(client-side registers except θ(1)

θ
(2) · · · θ(L)

)CalcRel(θ(1)
θ
(2) · · · θ(L)

)

◦ Advcomp(|ϕ2.a〉 � K̃) (388)
≈10−100+negl(κ)

√
pcompD

blindSet(type→ |comp〉)Disgard(client-side registers except θ(1)
θ
(2) · · · θ(L)

)CalcRel(θ(1)
θ
(2) · · · θ(L)

)

(389)

◦ Advblindcomp (|ϕ2.a〉 � K̃) (390)

where CalcRel(θ(1)θ(2) · · ·θ(L)) is the client-side operation that calculates the relative phase θ(1)θ(2) · · ·θ(L)

from Θ.
Now we analyze (386) and move towards (389)(390).

1. By (363)-(366), we can change the basis norms of the outputs of O3 ◦O2 ◦O1 |(67)〉 to the same norms
as |φ···〉 in (353)(354) (that is, remove the re-scaling in (380)):

O3 ◦O2 ◦O1 ◦ (67)

≈0.01+negl(κ)

∑
θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L
|θ(1)θ(2) · · · θ(L)〉 ⊗ ( |0〉︸︷︷︸

˜indicgarbage

⊗(

|true〉 |false〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉︸ ︷︷ ︸
˜indiccol

|χ2
b(0),~b,+

〉

+ e(
∑
i∈[L] θ

(i))iπ/4 |false〉 |true〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉 |χ2
b(0),~b,−〉) + |1〉 |· · ·〉) (391)

18Recall SK holds the simulation of K, here SK̃ is the part of SK that simulates K̃.
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2. This step aims at replacing |χ2〉 in (391) by the corresponding |χ1〉. The difference here is we swap the
content of the original oracle and the blinded oracle; as discussed in (379), if we also swap the operators
that query the original oracle to the blinded oracle, the final probability of outputting 0 in (386) will
not change. Explicitly, it is

|Π0DSet(type→ |comp〉) ◦ Advcomp ◦ (Ãdv2.b.sbt)
−1 ◦ Disgard( ˜indic,SK ,Sc,SH′,blind) ◦ COPY(SK̃ → transK̃) ◦ (391)|

(392)
=|Π0D

blindSet(type→ |comp〉) ◦ Advblindcomp ◦ (Ãdv
blind
2.b.sbt)

−1 ◦ Disgard( ˜indic,SK ,Sc) ◦ COPY(SK̃ → transK̃)( (393)∑
θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L
|θ(1)θ(2) · · · θ(L)〉 ⊗ ( |0〉︸︷︷︸

˜indicgarbage

⊗( (394)

|true〉 |false〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉︸ ︷︷ ︸
˜indiccol

|χ1
b(0),~b,+

〉 (395)

+ e(
∑
i∈[L] θ

(i))iπ/4 |false〉 |true〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉 |χ1
b(0),~b,−〉) + |1〉 |· · ·〉) | (396)

(397)

3. This step aims at replacing |χ1〉 in (396) by the corresponding |χ0〉. The two states are the same up to
positions of some registers (K corresponds to SK , etc). Thus

Disgard( ˜indic,SK ,Sc, ) ◦ COPY(SK̃ → transK̃)(394)(395)(396) (398)
=Disgard(indic,K, client-side registers of |χ〉) ◦ ( (399)∑
θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L
|θ(1)θ(2) · · · θ(L)〉 ⊗ ( |0〉︸︷︷︸

˜indicgarbage

⊗( (400)

|true〉 |false〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉︸ ︷︷ ︸
˜indiccol

|χ0
b(0),~b,+

〉 (401)

+ e(
∑
i∈[L] θ

(i))iπ/4 |false〉 |true〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉 |χ0
b(0),~b,−〉) + |1〉 |· · ·〉) (402)

)� K̃)) (403)

Note when we replace SK̃ by K̃ COPY(SK̃ → transK̃) becomes �K̃.

4. Note that we have not simulated the Θ register yet, and the phases in (391)(396)(402) solely come
from (67). Introduce registers SΘ that has the same size as Θ (which could hold (1 + L) phase pairs).
Consider state ∑

θ(1)θ(2)···θ(L)∈{0,1···7}L

1√
8L

(|θ(1)θ(2) · · · θ(L)〉⊗

∑
Θ∈Domain(Θ) such that

the relative phase of Θ(1)Θ(2) · · ·Θ(L) is θ(1)θ(2)···θ(L)

1√
8L
|Θ〉︸︷︷︸
Θ

⊗

eSUM(~Θ
b(0)~b

)iπ/4 |true〉 |false〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉︸ ︷︷ ︸
˜indiccol

|χ0
b(0),~b,+

〉

+ e−SUM(~Θ
b(0)~b

)iπ/4 |false〉 |true〉
∑

b(0)∈{0,1}

∑
~b∈{0,1}L

|b(0)〉 |χ0
b(0),~b,−〉+ |1〉 |· · ·〉)� K̃)) (404)

97



Compare (400)(401)(402)(403) and (404) two states differ by a global phase on each component
corresponding to each value of indiccol, indicgarbage,Θ. By Fact 2 there is

Disgard(Θ)(404) ≈ind:Fcq (400)(401)(402) (405)

where Fcq is the set of operators that operates on the transcript, client-side registers and the indic±
register in a read-only way.

Note

Π
indicgarbage
0 (404) (406)

=CalcRel(θ(1)θ(2) · · ·θ(L))(

Collapse(S
(0)
bsh)PR2(|$2〉 ⊗ (R1(|$1〉 ⊗ ReviseRO ◦Πbasishonest(K) |ϕ̃2.a〉)))� K̃) (407)

where Collapse(S
(0)
bsh) is the operation that calculate the subscript of the keys in S(0)

bsh to register indiccol.

5. Recall on each branch corresponding to the K(0), P† could be seen as an operation that operates only
on indic±,Θ(0). Thus

Collapse(S
(0)
bsh)PR2(|$2〉 ⊗ (R1(|$1〉 ⊗ ReviseRO ◦Πbasishonest(K) |ϕ̃2.a〉)))� K̃) (408)

≈ind0 Collapse(S
(0)
bsh)P†PR2(|$2〉 ⊗ (R1(|$1〉 ⊗ ReviseRO ◦Πbasishonest(K) |ϕ̃2.a〉)))� K̃) (409)

≈0.01+negl(κ)Collapse(S
(0)
bsh)Πbasishonest(K) |ϕ̃2.a〉)))� K̃) (410)

≈indnegl(κ)Πbasishonest(K) |ϕ̃2.a〉 � K̃ (411)

≈0.01 |ϕ̃2.a〉 � K̃ (412)

where the distinguisher in (408)(409) operates on all the registers excluding the indicator registers and
Θ(0); (409)(410) is from (351); (410)(411) is by the collapsing property (where the distinguisher has no
access to K(0)), (411)(412) is by (347). Also note that we omit registers that are not used and remain
in product state with other parts (for example, |$1〉 , |$2〉 etc).

Combining all these steps we have

|Π0DSim |(67)〉 | (413)

≈0.01+negl(κ)|Π0D
blindΠcompDisgard(client-side registers except θ(1)θ(2) · · ·θ(L))CalcRel(θ(1)θ(2) · · ·θ(L))

(414)

◦ Advblindcomp (Advblind2.b.sbt)
−1(|ϕ̃2.a〉 � K̃)| (415)

which compared with (390) completes the proof.

13 From Remote State Preparation to Quantum Computation Ver-
ification

In this section we complete the construction of our CVQC protocol thus complete the proof of Theorem 1.1.

13.1 From Pre-RSPV to RSPV
In this subsection we will give an RSPV protocol (as defined in Definition 4.2, 4.3) from the pre-RSPV
protocol (as defined in Definition 4.4, 4.5, constructed in Protocol 2).

Comparing the definition of RSPV to pre-RSPV, the differences are:
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• In Definition 4.5 there is an additional case in the conclusion that the winning probability is bounded
away from OPT. This means in preRSPV the adversary could possibly cheat by making the winning
probability small.

In addition, in Definition 4.3 the bound on the passing probability in the first case is much smaller
than Definition 4.5. This means in RSPV the adversary’s freedom of cheating without being caught is
much smaller.

• In preRSPV the output state is only generated in the comp round, which appears with probability pcomp;
in RSPV the state should be generated with high probability.

We do the security amplification from preRSPV to RSPV in two steps, as follows.

1. preRSPV to preRSPVTemp:

(a) In Step 1, both parties do a repetition of preRSPV protocol. And the client calculates the number
of winning cases. If it’s significantly fewer than the optimal expectation value, the client outputs
fail. (The client also outputs fail if any call to the subprotocols fail.)
In this way we resolve the problems discussed in the first bullet above. For the second bullet we
put it into the second step below, and for the honest behavior (correctness property) of this step
we use a simple solution as follows:

(b) The client chooses a random index i and reveals it. If the i-th round is a comp round, then the
server gets the state and the client stores comp as the overall flag. Otherwise the client stores ⊥
as the overall round type.

Thus preRSPVTemp will have the following outputs: type ∈ {comp,⊥}, flag ∈ {pass, fail}, and the
client-side keys and server-side states (only if type= comp).

2. preRSPVTemp to RSPV:

Both parties repeat the preRSPVTemp protocol for many times to ensure an output state is generated
with high probability.

13.1.1 Step 1: a fully verifiable protocol that does not necessarily generate an output state

We first construct preRSPVTemp from preRSPV.

Protocol 14 (preRSPVTemp). Suppose the security parameter is κ and the output number is L.

1. Take the round number N = 102500.

For i in [N ]:

(a) Both parties run protocol preRSPV(1L, 1κ).

Note for each i there is a round type sampled from {test, quiz, comp}. In addition to the pass/fail
flag, the client will output a score in {win, lose,⊥}, where win/lose only appear in the quiz round,
and honestly, score = win with probability OPT (conditioned on quiz round).

2. If any round fail, the client outputs fail.

If the total number of win is ≤ N ·pquiz·(OPT−10−210) (recall OPT = 1
3 cos2(π/8) = 0.28451779686 · · · ,

pquiz = 1
10), the client outputs fail.

3. The client picks a random round i and tells i to the server.

• If the round type of the i-th round is comp, the server picks up the corresponding gadgets and
disgards the others. The client keeps the keys, outputs comp in the overall round type register
and disgards the other systems.
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• If the round type of the i-th round is not comp, the client stores ⊥ in the overall round type
register. Both parties disgard everything else.

Correctness In the honest setting conditioned on the overall round type is comp, with probability ≥
1− 10−5 − negl(κ) the joint output state of the client and the server is (66).

Proof of correctness. By Section 5.4 in the honest setting each call to preRSPV could fail only with negligible
probability. Thus except with negligible probability, the only case where the client will output fail against an
honest server is the statistical testing of quiz scores (number of win) in the second step. By properties of the
preRSPV protocol the honest server could generate a win score with probability ≥ OPT− negl(κ) in each quiz
round. Thus the expectation of win for each round i ∈ [N ] is ≥ pquiz ·OPT− negl(κ). Then by Chernoff’s
bound

Pr[ the number of win is ≤ N · pquiz · (OPT− 10−210)] ≤ 10−6 + negl(κ)

This completes the proof.

Now we prove Protocol 14 satisfies a verifiability statement as Definition 4.3 (verifiability of RSPV
protocol) for target state (67) with output number L.

Theorem 13.1 (Verifiability of preRSPVTemp). For any polynomial time adversary Adv, any efficiently-
preparable initial state |ϕ0〉 = O |0〉, there exists a server-side operation SimAdv,O such that

ΠcompΠpasspreRSPVTempAdv(1L, 1κ) |ϕ0〉 (416)

≈ind0.11+negl(κ)

√
pcompΠpassSimAdv,O |Equation (67)〉 (417)

Proof of Theorem 13.1. Consider an efficient adversary Adv. Let’s analyze the output state of the first step
of Protocol 14. The first step is an iteration of preRSPV for each i ∈ [N ]. For each round counter i ∈ [N ],
suppose the history of round types and output flags and scores of previous tests by the beginning of the i-th
round are recorded as

rec<i = ((type1 · · · typei−1), (flag1, · · · flagi−1), (score1 · · · scorei−1)) (418)

where type ∈ {test, quiz, comp}, flag ∈ {pass, fail}, score ∈ {win, lose,⊥}. We use bold fonts for their
corresponding registers. Then

Domain(rec<i) := The set of all the valid records (equation (418)) by the end of round i− 1

Suppose the server’s state in the end of round i− 1 is denoted as |ϕi−1〉 and the component (Definition 3.16)
when the history record is rec<i is denoted as |ϕi−1

rec<i〉. Thus

|ϕi−1〉 =
∑

rec<i∈Domain(rec<i)

|rec<i〉︸ ︷︷ ︸
rec<i

⊗ |ϕi−1
rec<i〉 (419)

When the first step of Protocol 14 completes, the final state could be decomposed as

|ϕN 〉 =
∑

rec∈Domain(rec≤N )

|rec〉︸︷︷︸
rec≤N

⊗ |ϕNrec〉

where rec≤N are registers for all these records in all the N rounds.
Denote the part of Adv’s operation at round i on record rec<i as Advrec<i,i. For each round i ∈ [N ],

history record rec<i ∈ Domain(i− 1), apply the verifiability of preRSPV (Theorem 5.2) on initial state

Π
flag<i
pass |ϕi−1

rec<i〉

where Π
flag<i
pass is the projection onto the space that the registers flag1 · · ·flagi−1 all have value pass. Then

we know there exists a server-side simulator Sim
Advrec<i,i
rec<i,i such that at least one of the following three cases is

true: 19

19Note that Theorem 5.2 is on normalized initial state, thus we need to normalize Π
flag<i
pass |ϕi−1

rec<i
〉 before applying it. This

is possible as long as Π
flag<i
pass |ϕi−1

rec<i
〉 is non-negligible norm, and the efficiently-preparable property still preserve by Fact 6. If

the norms are negligible it could be merged with the third case below.
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• Limited passing probability:

|Πflagipass preRSPVAdvrec<i,i(|rec<i〉 ⊗Π
flag<i
pass |ϕi−1

rec<i〉)|
2 ≤ (1− 10−2000)|Πflag<ipass |ϕi−1

rec<i〉 |
2 (420)

(We omit the arguments of the protocol call for simplicity.)

• The probability of win is less than expected:

|Πscoreiwin preRSPVAdvrec<i,i(|rec<i〉 ⊗Π
flag<i
pass |ϕi−1

rec<i〉)|
2 ≤ pquiz · (OPT− 10−200)|Πflag<ipass |ϕi−1

rec<i〉 |
2

(421)

• The output state has verifiability:

Πtypeicomp preRSPVAdvrec<i,i(|rec<i〉 ⊗Π
flag<i
pass |ϕi−1

rec<i〉)

≈ind
0.1
√
pcomp|Π

flag<i
pass |ϕi−1

rec<i
〉|+negl(κ)

√
pcomp · (|rec<i〉 ⊗ Sim

Advrec<i,i,Advrec<i,<i
rec<i,i (|equation (67)〉) (422)

where Advrec<i,<i is the operation of Adv by the beginning of the i-th round when the record is rec<i.

We want to show (422) is true with sufficiently high probability in the passing space for randomly chosen
i. Formally, define

T := the set of (rec<i, i), i ∈ [N ], rec<i ∈ Domain(rec<i) that (422) is true. (423)

We want to show

|(I−Πrec<i,i
∈T )Πpass(

∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec∈Domain(rec≤N )

|rec〉 ⊗ |ϕNrec〉)|2 < 10−4 + negl(κ) (424)

where Πrec<i,i
∈T is the projection onto the space that the round counter i, and the history record by the

beginning of time step i, is in T . We put the proof into a box for continuity of proof stream.

Consider state |ϕN 〉, which is the state when the first step of preRSPVTemp completes. Use rec ←
Πpass |ϕN 〉 to denote the (subnormalized) probability distribution coming from measuring the rec
transcript register of Πpass |ϕN 〉. Recall we use rec<i to denote the first i − 1 records of rec. Define
events

E1 := there exists i ∈ [N ], flagi = fail

E2 := number of win ≤ N · pquiz · (OPT− 10−210)

For simplicity define
ε = 10−2000

And define
Arec := {i ∈ [N ] : (rec<i, i) makes (420) hold}

Brec := {i ∈ [N ] : (rec<i, i) makes (421) hold}

Wrec := {i ∈ [N ] : scorei = win in |ϕN 〉}

Then

Pr
i←[N ]

Pr
rec←Πpass|ϕN 〉

[((421) holds ∨ (420) holds ) ∧ ¬(E1 ∨ E2)]

≤ Pr
rec←Πpass|ϕN 〉

[|Arec| ≥ 30/ε ∧ ¬E1]

+ Pr
rec←Πpass|ϕN 〉

[|Brec −Arec| ≥ 10−5N ∧ |Arec| ≤ 30/ε ∧ ¬E2]

+ 60/(Nε) + 10−5 (425)

where the first term in (425) is ≤ (1− ε)30/ε ≤ 10−5.
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To bound the second term above, recall the definition of E2 above. We want to bound the probability
that the number of win is big with the other events given in the second term. First note

[N ] = Arec ∪ (Brec −Arec) ∪ ([N ]−Brec −Arec)

We will bound the number of win for i ∈ Brec −Arec and i ∈ ([N ]−Brec −Arec) separately, as follows:

Pr
rec←Πpass|ϕN 〉

[|(Brec −Arec) ∩Wrec| ≥ |Brec −Arec| · pquiz · (OPT− 10−203)] ≤ 10−5 (426)

Pr
rec←Πpass|ϕN 〉

[|([N ]−Brec−Arec)∩Wrec| ≥ |[N ]−Brec−Arec| · pquiz · (OPT+ 10−215)] ≤ 10−5 + negl(κ)

(427)
Both comes from Corollary 3.2. a Combining them we have

Pr
rec←Πpass|ϕN 〉

[|Brec −Arec| ≥ 10−5N ∧ |Arec| ≤ 30/ε ∧ ¬E2] ≤ 5× 10−5 + negl(κ)

Summing them up completes the proof.
aThe probability upper-bound of each sample in (427) come from (422), while the probability upper-bound of each

sample in (426) comes from Theorem 5.1:

|Πscorei
win preRSPV

Adv
rec<i,i (|rec<i〉 ⊗Π

flag<i
pass |ϕi−1

rec<i
〉)|2 ≤ pquiz · (OPT + 10−220)|Πflag<i

pass |ϕi−1
rec<i

〉 |2 + negl(κ) (428)

When the whole protocol completes, for each rec ∈ Domain(rec≤N ), suppose rec appears with probability
prec. Now consider the simulator SimAdv defined as follows. (Since we mix the necessary definitions with the
actual operations we use underlines to remark the actual operations of SimAdv.)

1. Pick a random i ∈ [N ].

Sample rec ∈ Domain(rec≤N ) with probability prec, and keep the terms with index in [i− 1]. Denote
it as rec<i (∈ Domain(rec<i)) and the appearance probability is prec<i .

The purified overall state by the end of this step is

√
prec<i

∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗ |0〉 (429)

2. As implicitly used in (422), |ϕi−1
rec<i〉 is efficiently preparable by a unitary followed by a re-scaling by

Fact 6. (That is, there exists a polynomial time simulator Sim
Advrec<i,<i
rec<i,<i such that

|ϕi−1
rec<i〉 ≈negl(κ)

√
prec<iSim

Advrec<i,<i
rec<i,<i |0〉 (430)

)

Suppose Advrec<i,i is the operation of Adv during the i-th round when the previous history record is

rec<i. Recall (rec<i, i) ∈ T , there exists a simulator Sim
Advrec<i,i,Advrec<i,<i
rec<i,i that satisfies (422).20

Controlled by the values of rec<i and i, if (rec<i, i) 6∈ T , set all the flags to fail and stop the construc-

tion of Sim. Otherwise apply Sim
Advrec<i,i,Advrec<i,<i
rec<i,i on the server side of |Equation (67)〉. Denote the

post-execution state

|ϕ̃irec<i〉 :=
√
prec<iSim

Advrec<i,i,Advrec<i,i
rec<i,i |Equation (67)〉 (431)

20Following the convention on the superscript of Sim, where SimAdv,O stands for the simulator corresponding to the protocol

execution against adversary Adv and initial state O |0〉, the second part of the superscript here should be Sim
Adv

rec<i,<i

rec<i,<i
. Here

we simply use Advrec<i,<i for simplicity.
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The overall state by the end of this step when the round counter is i, is

|ϕ̃i〉 :=
∑

rec<i∈Domain(rec<i)

|rec<i〉 ⊗ |ϕ̃i+1
rec<i〉 (432)

3. Controlled by the values of rec<i and i, apply

Sim
Advrec<i,>i
rec<i,>i = Disgard(SC)Serversim(preRSPVTemp

Advrec<i,>i
>i ) (433)

on (432), where:

• Advrec<i,>i is the operation of Adv starting from the i + 1-th round when the previous history
record by the end of the i− 1 round is rec<i.21

• Serversim(Prtl) is a server-side operation that (1) first initialize a register SC that has the same
size as the client-side registers initialized in Prtl; (2) do all the operations between the server-side
of the initial state and SC instead of the real client. This transformation transforms an interactive
protocol to a server-side operations that simulates the server-side view of the original protocol.

Denote the final state as

|ϕ̃′〉 =
∑

rec<i∈Domain(rec<i)

|rec<i〉 ⊗ Sim
Advrec<i,>i
rec<i,>i |ϕ̃irec<i〉

We will prove Sim satisfies (416).
By (422)(430)(431), for any (rec<i, i) ∈ T :

|rec<i〉 ⊗Πtypeicomp Π
flag<i
pass |ϕirec<i〉 ≈

ind
(1/10+negl(κ))

√
pcomp

√
prec<i

|rec<i〉 ⊗ √pcompΠ
flag<i
pass |ϕ̃irec<i〉 (434)

Thus applying (434) for each (rec<i, i) ∈ T and summing up the errors we get:

Π(rec<i,i)∈T
∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗Πtypeicomp Π
flag<i
pass |ϕirec<i〉 (435)

≈ind(1/10+negl(κ))
√
pcomp

Π(rec<i,i)∈T
∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗ √pcompΠ
flag<i
pass |ϕ̃irec<i〉 (436)

Then let’s consider the application of Sim
Advrec<i,>i
rec<i,>i . For any rec<i, by construction (433):

Sim
Advrec<i,>i
rec<i,>i |ϕirec<i〉 = preRSPVTemp

Advrec<i,>i
>i |ϕirec<i〉 (437)

Combining it with (435)(436) we get

Π(rec<i,i)∈T

∑
i∈[N]

1
√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗ preRSPVTemp
Adv
rec<i,>i

>i (Π
typei
comp Π

flag<i
pass |ϕi

rec<i
〉)

(438)

≈ind(1/10+negl(κ))
√
pcomp

Π(rec<i,i)∈T
∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗ √pcompSim
Advrec<i,>i
rec<i,>i Π

flag<i
pass |ϕ̃irec<i〉

(439)

21Here the record in the i-th round is implicit in |ϕ̃i+1
rec<i

〉 in (432), and the adversary has access to it; but we make the rec<i

part explicit in (432) thus we also need to make it explicit in the subscript of the adversary’s operation.
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Which implies both sides are close if we focus on the space that all the flag registers are in value pass (denoted
as Πpass):

Π(rec<i,i)∈TΠpass

∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗ preRSPVTemp
Advrec<i,>i
>i (Πtypeicomp |ϕirec<i〉)

(440)

≈ind(1/10+negl(κ))
√
pcomp

Π(rec<i,i)∈TΠpass

∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec<i∈Domain(rec<i)

|rec<i〉 ⊗ √pcompSim
Advrec<i,>i
rec<i,>i |ϕ̃irec<i〉

(441)

Now we could apply (424) to (440) and get

(440) ≈0.01+negl(κ) Πpass

∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec∈Domain(rec≤N )

|rec〉 ⊗Πtypeicomp |ϕNrec〉 (442)

And by the construction of Sim we have the simulated state on the space of (I− Π(rec<i,i)∈Ti)Πpass has norm
0. Thus

(441) = Πpass

∑
i∈[N ]

1√
N
|i〉 ⊗

∑
rec∈Domain(rec≤N )

|rec〉 ⊗ √pcomp |ϕ̃Nrec〉) (443)

which together implies

Πtypeicomp Πpass

∑
i∈[N ]

1√
N
|i〉 ⊗ |ϕ′〉 ≈ind0.11+negl(κ)

√
pcompΠpass

∑
i∈[N ]

1√
N
|i〉 ⊗ |ϕ̃′〉

This completes the proof.

13.1.2 Step 2: handing the case where comp round is not reached

In this section we construct RSPV protocol from the preRSPVTemp protocol in the last section.

Protocol 15 (RSPV). Inputs: security parameter κ, output number L.
Take N = 10/pcomp = 100.

1. For i ∈ [N ]:

(a) Both parties run preRSPVTemp.

• If this subprotocol call outputs comp in its round type register, break out of the loop.
• Otherwise both the client and the server disgard all outputs (client side phases and
server-side states) of this round.

2. If the loop in the first step does not terminate by the breaking out command, the client outputs fail
in the flag register. If any subprotocol call returns fail as its flag, the client outputs fail too.

Otherwise, suppose the first step breaks out when the round counter is i. The client and the server
use the keys and states generated in the i-th round as the output keys and the output state.

Correctness If the server is honest, the protocol succeeds with probability ≥ 0.98− negl(κ) and the joint
state of the client and the server is (66) (up to negligible distance) in the end.

Proof. The cases where an honest server could result in fail are:

• In the underlying preRSPVTemp protocol the client could possibly output fail against an honest server.
This happens with probability ≤ N · (10−4 + negl(κ)) ≤ 0.01 + negl(κ).

• The probability that all the calls of preRSPVTemp have round type ⊥ is ≤ (1− pcomp)
N ≤ 0.01.
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If these two cases do not happen, the client and the honest server get the output keys and states (66) by the
correctness of preRSPVTemp. This completes the proof.

Then we could prove Protocol 15 satisfies Definition 4.3, the verifiability requirement for RSPV protocol:

Theorem 13.2 (Verifiability of Protocol 15, repeat of Definition 4.3). For any efficient adversary Adv there
exists a server-side operator SimAdv such that:

ΠpassRSPVAdv(1L, 1κ) |0〉 ≈ind0.15+negl(κ) ΠpassSimAdv |Equation (67)〉 (444)

Proof. Expand the left hand side of (444) by the value of the register that stores the round counter i when
the protocol terminates:

ΠpassRSPVAdv(1L, 1κ) |0〉 (445)

=
∑
i∈[N ]

|i〉︸︷︷︸
round counter

⊗Πflagipass Πtypeicomp preRSPVTempAdvi(Π
flag<i
pass Π

type<i
⊥ RSPVAdv<i

<i |0〉) (446)

+ |N〉 ⊗Πflagipass Π
typei
⊥ preRSPVTempAdvi(Π

flag<i
pass Π

type<i
⊥ RSPVAdv<i

<i |0〉) (447)

where Π
flag<i
pass is the projection onto the space that the flag registers for round 1 to i− 1 all have value pass,

Π
type<i
⊥ is the projection onto the space that the round type registers for round 1 to i− 1 all have value ⊥,

RSPV<i is the protocol from round 1 to i− 1, Adv<i is the part of Adv by the end of the i− 1-th round. And
Π
flagi
pass , Π

typei
⊥ , Advi are defined similarly.

The norm of term (447) is upper bounded by (1− pcomp)
N ≤ 0.01. Thus

(445) ≈0.01

∑
i∈[N ]

|i〉 ⊗Πflagipass Πtypeicomp preRSPVTempAdvi(Π
flag<i
pass Π

type<i
⊥ RSPVAdv<i

<i |0〉) (448)

Then we could apply Theorem 13.1 to each term of (448) which leads to an isometry Simi,Adv for each i ∈ [N ]:

∀i ∈ [N ], |i〉 ⊗Πflagipass Πtypeicomp preRSPVTempAdvi(Π
flag<i
pass Π

type<i
⊥ RSPVAdv<i

<i |0〉) (449)

≈ind0.11
√
pi+negl(κ) |i〉 ⊗

√
pi
√
pcompΠ

flagi
pass Simi,Adv |Equation (67)〉 (450)

where
pi := |Πflag<ipass Π

type<i
⊥ RSPVAdv<i

<i |0〉 |2

Then summing them up and summing up the error terms we could continue from (448):

Right hand side of (448) (451)

≈ind0.11+negl(κ)

∑
i∈[N ]

√
pi
√
pcomp |i〉 ⊗ Simi,Adv |Equation (67)〉 (452)

where (452) defines a simulator Sim that samples i with probability pipcomp and runs the corresponding
Simi,Adv. Combining (448)(451)(452) completes the proof.

13.2 From RSPV to CVQC
Now we will construct a CVQC protocol from the RSPV protocol in the last subsection.

Protocol 16 (CVQC). Input: circuit C to be verified, which determines the gadget number L = O(|C|)
under Theorem 4.2. Suppose the security parameter is κ.

1. Both parties run RSPV(1L, 1κ).

2. Both parties run the gadget-assisted verification protocol (Theorem 4.2) with the gadgets above.
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We have the following for the protocol, which proves Theorem 1.1.

Completeness The protocol has completeness 2
3 .

Proof. There are two cases where the client in the protocol will output fail on a yes instance against an honest
server:

• The call to the RSPV protocol in the first step might fail with probability 1
10 + negl(κ), as defined in

Definition 4.2.

• The underlying gadget-assisted verification protocol in the third step is allowed to have a failing
probability of 1

10 .

The total probability is ≤ 1
3 + negl(κ).

Soundness The protocol has soundness 1
3 in QROM against BQP adversaries.

Proof. After the application of RSPV against adversary Adv, define |ϕ′〉 as the output state:

|ϕ′〉 = RSPVAdv(1L, 1κ) |0〉

By Theorem 13.2, there exists a server-side isometry Sim such that

Πpass |ϕ′〉 ≈ind0.15+negl(κ) ΠpassSimAdv |Equation (67)〉 (453)

By the soundness property of the underlying gadget-assisted protocol (by Theorem 4.2, denote as GAUVBQC)
we know for any Adv′ which denotes the adversary for the gadget-assisted verification step:

∀C, o,Pr[C |0〉 = o] ≤ 1

100
: |ΠpassGAUVBQCAdv′(C, o,ΠpassSimAdv |Equation (67)〉)|2 ≤ 1

50

Substitute (453) we get

∀C, o,Pr[C |0〉 = o] ≤ 1

100
: |ΠpassGAUVBQCAdv′(C, o, |ϕ′〉)|2 ≤ 0.33 + negl(κ)

which completes the proof.

Efficiency The protocol runs in time O(poly(κ)|C|).
By this time we complete the proof of Theorem 1.1.

A Missing Proofs By Section 5
Proof of Fact 3. This is implied by

| |ϕ〉 − |φ〉 |2 = 2(| |ϕ〉 |2 + | |φ〉 |2)− | |ϕ〉+ |φ〉 |2

Proof of Fact 9. This is because state
1√
8

∑
θ∈{0,1···7}

|θ〉

is invariant under the operator.
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Proof of Fact 10. This is because for any sum ∈ {0, 1 · · · 7}, state∑
c0c1c2···cN∈C,SUM(c0c1c2···cN )=sum

|c0c1c2 · · · cN 〉

is invariant under the operator.

Proof of Fact 4. Suppose ~c = (c1, c2 · · · cD), ~d = (d1, d2 · · · dD). Denote S as the set of index i such that
ci ≤ di. Then

~c′ ≈ε1 ~d⇒
∑
i∈S
|ci − di|2 ≤ ε21

~c ≈ε2 ~d′ ⇒
∑
i 6∈S

|ci − di|2 ≤ ε22

Summing them up completes the proof.

Proof of Fact 5.

1

|D|
∑
d1∈D

∑
d2∈D

|cd1 − cd2 |2 = 2
∑
d∈D

(1 +
1

D
)c2d − 2(

1√
|D|

∑
d∈D

cd)
2 ≈ε 0

⇒ 1√
|D|

∑
d∈D

cd ≈ 3
2 ε/c+

1
D
c

⇒
∑
d∈D

|cd −
1√
D
c|2 = c2 − 2(

1√
|D|

∑
d∈D

cd)c+ c2 ≈4ε/c+ 2
D

0

Proof of Fact 6. Define ˜Sim as the operation that runs O and measures register C until c appears. Cuting-off
the repetition in ˜Sim by κ and purifying the operation completes the construction.

Lemma 3.1 is the usual Chernoff’s bound.

Proof of Corollary 3.2. We only need to prove

Pr[(∀i, sample history by time i is not in Si) ∧ (|{i : si = 1}| ≥ (1 + δ)pN)] ≤ e−δ
2N/4

which comes from Lemma 3.1.

A proof of Lemma 3.4 is given in [55] using standard techniques. We give a proof here for self-containment.

Proof of Lemma 3.4. Define Π as the projection onto strings with prefix in pads in the query input register.
Then consider H(I−Π) which is the operation that projecting out the space that have a prefix in pads from
the query.

Define Ok as the operation that the last k queries of O to the random oracle are replaced by H(I−Π).
We can prove, for all k ∈ [|O|] (|O| denotes the number of queries) :

Ok
∑

pads∈Domain(pads)

1√
|Domain(pads)|

|pads〉⊗|ϕ〉 ≈negl(κ) Ok−1

∑
pads∈Domain(pads)

1√
|Domain(pads)|

|pads〉⊗|ϕ〉 .

(454)
The reason is, (454) could be reduced to

|Π
∑

pads∈Domain(pads)

1√
|Domain(pads)|

|pads〉 ⊗ Uk |ϕ〉 | ≈negl(κ) 0 (455)

where U is the part of O just before the k-th query counting from the last to the first. Note by the time of
the k-th query (counting from the last to the first) pads still contains unused freshly new randomness. Thus
(455) is true by direct calculation.

Summing up (454) for each k ∈ [|O|]. Then |ϕ̃〉 := O|O| |ϕ〉 gives the state we want.
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B Missing Proofs in Section 6

Proof of Lemma 6.4. Define H ′ as the blinded oracle where {0, 1}κ||x(i)
1−b|| · · · and {0, 1}2κ||x

(i)
1−b|| · · · are

blinded. Define Advt as the operation where the first t queries of Adv are replaced by queries to H ′. First we
could prove

∀t ∈ [|Adv|],Advt(|ϕ〉 � JAuxInfK) ≈negl(κ) Advt−1(|ϕ〉 � JAuxInfK) (456)

(456) is proved as follows. Define U t−1 as the operation in Advt−1 by the time of the t-th query. Define Sroq
to be the register used to hold random oracle queries. Then (456) is reduced to proving

|ΠSroq
∈{0,1}κ||x(i)

1−b||···∪{0,1}2κ||x
(i)
1−b||···

U t−1(|ϕ〉 � JAuxInfK)| ≤ negl(κ) (457)

Use pads to denote the set of registers that holds the random pads used in AuxInf. Applying Lemma 3.4 we
get |ϕ̃〉 that does not depend on H(pads|| · · · ) such that

|ϕ̃〉 ≈negl(κ)

∑
pads∈Domain(pads)

1√
|Domain(pads)|

|pads〉 ⊗ |ϕ〉

This implies (457) is reduced to proving

|ΠSroq
∈{0,1}κ||x(i)

1−b||···∪{0,1}2κ
U t−1(|ϕ̃〉 � JAuxInfK)| ≤ negl(κ) (458)

since entries of H in the form of pads||p(t)
pre||x(i)

1−b,pads||x
(i)
1−b||p

(t)
post are never queried by the preparation of

|ϕ̃〉 and U t−1, the left hand side is equal to

|ΠSroq
∈{0,1}κ||x(i)

1−b||···∪{0,1}2κ
U t−1(|ϕ̃〉 � J$K)| (459)

where J$K denotes random strings of the same size of JAuxInfK). Then (459) is ≤ negl(κ) by claw-freeness.
Now (456) is proved.

Now summing up (456) for each t ∈ [|Adv|] we have

Adv(|ϕ〉 � JAuxInfK) ≈negl(κ) Adv′(|ϕ〉 � JAuxInfK) (460)

where Adv′ is the operation where each query in Adv is replaced by query to H ′. Now by the same reason as
(458) to (459) we know

|Π
x

(i)
1−b

Adv′(|ϕ〉 � JAuxInfK)| ≤ negl(κ)

which together with (460) completes the proof.

Proof of Lemma 6.5. Define Advt as the operation where the first t queries of Adv are replaced by queries to
H ′. The problem is reduced to

Advt |ϕ〉 ≈negl(κ) Advt−1 |ϕ〉

as the proof of Lemma 6.4, this is further reduced to

|ΠSroq
···||x(i)

1−b||···
U t−1 |ϕ〉 | ≤ negl(κ)

which holds by claw-freeness.

C Missing Proofs in Section 7
To prove Lemma 7.2, we first prove the following lemma.
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Lemma C.1. Suppose the client holds a key pair in register K = {x0,x1}. Below we use |x| to denote the
length of keys in K. Suppose the purified joint state

|ϕ̃〉 =
∑

pad∈{0,1}κ

1√
2κ

|pad〉︸ ︷︷ ︸
pad in transcript

⊗ |ϕ̃pad〉

does not depend on H(pad||{0, 1}|x|). Suppose an adversary Advblind only queries the blinded oracle H ′ where
entries {0, 1}κ||xb are blinded, for some b ∈ {0, 1}. Then

|Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 | = 1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 |

(461)
where the subscript “≥ 2” means the first step of HadamardTest (sampling a random pad) has already been
done and thus skipped.

The proof is by a direct calculation similar to the proof of Lemma A.7.1 in [55].

Proof. Without loss of generality assume b = 0. Since |ϕ̃〉 does not depend on H(pad||{0, 1}|x|) and Advblind

does not query H({0, 1}κ||xb),

HadamardTestAdv
blind

≥2 (K; 1κ) |ϕ̃〉 does not depend on H(pad||x0).

Suppose the server’s response in HadamardTest is written into register d = (d1,d2) where d2 corresponds to
the last κ bits. Then we can write the post-execution state as

HadamardTestAdv
blind

≥2 (K; 1κ) |ϕ̃〉 =
∑

(d1,d2)∈Domain(d)

|d1〉 |d2〉 |χd1,d2〉 (462)

Then we can expand the left hand side of (461) as follows:

|Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 | (463)

(substitute (462) and use the condition that |χd1,d2〉 does not depend on H(pad||x0)) (464)

=

√
EH(pad||x0) |Πd1·x0+d2·H(pad||x0)=d1·x1+d2·H(pad||x1)Πd2 6=0

∑
d1d2

|d1〉 ⊗ |d2〉 ⊗ |χd1,d2〉 |2 (465)

=

√
1

2
|Πd2 6=0

∑
d1,d2

|d1〉 ⊗ |d2〉 ⊗ |χd1,d2〉 |2 (466)

=
1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 | (467)

Then we could prove Lemma 7.2.

Proof of Lemma 7.2. We will move towards Lemma C.1 step by step.

1. Suppose the random pad used in the Hadamard test is stored in register pad. By Lemma 3.4 there
exists |ϕ̃〉 such that

|ϕ̃〉 ≈negl(κ)
1√
2κ

∑
pad∈{0,1}κ

|pad〉︸ ︷︷ ︸
pad

⊗ |ϕ〉

and |ϕ̃〉 does not depend on the value of H(pad|| · · · ).
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2. By Lemma 6.5 we have

HadamardTestAdv(K; 1κ) |ϕ〉 ≈negl(κ) HadamardTestAdv
blind

(K; 1κ) |ϕ〉

where Advblind come from replacing all the queries in Adv by queries to H ′, where H ′ is the blinded
version of H where entries {0, 1}κ||K are blinded.

3. We can apply Lemma C.1 to get

|Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 | = 1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 |

|Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 | = 1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv

blind

≥2 (K; 1κ) |ϕ̃〉 |

Combining all these steps completes the proof.

Then we could prove Corollary 7.3 from this lemma.

Proof of Corollary 7.3. For each b ∈ {0, 1}, define

|ϕ′b,0〉 := Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕb〉

|ϕ′b,1〉 := Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K; 1κ) |ϕb〉

|ϕ′b,−〉 := Πlast κ bits of d
=0 HadamardTestAdv(K; 1κ) |ϕb〉

Then by Lemma 7.2 we have

∀b ∈ {0, 1}, | |ϕ′b,0〉 | ≈negl(κ)
1√
2
| |ϕ′b,0〉+ |ϕ′b,1〉 |, | |ϕ′b,1〉 | ≈negl(κ)

1√
2
| |ϕ′b,0〉+ |ϕ′b,1〉 | (468)

From the condition of Corollary 7.3 we get

| |ϕ′0,0〉+ |ϕ′1,0〉 | ≥
√

1− p− ε (469)

On the other hand

| |ϕ′0,0〉+ |ϕ′1,0〉 | ≤
√

2
√
| |ϕ′0,0〉 |2 + | |ϕ′1,0〉 |2 (470)

(By (468)) ≤
√
| |ϕ′0,0〉+ |ϕ′0,1〉 |2 + | |ϕ′1,0〉+ |ϕ′1,1〉 |2 + negl(κ) (471)

≤
√

1− ε2 − | |ϕ′0,−〉 |2 − | |ϕ′1,−〉 |2 + negl(κ) (472)

Comparing it with (469) we get

| |ϕ′0,−〉 |2 + | |ϕ′1,−〉 |2 ≤ p+ 2ε+ negl(κ)

⇒ ∀b ∈ {0, 1}, | |ϕ′b,−〉 | ≤
√
p+ 2ε+ negl(κ)

This completes the proof of (110).
For (109), we can first bound

| |ϕ′0,0〉 |2 + | |ϕ′1,0〉 |2 ≤
1

2
(| |ϕ0〉 |2 + | |ϕ1〉 |2) ≤ 1

2
(1− ε2) (473)

which together with (469) allows us to apply Fact 3 and get

|ϕ′0,0〉 ≈√p+ε |ϕ′1,0〉

which completes the proof of (109).
Finally by the condition of Corollary 7.3 again we get, the norm of the failing space of the output state is

≤ √p, thus
| |ϕ′0,1〉+ |ϕ′1,1〉 | ≤

√
p+
√
ε

which completes the proof.
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D Missing Proofs in Section 8
Proof of Lemma 8.2. The proof is similar to the proof of Lemma 6.6. As the proof of Lemma 6.6, Lemma
8.2 is reduced to ∑

b,b′∈{0,1}2,b 6=b′
ΠSbsh
x

(i)

b′
◦ P ◦ΠSbsh

x
(i)
b

Πbasishonest(K) |ϕ〉 ≈negl(κ) 0 (474)

where P is an efficient operation in Fblind. Then (474) follows by the claw-free property of |ϕ〉.

Proof of Lemma 8.3. Suppose |ϕ〉 = R1(|$1〉 ⊗ ReviseRO |ϕ0〉). Define |ϕ̃〉 = PrtlAdv0 |ϕ0〉. By Lemma 8.1 we
know the passing probability when the initial state is |ϕ̃〉, is ≥ 1− p− negl(κ). Applying Lemma 7.2 proves

|Πd(79)=0Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ̃〉 | ≈negl(κ)

1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ̃〉 |

|Πd(79)=1Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ̃〉 | ≈negl(κ)

1√
2
|Πlast κ bits of d
6=0 HadamardTestAdv(K ′; 1κ) |ϕ̃〉 |

Applying Lemma 8.1 again, together with the fact that ReviseRO commutes with all the operators in
HadamardTestAdv and PrtlAdv0 , completes the proof.

E Missing Proofs in Section 10.1
We will prove the lemmas in Section 10.1 step by step.

E.1 Basic Inequalities
Before going to the proofs, we give the following basic lemmas. These lemmas could be proved via basic
linear algebra or calculus.

Lemma E.1. Suppose ~a = (a1, a2 · · · an), ~b = (b1, b2 · · · bn). If ~a·~b
|~a||~b|

≥ 1− ε, there is

~a/|~a| ≈√2ε
~b/|~b|

Lemma E.2. If cos2( 1
4 arccosλ) + cos2( 1

4 arccos(−λ)) ≈ε 2 cos2(π/8), ε < 0.1, there is λ ≈4
√
ε 0.

E.2 3-states Lemmas
Below we use Re to denote the real part of a complex number.

Lemma E.3. Suppose vectors |ϕ〉, |ψ〉 both have norm ≤ 1. Then for any |χ〉 with norm ≤ 1,

| |ϕ〉+ |χ〉 |2 + | |ψ〉+ |χ〉 |2 ≤ 8 cos2(
1

4
arccos Re(

〈ϕ|ψ〉
| |ϕ〉 | · | |ψ〉 |

)) (475)

If |ψ〉+ |ϕ〉 6= 0 the equality holds iff | |ϕ〉 | = | |ψ〉 | = 1 and

|χ〉 = (|ψ〉+ |ϕ〉)/| |ψ〉+ |ϕ〉 | (476)

Proof. The left hand side of (475) is less than or equal to

4 + 2Re(〈ϕ|χ〉) + 2Re(〈χ|ψ〉) (477)

Up to an isometry, suppose |ϕ〉 = h |0〉 and |ψ〉 = (a+ bi) |0〉+ c |1〉, h, a, b, c ∈ R≥0, h ≤ 1, a2 + b2 + c2 ≤ 1.
Assume |χ〉 = α |0〉+ β |1〉+ γ |2〉, α, β, γ ∈ C, |α|2 + |β|2 + |γ|2 ≤ 1. Then we could calculate (477) directly
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by Cauchy’s inequality:

(477) (478)
=4 + 2((h+ a)Re(α) + bIm(α) + cRe(β)) (479)

≤4 + 2
√

(h+ a)2 + b2 + c2
√

(Re(α))2 + (Im(α))2 + (Re(β))2 (480)

≤4 + 2
√

(h+ a)2 + b2 + c2 (481)

≤4 + 2
√
h2 + 2ah+ 1 (482)

≤4 + 2
√

2 + 2a (483)

=8 cos2(
1

4
arccos Re(

〈ϕ|ψ〉
| |ϕ〉 |

)) (484)

≤8 cos2(
1

4
arccos Re(

〈ϕ|ψ〉
| |ϕ〉 | · | |ψ〉 |

)) (485)

where the equality holds when

h = 1, a2 + b2 + c2 = 1, (Re(α))2 + (Im(α))2 + (Re(β))2 = 1

Re(α)/(h+ a) = Im(α)/b = Re(β)/c

This implies (476).

Then we have the following lemma, which says the |χ〉 should be close to the optimal state if (475) holds
approximately:

Lemma E.4. Suppose vectors |ϕ〉, |ψ〉 both have norm ≤ 1. Assume22 | |ϕ〉 + |ψ〉 | ≥ 0.5. If vector |χ〉,
| |χ〉 | ≤ 1, satisfies

| |ϕ〉+ |χ〉 |2 + | |ψ〉+ |χ〉 |2 ≥ 8 cos2(
1

4
arccos Re((

〈ϕ|ψ〉
| |ϕ〉 | · | |ψ〉 |

))− ε (486)

where ε < 0.1. Then there is
|χ〉 ≈3

√
ε (|ψ〉+ |ϕ〉)/| |ψ〉+ |ϕ〉 | (487)

Proof. Similar to the proof of Lemma E.3 we have

| |ϕ〉+ |χ〉 |2 + | |ψ〉+ |χ〉 |2 = 4 + 2((h+ a)Re(α) + bIm(α) + cRe(β))

where h, α, β, a, b, c are defined in the same way.
Then (478)-(485) together with (486) imply all the inequalities in (478)-(485) are equality up to an error

ε, which means

4+2((h+a)Re(α)+bIm(α)+cRe(β)) ≥ 4+2
√

(h+ a)2 + b2 + c2
√

(Re(α))2 + (Im(α))2 + (Re(β))2−ε (488)

4 + 2
√

(h+ a)2 + b2 + c2
√

(Re(α))2 + (Im(α))2 + (Re(β))2 ≥ 4 + 2
√

(h+ a)2 + b2 + c2 − ε (489)

4 + 2
√

(h+ a)2 + b2 + c2 ≥ 4 + 2
√
h2 + 2ah+ 1− ε (490)

4 + 2
√
h2 + 2ah+ 1 ≥ 4 + 2

√
2 + 2a− ε (491)

By Lemma E.1, define
~u := (Re(α), Im(α),Re(β)), ~v := (h+ a, b, c),

the inequalities can be translated to

(By condition) |~v| = | |ϕ〉+ |ψ〉 | ≥ 0.5

22This is to rule out the border case where |ψ〉+ |ϕ〉 ≈ 0. In this case (475) still holds, but |χ〉 is not uniquely determined.
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(By (488)) ~u · ~v ≥ |~u| · |~v| − ε/2

(By (489)) |~u| ≥ 1− ε/(2|~v|) ≥ 1− ε (492)

thus
~u · ~v
|~u| · |~v|

≥ 1− ε

(1− ε)
By Lemma E.1 there is

~u/|~u| ≈√
2ε/(1−ε) ~v/|~v| (493)

Note that by (492), and | |χ〉 | ≤ 1 we have

|χ〉 ≈√2ε α |0〉+ Re(β) |1〉 (494)

~u ≈1−1/(1−ε) ~u/|~u| (495)

Combining (493)(494)(495) implies (487).

E.3 5-states Lemmas, with Approximate Normalization
Corollary E.5. Suppose subnormalized vectors |φ0〉, |φ4〉 satisfy | |φ0〉 | ≈ε 1, | |φ4〉 | ≈ε 1, |φ0〉 ≈ε − |φ4〉,
ε < 0.1. Then for subnormalized vectors |φ1〉, |φ2〉, |φ3〉 there is

| |φ0〉+ |φ1〉 |2 + | |φ1〉+ |φ2〉 |2 + | |φ2〉+ |φ3〉 |2 + | |φ3〉+ |φ4〉 |2 ≤ 16 cos2(π/8) + 6.6ε

Proof. By Lemma E.3:

| |φ0〉+ |φ1〉 |2 + | |φ1〉+ |φ2〉 |2 ≤ 8 cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

))

| |φ2〉+ |φ3〉 |2 + | |φ3〉+ |φ4〉 |2 ≤ 8 cos2(
1

4
arccos Re(

〈φ2|φ4〉
| |φ2〉 | · | |φ4〉 |

))

By basic calculus, from |φ0〉 /| |φ0〉 | ≈3.3ε − |φ4〉 /| |φ4〉 | we know

cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

)) + cos2(
1

4
arccos Re(

〈φ2|φ4〉
| |φ2〉 | · | |φ4〉 |

)) (496)

≤ cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

)) + cos2(
1

4
arccos Re(− 〈φ0|φ2〉

| |φ0〉 | · | |φ2〉 |
)) + 3.3ε/4 (497)

≤2 cos2(π/8) + 3.3ε/4 (498)

which completes the proof.

Corollary E.6. Suppose subnormalized vectors |φ0〉, |φ1〉, |φ2〉, |φ3〉, |φ4〉 satisfy | |φ0〉 | ≈ε 1, | |φ4〉 | ≈ε 1,
|φ0〉 ≈ε − |φ4〉, ε < 0.01. If

| |φ0〉+ |φ1〉 |2 + | |φ1〉+ |φ2〉 |2 + | |φ2〉+ |φ3〉 |2 + | |φ3〉+ |φ4〉 |2 ≥ 16 cos2(π/8)− ε (499)

Then |φ0〉, |φ1〉, |φ2〉, |φ3〉, |φ4〉 satisfy:

Re(〈φ0|φ2〉) ≈4
√
ε 0 (that is, | |φ0〉+ |φ2〉 | ≈8

√
ε

√
2) (500)

Re(〈φ2|φ4〉) ≈4
√
ε 0 (that is, | |φ2〉+ |φ4〉 | ≈8

√
ε

√
2) (501)

|φ1〉 ≈15
√
ε

1√
2

(|φ0〉+ |φ2〉) (502)

|φ3〉 ≈15
√
ε

1√
2

(|φ2〉+ |φ4〉) (503)
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Proof. Notice that by the conditions we get |φ0〉
||φ0〉| ≈1.12ε |φ0〉, |φ4〉

||φ4〉| ≈1.12ε |φ4〉. And by the same argument
as Corollary E.5 there is

| |φ0〉+ |φ1〉 |2 + | |φ1〉+ |φ2〉 |2 + | |φ2〉+ |φ3〉 |2 + | |φ3〉+ |φ4〉 |2 (504)

≤8 cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

)) + 8 cos2(
1

4
arccos Re(

〈φ2|φ4〉
| |φ2〉 | · | |φ4〉 |

)) (505)

≤8 cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

)) + 8 cos2(
1

4
arccos Re(− 〈φ0|φ2〉

| |φ0〉 | · | |φ2〉 |
)) + 6.6ε (506)

≤16 cos2(π/8) + 6.6ε (507)

which together with (499) implies each of (504)(505)(506)(507) are approximately 16 cos2(π/8) with error in
[−ε, 6.6ε]. First by (506):

8 cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

)) + 8 cos2(
1

4
arccos Re(− 〈φ0|φ2〉

| |φ0〉 | · | |φ2〉 |
)) ≈7.6ε 16 cos2(π/8)

which by Lemma E.2 implies

Re(
〈φ0|φ2〉

| |φ0〉 | · | |φ2〉 |
) ≈4

√
ε 0

which proves (500); and by symmetry (501) is proved too.
And by the approximate equality of (504)(505) there is

| |φ0〉+ |φ1〉 |2 + | |φ1〉+ |φ2〉 |2 ≥ 8 cos2(
1

4
arccos Re(

〈φ0|φ2〉
| |φ0〉 | · | |φ2〉 |

))− 7.6ε

| |φ2〉+ |φ3〉 |2 + | |φ3〉+ |φ4〉 |2 ≥ 8 cos2(
1

4
arccos Re(

〈φ2|φ4〉
| |φ2〉 | · | |φ4〉 |

))− 7.6ε,

apply Lemma E.4 we get
|φ1〉 ≈9

√
ε (|φ0〉+ |φ2〉)/| |φ0〉+ |φ2〉 |

|φ3〉 ≈9
√
ε (|φ2〉+ |φ4〉)/| |φ2〉+ |φ4〉 |

then substituting (500)(501) implies (502)(503).

E.4 Proofs of Lemmas in Section 10.1
Now we are going to prove Lemma 10.1, which is basically an application of Corollary E.5 above.

Proof of Lemma 10.1. From the conditions we know

∀i ∈ {0, 1 · · · 7}, |φ0,i〉 ≈√ε − |φ1,i+4〉 ≈√ε − |φ0,i+4〉

Without loss of generality assume A0 ≤ A1. Apply Corollary E.5 we have

| |φ0,0〉+ |φ0,1〉 |2 + | |φ0,1〉+ |φ0,2〉 |2 + | |φ0,2〉+ |φ0,3〉 |2 + | |φ0,3〉+ |φ0,4〉 |2 ≤ 2 cos2(
π

8
)A0 + 5

√
ε

| |φ0,4〉+ |φ0,5〉 |2 + | |φ0,5〉+ |φ0,6〉 |2 + | |φ0,6〉+ |φ0,7〉 |2 + | |φ0,7〉+ |φ0,0〉 |2 ≤ 2 cos2(
π

8
)A0 + 5

√
ε

which implies ∑
i∈{0,1···7}

| |φ0,i−1〉+ |φ0,i〉 |2 ≤ 4 cos2(π/8)A0 + 10
√
ε

which together with
∑
i∈{0,1···7} | |φ0,i〉 − |φ1,i〉 |2 ≤ ε completes the proof.

Now we prove Lemma 10.2.
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Proof. Without loss of generality assume A0 ≤ A1. From the conditions we know

∀i ∈ {0, 1 · · · 7}, |φ0,i〉 ≈√ε − |φ1,i+4〉 ≈√ε − |φ0,i+4〉 (508)

Substitute (508) to the fourth condition we get

| |φ0,0〉+ |φ0,1〉 |2 + | |φ0,1〉+ |φ0,2〉 |2 + | |φ0,2〉+ |φ0,3〉 |2 + | |φ0,3〉+ |φ0,4〉 |2 ≥
1

2
cos2(

π

8
)− 17ε (509)

| |φ0,4〉+ |φ0,5〉 |2 + | |φ0,5〉+ |φ0,6〉 |2 + | |φ0,6〉+ |φ0,7〉 |2 + | |φ0,7〉+ |φ0,0〉 |2 ≥
1

2
cos2(

π

8
)− 17ε (510)

Apply Corollary E.6 we have

|φ0,1〉 ≈11ε1/4
1√
2

(|φ0,0〉+ |φ0,2〉) (511)

|φ0,3〉 ≈11ε1/4
1√
2

(|φ0,2〉+ |φ0,4〉) ≈√ε
1√
2

(|φ0,2〉 − |φ0,0〉) (512)

Define
|φ̃0,+〉 =

1√
2

(|φ0,0〉 − i |φ0,2〉) (513)

|φ̃0,−〉 =
1√
2

(|φ0,0〉+ i |φ0,2〉) (514)

Then through a direct calculation we can verify

∀i ∈ {0, 1, 2, 3, 4}, |φ0,i〉 ≈12ε1/4 e
−iiπ/4 |φ̃0,+〉+ eiiπ/4 |φ̃0,−〉 (515)

Which together with (508) we get

∀i ∈ {0, 1, · · · 7}, |φ0,i〉 ≈13ε1/4 e
−iiπ/4 |φ̃0,+〉+ eiiπ/4 |φ̃0,−〉 (516)

Thus for |φ0,+〉, |φ0,−〉 defined in (207)(208), we have

|φ0,+〉 :=
1

8

∑
i∈{0,1,···7}

e−iiπ/4 |φ0,i〉 ≈13ε1/4 |φ̃0,+〉 (517)

|φ0,−〉 :=
1

4

∑
i∈{0,1,···7}

eiiπ/4 |φ0,i〉 ≈13ε1/4 |φ̃0,−〉 (518)

Combining it with (516) we have

∀i ∈ {0, 1, · · · 7}, |φ0,i〉 ≈38ε1/4 e
−iiπ/4 |φ0,+〉+ eiiπ/4 |φ0,−〉

Which together with (508) completes the proof of Lemma 10.2.
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